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ON THE WILKER AND HUYGENS-TYPE INEQUALITIES

CHAO-PING CHEN" AND RICHARD B. PARIS

(Communicated by N. Elezovic)

Abstract. Chen and Cheung [3] established sharp Wilker and Huygens-type inequalities. These
authors also proposed three conjectures on Wilker and Huygens-type inequalities. In this paper,
we consider these conjectures. We also present sharp Wilker and Huygens-type inequalities.

1. Introduction

Wilker [18] proposed the following two open problems:
(a) Prove thatif 0 < x < 7/2, then

. 2
t
(—Smx) LA (1.1)

X X

(b) Find the largest constant c such that

sinx\?  tanx 3
— ] +—— >2+cxtanx
X X

for 0 <x < /2. In [17], the inequality (1.1) was proved, and the following inequality

4 . 2
24 <3> Btanx < <%> Lanx o8 unx,  0<x<® (12
T X by 45 2
was also established, where the constants (2/7)* and % are the best possible.

The Wilker-type inequalities (1.1) and (1.2) have attracted much interest of many
mathematicians and have motivated a large number of research papers involving differ-
ent proofs, various generalizations and improvements (cf. [1,2,3,6,8,10, 11,12, 13, 14,
15,16,19,20,21,22,23,25,26,27,28] and the references cited therein).

A related inequality that is of interest to us is Huygens’ inequality [9], which

asserts that )
t T
2<%>+ﬂ>3, 0<x<Z. (1.3)
X X 2
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Wu and Srivastava [21, Lemma 3] established another inequality

2 T
(=) +—=>2  o<h<3. (1.4)
sinx tanx 2

Neuman and Séndor [15, Theorem 2.3] proved that for 0 < |x| < 7/2,

sinx - 2+c0sx< 1 ( X
X 3 2

S +c0sx> (1.5)
S nx

By multiplying both sides of inequality (1.5) by x/sinx, we obtain that for 0 < |x| <
/2,

1 {(L)%. X } - 2(x/sinx) +x/tanx o1 (1.6)
2 | \sinx tanx 3
Chen and Sandor [6] established the following inequality chain:
(sinx/x)* + tanx/x sinx\ % [ tanx 2 (sinx/x) + tanx/x
>\ — — | >
2 X X 3
- (s.ig)z/3 (tanx)l/3 - 1 [(L>2+ X } - 2(x/sinx) +x/tanx S1 1)
X X 2 | \sinx tanx 3

for 0 < |x| < m/2.
In analogy with (1.2), Chen and Cheung [3] established sharp Wilker and Huygens-
type inequalities. For example, these authors proved that for 0 < x < /2,

8 16 2t 8 2\°¢
2+ EX4+EX tanx < (s;x) + ailx <2+ Ex +< ) xstanx7 (1.8)

where the constants 315 and (2/7)° are best possible,

> 2
(i> + Y o+ Zltany, (1.9)
sinx tanx 45

where the constant % is best possible, and
3 smx tanx 2 4
34+ —x‘tanx <2 +—— <3+ (=) £tanx, (1.10)
20 X X T

where the constants 2 and (2/7)* are best possible.
In view of (1.8), (1.9) and (1.10), Chen and Cheung [3] posed the following con-
jectures.

CONJECTURE 1.1. For 0 <x < m/2 and n > 3,

(2% —1D)|Ba| — (=12 5
2+Z (24)! o
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(2(2*"*2 —1)|Bansal — (—1)n+1)22n+1x2n—1 tan
(2n+2)!

. 2 2% _ e\ 2k—1 2n
t (2 B 1)%)2 2
< (_smx) anx <2+ E (2 DIBad (1)) 2y <_77: ) " tanx,

X (2k)!

+

where B, (n € No,No=NU{0},N:={1,2,...}) are the Bernoulli numbers, defined
by

©
ZZBH—', |t] < 2m.
n— v

CONJECTURE 1.2. ForO0<x<m/2 and n > 1

2k+1 H2n+3
( x )2 +Z 1) 2 " |sz\x2k+” 27 By(ng)| 2nlge
sinx tanx (2n+2)!

Here, and throughout this paper, an empty sum is understood to be zero.

CONJECTURE 1.3. For 0<x<m/2 and n>2

- 2 <22k(22k 1)|Bax| _(_1>k) (2ki 1)!x2k72

22n+2 (22n+2 _ )|an+2| 2
+ —(—1 n+1 7)62" ltanx
Ty =)

2n+1)!
sinx tanx
< (_) L
X X

2%(2% —1)|By| k 2 2%—2 2\ 0
<3+2 <——(—1) )mx +<E> X7 tanu.

Recently, Chen and Paris [4] proved Conjecture 1.2. This paper is a continuation of our
earlier work [4]. The first aim of the present paper is to prove Conjectures 1.1 and 1.3.
Mortici [1 1, Theorem 1] presented the following double inequality:

o 8 8 5\ 3 fan < sinx ' 2 n tanx
— — ——x" | x’tanx — —
45 945 X X

8 8 16
24 [ —— —x2 ) 3t 0 1.
< +<45 945" +14175x>x anx, srs
(1.11)

By using Maple software, we find that

: 2
(f)”pnx_p g g 16 8 3184
X X _ 2 4 6 8

Panx 45 045° T 1a175" T 167775 T 638512875




688 C.-P. CHEN AND R. B. PARIS

L2 7264
638512875 162820783125

24 (1.12)

This fact led us to claim that the upper bound in (1.11) should be the lower bound. The
second aim of the present paper is to prove the following inequality:

2+ ﬁ_ix2+_l6 x* ) P tanx < sinx 2+_tanx
45 945 14175 X X

<8 8 , 241920 -2688x*+32x° ,
<2+ X

45 945" 94578

>x3tanx, 0<x<§, (1.13)

where the constants 5= and (241920 — 26887*+327°) /(9457%) are the best possi-
ble.

REMARK 1.1. The inequalities (1.13) are sharper than the inequalities (1.2) and
(1.8).

In analogy with (1.13), we here determine the best possible constants ¢, 3,4, L, p , and
p such that

2 2 2 2 2
2+ (———xz—ax4> X tanx < (L> +L <2+ (———xz—ﬁx4> X tanx,

45 315 sinx tanx

3 1 i t 3 1
3 [ o Ax* | P tanx <2 [ o0 ) 4 2 3y —t——x*uxt | P tanx
20 280 X X

and

1 1 X X 1 1
EIY (N SN BN Y 2(_) ST ST (ISP ) I
+<6O 280" px>x <= Gine) Tanx <7 \60 2807 TP )N
for 0 < x < /2. This is the last aim of the present paper.

2. A useful lemma

It is well known that

< 2°(2%" — 1)[Boal 241

tanx = 2

n=1

T
— 2.1
o0 X \x\<2, (2.1)

By using induction, Chen and Qi [5] (see also [24]) proved the following

LEMMA 2.1. Let n > 1 be an integer. Then for 0 < x < m/2, we have

22n+2(2n+2 _ ; n ~2k(H2k _
( )‘Bz +2|)c2” tanx < tanx — —2 (2 l)‘BZk‘ k=1
(2n+2)! P (2k)!
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2 2n
< (—) xtanx, (2.2)
T
where the the constants

22n+2(22n+2 _ 1)|B2n+2‘ 2 2n
and —
(2n+2)! T

are the best possible.

3. Main results

THEOREM 3.1. For 0 <x < m/2 and n >3, we have

(_ 1 )n22n+1 22n+2(22n+2 _ 1) |B2n+2| x2n71
(2n+2)! (2n+2)!

N n k—1n2k—1  ~2k(n2k
sinx tanx (—1)12 27 (2% = 1)|Bu| \ k2
) LA o4y
<< x ) i { +k3< (2k)! - (2k)! *

2 2n
<<E> " anx. (3.1)

tanx

Proof. First of all, we prove the first inequality in (3.1). By using the power series
expansions for cosx and tanx, we have

siﬂ 2+tanx_i_icos(2x)+tanx
X x 22 2x2 X
Lo (=12t 222 1) [By |\ 5 s
=2 - n )
2 (“em BT ) P )

where

oo -1 k7122k71 22k 22k_1 B
rn(x): 2 <( ) : + ( '>| 2k|)x2k2'
[l (2k)! (2k)!
The first inequality in (3.1) is equivalent to
-1 n22n+1 22n+2 22n+2 ~1IB
(=1) ( )|Bans2] " anx < r, (x)
(2n+2)! (2n+2)!

for 0 <x < m/2 and n > 3, which can be written by (2.1) as

oo { ( (_1)n22n+1 22n+2(22n+2 _ l) ‘an+2‘ ) 22k—2n(22k—2n _ l) ‘BZk—2n|

2nt2)! 2nt2)! (2k—2n)!
CYk—192k—1  H2k(A2k _
B <( )2 n 2%(2 1)sz> }x2k—2 <0,

k=n+2

(2k)! (2k)!
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where we note that the term corresponding to k = n -+ 1 vanishes.
We claim that for k >n+2,

(_ 1)n22n+1 22n+2(22n+2 _ 1)|B2n+2‘ 22k72n (22k72n _ 1) ‘BZk72n‘
(2n+2)! (2n+2)! (2k—2n)!
(—l)k7122k71 22k(22k_ 1)|sz|

20! oo (3:2)

It is enough to prove the following inequality:

22n+1 22n+2(22n+2 _ l) ‘an+2| 22k—2n (22k—2n _ l) ‘BZk—2n|
(2n+2)! (2n+2)! (2k —2n)!
22k—1 22k 22k 1
3 ( )Isz\7 —
(2k)! (2k)!
Using the following inequality (see [7]):
2 By, 2
; o ; .oz, (3.3)
(2r)*" (1—2-20) ~ (2n)! ~ (2m)™" (1 —21-20)
it suffices to show that for k > n+2,
22n+l 22n+2(22n+2 _ 1)2 22k72n(22k72n _ 1)2
+
(2n+2)! (2m)>" 2 (1 - 212004 0) | (2)* 72" (1 - 21-2(k=n)

22k71 22k(22k _ 1)2
20! (2am)* (1 —2-2%

which can be rearranged as
22n+1 2(22n+2 _ 1) 2 2n+2 22k—2n —1/2 2k—2n 22k—2 2 2k
+ P o\ 7 + <\z) >
(2n+2)! 22n+2 2 \r& 22k=2n — 2 \ 1 (2k)! b4
22n+1 1 2 2n+2 1 TN 21
21+ = [ = 14+ —=——— (—)
(2n+2)!+ ( +22"+2—2> (n) ( +22’<—2"—2> 2

22k—2 7 2k
— 1 > 2.
2! (3) <1 k=nv

Noting that the sequences

_|_

1 2272 2k
sy ™ G (5)

are both strictly decreasing for k > n+ 2, it suffices to show that

92n+1 ol 1 2 2n+2 15 (7I>2"+ 92n+2 (7I>2"+4<1
(2n—|—2)! 22n+2 _ 9 T 14 \2 (2n+4)! 2
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for n > 3, which can be rearranged as

22n+l <7r>2"+2+ 1 N 22n+2 <7t>2"+6 14 _ 14 <7r>2 5 53
— (= = — — (=) =2,n>=3.
2n+2)1\2 21 2n14)\2 15) S 15\2 ’

Noting that the sequence

22n+1 TN 2142 1 22n+2 TN\ 2046 [ 14 -
= (2n+2)!(5> +22n+1—1+(2n+4)!(5> (E) "

is strictly decreasing, we see that

\
w

e 1 N w8 N 2 _ 14 <7‘c>2
In =8B = 157730640 T 62208000 15 \2
holds true for n > 3, since
1 78 2 14 /7\2
— —0.14039705..., — (—) —2-0.30290769... .
127 7 80640 62208000 15 \2

This proves the claim (3.2). Hence, the first inequality in (3.1) holds for 0 < x < /2
and n > 3.
Secondly, we prove the second inequality in (3.1). We consider two cases.
Casel. n=2N+1 (N >1).
It is well known that for x # 0,

2N 2k—2 2N+1 x2k72

,Zl(_l)kfl k-2 ~C0FS & Tk

‘We then obtain that

. 2 2N+1 2k—1
sinx 1 1 2
YY) cos@o) < 3 (—1TE k2, 34
< x ) 70z o< 2 CDT G

The choice n = 2N + 1 in (2.2), we obtain from the right-hand inequality of (2.2) that

2N+1 ~2k (92k 4N+2
tanx 2782 —1)|B 2

X (2K)! T

tanx. (3.5)
k=1

Adding these two expressions, we obtain

. 2 2N+1 k—1~2k—1 2k (2k
sin tan -1 2 2%(2“*—1)|B
( i x) Llanx o z (( ) n ( )l 2k|)x2k_2
X X = (2k)! (2k)!

2\ 4N+
+ (—) N lanx.

T

This shows that the second inequality in (3.1) holds for n =2N + 1.
Case 2. n=2N (N > 2).
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Write
. 2 _ _
(ﬁ) Llanx % ((—1)k 192kt n 2% (2% — 1)|B2k>x2k2
X X = (2k)! (2k)!
N i ((_1)k122k1 N 22k(22k _ 1)‘32k| ) x2k72'
k=2N+1 (2k)! (24)!

We need to prove

o _)k-192k=1 92k(02k _ |)|B 2\
y (Y LT DBy e (2) 7 vty 36
Py (2k)! (2k)! T

Noting that (2.1) holds, we can rewrite (3.6) as

oo (_1)k7122k71 22k(22k_ l)‘BZk‘
2ol T e

(2 W QAN QAN 1) By _ay | 2k=2
T 2k —4N)!

k=2N+1

<0.

We claim that for £ > 2N +1,

(_l)kflzzkfl 22k(22k _ 1)|sz| % 4N 22k74N(22k74N _ 1)|B2k74N‘ (3 7)
(2k)! (2k)! n (2k—4N)! ' '
It is enough to prove the following inequality:
22k—1 22k(22k _ 1)|sz| z 4N 22k—4N(22k—4N _ 1)|BZI<—4N‘ 7 . . N1
(2k)! (2k)! n (2k—4N)!
(3.8)
Using (3.3), we find that for k > 2N+ 1,
22K+2(22642 _ )| By | 22k+2(22k+2 —1)2
(2k+2)! _ (27)%+2 (1 —21-2(k+1)) 242444 1) -
22K(22F — 1)| By 2222k —1)2 T4k —1)(2-4k—1)
(2k)! (2m)% (1 —2-2)
(3.9
and'
_ _ 2k—4N+2 (72k—4N+2 _
D2H—AN+2(DUANA2 _ 1)|By 4o 2 (2 1)2
(2k—4N +2)! (2m) N2 (1 - 2-20=2N+1))
22k—4N(22k—4N _ 1) |BZk—4N‘ 22k—4N(22k—4N _ 1)2
(2k—4N)! (2m)H4N (1—21-2(k=2N))

I The inequality (3.10) is proved in the appendix.
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_16MVH (8. 256N +-641) 44 18 1024 -
B T2 (45 — 16N) (41 — 16V) '

(3.10)
Hence, the sequence

22k—1 22k(22k _ l) ‘sz‘
(24)! (24)!

is strictly decreasing, and the sequence

2\ 22NN 1) By |
T (2k—2N)!

is strictly increasing for k > 2N + 1. In order to prove (3.8), it suffices to show that for
k>2N+1,

24N+l 24N+2(24N+2_ l)‘B4N+2‘ _ 2 4N 22(22_ l)‘Bz| - z aN 31D
(4N +2)! (4N +2)! n 2! \rn) 7

By (3.3), it suffices to show that

24N+1 N 24N+2(24N+2 o 1)2 g 4N
(4N+2)!  (2x)*V+2 (1—21-20N+D) ’

T
24N+1 1 2 4N+-2 2 4N
= 421+ — ) (Z z
N+ (+24N+2_2)(,,) <<n> ’

24N+1 7T\ AN+2 1 TN\ 2
— (= — < =) =2, N> 2.
(4N+2)!(2> +24N+1—1 <2>

Noting that the sequence

24N+1

7T4N+2 1
bN::(4N+2)!<§> oo N22

is strictly decreasing, we see that

1 7'[10

T 2
by <by= -t (—) )
NSO = 5 T as7600 < (2

holds true for N > 2, since
10

1,
511 ° 7257600

2
— 0.0148603.. ., (g) 2= 0.4674011... .

This proves the claim (3.7). Hence, (3.6) holds, which shows that the second inequality
in (3.1) holds for n = 2N. Thus, the second inequality in (3.1) holds for 0 < x < /2
and n > 3. The proof of Theorem 3.1 is complete.
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THEOREM 3.2. For 0 <x < m/2 and n > 2, we have

2(—1)" 2n+2(~2n+2 __
(=" 272 DIBani2|\ 2n-1y0 0
2n+1)! (2n+2)!
sinx) tanx (1)t 22k(22k—1)\32k\ %2
2 — 3 -
< <x>+ {+Z<2k—1 26)! *
2 2n
<<E) " tanx. (3.12)

Proof. First of all, we prove the first inequality in (3.12). By using the power
series expansions for sinx and tanx, we have

sinx tanx noo(=1)kt 2% (22 _1)|B
k=3

X (2k—1)! (2k)!
where
o) = S (2= 2222 —1)|By] k-2
Ra )_k:nzﬂ ( (2k—1)! * (2k)! ) ’

The first inequality in (3.12) is equivalent to

2(=1)" 222222 —1)[Bauo 21
2n+1)! (2n+2)!

tanx < R, (x)

for 0 <x < m/2 and n > 2, which can be written by (2.1) as

i { < 2(_1)n N 22n+2(22n+2 _ 1)‘an+2| 22k—2n (22k—2n _ 1)|B2k—2n‘
(

Py 2n+1)! (2n+2)! (2k—2n)!
V=1 n2k(n2k _
~(2(=D) +2 (27— 1)[By 22 <o
2k—1)! 26!

where we note that the term corresponding to k = n -+ 1 vanishes.
We claim that for k > n+2,

2(=1)" | 222222 —1)|Bayol | 222 (2% — 1)|Byn
((Zn—i-l)! (2n+2)! ) (2k—2n)!
<2(—1)k71 222 —1)| By
2k—1)! 26!

(3.13)

It is enough to prove the following inequality:

2 2R 1)|Bya| | 24222 1) [Boa|
2nt1)! (2n+2)! (2k —2n)!
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2 2 (2% —1)|By
_ k> 2.
DTS T B O VA TR nt
Using (3.3), it suffices to show that for k > n+2,
2 N 22n+2(22n+2 _ 1)2 22k72n(22k72n _ 1)2
@n+1)! (2m)* "2 (121720040 | (27)2 72 (1 — 21-2(k=n))
2 22k(22k —1)2

STk (i — )

which can be rearranged as
1 222 2\ PR\ (2% ) 2\ 1 2\*
+ — ———— | = <= ,
(2n+1)! 22422 (n) 2%k=2n _ 9 (n) (2k—1)! (n)

S S RPN U A S P R S (Z)"
(2n+1)! 22422 ) \ 1 2%=2m_3 ) \2

1 7T 2k
+m<§> <1, k>n+2.

Noting that the sequences

1 1 2k
2(14 25— d 7<—)
( +22k2n—2> M - 2

are both strictly decreasing for k > n+ 2, it suffices to show that

Y AU B VAt Loy L ()
(2n+1)! 2m+2_2 )\ & 7 \2 (2n+3)1\2

for n > 2, which can be rearranged as

1 <7-[>2n+2+ 1 n 1 <n->2n+6 7 - 7 <7r>2 i S0
— (= = — — (=) - L, nx=2
2nrDI\2 22 2 2nt 3 \2 15) 152 ’

Noting that the sequence

1 (n>2n+2+ 1 n 1 (7'[>2n+6 7 <9
Xpi=— | = = - n>
T 2n4+ 1)\ 2 222 2 (2n+3)!1\2 15)°

is strictly decreasing, we see that

<_1+7'E6+ 10 <7<n>21
ST T 7680 T 11059200 15 \2
holds true for n > 2, since
1 70 10 7 /N2
— —0.1497778....., —<—> C1=0.1514538... .
62 7680 T 11059200 15\2
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This proves the claim (3.13). Hence, the first inequality in (3.12) holds for 0 < x < /2
and n>2.
Secondly, we prove the second inequality in (3.12). We consider two cases.
Casel. n=2N+1 (N >1).
It is well known that for x # 0,

2N 2k—2

S F e

From the second inequality in (3.14) and (3.5), we obtain

() g 3 (2 bl o
T T A\ - 26!
2\ 4V+2
+ (;) KN tanx.

This shows that the second inequality in (3.12) holds for n =2N + 1.
Case2. n=2N (N > 1).

Write
. 2N k—1 2k (72k
t 2(—1 2°%(2°* —1)|B
2<%>+anx:3+z< (=1 n ( ) 2k|)x2k—2
X X = (2k—1)! (2k)!
oo 2(—1 k—1 22k 22k_1 B
Ly ( (=1 . ( ')| 2k|>x2k—2.
k=2N+1 (2k—1)! (2k)!

We need to prove

= /2(—1k1 %% _1)B 2\
Y (D™ 2% JBal) a2 - (2) 7 vty (3.15)
e 21! (2k)! n

Noting that (2.1) holds, we can rewrite (3.15) as

i{%m“+ﬂmtwm

e ek—) 26!
(2 RN QAN 1) By 4y 22 2
. 2k —4N)! '

We claim that for £ > 2N +1,

2(_1)](—1 22k(22k _ l)‘BZk| g 4N 22k—4N(22k—4N _ 1)|BZI<—4N‘ 3 16)
(2k—1)! (2k)! 14 (2k—4N)! '
It is enough to prove the following inequality:
2 22k 22k_ 1IB 2 4N 22k74N 22k74N — 1By,
( )Bxl (2 ( )|Bak 4N‘, k>N 41,
(2k—1)! (2k)! T (2k—4N)!

(3.17)
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By (3.9) and (3.10), we see that the sequence

2 22K(2% — 1)|By|
2k—1)! (24)!

is strictly decreasing, and the sequence

(z )” L ||

P (2k—2N)!

is strictly increasing for k > 2N + 1. In order to prove (3.17), it suffices to show that
for k>2N+1,

) . 2ANH2(2AN42 )| By | ) (E)m 22(22 —1)|B,| _ <z>41v. s
(4N+1)! (4N +2)! T 2! T
By (3.3), it now suffices to show that
2 24N+2(24N+2 —1)2 2\ 4V
@GN+ (27)72 (1 —21-20N+1)) (E) ’

which can be rearranged as

2\ T <”21 N>1
T (4N+1)! " 28N+2_2 =~ g8 7 -

Noting that the sequence

2\ #N+2 | 1
= = N>1
v (n:) @GN0 2Ny

is strictly decreasing, we see that

b b3
WSM= g3 <%~
holds true for N > 1, since
rt 2
18384 0.00201325..., 3 1=0.23370055... .

This proves the claim (3.16). Hence, (3.15) holds, which shows that the second in-
equality in (3.12) holds for n = 2N. Thus, the second inequality in (3.12) holds for
0 <x<m/2 and n > 2. The proof of Theorem 3.2 is complete.

THEOREM 3.3. For 0 <x < /2, we have

8 8 5 4\ 3 sinx\?  tanx
24 ———=x"4ax" |xtanx < | — | +—
X X
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8 8 3
<2+ (E—%x + bx )x tanx (3.19)

with the best possible constants

16 241920 — 268871* + 327°
_m_o.oouzs... and b= 5.8 =0.001209....
(3.20)

Proof. The inequality (3.19) can be written as

a< f(x) <b,

i 2 y
(e (s s
f<x>—;4< Franx (E‘% )

Direct computations yield

where

16 241920 — 26887*+ 321°

I — 2 and i
lim ) = 175 and lim flx) = 94578

In order to prove (3.19), it suffices to show that f(x) is strictly increasing on (0,7/2).
Differentiation yields

rroN g(x)
P = Sasdogmty’
with

g(x) = 6615x%sin(2x) — 8505 sin® xcos x — 8505x + 1890x°

+10395xcos”x — 1890xcos* x + 672x° sin® x — 16x” sin®x

1
= 6615x%sin(2x) — 8505 ( sin(2v) - sm(4x)> — 8505x + 1890x°

10395 1 3
+ Tx(l + cos(Zx)) —1890x (8 cos(4x) + = 3 cos(2x) + 8)

+3362° (1 - cos(2x)> — 8y (1 - cos(2x)>
16 5, 496 5 64 =

17 n—1
- - _1 n )
295" T e1425° 26325 +n§9( V7 ()

where

i (x) = <945n 22116065 - 22" 2 4 160" — 11210 + 9521
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22nx2n+1

el >9.
enrnr "

— 1960n* + 8891 + 13727n% — 2172n>

Direct computation yields

i) 82,
Un (x) dn

where
pn=(1890n—16065)4"+16n" +-6161°+1680n* +-889n> + 128 10n>+24309n+ 11340
and
o= (n+1)(2n+3) ((1890n — 16065)4" + 641" — 448n° + 38081°

— 7840n* + 35561 + 54908n% — 8688n> .

Noting that 8(7r/2)* < 20, we find that for 0 < x < /2 and n > 9,

Upi1(x) <8(”/2)2pn<20pn<
un(x) dn dn

1

)

since
qn—20p, >0 for n>=9. (3.21)

Therefore, for fixed x € (0,7/2), the sequence n +— u,(x) is strictly decreasing for
n>9. Hence, for 0 <x < 7/2,

16 5 496 5 64 5 16 5 16x15(93—28x2)
8 > 155 515t T 26325° 495" 184275

> 0.

We then obtain that f’(x) > 0 for 0 < x < 7/2. The proof of Theorem 3.3 is complete.
Following the same method used in the proof of Theorem 3.3, we can prove the
following theorem.

THEOREM 3.4. For 0 <x < m/2, we have

2+ 2 2 2 ox* ) ¥ tan <( ol >2+ al
— ——x"—0ox" |x X —_— —
45 315 sinx tanx

2 2
<24 (E — mﬁ - [3x4> Ctanx,  (3.22)

3 1 sinx tanx
3 4+ — 4+ At ) 3 2( — —
+<20+280x+ x)x anx < ( P >—|— P

2The inequality (3.21) is proved in the appendix.



700 C.-P. CHEN AND R. B. PARIS
<3+ > +Lx + ux* ) 3 tanx
20 280" TH
and
1 1 X X
34 (—— 2 pat) Bt 2(—) x
+<60 280" px>x <2\ Ginx) T

<3+<60 280x px )x tanx,

with the best possible constants

224 — 872 4
=" "7 —0.004727... =0.002539..
31574 » B= 1575
23 17920 — 1687 — x¢
=—"—_ =0.000684... = =0.000894 ...
33600 M 7078
and
56 — 312 83
="~ —0.0012901... = =0. 234.. ..
T0 0.0012901..., p 100800 0.000823

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

Proof. We only prove inequality (3.24). The proofs of (3.22) and (3.23) are anal-

ogous. The inequality (3.24) can be written as

p>F(x)>p,

_ 1 2(§mx)+m_3 1 1 2
F<">—x—4<‘ “anx \60 280"

Direct computations yield

where

83 56 —3m?
limF*) = 150800 24 Nim FOO =15

In order to prove (3.24), it suffices to show that F(x) is strictly increasing on (0,7/2).

Differentiation yields

G(x)
Fl(x) = ————,
(x) 420x8 sin’ x
with
G(x) = 2520xsin(2x) 4 (2520x — 3x° 4 28x%) sinxcos® x
+ (3x° — 1260x — 28x°) sinx 4 (840x* — 8820) cosx + 840x> cos® x
+ 8820 cos’ x + 840x°
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1 1
= 2520xsin(2x) + (2520x — 3x° + 28x°) (Z sinx+ 1 sin(3x)>

4 (32 — 1260x — 28x%) sinx + (840x2 — 8820) cosx + 420x> (1 + cos(2x)>

1 3
+ 8820 (Z cos(3x) + 3 cosx> + 840x°

where

Un(x)= ((8n5—40n4+238n3—302n2—33924n+178605)9"—(34020n2+1871 10n)4"

x2n

—5832°+29160n* —646381° —2152981n>+222588n— 178605) S
81-(2n)!
Direct computation yields

Upr1(x)  94%P,
U, (x) 20,

where
P, =(8n° + 158n> + 2525 — 33934n 4 144585)9" — (15120n> + 113400n + 98280)4"
— 648n° — 32508n” — 34938n — 23625 — 7021
and
On=(2n+1)(n+1) ((8n5 — 40n* + 2381 — 302n° — 33924n + 178605)9"
— (340201% 4 187110n)4" — 5832n° +29160n* — 64638n’
— 2152980 + 2225881 — 178605).

Noting that % (%)2 < 12, we find that for 0 < x < 7/2 and n > 6,

Up1(x)  9(m/2)*P,  12P,
Un(x) 20, On

<1,

since’

0,—12P,>0 for n>6. (3.28)

Therefore, for fixed x € (0,7/2), the sequence n +— U,(x) is strictly decreasing for
n > 6. Hence, we have

G(x) >0, O<x<g.

We then obtain that F/(x) > 0 for 0 < x < /2. Hence, the inequality (3.24) holds with
the best possible constants given in (3.27). The proof is complete.

3The inequality (3.28) is proved in the appendix.
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REMARK 3.1. The upper bound in (3.22) is sharper than the upper bound in (1.9).
The inequalities (3.23) are sharper than the inequalities (1.10).

REMARK 3.2. Chen and Paris [4] showed that for 0 < x < /2,

34 6,5 tanx < 2 (L) + X o340 anx (3.29)
sinx tanx

with the best possible constants

1
0,=0 d 6=—.
1 an o) 60
The double inequality (3.24) is an improvement on the double inequality (3.29).
Appendix A: Proof of (3.10)

Noting that n% < 10, in order to prove (3.10), it suffices to show that for k >
2N+1,

16V — (8-256" 4 64V)4 ! 18 1024N — 10(4% — 16V) (47! — 16")
:((42N+2 —40)-4*4+50- 16" —32.256" — 4. 64N) 4K 4 (8-1024" — 10-256")
>0. (A.1)

We see that for k >2N+1,
(42NF2 —40) - 4% +50- 16V —32.256" — 4. 64"

>(42N12 —40)- 42V 50 16V — 32256 — 4 64"

=224.256" —590- 16" —4.64" > 0
and

8-1024Y —10-256" > 0.
Hence, (A.1) holds for k > 2N+ 1.
Appendix B: Proof of (3.21)

Gn—20pp= (3780;13 —22680n% — 1124551 + 273 105)4" +1287° — 576n% + 52481
+20161°—32984n°+70476n*+250052n — 134916n° —512244n— 226800
= (179550 +397845(n—9) +79380(n — 9)>+3780(n — 9)3> 4"
+ 49648561200 4 46968464520(n — 9) + 19975332000(n — 9)?
+5019956996(n — 9) 4 822741108(n — 9)* +91303912(n — 9)°
4 6864480(n — 9)° 4337024 (n — 9)"4+9792(n — 9)8 4+ 128(n — 9)°
>0 for n>09.
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Appendix C: Proof of (3.28)
‘We now show that for n > 6,

0 — 12P, = (1607 — 56n° 4 268n° — 70412n> + 252112n% + 9090991 — 1556415)9"
+70n* - 9" — (68040n* +476280n°4+-413910n° — 11736901 —1179360)4"

— (11664n" — 40824n° +39852n° + 595350n" +256932n° — 485352n°
— 1060297 — 104895) > 0.

9 n
(Z) > Ay, (C.1)

_ 68040n" +476280n° +413910n* — 11736907 — 1179360
1617 — 5610 42680 — 7041203 + 25211202 + 9090997 — 1556415’

It suffices to show that for n > 6,

where

A

and

1
A (1 1664n" — 40824n° + 39852n° 4 595350n" +256932n° — 485352n
n

— 1060291 — 104895). (C2)

By induction with respect to n, we can prove the inequalities (C.1) and (C.2).
Here, we only prove the inequality (C.1). The proof of (C.2) is analogous.
For n =6 in (C.1), we find that

9\° 531441 3138660
Z) = —129.746... Ag= 22" —115.269....
(4) 4096 9-746... and A¢ = —755 3-269

This shows that (C.1) holds for n = 6.
Now we assume that (C.1) holds for some n > 6. Then, for n+—n+1 in (C.1),
by using the induction hypothesis, we have

9\ ! 9 2835R,,
<Z> —Ayi1 > ZA" —Ay1 = 25,7,

where

R, =960n""+12384n'04730881n°+256200n° —35089081n —22121984n°+504749961°
+274552068n* — 44585878 1n° — 7773538651% 4+ 997107984n — 660306024
= 878926761468 + 1894841991720(n — 6) + 1695853296525(n — 6)*
+ 849645117283 (n — 6)° +268187103036(n — 6)* + 56595283460 (1 — 6)°
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+8234103112(n—6)°4-835076820(n—6)"+58479432(n—6)34+2716928(n—6)°
+75744(n — 6)'°4+960(n — 6)'1,

Sy = 16n" — 561° 42681 — 70412n° +252112n* +- 9090991 — 1556415
= 1715427 4679323 (n— 6) + 1087672(n — 6)> + 509908 (n — 6)>+98760(n — 6)*
+10348(n— 6)° +616(n — 6)° + 16(n — 6)’

and

T, = 160" +56n° + 26817 + 1060n* — 682921° + 430521 + 12032031 — 465388
= 41020704-4834979(n—6)+3323012(n—6)’+1021308(n—6)*+160300(n—6)*
+14380(n — 6)° +728(n—6)°+16(n — 6)”.

9 n+1
(4_1) > Apil-

Thus, by the principle of mathematical induction, the inequality (C.1) holds for n > 6.

Hence, we have

Acknowledgement. This work was supported by Key Science Research Project in
Universities of Henan (20B110007). Some computations in this paper were performed
using Maple software.

REFERENCES

[1] A. BARICZ, J. SANDOR, Extensions of generalized Wilker inequality to Bessel functions, J. Math.
Inequal. 2 (2008) 397-406.
[2] C.-P.CHEN, W.-S. CHEUNG, Inequalities and solution to Oppenheim’s problem, Integral Transforms
Spec. Funct. 23 (2012), no. 5, 325-336.
[3] C.-P. CHEN, W.-S. CHEUNG, Sharpness of Wilker and Huygens type inequalities, J. Inequal. Appl.
2012 (2012) 72, http://dx.doi.org/10.1186/1029-242X-2012-72.
[4] C.-P. CHEN, R.B. PARIS, Series representations of the remainders in the expansions for certain
trigonometric and hyperbolic functions with applications, http://arxiv.org/abs/1601.03180.
[5] C.-P. CHEN, F. Q1, A double inequality for remainder of power series of tangent function, Tamkang
J. Math. 34 (2003), no.4, 351-355.
[6] C.-P. CHEN, J. SANDOR, Inequality chains for Wilker, Huygens and Lazarevi¢ type inequalities, J.
Math. Inequal. 8 (2014), no. 1, 55-67.
[71 C.D’ANIELLO, On some inequalities for the Bernoulli numbers, Rend. Circ. Mat. Palermo 43 (1994)
329-332.
[8] B.-N.Guo, B.-M. Q1A0, F. Q1, W. L1, On new proofs of Wilker inequalities involving trigonometric
functions, Math. Inequal. Appl. 6 (2003) 19-22.
[9] C. HUYGENS, Oeuvres Completes 1888—1940, Société Hollondaise des Science, Haga.
[10] C. MORTICL, The natural approach of Wilker-Cusa-Huygens inequalities, Math. Inequal. Appl. 14
(2011) 535-541.
[11] C. MORTICL A subtly analysis of Wilker inequality, Appl. Math. Comput. 231 (2014) 516-520.
[12] E. NEUMAN, One- and two-sided inequalities for Jacobian elliptic functions and related results, Inte-
gral Transforms Spec. Funct. 21 (2010) 399-407.



[13]
[14]

[15]

[16]
[17]

[18]
[19]

[20]
[21]
[22]
[23]
[24]

[25]
[26]

[27]
[28]

ON THE WILKER AND HUYGENS-TYPE INEQUALITIES 705

E. NEUMAN, On Wilker and Huygens type inequalities, Math. Inequal. Appl. 15 (2012), no. 2, 271-
279.

E. NEUMAN, Wilker and Huygens-type inequalities for the generalized trigonometric and for the
generalized hyperbolic functions, Appl. Math. Comput. 230 (2014) 211-217.

E. NEUMAN, J. SANDOR, On some inequalities involving trigonometric and hyperbolic functions
with emphasis on the Cusa-Huygens, Wilker and Huygens inequalities, Math. Inequal. Appl. 13 (2010)
715-723.

1. PINELIS, L’Hospital rules of monotonicity and Wilker-Anglesio inequality, Amer. Math. Monthly,
111 (2004) 905-909.

J. S. SUMNER, A. A. JAGERS, M. VOWE, J. ANGLESIO, Inequalities involving trigonometric func-
tions, Amer. Math. Monthly 98 (1991) 264-267.

J. B. WILKER, Problem E 3306, Amer. Math. Monthly 96 (1989) 55.

S.-H. WU, On extension and refinement of Wilker’s inequality, Rocky Mountain J. Math. 39 (2009)
683-687.

S.-H. WU, A. BARICZ, Generalizations of Mitrinovi¢, Adamovi¢ and Lazarevic’s inequalities and
their applications, Publ. Math. Debrecen 75 (2009) 447-458.

S.-H. Wu, H. M. SRIVASTAVA, A weighted and exponential generalization of Wilker’s inequality and
its applications, Integral Transforms and Spec. Funct. 18 (2007) 529-535.

S.-H. WU AND H. M. SRIVASTAVA, A further refinement of Wilker’s inequality, Integral Transforms
and Spec. Funct. 19 (2008) 757-765.

L. ZHANG AND L. ZHU, A new elementary proof of Wilker’s inequalities, Math. Inequal. Appl. 11
(2008) 149-151.

J.-L.ZHAO0, Q.-M. Luo, B.-N.GUo, F. Q1, Remarks on inequalities for the tangent function, Hacet.
J. Math. Stat. 41 (2012), no. 4, 499-506.

L. ZHU, A new simple proof of Wilker’s inequality, Math. Inequal. Appl. 8 (2005) 749-750.

L. ZHu, Some new Wilker-type inequalities for circular and hyperbolic functions, Abstr. Appl. Anal.
2009 (2009), Article ID 485842, http://wuw.hindawi.com/journals/aaa/2009/485842/.

L. ZHu, A source of inequalities for circular functions, Comput. Math. Appl. 58 (2009) 1998-2004.
L. ZHU, Inequalities for Hyperbolic functions and their Applications, J. Inequal. Appl. 2010 (2010),
Article ID 130821,
http://www.emis.de/journals/HOA/JIA/Volume2010/130821.abs.html.

(Received July 18, 2016) Chao-Ping Chen

School of Mathematics and Informatics
Henan Polytechnic University
Jiaozuo City 454000, Henan Province, China

e-mail: chenchaoping@sohu.com

Richard B. Paris

Division of Computing and Mathematics
University of Abertay

Dundee, DD1 1HG, UK

e-mail: R.Paris@abertay.ac.uk

Journal of Mathematical Inequalities

v.ele-math.com

jmi@ele-math.com



