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SOME GENERAL GRADIENT ESTIMATES FOR TWO
NONLINEAR PARABOLIC EQUATIONS ALONG RICCI FLOW

WEN WANG*, HUI ZHOU, RULONG XIE AND SONGTING YIN

(Communicated by J. Pecari¢)

Abstract. In this paper, by maximum principle and cutoff function, we investigate gradient es-
timates for positive solutions to two nonlinear parabolic equations along the Ricci flow. As
applications, the related Harnack inequalities for positive solutions to the nonlinear parabolic
equations along the Ricci flow are derived. These results can be regarded as generalizations of
the results of Li-Yau, J. Y. Li, Hamilton and Li-Xu to a more general nonlinear parabolic equa-
tion along the Ricci flow. Our results also improve the estimates of S. P. Liu, J. Sun and Y. Y.
Yang to the nonlinear parabolic equation along the Ricci flow.

1. Introduction

Beginning with the pioneering work of Li and Yau [14], gradient estimates are also
known as differential Harnack inequalities, which have tremendous impact in geometric
analysis, as shown for example in [14, 15, 16]. Indeed, they have very important appli-
cations in singularity analysis, especially for the Perelman’s breaking work [22, 23] on
the Poincaré conjecture.

We first simply introduce research progress associated with this article.

Let (M",g) be a complete Riemannian manifold. Li and Yau [14] established a
famous gradient estimate for positive solutions to the following heat equation

Uy = Au (1.1)

on (M",g), which is described as

THEOREM A. (Li-Yau [14]) Let (M",g) be a complete Riemannian manifold.
Suppose that on the ball Bg x (0,T) (Bg := {(x,7)|d(x,x0,t) < R}), Ricci(Br) > —K.
Then forany o > 1,

|Vul|? Uy co? [ o no’K  no?
—0— | < — | 5——+VKR —_—. 1.2
Z‘;}:( R R TS (12)
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In general, on a complete Riemannian manifold, if Ricci(M) > —k, by letting R — oo
in (1.2), one has

|Vul|? Uy no’k no?
gl M n 1.
2 %y 2(06—1)+ 2t (1.3)

In 1991, Li [15] generalized Li and Yau’s estimates to the nonlinear parabolic
equation

(A—%) u(x,1) 4+ h(x,0)u®(x,6) =0 (1.4

on (M",g). Hamilton in [8] generalized the constant o of Li and Yau’s result to the
function a(¢) = e?X”. Sun [27] also obtained a gradient estimate with different coef-
ficients. Li and Xu in [17] further promoted Li and Yau’s result, and found two new
functions o(¢). Recently, the first author and Zhang in [28] further generalized Li and
Xu’s results to the nonlinear parabolic equation (1.4). Related results can be referred
to[6, 11, 33].
Motivated by [1, 8, 17, 27], in this paper, we investigate two nonlinear parabolic
equations
Au(x,1) = Au(x,t) + h(x,1)u' (x,1) (1.5)

and
dru(x,t) = Au(x,t) + au(x,t)logu(x,t) (1.6)

along the Ricci flow, where function %(x,7) > 0 is defined on M" x [0,T], which is
C? in the first variable and C! in the second variable, and T is a positive constant and
l,a € R, respectively.

Assume M" is an n-dimensional manifold without boundary, and let (M",g(t)):c(0,7)
be an n-dimensional complete manifold with metric g(#) evolving by the Ricci flow

28(t)
ot
Recently, there are a number of gradient estimates on manifolds along the Ricci flow,
see for the example [9, 10] and others, because the Ricci flow is a powerful tool in
analyzing the structure of manifolds.

In 2008, Kuang and Zhang [11] proved a gradient estimate for positive solutions
to the conjugate heat equation along the Ricci flow on a closed manifold. In 2009, Liu
[18] derived a gradient estimate for positive solutions to the heat equation along the
Ricci flow. Afterwards, Sun[26] generalized Liu’s results to a general geometric flow.
In 2010, Bailesteanu, Cao and Pulemotov [2] established some gradient estimates for
positive solutions to the heat equation along the Ricci flow. In 2016, Li and Zhu [19]
generalized J. Y. Li’s [15] estimates along the Ricci flow. Recently, Cao and Zhu [4]
derived some Aronson and Bénilan estimates for porous medium equation

= —2Rij, (x,1)eM"x[0,T]. (1.7)

u =Au", m>1
along the Ricci flow. Li, Bai and Zhang [13] studied fast diffusion equation

u=Au", 0<m<l1
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along the Ricci flow. Zhao and Fang [32] generalized Yang’s result [30] to the Ricci
flow.

This paper is organized as follows: We prove gradient estimates for the equation
(1.5) in Section 2 and gradient estimates for the equation (1.6) in Section 3. We derive
related Harnack inequalities in Section 4. As a special case, we deduce gradient esti-
mates and Harnack inequalities to the heat equation in Section 5. Detailed calculation
of some specific functions o(r), ¢(¢) and y(¢) are given in Section 6.

2. Gradient estimates to the equation (1.5)

In this section, we will derive some new gradient estimates for positive solutions
to equation (1.5) along the Ricci flow.

2.1. Main results

Firstly, we introduce three C! functions c(¢), @(¢) and y(t) : (0, +oo) — (0, +o0).
Suppose that three C! functions o(¢), ¢(t) and y(z) satisfy the following conditions:

(CD) o(t)>1.

(C2) ofr) and @(r) satisfy the following system

2—q0—2aK>(2—(p—a’)l7
n n o
2
—(p—a’>07
n
2
q0—+oc(p’>0.
n
(C3) y(¢) satisfies
2 1
Y2l
Yy ‘' n a

(C4) y(t) is non-decreasing, and ¢¢(¢) is also non-decreasing or is bounded uniformly.

1 da 0 de _dy
Here of = €%, ¢’ = 7% and ¥ = L.

‘We state our results as follows.

THEOREM 2.1. Let (M",g(t))e(0,r] be a complete solution to the Ricci flow (1.7).
Suppose that there exist three functions o/(t), ¢(t) and y(t) satisfy conditions (CI),
(C2), (C3) and (C4).

Given xo € M" and R > 0, let u be a positive solution of the equation (1.5) in the
cube Bog 1 :={(x,1)|d(x,x0,1) <2R,0 <t < T}. Assume that |Ric(x,t)| < K for some
K >0 on Bog. Let h(x,t) be a function defined on M" x [0,T] which is C' in t and
C? in x, satisfying |Vh|> < &h and Ah > —8; on Bogr for some positive constants

& and 03.
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4
(1) 11, If % < Cy for some constant Cy, then

\v4 2
| ;24 —a%—f—ah(x,t)ul_l
1 VK cn? s,
<Cao —+4+K — 20°K
<R2+ R + >+R2y+n
2lo(3—20)—1
+o nﬁ153+na [aEX 1) ]ﬁ15 %\/nul o+ oo,

where C = C(n,Cy) is a constant.

If a—zl < G, for some constant C,, then

\v/ 2
| ul;| —Oc%—koch(x,t)ul*l
1 VK cntat s,
<Co <R2+T+K>+ Ry +nza°K
2
no”|o3 —21—1 3
+a nﬁl&—l—%ﬁl&—i— 7\/}’1141 + oo,

where C = C(n,C,) is a constant and set

7 c=maxu' !, § 1= maxh(x,z).
Bor,T Bog,1

2) 1>1. If gi_t < Cy for some constant Cy, then

|V14|2 -1

- Ol—t + ah(x,t)u

1 VK cn? s, ) _
<R2 +7+K> +W+n2a K+na“(1—1)6u

(loo—1
+ o alfl)uzcsz a%\/n(l—1)61<p+a%\/n63ﬁz+a(p,
where C = C(n,Cy) is a constant.

If a—zl < G, for some constant C,, then

|V”|2 U -1
—o— + oh(x,t
" » + ah(x,t)u
1 VK Cn?o*
<Co? <E+T+K> + Ry +n2a2K+n(x (1—1)01u2

lo—1)u
% az\/n 51§0+O‘2\/”53”2+a(p’
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where C = C(n,C,) is a constant and set

iy :=maxu' "', & :=maxh(x,1).

Borr Bor,r

Let us list some examples to illustrate that Theorem 2.1 holds for special cases
and see appendix in Section 6 for detailed calculation process.

COROLLARY 2.1. Suppose that (M",g(t)),c0,r] satisfies the hypotheses of The-
orem 2.1. Then the following special estimates are valid.

1. Li-Yau type:

o Ko?
a(t) = constant, (1) = ="+ y(1)=1° with 0<9<2

If 1 <1, then

|Vul|? u _
" —Ot—t—I—ah(x,t)ul !
o 1
<Co? (1+\/_R) 1R2+K]+ocqo
olo(3—=20)—1 2-1
+n%062K—|-OC nﬁ153—|-n [EX—I) ]ﬁ151—|- T(x%\/nﬁl&.
If 1 > 1, then
\vj 2
| L;‘ —Ocﬂ—l-oth()@t)ul_1
o 1
<Co? (1+\/ KR)+ _1R2+K]+a(p
lo— 1)
42 02K +no2(l— 1)8i + o M

+ a7 \/n(l— 18,9 + 02 \/nsits.

2. Hamilton type:

If 1 <1, then

[Vul?
)

—a oh(x,t)ul !
u

4

1
<Co? ﬁ(l—l—\/fRH—K - +ag

R2te2Kt
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2la(3=20)—1 21
+n%a2K+a nﬁl(s}—l—na [aEX—l ) ]ﬁ161+ T(X\/nﬁlaz.

If 1 > 1, then

Vul? U _
‘uz‘ —a;t—l-ah(xj)ul !

4

1
<Co? ﬁ(l+\/ER)+K:| +W+a(p

la—1)u
+n%a2K+na2(l—l)61ﬁ2+a n(lo— iad,

[—1
+ a2 \/n(l—1)8¢ + 02 \/nbsts.
3. Li-Xu type:
o(t) = 14 SIRKD) COS(KD) =Kt 1y K[ -+ coth(Kr)
B sinh?(Kr) = '

y(¢) = tanh(Kr).
If 1 <1, then

|VM|2 Uy 1—1
—o— + oh(x,t
S ol ah(x

u

1 c
<C|=(1+ VKR + K| + ——
(L VER) + " R2ann(kr) ¢

2
3-21)—1 12—1
+n%a2K+a nﬁl(s}—l—na [aEX—l ) ]ﬁ161+ T(X\/nﬁlaz.

If 1 > 1, then

Vul?
| 1;‘ —Ocﬁ—l-oth()@t)uF1
u u

1
<C? | =1+ VKR + K|+ -+ ta
gz(1+ VER)+ }+R2tanh(Kt)+ ¢

la—1)u
+n%a2K+n(X2(l—1)6lﬁ2+(x %
+a% n(l—1)51(p+a%\/n63ﬁ2,
where o/(t) is bounded uniformly.

4. Linear Li-Xu type:

a(t):1+2Kt,(p(t):?+nK(l+2Kt+/.1Kt)7y(t):Kt with >

Bl
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If 1 <1, then

|VM|2 Uz 1—1
—o— + oh(x,t
2 L (x,0)u
1 co*
<Co? | = (1+VKR) +K| + ——
o | o5 (14 VKR + K| + 2 + 0

2la(3=20)—1 21
+n%a2K+a nﬁl(s}—l—na [OC( ) ]ﬁ161+ —— o/ ni; 6.

o—1 2
If 1 > 1, then
Wubjz —a%—l—ah(xﬁ)ul_l
<Ca? %(H\/I?R)JFK} +I§2—Olg+a<p
+n%a2K+n(x2(l—1)6lﬁ2+(x M

+ o’ n(l—1)0¢0+ a%\/négﬁz.

REMARK 2.1. The above results can be regard as some generalizations of the
cases of Li-Yau [14], J. Y. Li [15], Hamilton [8] and Li-Xu [17] to the Ricci flow. Our
results also generalize the estimates of S. P. Liu [18] and J. Sun [26] to the nonlinear
parabolic equation along the Ricci flow. If / < 0 and ¢ is a constant, there is an analog
of (1.5) (see [31]), namely

Au+cu' =0.

So our result also generalize Yang’s result in [31].

The local estimates in Theorem 2.1 imply global estimates.

COROLLARY 2.2. Let (M",g(t));cjo0,r] be a complete solution to the Ricci flow
(1.7). Assume that |Ric(x,t)| < K for some K >0 and all (x,t) € M" x [0,T]. Let
u(x,r) be a positive solution to equation (1.5) on M" x [0,T]. Let h(x,t) be a function
defined on M" x [0,T| which is C' in t and C* in x, satisfying |Vh|> < 8h and
Ah > —8 on M" x [0,T] for some positive constants & and 8.

If 1 <1 and for (x,t) € M" x (0,T)], then

[Vul?
)

—20)—1 /2 —
<oap+Ca |oK + ﬁuSﬁ—%ﬁﬁﬁ— Tl\/ﬁﬂszl,

—a oh(x,t)ul !
u

where C is a positive constant depending only on n and set

7= max u ', §:= max h(x1).
Mx[0,T] M"x[0,T]
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If 1 > 1 and for (x,t) € M" x (0,T], then

[Vu?
w2

L ah(x,)u "' < ag
u

(o — 1)

+Ca oK+ (I—1)au 6, + 1

+OC% (l—1)51¢+a%\/ﬁ253},

where C is a positive constant depending only on n and set

7= max u ', §:= max h(x1).
Mx[0,T] M"x[0,T]

We can derive a gradient estimate for an any positive solution to the following
nonlinear parabolic equation along the Ricci flow on a closed manifold without any
curvature conditions. The method of the proof is inspired by Hamilton [10], Shi [24]
and Liu [18].

THEOREM 2.2. Let (M",g(x,t))ie(0,) be a solution to the Ricci flow (1.7) on a
closed manifold. If u is a positive solution to equation

O = Au+h(t)u,

where h(t) is a C' function and h(t) < 0. Then for | > 1, we have

xeMn

1
\Vu(x,1)> < % (maxuz(x,O) —uz(x,t)) for (x,t) e M" x [0,T]. (2.1
2.2. Auxilliary lemma

To prove main results, we need a lemma.
Let f =logu. Then
fi =Af+|VF?+hd L (2.2)

Let F = |Vf]> — oof, + ohu! ' — oep, where oo = o(z) > 1 and ¢ = ¢(t) > 0.

LEMMA 2.1. Suppose that (M",g(t));cjo.) satisfies the hypotheses of Theorem
2.1. We also assume that o(t) > 1 and @(t) > 0 satisfy the following system

n o
2
2 oo, 2.3)
n
2
£+a(p/>o,
n

and o(t) is non-decreasing. Then

(A—d)F > |fij+ %5i,-|2+ (= - a’)éF— o’n’K* —2VfVF
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+2h(oc— 1) (1= D VP + ol — 1) ha 1|V £
+2[(a— 1)+ a(l—D)]u'"'Vf-Vh
+o(l — 1) “'Af + o~ Ah. (2.4)

Proof. By directly computing, we have

AF = A|VF> — aA(f;) + oA(hu! 1)
=21 fi; >+ 2ffij + 2Rijfif; — 0A(f;) + ahA(u' )
+ou' ' Ah+20VAVE !
- 2(|fij\2+aRijf,-j> S 2fifii + 2R fif — 0 (AS),
+ohA(u' 1) + o "' AR+ 2aVRVE T,

where we have used Bochner’s formula and

A(fr) = (Af): — 2Rijfij-
Applying Young’s inequality
o 1 2
Rijfij < IRijfijl < S 1Rij|"+ 5 1fif
we conclude for |R;j| <K,
AF > |fij* = 0 |Ryj|* + 2fifuj + 2Rij fifj — (A )i
+athA(u ™" + au! T Ah+ +2aVAVE !

> |fijl? — &Pn* K> + 2 fuj + 2Rifif — a(Af),
+ohA(u ™) + ! T AR+ 2 VRV L. (2.5)

On the other hand, we infer

OF = (IVf*) — afy — o' fi+ &'hl '+ ah(u' "),
+ou "' — @' — o'
= 2VIV(f) +2Rijfifj — ofu — o fi + &bl = 4 o
+ah(u ™), — ag' — oo, 2.6)

where we used the fact that
(IVf1P)e =2V -V(f) +2Ric(Vf, V). 2.7)
We follow from (2.5) and (2.6),

(A—)F > |fij|* — o*n® K> + 2V fV(Af) — a(Af) + ohA(u' ™)
+ou T AR+ 20VRVU T <2V V() + afy 4+ o' f;
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—o'ht — o (!, — o 'y + ' + o

= fij? = 2w’ K> +2VfV(Af) = o(f; = VS = ),
+oh AU ™Y + o T AR+ 2aVRVU T =2V V() + ofy
o' f; — o' 7t — oh(u' Y, — o T + 0"+ o @

= |£j1* — &?n? K> +2VV(AS) + (V) + oA ™)
o T AR+ 20VRVU T <2V V() + o f;
_a/hul—l + Oc(p/+(x/(p.

By using the formula (2.7) and (2.2), we have

(A—)F > |fij* — o*n* K>+ 2VV(Af) +2aVfV(f,)
+20R; i fif+ oahA(W 1) + aul T AR+ 20V RVY !
VIV +a'f; — o hd o'+ o
= /i[> +2aR;j fif; — 0PnK* — 2V fVF
+2(— )VfV (! 1) + ahA(u! ™) + o' ' AR
+20VAVU T o f, — o' hidd T 4 a4 o . (2.8)

Applying the following two equations
V™Y = (-1 Vy,
A=) = (1= 1%V + (1= DA,
to (2.8), we have
(A—)F > |fij* +20R;;fif; — &*n*K* +2VfVF + o' ' Ah
+2h(o— 1)1 = D' VP +2[(e— 1) +a(l—1D)]u"'Vf-Vh
+ho(l— 1) VP +ha(l— D)u 'Af
+a'f; — o' hu o’ + o . (2.9)

Further applying unit matrix (8;;),xn and (2.9), we derive

(A—A)F > |fij + 268,1> — 20K|V/]? — 02n*K? + 2V fVF
n
+2h(a— 1)1 = D' VP +2[(0— 1)+ a(l—1)]u' "'V f-Vh
+ho(l—1)2u VP +ha(l — 1) 'Af + oul 1 AR
2
¢

+o/fy — o' g + o o — — 2.
n n

Applying (2.2), we have

2 2
(A=0F > I+ L8, + (22 —20K)|V/P = (S2 — ),
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( s (27"’ ~a) %K 2V fVE

+2h(a 1)(1—1)u'~ 1\Vf|2+2[( — D +a(-D]u"'Vf-Vh
+ho(l— 12U =V +ho(l— D) ul 7' Af + add ' Ah

” 20 e
o

+a(p/+a’(p—7+( - (2.10)

Therefore, (2.4) is derived from (2.3) and (2.10). The proof is complete.

2.3. Proof of Theorem 2.1 and 2.2

In this section, we will prove the Theorems 2.1 and 2.2.

Proof of Theorem 2.1. Let G = y(t)F and y(z) > 0 be non-decreasing. Then
(A—0)G=y(A—)F —YF
>Y|fij+£5ij|2+(27¢
+2hy(oc—1)(1 —1)ul~ 1|Vf\2+2[( a—1)+a(l—1)y"'Vf-Vh
+hyo(l — 1) YV P+ hyo(l — D)l 7' Af + ayu' " 'Ah— Y F

1
) G —ya*n*K* -2V VG

2 1
=YIfij + %giﬂz + (%D - 06/)— — %]G— JfocznzK2 —2VfVG

o
+2hy(o—1) (I — D VP +2[(a— 1)+ a(l— 1]y "'V f-Vh
+yo(l — 1) YV >+ you(l — V)l 'Af 4 oy = A (2.11)

Now let ¢(r) be a C* function on [0,) such that

)L ifrelo, ],
(Pm_{o, if r€[2,e),

and

where C is an absolute constant. Let define by

o) = pldtxnn) =g (101 ) — g (PR

where p(x,7) = d(x,x0,¢). By using the maximum principle, the argument of Calabi
[2] allows us to suppose that the function ¢(x,7) with support in Bog 7, is C? at the
maximum point. By utilizing the Laplacian comparison theorem, we deduce that

Vo[> _ C
¢ X R27

—A¢<I%(1+\/I?R), (2.12)



348 W. WANG, H. ZHOU, R. XIE AND S. YIN

Forany 0< Ty <T,let H=¢G and (x1,;) be the point in Bog 7, at which H
attains its maximum value. We can suppose that the value is positive, because otherwise
the proof is trivial. Then at the point (x;,7;), we infer

=V(¢G) =GVo +¢VG,
A(9G) <0, (2.13)
9(9G) 20

By the evolution formula of the geodesic length along the Ricci flow [6], we calculate

¢tG=—G¢’(%);‘;’; G¢’<%> : Ric(S, S)ds

<o/ (5) o < (£) <o

where ¥, is the geodesic connecting x and xp along the metric g(¢;), S is the unite
tangent vector to ¥, , and ds is the element of the arc length.

All the following computations are at the point (x;,#). It is not difficult to find
that

|fij + %5ij|2 > %(tr\flﬁ 5u|>
o)
= r ]
_ ai[gﬂa_nwfﬁf, (2.14)
and
Af = fi— VP —hu™!
=T 2w -p <o (2.15)

To obtain main results, two cases will be shown.
Case 1l [<I.
From (2.15), we have Af < 0. Then by substituting it into (2.11), we obtain

(A= 0,)G=y(A—9)F —YF
L Ps e [22_ L
>Yfij + —6ijl "‘[( . O‘)a
+2hy(ot— 1) (1 — D)l " V> + oy~ AR
+2[(a—1)+a(l—1)]y' 'V Vh,

- %] G —yo*n’K* —2VfVG
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where we drop one term Ayo(l — 1)%u' =1 |V f|?>. Using (2.14), we infer
0>(A—d)(9G)
Vo2
o
>G(86 - 2V$2) + 2 [? (o 1)\Vf|2]2
o)) V]

+¢(A=3d)G— Gy,

T [( 0G —ypo’n’K* =20V VG
+2h¢y(a—1)(I— D YV F? + doyu' ' An
+2[(a—1)+a(l—1)] ¢y~ 'Vf-Vh— GVCK. (2.16)

Multiply ¢ to inequality (2.16), we have

G

12 T Lo +5 [;+ D)’
—y0%a*n’K* — 29V VG + 2h¢? y( )(1—1)1/ hvr?
2[(e—1)+a(—1)]¢* "'V -Vi+ ¢ ay'~'Ah— ¢GVCK

= 9G[40 - 2V$2 (7—a’)i—1]+¢2G2+¢2(a_1)27’

o vyl oiny no?

Vol
G|Ap -2
> 96|49 - 255

Vst

M‘C)G‘Vﬂz Y0’’’ K* +29GVV f

+2h¢*y(o—1)(1 = 1)u' |V fIP + d*ayu ' An
+2[(a—1)+a(l-1)]¢?y"'Vf-Vh— GVCK.

Using the Cauchy inequality

AL

Vf-Vhz =|VfIIVA > —hIVfI" = ==,
Vh|?
Vf-Vh<h|Vf\2+‘4h‘ ,

we conclude

Vo2 2 262 02(a—1)2
0>6G[a0 2. (Z’ +(7‘P_a/)%_%¢}+¢ Aot

olny no?
2¢ (¢—1)

no?

—2h¢*y(a— 1) (1= Du VP =2[(a = 1)+ a(1 = 1) ¢y’ 'n|V £
- %[(a — 1)+ ol -1y % + 9%y~ Ah— 9GVCK

G|Vf]> — y0?a®n’K> +20GV oV f
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Vo> 20 0 ¥ ¢°G* 9 a— 17y .4
>¢G{A¢—2 p +(7—a)a——¢}+ + VA

olny no?

200 —
+ %G\Vﬂz — 702 0*n*K* + 209GV oV f

_ ey Te2ad o 2 Lo a2 -1 VAP
2[a(3—2a)—1]¢* v’ 'h|Vf] 2[(a D+oa(l—10)]¢>yu —
+ ¢0%ayu''Ah— 9GVCK, 2.17)

where we used the fact that (o —1)(1—1)+(a—1)+o(1 —1) < o(3—21)— 1. Further
using the inequality Ax*> + Bx > — % with A > 0, we have

20%(a—1) . . na |VoP
= GIV/] +2¢GV¢Vf>—2(a_1) 0 ¢G,
and

2 2
%Wﬂtz[a@—zz)—1]¢2yu’*lh\Vf|2
s

5 -~ B 2
> 1020 1] ey

Substituting above two inequalities into (2.17), we deduce that

Vo . N no?  |VoP?
0> o6[a0 250+ (2o - Do - it B - Ve
262 2la3—21)—1]
i 1K ~ [OEEX—IF) Lyoatss

Sl 1)+ o - D)0 - ey,

Applying (2.12), we infer

0> ——(1+\fR)——+(2‘P a’)ﬂ—%q)
no?> C 0 G2 s 2
—mﬁ—\/— (Z)G+ )/Q) o‘n“K
ala3—20)—1]"

—%[(0‘—1)+06(1—l)]¢27ﬁ162—¢2a7m63. (2.18)
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For the inequality Ax> — Bx < C, one has x < £ 7+ (%) where A,B,C > 0. By using
this inequality to (2.18) and then we arrive at

¢G(x,T1) < (§G)(x1,11)

2 C
{ { (1+VKR) + ﬁﬁ—H/EK}
Fnyo? [ = 1}+n3ya2¢K
a(3-21
Ex—l ) ]¢7M151+a¢7/\/n141

+\/[(a—l)z ]OCQ)Y\/Wl } x1,11).

If v is nondecreasing which satisfies the system

2 1
L2yl <o
Yy “n o
yo!

o—1

)

(2.19)

< (.

Recall that o/(r) and y(¢) are non-decreasing and 7; < T; . Hence, we have
¢G(x, 1) < (9G)(x1,11)

< ny(T)o (Th) [%(H\/ER) +K] +n;_2c

+n27/(T1)062( T1)9K + ¢ o(Ty)y(Th)\/ nit1 3
Ty)[o(Ty)(3 —21) — 1]

(T 1 ¢y(T1)m1 6
N \/ )~ 0+ &0 0] oy s
Hence, we have for ¢ =1 on Brr,
c n’C
F(x,T1) < nOCZ(Tl) [F (1 + \/I?R> —|—CK:| + W(Tl)

407 02 (T))K + o(Ty ) \/niiy 53
o (Ty) [e(Ty)(3—21) — 1]
OC(T]) —1

+\/[«x(m—1>+oc<n><1—1>] T

2

11 61
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If v is nondecreasing which satisfies the system
1
roon o (2.20)

Recall that o/(r) and y(z) are non-decreasing and 7; < T; . Hence, we have
¢G(x,T1) < (9G)(x1,11)
na? C
<
< ny(T1) (T, ){ (1+VKR) + 2225 +CK

+n2Y(T1)062( T1)¢K + ¢o(T1)y(Th) v/ nii1 8

T)[o(T1)(3 —21) — 1] i
a(T) -1 ¢Y(T1)u1 6

+\/ NS

Hence, we have for ¢ =1 on Brr,

F(x,Ti) < (Tl)[ (1+\/I_(R> +K] n*Cat

R2y(T)
2 y(T1) o (1)K + o(Ti)/nli; 8
LG IR

)
Ti) -
+\/[( (1) —1) + a (1)(1—1)]06@)@.

Because 7; is arbitrary in 0 <71 < T and o — 1+ o(1 —1) < o(2—1). Thus the
conclusion is valid.

Case2 [>1.
Substituting (2.15) into (2.11), we have

2(P /1 7/ 2 22
— _—ad)——L]G—ya*n’K
(n OC) ]G on

— 2VfVG+ 2(lo— l)yul‘lvjf. Vh—h(l— l)ul_lG
—hy(l—1)u' " op+hy(1 = 1) (T — D) =NV + ey = A,

(A—0)G =YIfij+ &>+

Using (2.14), we infer
0> (A 3)(6G)
2
— (a0 200 q‘f' ) +0(a—a)G—1Go,
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VL) 4 82 (9 4 (- npvsp]

2 1 Y 2 2.2
+[(7_a)a_ﬂ¢6—y¢a n2K2 — 20V fVG
+2(lae— )¢y 'V - Vh—h(l— D! 'G—hy(l— D! oo

+ooyu 'AR+hoy(l— 1) (lo— Dl V> — GVCK. (2.21)

Multiply ¢ to (2.21), and we have

G(Aq)—z

Vo[ o 7 2]?
> 0G[a0 20+ (22— a) 2 - y¢]+a2 FRaCERZid

—y9?0?n’K* — 20>V VG +2(loc— 1)y "'V f-Vh
+o2oyu ' AL —h(l— 1) oG — hy(1 - 1)u' 9% ap
+he?y(l—1)(lo — > VP~ 9GVCK

Vo[ o 7 9*G>
> 0G[a0 20+ (o) Lol ¢

olny
20% (o —1
200 -1)
no

)G\Vf|2 — 702 0*n*K* +20GV oV f

+2(loc—1)¢*yul "'V £ - Vh+ ¢? oy 1 AR

—h(l—1)u''oG —hy(l—1)u " '¢*ap

+h¢*y(l— D (la— )|V — 0GVCK, (2.22)

2 2
where we dropped the term %/ [VF*.

Further using the inequality Ax?> + Bx > — % with A > 0, we have
20%(a—1) no?®  |Vo|?
no? 20—1) ¢

GIVf* +20GVoVf > — G,

and

ho?y(1—1)(lo— D! WV FPF+2(loc— 1)y 7'V f - Vi

>h?y(1— 1)l — 1 VP = 2(la = )¢y VS| - |V
lo—1 ., VAP

> - L

- 1—17"1’” h
la

>

Y¢ 0.
Substituting above two inequalities into (2.22), we deduce that

‘V(P‘z (__a/)(P ,)/ na2 |V¢|2

0>9G [M S 0 n &‘7""2(0:—1) 0
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81— ity — VC $?G? 2 2 2.0
—01(l— D — VCK +a2ny—)/¢OCnK

loc

yq)zﬁzéz Y(l— 1) 0> 8009 — ¢*ayiir 53.

Applying (2.12), we infer

20 o o 7 no? C
0> (1+\/—R)——+( )&_7¢_2(a—1)ﬁ
81— )m — VCK ¢2G2 — yo? o’ n’K>
1 2 ny
z
- m 28y — y(I — 1)ia028) 0t — 0> yiinds. (2.23)

1
For the inequality Ax> —2Bx < C, one has x < 273 + (%) 2, where A,B,C > 0. By using
this inequality to (2.23) and then we arrive at

¢G(x,T1) < (9G)(x1,11)

<{nya{ (1+VKR) + +51( uz—i—\/EK}

Z(a 1) R?
—|—n7/a2 Z 2q0 —l +n%y¢a2K+a¢y (o — )iad,
Y n a [—1
3 3
+o2ypy/n(l—1)1¢ afy¢\/n53uz}(x17t1)~
If y is nondecreasing which satisfies the system
2 1
1_(_(P_a/)a<0’
ren (2.24)
" _<a.
a—1

Recall that o/(r) and y(¢) are non-decreasing and 7; < T; . Hence, we have
¢G(x, 1) < (9G)(x1,11)

C n*C

< (1) X(T) [ﬁ(l + V&) +K} +2C

(1) 2 (T) (L — 1)8172 + 12 9 (T 02 (T1)K

+06(T1)¢Y(T1)\/n(la(7})__l Db,

+02 (T)Y(T) o /n(l— 1)819 + 3 (T ) Y(T) )9/ nSs 1t

Hence, we have for ¢ =1 on Brr,

n*C

F(x,Tq) <na2(T1)[If2 (1+\/—R>+K}+ 7
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Fno(T) (1 — 18,7 +nd 0(T)))K
—|—OC(T1)\/n(l(X(Tl> - 1)ﬁ262

[—1
+od (T)y/n(l— 1819 + a2 (T))\/ndsiia.

If v is nondecreasing which satisfies the system

Recall that o/(r) and y(¢) are non-decreasing and 7; < T; . Hence, we have
9G(x, ) < (G)(x1,1)

< ny(T)o*(Th) L% <1 + \/fR) + Cnoc (T)

R2
(T o2 (1) (1 — )8y +n Y(T1) o> (T1)K

+a(T1>¢>y(T1>\/ o) = Ut

+CK

+03 (T)Y(T)9/n(l — 1)819 + 02 (T))Y(T1)9y/ nSsTh-

Hence, we have for ¢ =1 on Brr,

Cno*(T)
R2

o () (1 — 18170 +n? (17K

ety AT I

o3 (T)/n(l— D)8+ o (T))\/ndsita.

Because 77 is arbitrary in 0 < 77 < T, the conclusion is valid.

F(x,T}) < no®(Ty) [%(l—l—\/fR)—i- +CK

Proof of Theorem 2.2. Since u, = Au+h(t)u', we have
9 (|Vu|?) = 2Ric(Vu,Vu) +2 < Vu, V(i) >

= 2Ric(Vu, Vi) +2 < Vi, V(Au) > +2 < Vu, V(h(t)u') > .

Applying the Bochner’s formula, the above equation becomes
A (|Vu)?) = A(|Vul*) = 2|V?u|? +2 < Vu,V(h(t)u') > .
Besides,

O (1) = Au?) —2|Vul® + 2h(t)u' .

355

(2.25)

(2.26)

(2.27)
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Let f:t\Vu\z—quz, where X decided later. Then combining (2.26) with (2.27), we
obtain
= |Vul? +1[A(|Vu*) = 2|V?ul* +2 < Vu,V(h(t)u') >]
[(uz) 2\Vu\2+2h(t)ul+l}
\Vu\2+t[A(|Vu|2) —2|V2ul> 4 2h(t) (1 — 1) 72| Vu|?
+X[AW?) = 2|Vul? +20(0)ul ]
< AF + (1 —2X)|Vul?. (2.28)

Selecting X = and using the maximum principle, we infer

F g F ) =3 sV )
(x,1) max (x,0) 5 maxu (x,0)

which implies the theorem is valid.

3. Gradient estimates for the equation (1.6)

Recall that (M",g) is called a gradient Ricci soliton if there is a smooth function
f on M" such that for some constant ¢ € R, which satisfies

Rc = cg+ D*f, (3.1

where D?f is the Hessian of f. Letting u = e/, after some computation applying (3.1)
as done in [21], we get

Au+2culogu = (Ag —nc)u in M"

for some constant Ay, where n is the dimension of M". In [21], Ma proved a local
gradient estimate of positive solutions to the equation

Au+aulogu+bu=0 in M",

where a > 0 and b € R are constants for complete noncompact manifolds with a fixed
metric and curvature locally bounded below. In [30], Yang generalized Ma’s result and
derived a local gradient estimates for positive solutions to the equation

uy = Au+aulogu+bu in M"x(0,T],

where a,b € R are constants for complete noncompact manifolds with a fixed met-
ric and curvature locally bounded below. Replacing u by /%, the above equation
becomes

u, = Au+aulogu. (3.2)

One can find in [29, 30] some related results for equation (3.2) on manifolds.
In this section, we consider the nonlinear parabolic equation (1.6) along the Ricci
flow.
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3.1. Main results

Our main results state as follows.

THEOREM 3.1. Let (M",g(t));c(0,1) be a complete solution to the Ricci flow (1.7).
Assume that |Ric(x,t)| < K for some K >0 and all t € [0,T]. Suppose that there exist
three functions o/(t), @(t) and y(t) which satisfy the following conditions (CI), (C2),
(C3) and (C4).

Given xo € M and R > 0, let u be a positive solution of the nonlinear parabolic
equation

oru = Au+ aulogu

in the cube Bog 1 = {(x,1)|d(x,x0,1) <2R,0 <t < T}, where a is a constant.

(1) Fora<O0.If gi_t < Cy for some constant Cy, then

Vul? 1 K
| Z' —oz%—i—ozalogu<Coc2 <—+§+K>

u R?
C 2
+%/ +n%a2K+n\a|a2+a(p7

where C = C(n,Cy) is a constant.

If a—zl < G, for some constant C,, then

|Vul|? U
5— — 00—+ aalogu <
u u

2

7 +n2a2K+n|a\a +ao,
where C = C(n,Cy) is a constant.
(2) Fora>0.1If gifl < Cy for some constant Cy, then

[Vul?
w2

Uz 2 1 \/I? n?C
_a;—l—aalogugCa (F—FT-’-Q—FK +W

3 2
+n2o°K+ o,
where C = C(n,Cy) is a constant.

If a—zl < G, for some constant C,, then

[Vu?
w2

1 VK n?Co*
o +aalogu ca’ (F—kT—i—a—H{)—i— Ry

—|—n% o’K + o,

where C = C(n,Cy) is a constant.
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COROLLARY 3.1. Let (M",g(t));cjo,r] be a complete solution to the Ricci flow
(1.7). Assume that |Ric(x,t)| < K for some K >0 and all t € [0,T]. Given xo € M
and R > 0, let u be a positive solution of the nonlinear parabolic equation (1.6) in the
cube Byg 1 :={(x,t)|d(x,x0,1) <2R,0 <t < T }. Then the following special estimates
are valid.

1. Li-Yau type:

2

K
ulr) = constant,  9(0) = ="+ 225 y(0) =1 with 0<6<2

If a <0, then

|Vul|? 1 VK o? 1
) —OC —|—Oca10gu<COC R2+T+HF+K
3 2 2
+n20°K +nlala” + ae.
If a> 0, then
|Vu|? 1 VK o 1
) o +aalogu<Ca R2+T+ 1ﬁ+a+[(
3 9
+n2o°K+ oo.
2. Hamilton type:
o) =™, o) =2, y(r) =1,
If a <0, then
Vul?  w (1, VK
— a2 1 <C —+—+K
" au+aaogu o R2+ R +
¢ 3 2 2
+W+a<p+n2a K +nla|lo” + a.
If a> 0, then
|Vu|? \/_
— 1 < K
" oc +ocaogu co? R2 R +a+
Co* 3,
+W+n2a K+oo.
3. Li-Xu type:
inh (Kt h(K?) — Kt
ou(r) = 14 SR COMKL) Z KT 1) 5k (1 + coth(K),

sinh? (K1)
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y(¢) = tanh(Kr).

If a <0, then
|Vu|? U (1 VK
¢ 3.2 2
—_ oK o oQ.
+R2tanh(Kt)+n +nlala”+ o
If a> 0, then
[Vul?

1 K
e a% + oalogu <Co® (F + % +a+K>

+m+n%a2l(+(x<p.
4. Linear Li-Xu type:

o(t) =142Kt,0(t) = ?—l—nl((l—!—ZKt—l-,uKt),y(t):Kt with | > %
If a <0, then

|VM|2 Uy ) 1 \/I_(v
AN JF o® +
;T nlalo” + o.@.
If a> 0, then
|Vu? VK
" —Oc —|—Oca10gu<CO¢ R2+ R +a+K

Co* 3 4
— 20°K+ o.
+R2Kt+n + o

The local estimates above imply global estimates.

COROLLARY 3.2. Let (M",g(0)) be a complete noncompact Riemannian man-
ifold without boundary, and assume g(t) evolves by Ricci flow in such a way that
[Ric| < K for t € [0,T]. Let u(x,t) be a positive solution to the equation (1.6). If
[ € R and for (x,t) € M" x (0,T], then

[Vul?
2

— o™ 1 qalogu <Co? (K +a]) + a.
u

REMARK 3.1. The above results may be regarded as generalizations the gradient
estimates of Yang [30] to the Ricci flow.
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3.2. Auxiliary lemma

To prove the Theorem 3.1, the following lemma is needed.
Let f =logu. Then

(A=) f =—IV/I’ ~af. (3.3)
Let F = |Vf|> — af; + aaf — @, where @ = o(t) and ¢ = ¢(t). Then
Af = fi—af = |Vf?
__F_emlge
=5 (oc IV —o. (3.4

LEMMA 3.1. We assume that o(t) > 1 and @(t) > 0 satisfy the system (2.3).
Then

2 1
(A—a)F > |fij+ %51-‘,»\2 n (7"’ — o) —F — o*n*K ~2VVF

+2a(oc— 1)|Vf> + aoAf. (3.5)

Proof. A computation is shown that

AF = A|Vf? — oA(f;) + aaAf
= 2| i[>+ 2f;fiij + 2Rijfifi — OA(f;) + qaAf
- 2<|ﬁj|2+aR,-jﬁj> +2fifiii + 2R fif — Q(AS) + qalf
211ij* = 20[Rij |\ fij |+ 2 £ fiij + 2Ris fif i — 0L (Af ) + caf
21fii? = (0 |Rij P+ i) + 2 fiij + 2Rij fifj — (Af )i + cwalsf
[fii? = @2 |RijI? + 2 fij + 2Rijfifj — 0(Af): + caf
\fij|? — o*n® K2+ 2fi fij + 2Rij fifj — L(Af): + caAf, (3.6)

A\YARR\VARR\VARR\V]

and

F = (V) —ofy — o' f; + daf + aaf, — ag' — o'
=2VfV(fi)+2Rijfifi— afu — O f; +a'af
+oaf, —a@ — o . (3.7)

We follow that from (3.6) and (3.7)

(A—9)F = |f;j* — 0*n*K* + 2V fV(Af) — o(Af) + card — 2V £V (f;)
+afy+ o' fi—daf —oaf, +ae + o' ¢
= |fij? — &’ 0’ K> +2VfV(Af) — a(f; = V> —af):
+oalf —2VIV(f) +afy + ' f;
—daf —ocfi +a@ +o' ¢
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= |fij|* — P2 K* 2V V(AS) + o([VF]?), + aaAf
2VIV(f)+ o' fi—daf +oe + o ¢

= |£j1? — &*n? K>+ 2VV(AS) +2aVIV(f,) +20R; fif;
+oaAf —2VIV(f,)+ao'f,—daf + @ +o'¢

= |fij|* +20R;; fif} — o*nPK* + 2V FVF 4 2a(a — 1)(1 — 1)|Vf]?
+aalAf+ o' f, — o af + a@ + o . (3.8)

Further, by utilizing the unit matrix (J;;),»» and (3.8), we obtain

(A—3)F > |fij+ %5,-,42 “20K|Vf? — o2n2K? + 2V fVF

+2a(00—1)|Vf> +aaAf+ o' f, — d'af + o9’ + o/ ¢
2

_¢ —ZgAf
n n

2 2
= \fiy+ 28, + (22 ~2aK)|VfP = (ZF - o)

+(2_(P _ a/)cul_l — a2n2K2 — 2VfVF +2a(a - l)‘vf|2
n
2
2
raanf+ap'+o/p— - (20— ) 22, (3-9)

3.3. The proof of Theorem

In this section, we will prove Theorem 3.1.
Proof of Theorem 3.1. Let G = y(t)F and y(r) > 0 be non-decreasing. Then
(A=9)G = y(A—9)F —VF
¢ 2,20 1 2 242
2 Y|fij+;gij\ +(o - o) G—yo'n’ K" —2VfVG
+2ay(o—1)|Vf]* +ayoarf —YF
s Lo 2 (22— ot Y16 etk
= fit el + [~ @)y~ TG - vtk
—2VfVG+2ay(o—1)|Vf|* +ayoAf. (3.10)
Now, let @(r) be a C? function on [0,) such that
L, ifrelo]
o(r) = :
0, if re2,),

and
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where C is an absolute constant. Define by

o) = pldtxnn) =g (1501 ) — g (P21

where p(x,7) = d(x,x0,¢). By using maximum principle, the argument of Calabi [2]
allows us to suppose that the function ¢ (x,7) with supportin Byg 7, is C? at the maxi-
mum point. By utilizing the Laplacian theorem, we deduce that

Vo> _ C
(P ~X R2’

—A¢<%(1+\/I?R). (3.11)

Forany 0 <T; <T,let H=¢G and (x,7;) be the point in Bog 7, at which H
attains its maximum value. We can suppose that H is positive, because otherwise the
proof is trivial. Then at the point (x;,7;), we infer

0=V(¢G) =GVp+ ¢ VG,
A(9G) <0, (3.12)
a(¢G) = 0.

By the evolution formula of the geodesic length along the Ricci flow [6], we calculate

Ldp _

00=-69' (1) &'z

Go’ (%) : Ric(S, S)ds

1 p
<G ’(3)—1{ <G ’(—)K < GVCK,
o' (%) gkp <Go' () K2 < GVC
where 7y, is the geodesic connecting x and xp along the metric g(¢1), S is the unite

tangent vector to ¥, , and ds is the element of the arc length.
All the following computations are at the point (xj,#;). Since

. 9..2>1 . 9..2
i+ 28, >~ (trlfi+ 54

o)
= [ o @ ]
— =[S @-nivee] (.13
and
Af = fi— VI ~af
- e hgp <o (3.14)
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Casel a<0. Combining (3.14) with (3.10), we have

Z(P /1 7/ 2 22
— _—ad)——L]G—ya*n’K
(n OC) ]G on

¢
(A=0)G = Yfij+ 8"+ m

—2VfVG+2ay(a—1)|Vf]>.
Using (3.12) and (3.13), we infer
0> (A-3)(¢G)
Vo|*
= G(np—200 ; ) +6(A—2)G—1Go,

(A¢ 2|V¢|2>+ M[y (a—1>|Vfﬂ2

o )
2 1 7 2 202
+{(7_a)a—ﬂ¢6—y¢a n2K* — 20V fVG
+2apy(a—1)|Vf]> -~ GVCK. (3.15)

Multiply ¢ to (3.15), and we have

Vol Nl 77, 9%
0> p6[ap 250+ (2 - )~ L] S 2k (- vsf

n o vyl o?n
—70202n’K? —20*V VG +2a¢*y(a — 1)|Vf]* — 9 GVCK
|V<Z>|2 Nl Y1, 9GP 9M(a—1)Py ooy
(PG{A(Z’ 2= ¢ (n _a)&_7]+oc2ny+ no? Wﬂ
M“)G\Vﬂz ¥02 0’ n’K> +20GVoVf
+2a¢’y(a —1)|Vf]> — 9 GVCK. (3.16)
Using the fact
2¢* (o —1) 2 no’  |Vo[
= ——GIV/l +2¢GV¢Vf>—2(a_l) p 0G,

and

2 1 2
001914 4 2000~ DIV > oy,

to (3.16), we deduce that

VoP 1Y na? |V
0> 66[a0 250+ (T g - T - 5B RO - ver]
2 2
+¢ — y0202n?K? — ndPalye?

o’n
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¢2G2

o’ny

— 02020’ K? — nd ot ye>.

1
For the inequality Ax*> —2Bx < C, one has x < 22 + (£)?, where A,B,C > 0. Hence,
we infer

¢G(x,T1) < (9G)(x1,11)

C no: C
< 2= _ne
\{nyoc {Rz(l—i—\/fR)—i—z(a_l)Rer\/EK
27 20 o1
+nyo [y (n a)a}

1n3 Yo 9K + naotye } (x1,11).
If v is nondecreasing which satisfies the system

Y_ 20 1
7—(7—05)5

N
k=)

Recall that o/(z) and y(¢) are non-decreasing and 7; < T;. Hence, we have

0G(x,T1) < (0G)(x1,1)
n*C

< nY(T) () [%(1 +VER) +K] s

3
+n2 y(Tl)az(Tl)K+naa2(T1)y(Tl).
Hence, we have for ¢ =1 on Brr,

Flx.Ty) < na(T) {%(1 + VKR) +CK} + %

2 02 (T))K + nao®(Ty).
If y is nondecreasing which satisfies the system

Y_ 2 ol

Y n o
Y

— K .

1\C2

<0,

Recall that o/(z) and y(¢) are non-decreasing and 7; < T;. Hence, we have

0G(x,T1) < (9G)(x1,11)
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ny(Ty)o (T1)|: <+\/—R> C;a +CK]
+n3y(Ty)e2(T)K + nac(T)Y(T?).

Hence, we have for ¢ =1 on Brr,

FeTh) < n2(T) [% (1+VKR) +K] + %

02 02 (T1)K + naa®(Ty).

Because T is arbitrary in 0 < 77 < T, the conclusion is valid.
Case2 a>0. Itisnotdifficult to find Af < —% form (3.14). Then, we have
from (3.10)

¢ 2¢ 17

(A=0G > 1fiy+ 28, + [(ZF - )=
—ya*n’ K*2V VG — aG.

Using (3.13) and (3.13), we infer

0= (A—-0d)(¢G)
Vol*
¢

=G(na9 270 ) +0(A— )G - 1Go,

(A¢ 2|V¢|2)+ 7/[%(oc—l)lVfﬂz

¢ o?

2 1
+[(Z-o)- - %} 90G — 1pa’n’K> ~ 20V (VG

—a9pG — Gv/CK.

Multiply ¢, and we have

0> 96[a0-2800 1 20 ey L T] 4 EIC oy

n a vl o2
—¥9? 0’ n’K? —2¢°V VG — a9’>G — ¢GVCK

Vo|? ! G2 20%(a—1
> p6[a0 2B+ W‘“&‘%F(gﬂnﬁ B avsT
—v02a*n’ K> +20GV OV f — a9’G — ¢ GV/CK, (3.17)

2 2
where we dropped the term %/ |Vf|*. We use the fact

20%(0=1) oo o2 no? Vo[

¢G,
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to (3.17), we deduce that

Vo[ W1 Y o [VeP
0> 9G|ag -2 +<7‘“>a‘7‘m7‘“""\@]
22
+Z2Gy_y¢2a2n2[(2

/[__(1+\/_R)__+(2(p a/)l_ﬂ_"iazg_\/@(]q)c
(PZ G?

o’n

+ ’]/(])2(12 2K2

1
For the inequality Ax? —2Bx < C, one has x < 2A—B + (%) 2 where A,B,C > 0.
0G(x,T1) < (9G)(x1,11)
[ C
< {nya2 ﬁ(l—i—\/l_(R)—i—

e
ly 'n o«

72&“_ 1)%+a¢+\/EK}

1
+nyo )a:| +n%ya2¢K}(x17t1).

If y is nondecreasing which satisfies the system

Yo,

1

o)—

Y n o
yor!
o—1
Recall that o/(r) and y(¢) are non-decreasing and 7; < T; . Hence, we have

¢G(x,T1) < (9G)(x1,11)

2
< ny(T) o (Th) [1%(1 +\/I?R) +a¢ —|—K} + ’;_f

<0,

< (.

3
+n2y(Ty) o (T))K.
Hence, we have for ¢ =1 on Brr,

supF(x,T1) < no(Th) £<1+\/1?R)+a+CK FC
PR S Ry(TY)

+n? d?(T))K.

If y is nondecreasing which satisfies the system
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Recall that o/(r) and y(¢) are non-decreasing and 7; < T; . Hence, we have

0G(x,T1) < (0G)(x1,11)
gny(Tl)az(Tl)[ (l—i—\/_R)

1 y(T1) o (Th)K.

Hence, we have for ¢ =1 on Brr,

C *Cat
F(x,T1) < no*(Ty) L@(H\/E@ +a+K} +1§277((;1)

+n? 0 (T))K.

Because 77 is arbitrary in 0 < 7; < T, the conclusion is valid. This proof is complete.

4. Harnack inequalities

In this section, as application of main theorems, some Harnack inequalities are
derived.

THEOREM 4.1. Let (M",g(x,t));c(0,r] be a complete solution to the Ricci flow
(1.7). Suppose that |Ric| < K for some K >0, and all (x,t) € M" x [0,T]. Assume that
u(x,t) is a positive solution to (1.6). Let h(x,t) be a function defined on M" x [0, T]
which is C' in t and C? in x, satisfying |Vh|* < &h and Ah > —8 on M" x [0, T] for
some positive constants & and 8. Then for all (x1,11) € M" x (0,T) and (x2,12) €

x (0,T) such that t; < tp, we have

(x " ) < u(xlytl) X exp (r(t17t27617627637ﬁ1))a I< la
2,12 —
M()Cl,tl)XeXp(A(tl,t2,61,62,83,M1)), l>1a

where Y(s) is a smooth curve connecting x| and x; with y(1) =x; and y(0) = x5, and
11,12,51,52 8, u1)
D o
_/ —|—/ dt+/ (@ +Co?(K + ) + 87y |dt
2 1‘2—1‘1
ll,l2,51,52 %, Ml)

/ 2 12—11

+/t [6 l;x_ ﬁﬁﬁ—(ﬁm}dh
1

1

(K + )]dr
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Proof. Firstly, the estimate in Corollary 2.2 can be written as
|Vu(x,1)|? o) s (x,1)
u?(x,t) u(x,t)

o+ Co® (K + 1y),

<K a@+CoP(K + 1) +61/ \/uz 4.1)

vod/n(l—1) <p51, [>1,
where u; = /i1 63 + 22— 3 2l 1101 ++/(2—1Du10, and tp = (I — 1)#61 + V1203 .

Now we only prove the conclusion for / < 1.
Define I(s) = logu(y(s), (1 — s)t2 + st;). Obviously, we infer that [(0) = logu(x,,1,)
and /(1) = logu(xy,#). Direct calculation shows
dl(s) Vu ¥(s)  w
= (th —t A "
N ( 2 l) ( u th—1 u
Vu 7(s) 1 |Vu?
< (p—t — —
(=) [ uth—t  oft) u?
a(t) [Y (s))?
T4 g
Integrating the above inequality over y(s), we obtain

u(xy,tp) 1 9l(s) s

+ a(t)h(x,0)u' = (x,1)

—h(xe,)u' ™ + o+ Ca(K + )

+({t—1)[e+Ca(K+u)+ 81

u(x,1) o Jds

</ [ ()|7/(5)|2+(t2_tl)[(p+Ca(K+ll1)+51ﬁﬂ ds

4 tHh—n

/2t2—t1 +/1 32

+/ [+ Co(K+ )+ 611 |dt
I

The proof is complete.
We also derive an Harnack inequality for the equation (1.6). The proof is similar
to Theorem 4.1, so we omit it.

THEOREM 4.2. Let (M",g(x,t));c(0,r] be a complete solution to the Ricci flow
(1.7). Suppose that |Ric| < K for some K >0, and all (x,t) € M" x [0,T]. Assume
that u(x,t) is a positive solution to (1.6). Then for all (x;,t1) € M" x (0,T) and
(x2,12) € M" X (0,T) such that t; < ty, we have

M()Cz,t2) <u(xl7t1>

%) a
X exp(/ 30 —11 +/ dt+/ (p+Ca(K+a|)+|alogN|]dt)

where N = maXyn[o,7) U-
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5. Application to heat equation

According to Theorem 2.1 and Theorem 3.1, we derive corresponding gradient
estimates and Harnack inequalities to the heat equation along the Ricci flow.

THEOREM 5.1. Let (M",g(t));c(0,1) be a complete solution to the Ricci flow (1.7).
Assume that |Ric(x,t)| < K for some K >0 and all t € [0,T]. Suppose that there exist
three functions o/(t), @(t) and y(t) satisfy the conditions (CI), (C2), (C3) and (C4).

Given xo € M and R > 0, let u(x,t) be a positive solution of the heat equation

u; = Au, 5.1

in the cube Bog 1 = {(x,1)|d(x,x0,t) <2R,0 <t < T}, where c is a constant.

4
If % < Cy for some constant Cy, then

Vul? 1 VK Cn?
Ve —aﬂQC(f( +£+K>+i+(x<p.

u? u R2 R R%y

Here C = C(n,Cy) is a constant.
If a—zl < G, for some constant Cy, then

Vul? 1 VK Cn*at

[Ved — a2 <CO? | o+ LK |+ e+ 0.
2

u u R Y

Here C = C(n,Cy) is a constant.

COROLLARY 5.1. Let (M",g(t));cjo0,r] be a complete solution to the Ricci flow
(1.7). Assume that |Ric(x,t)| < K for some K >0 and all t € [0,T]. Given xo € M
and R > 0, let u(x,t) be a positive solution of the heat equation (5.1) in the cube
Borr = {(x,1)|d(x,x0,1) <2R,0 <t < T}. Then the following special estimates are
valid.

1. Li-Yau type:

n  nKao?
o(t) = constant, @(t) = A + =1

(@) =19 with 0<6<2.

|VM|2 Uy ) 1 (Xz 1
—oa— < Co” | =(1 KR —— 4K
u? u R2( + VK )+a—1R2+

to+ndolK.

2. Hamilton type:

2Kt
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|VM|2 Uz ) 1 COC4
2 —OC;SCOC E(I—F\/ER)—FK +W
togtnio’K.
3. Li-Xu type:
sinh(Kt) cosh(K?) — Kt
ot)=1+ , t) =2nK|1 + coth(Kt)]|,
0 k) 0(1) = 2nK]1 +coth(Kr)
y(¢) = tanh(Kr).
|Vu|2 Uz 2 1 C
—o— < Ca” | (1 KR)+ K|+ —5———
u? u R2( +VER)+ +thanh(Kt)
Lo+ ni oK.

4. Linear Li-Xu type:

1

ot)=142Kt, o@(t)= ?—!—nK(l +2Kt+ uKt),y(t) =Kt with [ > 1
|VM|2 Uz ) 1 COC4
—o— < Co’|—=(1+VKR)+ K|+ ——
u? u R2( + )+ +R2Kt

3 9
+op+n2oK.
Let R — oo, a global estimate is derived.

COROLLARY 5.2. Let (M",g(t));cjo,r] be a complete solution to the Ricci flow
(1.7). Assume that |Ric(x,t)| < K for some K >0 and all t € [0,T]. Suppose that
there exist three functions o(t), @(t) and y(t) which satisfy the following conditions
(CI), (C2), (C3) and (C4).

Given xo € M and R > 0, let u(x,t) be a positive solution of the heat equation
(5.2) in the cube M" x [0,T]. Then

\vj 2
| ’;‘ —a%<Ca2K+a(p,

u

where C = C(n,Cy,C,) is a constant.

Using Theorem 4.1, we derive a Harnack inequality.

COROLLARY 5.3. (Harnack Inequality) Let (M",g(t));cj0,r] be a complete so-
lution to the Ricci flow (1.7). Suppose that [Ric| < K for some K >0, and all (x,t) €
M" x [0,T]. Assume that u(x,t) is a positive solution to (5.1). Then for all (xy,t;) €
M" % (0,T) and (x2,t2) € M" x (0,T) such that t| < ty, we have

u(xz,tz) gu(xlatl)
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con( [ A1
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1dr) |

where C = C(n) and y(s) is a smooth curve connecting x| and x with y(1) = x; and

7(0) = x2.

6. Appendix

We will check some special functions a(¢) > 1, ¢(¢) > 0 and y(r) > 0 satisfy the

following two systems

2 2 1
—¢—2aK>(—(p—a) ,
n n (04
2
—(p—a >0,
n
2
P tag >0,
n
and
2 1
1_(_(P_a/)_<0a
% n o
4
v <C, or <C
a_ —

Besides, o(r) and y(¢) are non-decreasing.

(1) Let oe(t) = 1+2Kt, @(t) = 2 +nK(1 +2Kt + uKt) (u =
One can has
2
(i) 2_(p —o = 7+2K(1 + 2Kt + ukKt) —2K > 0,
n

2
i) & yrag = t% +nK?(1 + 2Kt + uKr)?
n

+(1+ 210)(—?2 +2nK? + nuK?)

2nK
=nK>(1+2Kt+ uKr)> + nT(ZKt + uKt)

+ (142K1)(2nK* + nuk?) > 0,
. 20 2¢ n 1
= 2aK— (£ —o)—
(iii) - o (n a)a

2
=S +2K(1+2K1+ pKr) — 2K (14 2K1)

2 1
— |4+ 2K(1 + 2Kt + uKt) — 2K | - ———

t+ (1+ uki) 1+ 2Kt
4Kt (uK*? — Kt +1)

1
207 2 n
1(1+2K1) for u

1

(6.1)

(6.2)

7) and y(t) =

K
+ ——(1+2Kt+ uKr)
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Hence, o(t) = 1+2Kt, ¢(t) = 2 +nK(1+2Kt + ukt) (0 <pu <

system (6.1).
On the other hand, one has

Y29 1

__(__ ’)_

Y n o
L %+2K(1+2Kt+ Kt)—2K 1
ot t H 1+2Kt
S N T O 2 B
_t(l—l—ZKt)[ (4K> +2Ku)t* +2Kr — 1]

1 2 2 2

= —— [-(BK* +2Ku)t*— (Kt — 1
t(1+2Kt)[(3 +2Kp)e" - (Ki — 1]

<0, for t>20,
and —L5 = 1. So, (6.2) is also satisfied.

(2) aft) =€, o(t) = 2e*" and y(t) =1, where (0 < Kt < 1)
lation gives

—~ -«
n
2

(ii) (L+oc<p _t OK1 (K1 _ 1 4+ 4K1) >0,

2 2
(i) ¢ I - e2Kt(e2Kt —Kt) >0,

1) satisfy

. Direct calcu-

2 2 12 2
Gi) 22 20k (22 o)~ = = 2otk oK - 2 40K
n n

o
2
:(e2Kt_1)(t 2Kt ZK)ZO

Hence, a(t) = ¢*k" and ¢(r) = 2e* " satisfy system (6.1).
Besides, we have

o
Y n o

1+ 2Kt 2
= +l — (;62K1—2K>

(1+4Kr —2e2K1)
<0, for t=0,

| =

teZK/

and as t — 01T, L = mﬁﬁ' This implies 5% < C. So,

> a-1 1

satisfied.

(3) aft) =1+ %W, ¢(r) = 2nK|[1 + coth(Kt)] and ()

Direct calculation gives

20 2Kt
h”(Kt)

(i) == — ' =4K[l+coth(Kt)] — 2K + 2K coth® (K1) — —— (
n Sin

(6.2) is also

= tanh(K7).

coth(K7),
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=2K+2K(1+ o)coth(Kr) >0,

. 2¢ 2,
T _2aK)— (£ —
(i) o(—=-20K)—(—~—a)
—4Ko[1 + coth(Kr)] — 2K o> — [2K + 2K (1 4 o) coth(K1)]
Kt
—2Ko [1 +coth(Kr) + 27} 2K +2K(1 + o) coth(K? )]
sinh”(Kt)
Kt
=2K(ot—1)—5— >0,
sinh”(Kt)
2 2nk?
iii) —+op = {2 1 + coth(Kt))?sinh? (K7 —a}
(iii) ¢ = W2 (K1) ( (K1)) (K1)
2nKk? [2 2Kt e4Kt—l—4KtezK’]
=" e — —
sinh? (Kr) (2K —1)?
4nk?e*k1

. 4Kt 2Kt
= s [e 362K 42 +4Kz}.

Let f(x) = ™ — 3> +2 +4x with x < 0. Obviously, f(0) =0 and
f(x) = 4e* — 6™ +4> 0.
Then we get f(x) > 0 for x > 0. Hence, we have
2 2
(22— a)p+ag +ap- L
n n
4nK? Kt

4Kt 2Kt
e ¥~ 36K 24 4K1] > 0.

sinh(Kt) cosh(Kt)—Kt

2 (K0) and @(r) = 2nK[1 + coth(Kt)] satisfy sys-

Hence, o(t) =1+
tem (6.1).

yort

yort .yt
> a—1

On the other hand, as ¢+ — 0, we have rri i 2 — 1 for t — . These

. 4 . .
imply % < C, here C is a universal constant.
Besides, we have

2¢ w1
~G ey

Ko
| sinh(K7) cosh(K7)
[ K
| sinh(K?) cosh(K?)

—2K—-2K(1+a) coth(Kt)}

[oc —2(1 + o) cosh? (Kt)] — ZK]

Ri= RI= R~ I

| sinh(K7) [o(1 —2cosh(Kr)) —2cosh(Kt)] — 24

for t=>0.

So, (6.2) is also satisfied.

N
=
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(4) a(r) = constant, @(1) = % + K& and y(1) = 1% with 0 < 6 < 2. Direct

a—1
calculation gives

2 210 Ko?
(1) _(p_a/:—|:—n+n :|>0a
n nlt o—1
2 2 212 4 2 2
0 ,  no n“K-o 2nKo no
—tag =— ——>0
@) e = ey Ty 2 0
2¢ 2¢ w1
L _20K)— (—F—0d)—
(iii) (n ) (n )a
2
~% (0 —1)-2Ka
no
2 Ko?
> (a- 1% ska=o0.
no —1
nKo?

Hence, o(t) = constant, and (1) = %2 +

which satisfy system (6.1).

a—1
On the other hand, we have

So, (6.2) is also satisfied.
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