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REFINEMENTS AND REVERSES OF YOUNG TYPE INEQUALITIES

CHANGSEN YANG AND YU LI

(Communicated by M. Krnić)

Abstract. Recently, some Young type inequalities have been promoted. The purpose of this pa-
per is to give further refinements and reverses to them. Meanwhile, on the base of the scalars re-
sults, we obtain some corresponding operator inequalities and matrix versions including Hilbert-
Schmidt norm, unitarily invariant norm, trace norm, which can be regarded as an application of
the scalar inequalities.

1. Introduction

It is well known that the classical Young inequality for scalars says that if a,b � 0
and v ∈ [0,1], then

avb1−v � va+(1− v)b, (1.1)

with equality if and only if a = b . This simple inequality is not only interesting in
itself but also very useful. It is a particular case when v = 1

2 , by (1.1) , we obtain the
arithmetic-geometric mean inequality

√
ab � a+b

2
. (1.2)

Some years later, Kittaneh and Manasrah [8] obtained a refinement of inequalities
of (1.1) , which can be stated in the following form

avb1−v + r(
√

a−
√

b)2 � va+(1− v)b, (1.3)

where r = min{v,1− v}.

Also, the inequality (1.3) was refined by Zhao and Wu [15] as follows:
If 0 � v � 1

2 , then

a1−vbv + v(
√

a−
√

b)2 + r0(
4
√

ab−√
a)2 � (1− v)a+ vb. (1.4)

If 1
2 � v � 1, then

a1−vbv +(1− v)(
√

a−
√

b)2 + r0(
4
√

ab−
√

b)2 � (1− v)a+ vb, (1.5)
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where r0 = min{2r,1−2r} for r = min{v,1− v}.

In a recent work, Hu [7] gave the following Young type inequalities:
If 0 � v � 1

2 , then

v2a2 +(1− v)2b2 � (va)2vb2−2v + v2(a−b)2. (1.6)

If 1
2 � v � 1, then

v2a2 +(1− v)2b2 � a2v[(1− v)b]2−2v +(1− v)2(a−b)2. (1.7)

Later, on the basis of the result of Hu [7], Nasiri, Shakoori and Liao [12] have
given some refinements of (1.6) and (1.7) . These inequalities can be written as:
If 0 � v � 1

2 , then

v2a2 +(1− v)2b2 � (va)2vb2−2v + v2(a−b)2 + v0b(
√

va−
√

b)2, (1.8)

where v0 = min{2v,1−2v} .
If 1

2 � v � 1, then

v2a2 +(1− v)2b2 � a2v[(1− v)b]2−2v +(1− v)2(a−b)2 + v1a(
√

a−
√

(1− v)b)2,
(1.9)

where v1 = min{2v−1,2−2v}.

Here we remark that some other refinements and reserves of Young’s inequality
by the partitions of the weighted parameter v ∈ [0,1] can be found in [3, 4, 13].

Meanwhile, based on Young type inequalities (1.8) and (1.9) , Nasiri, Shakoori
and Liao [12] have presented corresponding matrix versions for Hilbert-Schmidt norm,
which can be stated that suppose X ∈ Mn and A,B ∈ M+

n , v ∈ [0,1] .
If 0 � v � 1

2 , then

||vAX(1− v)XB||22 �v2v||AvXB1−v||22 + v2||AX −XB||22
+ v0[v||A 1

2 XB
1
2 ||22 + ||XB||22−2

√
v||A 1

4 XB
3
4 ||22]

+2v(1− v)||A 1
2 XB

1
2 ||22, (1.10)

where v0 = min{2v,1−2v} .
If 1

2 � v � 1, then

||vAX +(1− v)XB||22 �(1− v)2−2v||AvXB1−v||22 +(1− v)2||AX −XB||22
+ v1[(1− v)||A 1

2 XB
1
2 ||22 + ||AX ||22−2

√
1− v||A 3

4 XB
1
4 ||22]

+2v(1− v)||A 1
2 XB

1
2 ||22, (1.11)

where v1 = min{2v−1,2−2v} .
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Furthermore, an interesting thing is that authors in [1] obtain the following reverse
of inequalities (1.6) and (1.7){

v2a2 +(1− v)2b2 � (1− v)2(a−b)2 +(1− v)2(1−v)(avb1−v)2, 0 � v � 1
2 ,

v2a2 +(1− v)2b2 � v2(a−b)2 + v2v(avb1−v)2, 1
2 � v � 1. (1.12)

In this paper, we will present some another refinements of these inequalities.
Throughout the paper, Mn denotes the space of all n× n complex matrices. M+

n de-
notes the set of all positive semidefinite matrices in Mn , X � Y for X ,Y ∈ Mn means
that X and Y are Hermitians and X −Y ∈ M+

n . The set of all strictly positive definite
matrices in Mn is denoted by M++

n . The unitarily invariance of the |||.||| on Mn means
that |||UAV ||| = |||A||| for all A ∈ Mn and for all the unitary matrices U,V ∈ Mn . For
A = [ai j] ∈ Mn, the Hilbert-Schmidt (or Frobenius) norm and the trace norm of A are
defined by

||A||2 =

√
n

∑
j=1

s2
j(A), ||A||1 =

n

∑
j=1

s j(A),

respectively, where s1(A) � s2(A) � ... � sn(A) are the singular values of A , that is,

the eigenvalues of the positive matrix |A| = (A∗A)
1
2 , arranged in decreasing order and

repeated according to multiplicity. Moreover, it is well known that ||.||2 is unitarily
invariant. For the notations adopted in this paper, the difinitions

A∇vB = (1− v)A+ vB, v ∈ [0,1],

A�vB = A
1
2 (A− 1

2 BA− 1
2 )vA

1
2 , v ∈ [0,1]

will be used for the matrix arithmetic and geometric means, when A,B ∈ M++
n . In par-

ticular, denoted by A∇B and A�B respectively when v = 1
2 .

Furthermore, let B(H) denotes the C∗−algebra of all bounded linear operators
on a complex Hilbert space H . In the case of dim H = n , we identify B(H) with
the matrix algebra of all n×n matrices with entries in the complex field. An operator
A ∈ B(H) is called positive, if

〈Ax,x〉 � 0

for all x∈H , and we write A � 0. The set of all positive operators on a complex Hilbert
space H is denoted by B+(H) . Also, the set of all positive invertible operators on a
complex Hilbert space H is denoted with B++(H) . If A ∈ B++(H) , we write A > 0.

The paper is organized in the following way: In section 2, we give Young type
inequalities for scalar consisting of the reverse version of inequalities (1.12) and the
refined version of (1.8) , (1.9) and so on. In section 3, on the basis of our main
scalar results, we obtained the related operator version, including the reverse and the
refinement. In the last section, as an application, we establish some corresponding
inequalities of matrix version for Hilbert-Schmidt norm, unitarily invariant norm, and
related trace versions based on the result of part one.
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2. Young type inequality for scalar

In this section, we mainly present some refined and reversed scalar Young type in-
equalities, including the reverse of (1.8) , (1.9) . Therefore, we start from the following
improved reverse Young type inequalities.

THEOREM 2.1. Suppose that a,b � 0 and v ∈ [0,1] .

i) If 0 � v � 1
2 , then

v2a2+(1−v)2b2 � a2v[(1−v)b]2−2v+(1−v)2(a−b)2−v0a(
√

a−
√

(1− v)b)2,
(2.1)

where v0 = min{2v,1−2v} .

ii) If 1
2 � v � 1, then

v2a2 +(1− v)2b2 � (va)2vb2−2v + v2(a−b)2− v1b(
√

va−
√

b)2, (2.2)

where v1 = min{2v−1,2−2v}.

Proof.

i) If 0 � v � 1
2 , by (1.3) , then we have

a2v[(1− v)b]2−2v +(1− v)2(a−b)2− v2a2− (1− v)2b2

=2v[(1− v)ab]+ (1−2v)a2−2(1− v)ab+a2v[(1− v)b]2−2v

�a2−2v[(1− v)b]2v + v0(a−
√

(1− v)ab)2 −2(1− v)ab+a2v[(1− v)b]2−2v

=v0a(
√

a−
√

(1− v)b)2 +[(1− v)va1−vbv − (1− v)1−vavb1−v]2

�v0a(
√

a−
√

(1− v)b)2.

That is

v2a2+(1−v)2b2 � a2v[(1−v)b]2−2v+(1−v)2(a−b)2−v0a(
√

a−
√

(1− v)b)2.

So (2.1) holds.

ii) If 1
2 � v � 1, by (1.3) again, then we have

(va)2vb2−2v + v2(a−b)2− v2a2− (1− v)2b2

=(2v−1)b2 +(2−2v)vab−2vab+(va)2vb2−2v

�(va)2−2vb2v + v1b(
√

va−
√

b)2−2vab+(va)2vb2−2v

=v1b(
√

va−
√

b)2 +[(va)1−vbv − (va)vb1−v]2 � v1b(
√

va−
√

b)2.

That is

v2a2 +(1− v)2b2 � (va)2vb2−2v + v2(a−b)2− v1b(
√

va−
√

b)2.

This completes the proof.
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REMARK 2.2. Obviously, inequalities (2.1) and (2.2) are reverses of inequalities
(1.8) , (1.9) and are refinements of inequalities (1.12) .

Next, we give our second main result which is a refinements of (1.8), (1.9), (2.1)
and (2.2).

THEOREM 2.4. Let a,b � 0 and v ∈ [0,1] .

i) If 0 � v � 1
4 , then

(va)2vb2−2v + v2(a−b)2 +2vb(
√

va−
√

b)2 + v2b( 4
√

vab−
√

b)2

�v2a2 +(1− v)2b2

�a2v[(1− v)b]2−2v +(1− v)2(a−b)2−2va(
√

a−
√

(1− v)b)2

− v2a( 4
√

(1− v)ab−√
a)2, (2.3)

where v2 = min{4v,1−4v}.
ii) If 1

4 � v � 1
2 , then

(va)2vb2−2v + v2(a−b)2 +(1−2v)b(
√

va−
√

b)2 + v3b( 4
√

vab−√
va)2

�v2a2 +(1− v)2b2

�a2v[(1− v)b]2−2v +(1− v)2(a−b)2− (1−2v)a(
√

a−
√

(1− v)b)2

− v3a( 4
√

(1− v)ab−
√

(1− v)b)2, (2.4)

where v3 = min{2−4v,4v−1}.
iii) If 1

2 � v � 3
4 , then

a2v[(1− v)b]2−2v +(1− v)2(a−b)2 +(2v−1)a(
√

a−
√

(1− v)b)2

+ v4a( 4
√

(1− v)ab−
√

(1− v)b)2

�v2a2 +(1− v)2b2

�(va)2vb2−2v + v2(a−b)2− (2v−1)b(
√

va−
√

b)2

− v4b( 4
√

vab−√
va)2, (2.5)

where v4 = min{4v−2,3−4v}.
iv) If 3

4 � v � 1, then

a2v[(1− v)b]2−2v +(1− v)2(a−b)2 +(2−2v)a(
√

a−
√

(1− v)b)2

+ v5a( 4
√

(1− v)ab−√
a)2

�v2a2 +(1− v)2b2

�(va)2vb2−2v + v2(a−b)2− (2−2v)b(
√

va−
√

b)2

− v5b( 4
√

vab−
√

b)2, (2.6)

where v5 = min{4−4v,4v−3} .
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Proof.

i) When 0 � v � 1
4 , by simple calculation and (1.4) , then we have

v2a2 +(1− v)2b2− v2(a−b)2

=b[(1−2v)b+2v(va)]

�b[(va)2vb1−2v +2v(
√

va−
√

b)2 + v2(
4
√

vab−
√

b)2]

=(va)2vb2−2v +2vb(
√

va−
√

b)2 + v2b( 4
√

vab−
√

b)2

and

(1− v)2(a−b)2− v2a2− (1− v)2b2 +a2v[(1− v)b]2−2v

=2v[(1− v)ab]+ (1−2v)a2−2(1− v)ab+a2v[(1− v)b]2−2v

�a2−2v[(1− v)b]2v +2va(
√

a−
√

(1− v)b)2 + v2a( 4
√

(1− v)ab−√
a)2

−2(1− v)ab+a2v[(1− v)b]2−2v

=2va(
√

a−
√

(1− v)b)2 + v2a( 4
√

(1− v)ab−√
a)2

+[a1−v((1− v)b)v−av((1− v)b)1−v]2

�2va(
√

a−
√

(1− v)b)2 + v2a( 4
√

(1− v)ab−√
a)2.

So we completed the proof of (2.3) .

ii) According to the inequality (1.5) , the proof of (2.4) can be completed by an
argument similar to that used in i).

iii) When 1
2 � v � 3

4 , by (1.4) , then we have

v2a2 +(1− v)2b2− (1− v)2(a−b)2

=a[(2v−1)a+(2−2v)((1− v)b)]

�a{a2v−1[(1− v)b]2−2v +(2v−1)(
√

a−
√

(1− v)b)2

+ v4( 4
√

(1− v)ab−
√

(1− v)b)2}
=a2v[(1− v)b]2−2v +(2v−1)a(

√
a−

√
(1− v)b)2

+ v4a( 4
√

(1− v)ab−
√

(1− v)b)2

and

v2(a−b)2− v2a2− (1− v)2b2 +(va)2vb2−2v

=(2v−1)b2 +(2−2v)vab−2vab+(va)2vb2−2v

�(va)2−2vb2v +(2v−1)b(
√

va−
√

b)2+v4b( 4
√

vab−√
va)2−2vab+(va)2vb2−2v

�(2v−1)b(
√

va−
√

b)2 + v4b( 4
√

vab−√
va)2.

So we completed the proof of (2.5) .

iv) According to the inequality (1.5) , the proof of (2.6) can be completed by an
argument similar to that used in iii).
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3. Inequalities for operator

In this section, we are going to present some Young type inequalities for an opera-
tor version by the monotonic property of operator functions. These operator inequalities
are easily given by a standard functional calculus(or Kubo-Ando theory [11]). First, we
give the following basic Lemma.

LEMMA 3.1. ([5]) Let X ∈ B(H) be self-adjoint and let f and g be continuous
real functions such that f (t) � g(t) for all t ∈ Sp(X) (the Spectrum of X ). Then
f (X) � g(X) .

Now, according to the scalar result of (1.6) , (1.7) which are presented by Hu, we
obtain some of their operator versions as follows.

COROLLARY 3.2. ([7]) Let A,B ∈ B++(H) and v ∈ [0,1] .

i) If v ∈ [0, 1
2 ], then

v2A+(1− v)2B � v2v(A�1−vB)+ v2[A+B−2(A�B)]. (3.1)

ii) If v ∈ [ 1
2 ,1], then

v2B+(1− v)2A � (1− v)2−2v(A�vB)+ (1− v)2[A+B−2(A�B)]. (3.2)

And then, by applying Lemma 3.1, the operator version of (1.8),(1.9),(2,1) and
(2.2) can be obtained as follows.

COROLLARY 3.3. Let A,B ∈ B++(H) and v ∈ [0,1] .

i) If v ∈ [0, 1
2 ], then

v2v(A�1−vB)+ v2[A+B−2(A�B)]+ v0[B+ v(A�B)−2
√

v(A� 3
4
B)]

�v2A+(1− v)2B

�(1− v)2−2v(A�1−vB)+ (1− v)2[A+B−2(A�B)]

− v0[A+(1− v)(A�B)−2
√

1− v(A� 1
4
B)], (3.5)

where v0 = min{2v,1−2v}.
ii) If v ∈ [ 1

2 ,1], then

(1− v)2−2v(A�vB)+ (1− v)2[A+B−2(A�B)]

+ v1[B+(1− v)A−2
√

1− v(A� 3
4
B)]

�v2B+(1− v)2A

�v2v(A�vB)+ v2[A+B−2(A�B)]− v1[A+ v(A�B)−2
√

v(A� 1
4
B)], (3.6)

where v1 = min{2v−1,2−2v}.
Also, the operator version of Corollary 2.4 is deduced immediately as follows,

which can be regarded as a generalization of Corollary 3.2 and Corollary 3.3.
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COROLLARY 3.4. Let A,B ∈ B++(H) and v ∈ [0,1] .

i) If v ∈ [0, 1
4 ], then

v2v(A�1−vB)+ v2[A+B−2(A�B)]+2v[v(A�B)+B−2
√

v(A� 3
4
B)]

+ v2[
√

v(A� 3
4
B)+B−2 4

√
v(A� 7

8
B)]

�v2A+(1− v)2B

�(1− v)2−2v(A�1−vB)+ (1− v)2[A+B−2(A�B)]

−2v[A+(1− v)(A�B)−2
√

1− v(A� 1
4
B)]

− v2[
√

1− v(A� 1
4
B)+A−2 4

√
1− v(A� 1

8
B)], (3.3)

where v2 = min{4v,1−4v}.
ii) If v ∈ [ 1

4 , 1
2 ], then

v2v(A�1−vB)+ v2[A+B−2(A�B)]+ (1−2v)[v(A�B)+B−2
√

v(A� 3
4
B)]

+ v3[
√

v(A� 3
4
B)+ v(A�B)−2

4
√

v3(A� 5
8
B)]

�v2A+(1− v)2B

�(1− v)2−2v(A�1−vB)+ (1− v)2[A+B−2(A�B)]

− (1−2v)[A+(1− v)(A�B)−2
√

1− v(A� 1
4
B)]

− v3[
√

1− v(A� 1
4
B)+ (1− v)(A�B)−2 4

√
(1− v)3(A� 3

8
B)], (3.4)

where v3 = min{2−4v,4v−1}.
iii) If v ∈ [ 1

2 , 3
4 ], then

(1− v)2−2v(A�vB)+ (1− v)2[A+B−2(A�B)]

+ (2v−1)[(1− v)(A�B)+B−2
√

1− v(A� 3
4
B)]

+ v4[
√

1− v(A� 3
4
B)+ (1− v)(A�B)− 4

√
(1− v)3(A� 5

8
B)]

�v2B+(1− v)2A

�v2v(A�vB)+ v2[A+B−2(A�B)]− (2v−1)[v(A�B)+A−2
√

v(A� 1
4
B)]

− v4[
√

v(A� 1
4
B)+ v(A�B)− 4

√
v3(A� 3

8
B)], (3.5)

where v4 = min{4v−2,3−4v}.
iv) If v ∈ [ 3

4 ,1], then

(1− v)2−2v(A�vB)+ (1− v)2[A+B−2(A�B)]
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+(2−2v)[(1− v)(A�B)+B−2
√

1− v(A� 3
4
B)]

+ v5[
√

1− v(A� 3
4
B)+B−2 4

√
1− v(A� 7

8
B)]

�v2B+(1− v)2A

�v2v(A�vB)+ v2[A+B−2(A�B)]− (2−2v)[v(A�B)+A−2
√

v(A� 1
4
B)]

− v5[
√

v(A� 1
4
B)+A−2 4

√
v(A� 1

8
B)], (3.6)

where v5 = min{4−4v,4v−3}.

Proof.

i) Let a = 1,b2 = t > 0 in (2.3) , then the inequalities become

v2vt1−v + v2(1+ t−2t
1
2 )+2v(vt

1
2 + t−2

√
vt

3
4 )+ v2(

√
vt

3
4 + t−2 4

√
vt

7
8 )

�v2 +(1− v)2t

�(1− v)2−2vt1−v +(1− v)2(1+ t−2t
1
2 )−2v[1+(1− v)t

1
2 −2

√
1− vt

1
4 ]

− v2[
√

1− vt
1
4 +1−2 4

√
1− vt

1
8 ]. (3.7)

For the operator X = A− 1
2 BA− 1

2 has a positive spectrum, I be the identity oper-
ator. By Lemma 3.1 and replace t with X in inequalities (3.7) , then we have

v2vX1−v + v2(I +X −2X
1
2 )+2v(vX

1
2 +X −2

√
vX

3
4 )

+ v2(
√

vX
3
4 +X −2 4

√
vX

7
8 )

�v2I +(1− v)2X

�(1− v)2−2vX1−v +(1− v)2(I +X −2X
1
2 )−2v[I+(1− v)X

1
2 −2

√
1− vX

1
4 ]

− v2[
√

1− vX
1
4 + I−2 4

√
1− vX

1
8 ]. (3.8)

Then multiplying (3.8) by A
1
2 on both sides, we get the required inequalities

(3.3) .

ii) The line of proof ii) is similar to the one presented in i) by applying the inequali-
ties (2.4) , thus we omit it.

iii) Let b = 1,a2 = t > 0, in (2.5) , then the inequalities become

(1− v)2−2vtv +(1− v)2(1+ t−2t
1
2 )+ (2v−1)[(1− v)t

1
2 + t−2

√
1− vt

3
4 ]

+ v4(
√

1− vt
3
4 +(1− v)t

1
2 −2 4

√
(1− v)3t

5
8 )

�v2t +(1− v)2

�v2vtv + v2(1+ t−2t
1
2 )− (2v−1)[vt

1
2 +1−2

√
vt

1
4 ]
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− v4[
√

vt
1
4 + vt

1
2 −2

4
√

v3t
3
8 ]. (3.9)

For X = A− 1
2 BA− 1

2 has a positive spectrum, I be the identity operator.
By Lemma 3.1 and inserting X in inequalities (3.9) , we have

(1− v)2−2vXv +(1− v)2(I +X −2X
1
2 )

+ (2v−1)[(1− v)X
1
2 +X −2

√
1− vX

3
4 ]

+ v4[
√

1− vX
3
4 +(1− v)X

1
2 −2 4

√
(1− v)3X

5
8 ]

�v2X +(1− v)2I

�v2vXv + v2(I +X −2X
1
2 )− (2v−1)[vX

1
2 + I−2

√
vX

1
4 ]

− v4[
√

vX
1
4 + vX

1
2 −2

4
√

v3X
3
8 ]. (3.10)

Then multiplying both sides of the inequality (3.10) by A
1
2 , we get the desired

inequalities (3.5) .

iv) The line of proof is similar to the one presented in iii) by applying the inequality
(2.6) , thus we omit it.

4. Inequalities for matrix

It is known that some matrix norm inequalities can be obtained by the point-wise
order (scalar inequality). (See, for example, [6, 10, 13]).

In this section, we only present some interesting matrix versions of Theorem 2.4
for Hilbert-Schmidt norm, unitarily invariant norm, trace norm and trace. To do these,
we need the following Lemmas. However, it is worth mentioning that the first Lemma
is a Heinz-Kato type inequality for unitarily invariant norms.

LEMMA 4.1. ([9]) Suppose A,B ∈ M+
n and X ∈ Mn . If 0 � v � 1 , then

|||AvXB1−v||| � |||AX |||v|||XB|||1−v.

In particular,

tr|AvB1−v| � (trA)v(trB)1−v.

LEMMA 4.2. ([2]) Let A,B ∈ Mn , then

n

∑
j=1

s j(AB) �
n

∑
j=1

s j(A)s j(B).
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LEMMA 4.3. Let A,B ∈ M+
n and v ∈ [0,1] , then

‖AvB1−v‖2
2 �

n

∑
j=1

[
sv

j(A)s1−v
j (B)

]2
.

Proof. For any C ∈ Mn , we have the following inequality by [14],

|trC| �
n

∑
j=1

s j(C).

So by Lemma 4.2,

n

∑
j=1

[
sv

j(A)s1−v
j (B)

]2 �
n

∑
j=1

s j(A2vB2(1−v)) � tr(A2vB2(1−v)) = tr(B1−vA2vB1−v)

=
n

∑
j=1

s2
j (A

vB1−v) = ‖AvB1−v‖2
2.

Now, we first establish matrix versions of Theorem 2.4 for Hilbert-Schmidt norm,
whose proof is based on the spectral theorem.

THEOREM 4.4. Suppose A,B,X ∈Mn such that A,B∈ M+
n and satisfy v ∈ [0,1] .

i) If v ∈ [0, 1
4 ], then

v2v||AvXB1−v||22 +2v||A 1
2 XB

1
2 ||22 + v2||AX −XB||22

+(v2 +2v)||XB||22 +(v2−4v)
√

v||A 1
4 XB

3
4 ||22 −2v2

4
√

v||A 1
8 XB

7
8 ||22

�||vAX +(1− v)XB||22
�(1− v)2−2v||AvXB1−v||22 +(1− v)2||AX −XB||22− (v2 +2v)||AX ||22
− (v2−4v)

√
1− v||A 3

4 XB
1
4 ||22 +2v2

4
√

1− v||A 7
8 XB

1
8 ||22, (4.1)

where v2 = min{4v,1−4v}.
ii) If v ∈ [ 1

4 , 1
2 ], then

v2v||AvXB1−v||22 + v(v3 +3−4v)||A 1
2 XB

1
2 ||22 + v2||AX −XB||22

+(1−2v)||XB||22 +(v3−2+4v)
√

v||A 1
4 XB

3
4 ||22 −2v3

4
√

v3||A 3
8 XB

5
8 ||22

�||vAX +(1− v)XB||22
�(1− v)2−2v||AvXB1−v||22 +(1− v)(4v−1− v3)||A 1

2 XB
1
2 ||22

+(1− v)2||AX −XB||22− (1−2v)||AX ||22
− (v3 +4v−2)

√
1− v||A 3

4 XB
1
4 ||22 +2v3

4
√

(1− v)3||A 5
8 XB

3
8 ||22, (4.2)

where v3 = min{2−4v,4v−1}.
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iii) If v ∈ [ 1
2 , 3

4 ], then

(1− v)2−2v||AvXB1−v||22 +(1− v)(v4 +4v−1)||A 1
2 XB

1
2 ||22

+(1− v)2||AX −XB||22 +(2v−1)||AX ||22
+(v4 +2−4v)

√
1− v||A 3

4 XB
1
4 ||22−2v4

4
√

(1− v)3||A 5
8 XB

3
8 ||22

�||vAX +(1− v)XB||22
�v2v||AvXB1−v||22 + v(3−4v− v4)||A 1

2 XB
1
2 ||22

+ v2||AX −XB||22− (2v−1)||XB||22
− (v4 +2−4v)

√
v||A 1

4 XB
3
4 ||22 +2v4

4
√

v3||A 3
8 XB

5
8 ||22, (4.3)

where v4 = min{4v−2,3−4v}.
iv) If v ∈ [ 3

4 ,1], then

(1− v)2−2v||AvXB1−v||22 +2(1− v)||A 1
2 XB

1
2 ||22

+(1− v)2||AX −XB||22 +(v5 +2−2v)||AX ||22
+(v5−4+4v)

√
1− v||A 3

4 XB
1
4 ||22 −2v5

4
√

1− v||A 7
8 XB

1
8 ||22

�||vAX +(1− v)XB||22
�v2v||AvXB1−v||22 + v2||AX −XB||22− (v5 +2−2v)||XB||22
− (v5−4+4v)

√
v||A 1

4 XB
3
4 ||22 +2v5

4
√

v||A 1
8 XB

7
8 ||22, (4.4)

where v5 = min{4−4v,4v−3}.

Proof. Since A and B are positive semidefinite, it follows by spectral theorem
that there exist unitary matrices U,V ∈ Mn, such that A =UΛ1U∗,B = VΛ2V ∗, where
Λ1 = diag(λ1,λ2, · · · ,λn),Λ2 = diag(μ1,μ2, · · · ,μn),λi,μ j � 0, i, j = 1,2, · · · ,n . For
our computations, let Y = U∗XV = [yi j] . Then we have

vAX +(1− v)XB = U [(vλi +(1− v)μ j)yi j]V ∗,AX −XB = U [(λi− μ j)yi j]V ∗,

AvXB1−v = U [(λ v
i μ1−v

j )yi j]V ∗,A
1
2 XB

1
2 = U [(λ

1
2
i μ

1
2
j )yi j]V ∗,AX = U [λiyi j]V ∗,

and XB = U [μ jyi j]V ∗,A
1
4 XB

3
4 = U [(λ

1
4
i μ

3
4
j )yi j]V ∗,A

1
8 XB

7
8 = U [(λ

1
8
i μ

7
8
j )yi j]V ∗.

i) If v ∈ [0, 1
4 ], now, by (2.3) and the unitarily invariant property of the Hilbert-

Schmidt norm, then we have

||vAX +(1− v)XB||22
=

n

∑
i, j=1

(vλi +(1− v)μ j)2|yi j|2
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�v2v
n

∑
i, j=1

(λ v
i μ1−v

j )2|yi j|2 +2v(1− v)
n

∑
i, j=1

(λ
1
2
i μ

1
2
j )2|yi j|2 + v2

n

∑
i, j=1

(λi − μ j)2|yi j|2

+2v
n

∑
i, j=1

[
vλiμ j + μ2

j −2
√

vλ
1
2
i μ

3
2
j

]|yi j|2

+ v2

n

∑
i, j=1

[√
vλ

1
2
i μ

3
2
j + μ2

j −2 4
√

vλ
1
4
i μ

7
4
j

]|yi j|2

=v2v||AvXB1−v||22 +2v(1− v)||A 1
2 XB

1
2 ||22 + v2||AX −XB||22

+2v
[
v||A 1

2 XB
1
2 ||22 + ||XB||22−2

√
v||A 1

4 XB
3
4 ||22

]
+ v2

[√
v||A 1

4 XB
3
4 ||22 + ||XB||22−2 4

√
v||A 1

8 XB
7
8 ||22

]
and

||vAX +(1− v)XB||22
=

n

∑
i, j=1

(vλi +(1− v)μ j)2|yi j|2

�(1− v)2−2v
n

∑
i, j=1

(λ v
i μ1−v

j )2|yi j|2 +2v(1− v)
n

∑
i, j=1

(λ
1
2
i μ

1
2
j )2|yi j|2

+(1−v)2
n

∑
i, j=1

(λi−μ j)2|yi j|2−2v
n

∑
i, j=1

[
(1−v)λiμ j+λ 2

i −2
√

1−vλ
3
2
i μ

1
2
j

]|yi j|2

− v2

n

∑
i, j=1

[√
1− vλ

3
2
i μ

1
2
j + λ 2

i −2 4
√

1− vλ
7
4
i μ

1
4
j

]|yi j|2

=(1− v)2−2v||AvXB1−v||22 +2v(1− v)||A 1
2 XB

1
2 ||22 +(1− v)2||AX −XB||22

−2v
[
(1− v)||A 1

2 XB
1
2 ||22 + ||AX ||22−2

√
1− v||A 3

4 XB
1
4 ||22

]
− v2

[√
1− v||A 3

4 XB
1
4 ||22 + ||AX ||22−2 4

√
(1− v)||A 7

8 XB
1
8 ||22

]
.

So we completed the proof of (4.1) .

Using the same technique in (2.4) , (2.5) and (2.6) , respectively, we can get (4.2) ,
(4.3) and (4.4) . Here we completed the proof.

REMARK 4.5. It is clear that the first inequality of (4.1) , (4.2) , (4.3) and (4.4)
are refinements of inequalities (1.10) and (1.11) .

The following results for unitarily invariant norm and trace are established by
Lemma 4.1.

THEOREM 4.6. Suppose A,B,X ∈Mn such that A,B∈M++
n and satisfy v∈ [0,1] ,

for any unitarily invariant norm |||.||| .
i) If v ∈ [0, 1

4 ], then[
v|||AX |||+(1− v)|||XB|||]2
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�v2v|||AvXB1−v|||2 +2v(1− v)|||A 1
2 XB

1
2 |||2 + v2(|||AX |||− |||XB|||)2

+2v|||XB|||(√v|||AX |||−
√
|||XB|||)2

+ v2|||XB|||( 4
√

v|||AX ||| |||XB|||−
√
|||XB|||)2

, (4.5)

where v2 = min{4v,1−4v}.
ii) If v ∈ [ 1

4 , 1
2 ], then

[
v|||AX |||+(1− v)|||XB|||]2

�v2v|||AvXB1−v|||2 +2v(1− v)|||A 1
2 XB

1
2 |||2 + v2(|||AX |||− |||XB|||)2

+(1−2v)|||XB|||(√v|||AX |||−
√
|||XB|||)2

+ v3|||XB|||( 4
√

v|||AX ||| |||XB|||−
√

v|||AX |||)2
, (4.6)

where v3 = min{2−4v,4v−1}.
iii) If v ∈ [ 1

2 , 3
4 ], then

[
v|||AX |||+(1− v)|||XB|||]2

�(1− v)2−2v|||AvXB1−v|||2 +2v(1− v)|||A 1
2 XB

1
2 |||2

+(1− v)2(|||AX |||− |||XB|||)2

+(2v−1)|||AX |||(√|||AX |||−
√

(1− v)|||XB|||)2

+ v4|||AX |||( 4
√

(1− v)|||AX ||| |||XB|||−
√

(1− v)|||XB|||)2
, (4.7)

where v4 = min{4v−2,3−4v}.
iv) If v ∈ [ 3

4 ,1], then

[
v|||AX |||+(1− v)|||XB|||]2

�(1− v)2−2v|||AvXB1−v|||2 +2v(1− v)|||A 1
2 XB

1
2 |||2

+(1− v)2(|||AX |||− |||XB|||)2

+(2−2v)|||AX |||(√|||AX |||−
√

(1− v)|||XB|||)2

+ v5|||AX |||( 4
√

(1− v)|||AX ||| |||XB|||−
√
|||AX |||)2

, (4.8)

where v5 = min{4−4v,4v−3}.

Proof.

i) When v ∈ [0, 1
4 ], by Lemma 4.1 and the left inequality of (2.3) , then we have

[
v|||AX |||+(1− v)|||XB|||]2
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�v2v[|||AX |||v|||XB|||1−v]2 +2v(1− v)|||AX ||| |||XB|||
+ v2(|||AX |||− |||XB|||)2 +2v|||XB|||(√v|||AX |||−

√
|||XB|||)2

+ v2|||XB|||( 4
√

v|||AX ||| |||XB|||−
√
|||XB|||)2

�v2v|||AvXB1−v|||2 +2v(1− v)|||A 1
2 XB

1
2 |||2

+ v2(|||AX |||− |||XB|||)2 +2v|||XB|||(√v|||AX |||−
√
|||XB|||)2

+ v2|||XB|||( 4
√

v|||AX ||| |||XB|||−
√
|||XB|||)2

.

So we completed the proof of (4.5) .

The proof of the line ii), iii), iv) are similar to the one presented in i) by using the
Lemma 4.1 and the left inequalities of (2.4) , (2.5) and (2.6) , respectively, thus we
omit them.

THEOREM 4.7. Suppose A,B,X ∈Mn such that A,B∈M++
n and satisfy v∈ [0,1] .

i) If v ∈ [0, 1
4 ], then

[
tr(A∇1−vB)

]2 �v2v[tr | AvB1−v | ]2 + v2(trA− trB
)2

+2v(1− v)
(
tr | A 1

2 B
1
2 | )2 +2vtrB

(√
vtrA−√

trB
)2

+ v2trB
( 4
√

vtrAtrB−√
trB

)2
, (4.9)

where v2 = min{4v,1−4v}.
ii) If v ∈ [ 1

4 , 1
2 ], then

[
tr(A∇1−vB)

]2 �v2v[tr|AvB1−v|]2 + v2(trA− trB
)2

+2v(1− v)
(
tr | A 1

2 B
1
2 | )2 +(1−2v)trB

(√
vtrA−

√
trB

)2

+ v3trB
( 4
√

vtrAtrB−
√

vtrA
)2

, (4.10)

where v3 = min{2−4v,4v−1}.
iii) If v ∈ [ 1

2 , 3
4 ], then

[
tr(A∇1−vB)

]2 �(1− v)2−2v[tr|AvB1−v|]2 +(1− v)2(trA− trB
)2

+2v(1−v)
(
tr | A 1

2 B
1
2 | )2+(2v−1)trA

(√
trA−

√
(1−v)trB

)2

+ v4trA
(

4
√

(1− v)trAtrB−
√

(1− v)trB
)2

, (4.11)

where v4 = min{4v−2,3−4v}.
iv) If v ∈ [ 3

4 ,1], then

[
tr(A∇1−vB)

]2 �(1− v)2−2v[tr|AvB1−v|]2 +(1− v)2(trA− trB
)2
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+2v(1−v)
(
tr | A 1

2 B
1
2 | )2+(2−2v)trA

(√
trA−

√
(1−v)trB

)2

+ v5trA
(

4
√

(1− v)trAtrB−
√

trA
)2

, (4.12)

where v5 = min{4−4v,4v−3}.

Proof.

i) When v ∈ [0, 1
4 ], by Lemma 4.1 and the left inequality of (2.3) , then we have

[tr(A∇1−vB)]2

=
[
vtrA+(1− v)trB

]2
�v2v[(trA)v(trB)1−v]2 + v2(trA− trB

)2 +2v(1− v)trAtrB

+2vtrB
(√

vtrA−√
trB

)2 + v2trB
( 4
√

vtrA trB−√
trB

)2

�v2v[tr | AvB1−v | ]2 + v2(trA− trB
)2 +2v(1− v)

(
tr | A 1

2 B
1
2 | )2

+2vtrB
(√

vtrA−√
trB

)2 + v2trB
( 4
√

vtrAtrB−√
trB

)2
.

So (4.9) holds.

The proof of the line ii), iii), iv) are similar to the one presented in i) by using the
Lemma 4.1 and the left inequalities of (2.4)− (2.6) , respectively, thus we omit them.

Also, we get the following result which gives refinements of the trace norm version
of Young type inequality.

THEOREM 4.8. Let A,B ∈ Mn such that A,B ∈ M+
n and satisfy v ∈ [0,1] .

i) If v ∈ [0, 1
4 ], then

v2||A||22 +(1− v)2||B||22 = tr(v2A2 +(1− v)2B2)

�v2v||AvB1−v||22 + v2(||A||2−||B||2
)2

+2v
[
v||AB||1 + ||B||22−2

√
v
√
||A||1 ||B3||1

]
+ v2

[√
v||A 1

2 B
3
2 ||1 + ||B||22−2 4

√
v
√
||A 1

2 ||1 ||B 7
2 ||1

]
, (4.13)

where v2 = min{4v,1−4v}.
ii) If v ∈ [ 1

4 , 1
2 ], then

v2||A||22 +(1− v)2||B||22 = tr
(
v2A2 +(1− v)2B2)

�v2v||AvB1−v||22 + v2(||A||2−||B||2
)2

+(1−2v)
[
v||AB||1 + ||B||22−2

√
v
√
||A||1 ||B3||1

]
+ v3

[√
v||A 1

2 B
3
2 ||1 + v||AB||1−2

4
√

v3

√
||A 3

2 ||1 ||B 5
2 ||1

]
, (4.14)

where v3 = min{2−4v,4v−1}.
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iii) If v ∈ [ 1
2 , 3

4 ], then

v2||A||22 +(1− v)2||B||22 = tr(v2A2 +(1− v)2B2)

�(1−2v)2−2v||AvB1−v||22 +(1− v)2(||A||2−||B||2)2

+(2v−1)
[
(1− v)||AB||1 + ||A||22−2

√
1− v

√
||A3||1 ||B||1

]
+ v4

[√
1− v||A 3

2 B
1
2 ||1 +(1− v)||AB||1−2 4

√
(1− v)3

√
||A 5

2 ||1 ||B 3
2 ||1

]
, (4.15)

where v4 = min{4v−2,3−4v}.
iv) If v ∈ [ 3

4 ,1], then

v2||A||22 +(1− v)2||B||22 = tr(v2A2 +(1− v)2B2)

�(1−2v)2−2v||AvB1−v||22 +(1− v)2(||A||2 −||B||2)2

+(2−2v)
[
(1− v)||AB||1 + ||A||22−2

√
1− v

√
||A3||1 ||B||1

]
+ v5

[√
1− v||A 3

2 B
1
2 ||1 + ||A||22−2 4

√
(1− v)

√
||A 7

2 ||1 ||B 1
2 ||1

]
, (4.16)

where v5 = min{4−4v,4v−3}.

Proof. We shall prove the first inequality and leave the others to the reader because
the proof is similar to each other.

i) When v ∈ [0, 1
4 ], then using Lemma 4.2, Lemma 4.3, Cauchy-Schwarz inequal-

ity and the left inequality of (2.3) , we have

tr(v2A2 +(1− v)2B2)

=
n

∑
j=1

[v2s2
j(A)+ (1− v)2s2

j(B)]

�
n

∑
j=1

[
(vs j(A))2vs2−2v

j (B)+ v2(s j(A)− s j(B))2

+2vs j(B)
(√

vs j(A)−
√

s j(B)
)2 + v2s j(B)

(
4
√

vs j(A)s j(B)−
√

s j(B)
)2]

=v2v
n

∑
j=1

[
sv

j(A)s1−v
j (B)

]2 + v2[ n

∑
j=1

s2
j(A)+

n

∑
j=1

s2
j(B)−2

n

∑
j=1

s j(A)s j(B)
]

+2v
[
v

n

∑
j=1

s j(A)s j(B)+
n

∑
j=1

s2
j(B)−2

√
v

n

∑
j=1

s
1
2
j (A)s

3
2
j (B)

]

+ v2
[√

v
n

∑
j=1

s
1
2
j (A)s

3
2
j (B)+

n

∑
j=1

s2
j (B)−2 4

√
v

n

∑
j=1

s
1
4
j (A)s

7
4
j (B)

]

�v2v
n

∑
j=1

[
sv

j(A)s1−v
j (B)

]2+v2[ n

∑
j=1

s2
j (A)+

n

∑
j=1

s2
j (B)−2

( n

∑
j=1

s2
j(A)

) 1
2
( n

∑
j=1

s2
j(B)

) 1
2
]
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+2v
[
v

n

∑
j=1

s j(AB)+
n

∑
j=1

s2
j(B)−2

√
v
( n

∑
j=1

s j(A)
) 1

2
( n

∑
j=1

s3
j(B)

) 1
2
]

+ v2
[√

v
n

∑
j=1

s j(A
1
2 B

3
2 )+

n

∑
j=1

s2
j(B)−2 4

√
v
( n

∑
j=1

s
1
2
j (A)

) 1
2
( n

∑
j=1

s
7
2
j (B)

) 1
2
]

�v2v||AvB1−v||22 + v2(||A||2−||B||2)2

+2v
[
v||AB||1 + ||B||22−2

√
v
√
||A||1 ||B3||1

]
+ v2

[√
v||A 1

2 B
3
2 ||1 + ||B||22−2 4

√
v
√
||A 1

2 ||1 ||B 7
2 ||1

]
.

For another, since

tr(v2A2 +(1−v)2B2) = v2trA2 +(1−v)2trB2 = v2
n

∑
j=1

s2
j(A)+(1−v)2

n

∑
j=1

s2
j(B),

that is
tr(v2A2 +(1− v)2B2) = v2||A||22 +(1− v)2||B||22.

This completed the proof.

REMARK 4.9. It is obvious that inequalities (4.13)− (4.16) are refinements of
the well-known results in [12].
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Zagreb, 2005.
[6] F. HIAI AND H. KOSAKI, Means for matrics and comparison of their norms, Indian Univ. Math. J.,

48, 3(1999), 899–936.
[7] X. HU, Young type inequalities for matrices, Journal of East China Normal University (Natural Sci-

ence), 4(2012), 12–17.
[8] F. KITTANEH, Y. MANASRAH, Improved Young and Heinz inequalities for matrices, J. Math. Anal.

Appl., 361(2010), 262–269.
[9] F. KITTANEH, Norm inequalities for fractional powers of positive operators, Lett. Math. phys.,

27(1993), 279–285.
[10] H. KOSAKI, Positive definiteness of functions with applications to operator norm inequalities, Mem.

Amer.Math.soc., 212(997), 2011.
[11] F. KUBO AND T. ANDO, Means of positive operators, Math. Ann., 264(1980), 205–224.



REFINEMENTS AND REVERSES OF YOUNG TYPE INEQUALITIES 419

[12] L. NASIRI, M. SHAKOORI, W. LIAO, A note on the Young type inequalities, Int. J. Nonlinear Anal.
Appl., 8, 1(2017), 261–267.

[13] M. SABABHEH AND D. CHOI, A complete refinement of Young’s inequality, J. Math. Anal. Appl.,
440(2016), 379–393.

[14] X. ZHAN, Matrix Inequalities, Springer-Verlag, New York, 2002.
[15] J. ZHAO, J. WU, Operator inequalities involving improved Young and its reverse inequalities, J. Math.

Anal. Appl., 421, 2(2015), 1779–1789.

(Received July 10, 2019) Changsen Yang
Henan Engineering Laboratory for Big Data Statistical

Analysis and Optimal Control
College of Mathematics and Information Science, Henan Normal University

Xinxiang, Henan, 453007, China
e-mail: yangchangsen0991@sina.com

Yu Li
College of Mathematics and Information Science

Henan Normal University
Xinxiang, Henan, 453007, China

e-mail: yanyu8102@163.com

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


