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STRONG CONSISTENCY OF LS ESTIMATOR IN
SIMPLE LINEAR EV REGRESSION MODELS

XIANGDONG LI1U*, XTIANGLONG LI, WEIDONG JIANG AND FANGNING FU

(Communicated by X. Wang)

Abstract. Under some moment conditions on the errors, the sufficient and necessary conditions
are given for the rate of the strong consistency of the least squares estimate in a simple linear
errors-in-variables regression model.

1. Introduction
Consider the simple linear errors-in-variables (EV) regression model:
M=0+PBxr+e&, E=xx+&, 1<k<n, (L.1)

where 6,,x;,--,x, are unknown parameters or constants, (&,8&),l < k < n, are
random vectors and &, My, 1 < k < n, are observable. Form (1.1), we have

Me=0+B&+ (& —B&), 1<k<n.

Then, as a usual regression model of 7M; on & with the errors & — 6, the least
squares (LS) estimators of B and 6 are given as

g 21 (& =8 —M) 5 _ o ag
ﬁn zzzl(ék_gny ’ n nn ﬁnéna

where &, =n~'Y7_ & and 7, =n"'3!_, M. 8, and X, are defined in the same
way.
Based on the above notions, we have

5, p_ T (B—dne b3 (B —BO) BT (=80 |
i (G- &

and . . . B B
On_e:_fn(ﬁn_ﬁ)_(ﬁn_B)5n+§n_B5n- (1-3)
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This model was proposed by Deaton [3] to correct the effects of the sampling
errors and was somewhat more practical than the ordinary regression model. Fuller [4]
summarized many early works for the EV models. Due to the simple form and wide
applicability, the studies for the EV model have attracted much attention for the past
two decades. For more details, we refer to Liu and Chen [6], Miao et al. [7], Wang
et al. [10], Hu et at. [5], Shen [8], Wang and Hu [9], Wang et al. [11], and Wu et al.
[12], and so on. In particular, Liu and Chen [6] obtained the sufficient and necessary
conditions of the strong consistency for the unknown parameter 3, and Hu et al. [5]
for the unknown parameter 6 as follows.

THEOREM A. Under the model (1.1), assume that {(€,0),(&,,0,),n > 1} is a
sequence of independent and identically distributed random vectors with EE =E§ =0,
and 0 < E€% E8* < oo. Then

Br— B a.s.if and onlyif s,/n— oo,

where and in the following, s, = Yj_(xx — X»)*, n > 1. And further assume that
SUP;>1 nfﬁ/max{n,sn} < oo, then

6, — 0 a.s. if and only if nx,/max{n,s,} — 0.

Theorem A characterizes the relation between the strong consistency for the un-
known parameters and the dispersion of the unknown constants x,,. Theorem A has
been generalized and extended by many authors. For example, Miao et al. [7] obtained
the rate of strong consistency for the unknown parameter 3.

THEOREM B. Under the model (1.1), assume that {(g,0),(&,,0,),n > 1} is a
sequence of independent and identically distributed random vectors with EE =E§ =0,
and 0 < E|g|?,E|8]7 < oo for some q > 2. Then n*~2//s, — 0 implies that

‘/s_"(ﬁn—ﬂ) —0 as.

nl/q

When ¢ > 2, 2—2/q >2/q and hence \/s5,/n'/% — oo, so Theorem B gives the
rate of strong consistency for the unknown parameter . In fact, Miao et al. [7] also
gave the rate of strong consistency for the unknown parameter 6, but their result does
not include Theorem A.

In the paper, another kind of rate of the strong consistency of LS estimators for the
unknown parameters is given. The first one is for the unknown parameter f3.

THEOREM 1.1. Under the model (1.1), assume that {(€,0),(&,,0,),n > 1} isa
sequence of independent and identically distributed random vectors with Ee = E§ =0,
0 < E|e|?,E|8]|9 < oo for 1/p=1/q+1/2, where 1 < p <2, and E(8¢) # BES>.
Then

n' =VP(B,—B)—0 as.if and onlyif n>~'/?/s, —0.

For the unknown parameter 6, we have
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THEOREM 1.2. Under the assumptions of Theorem 1.1, if sup,,~ min{n, s, Vi3 /s
< oo, then

n' =P8, 0) — 0a.s.if and only if n*~/Px,/st — 0, (1.4)
where s, = max{n,s,}.

REMARK 1.1. When 1 < p <2, n'~1/? — o and hence Theorem 1.1 and Theo-
rem 1.2 also give the rates of strong consistency for the unknown parameters § and 6,
respectively.

REMARK 1.2. We compare Theorem 1.1 to Theorem B under the same mo-
ment conditions. In this case, 1/p = 1/g+ 1/2 and hence n> 2/4/s, — 0 implies
n>=1/P /s, — 0 and n' =17 /(,/5,/n'/9) — 0. So the rate of strong consistency in The-
orem 1.1 is weaker than that in Theorem B. However, the restrictive condition on s, in
Theorem 1.1 is also weaker than that in Theorem B when 1 < p <2 (or ¢ > 2 equiv-
alently). Therefore, the two theorems are not included in each other when 1 < p < 2
(or g > 2 equivalently). Of course, Theorem B includes Theorem 1.1 when p =1 (or
q =2 equivalently).

REMARK 1.3. Theorem 1.1 obtains the sufficient and necessary condition for the
rate of the strong consistency for the unknown parameter 3, but Theorem B does not.
We guess that the necessary condition is also n?~2/4 /sn — 0 in Theorem B. In fact,
Chen et al. [2] got the results recently.

REMARK 1.4. Under correlated and heterogeneous errors, Wang and Hu [9] and
Wang et al. [11] obtained the different convergence rate of the strong consistency, but
did not discuss the sufficient and necessary condition. To our knowledge, no literature
obtains the sufficient and necessary condition for the rate of the strong consistency for
the unknown parameter. So the main results in the paper are new.

REMARK 1.5. The condition sup,, min{n,sn}fi/s;‘, < oo in Theorem 1.2 is slight-
ly weaker than sup, nx2 /st < oo in Theorem A.

2. Lemmas and proofs of main results

To prove the main results, the strong law of large numbers for weighted sums of
random variables is needed. One can refer to Bai and Cheng [1].

LEMMA 2.1. Let 1 < p<2, 1<q,r<eowithl/p=1/q+1/r. Let {X,X,,n >
1} be a sequence of independent and identically distributed random variables, {ay;,n >
1,1 < k < n} be an array of constants with

1 n
sup— » |ay|" < oo
n=1 1=y
Assume that EX =0 and E|X|? < oo, then

n
nY/p Z auXe — 0 a.s.
k=1
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Proof of Theorem 1.1. By Theorem A, we only prove the case 1 < p <2.
Sufficiency. Assume that n>~'/? /s,, — 0. From (1.2), to prove n'~1/?(B, — B) —
0 a.s., it suffices to prove that

s;tonl” 1/p2 8 —0n)er — 0 as. 2.1)

s,;l.nl—l/PZ(xk—xn)(sk—ﬁak)—>o a.s. (2.2)
k=1

s, -n“l/l’i(sk—énf —0 as. (2.3)

—12 &—E&,) =1 as. (2.4)

By the Kolmogorov strong law of large numbers,

271/19 n _
shonl™ 1/1?2 8 — 8,) = : (% ngék—§n6n> —0x[E(gd)—0]=0 as.
k=1

n

and

2—1/p

st on Y (5 - 8,7 =" : (1 Y 67 - 5,3) —0x (E8>—0)=0 as.
k=1 § =1

n

Hence, (2.1) and (2.3) hold. Set a,; = n(x; — x,)/s, for n > 1 and 1 <k < n. Then

-1 2 e
supn Z|ank| —sup L =sup [ L VP | <o,

n=1 k=1 n=151  n>1 Sn

Therefore by Lemma 2.1 with r» = 2

n n
s;bontmlp Y (xk — %n)er = n/p Y aner — 0 as. (2.5)

k=1 k=1

and ., .
st VPN (g = 8) & =P Y and— 0 as. (2.6)

k=1 k=1

Then (2.2) holds from (2.5) and (2.6). Note that

S,TIZ(ék—é_n)zzl—i—lv Y (xk — Xn) 8+ s, ZSk—
=1 =1 =1

Then by (2.6) and (2.3), (2.4) holds.
Necessity. Suppose that n2~1/7 /sn — 0 does not hold. Taking subsequence when
necessary, we may assume that

n> VP[5, — ¢ € (0,00] as n — oo (2.7)
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By (2.7) and the Kolmogorov strong law of large numbers,

n _ 27 [7 n _
s,;l-nlfl/PZ(ak—an)sk_ 2 8 — 8n)ex — cE(€8) a (2.8)
and
S11-1/p % s nlry S \2 2
s Lot (8- 8,)7 = - .ZZ(Sk—sn) — cES® as. (2.9)

k=1

Set ay = n(x; — Xp)/sn for n > 1 and 1 <k < n. Note that n'~V/?(B, —B) — 0 as.
implies B, — B a.s. since 1 < p <2, then n/s, — 0 from Theorem A. Hence,

supn~ Eank = Sup — < co.
n>1 k=1 n=1Sn

Therefore by Lemma 2.1 with r =2,

n n
s;bon! Tl Y (o — X)) = n VY aue—0 as.

k=1 k=1
and ., .
st VPN (= x) 8 =07V Y and — 0 as, (2.10)
k=1 k=1
which follow that
n
s,fl~n1_1/p2(xk—fn)(£k—[35k)—>0 a.s. (2.11)
k=1

By (2.10), n/s, — 0, and the Kolomogorov strong law of large numbers,

Y (&)
k=1

2 _ 1 & =
:1+S_ E(xk—xn)6k+— E(Sk—an)2

n k=1 Sn k=1

R e R VI V) i m + . 1 i 5 — 8,
=1 Sn Sno N2
— 1 as. (2.12)

Thus by (1.2), (2.9, (2.11), and (2.12),
n' V(B — B) — c[E(e§) — BES’] as

which leads to a contradiction with n!~'/7(, — B) — 0 a.s., so we have n2~1/7 /5, —
0. The proof is completed. [

To prove Theorem 1.2, the follow lemma is also needed, and (2.14) is interesting
itself.
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LEMMA 2.2. Under the model (1.1), assume that {(g,0),(&,,6,),n > 1} is a
sequence of independent and identically distributed random vectors with Ee = E§ =0
0 < E€? E8? < co. Then

min{LEaz}gngig_;fsi*i(gk_é) <11msup—2(§k—§ )?

<1+ES as.,
n k=1 oo S k=

where s, = max{n,s,} as Theorem 1.2, and

(2.13)
: A |E(€9)| +|B|ES”
Proof. Ttis clear that
1 & sn 2 _ 1 & =
—*Z(ék—é = =N = Fn) G+ = Y, (8 — 8a)” (2.15)
Sn k=1 Sn Sn k=1 Sn k=1
Set @y = n(xg — x,)/sk, then
sup ay,;, = sup <1 <oo
n>1nk2'1 n n>1( 2
Therefore by Lemma 2.1 with p=1,and g=r=2
1 n
- Z(xk—xn ) Ok = ZankSk—>O a.s. (2.16)
Sn k=1
By the Kolmogorov strong law of large numbers
1 ! =2 2
- > (&—6 2 82 -8, - ES as., (2.17)
=1
which and the definition of s, follow that
l n
min{1,E8%} < lim inf += Z (8 — &»
n k=1
1 n
< limsup +< 2 (& — <1+ES? as. (2.18)
n—oo Sn k=1

Then by (2.15), (2.16), and (2.18), (2.13) holds.
By the Kolmogorov strong law of large numbers

S|

M=

(& —8n)e =~ Y Su&x — 8,8, — E(€5) a
1 21

k
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and hence
. 1 & < . n 1
limsup|— " (& — 6,)&| = limsup o =N (8c—Sn)ex| < |E(€8) as. (2.19)
P neo Sy M T
(2.20)

By the same argument as (2.16)
(xk — .fn)(é'k — [35k) — 0 a.s.
k=1
Therefore, (2.14) follows from (1.2), (2.13), (2.17), (2.19), and (2.20). [
Proof of Theorem 1.2. By the Marcinkiwicz-Zygmund strong law of large num-

:h*|’_‘
M=

bers, B
I=1/rg. 0 as. and n'~YP§, —0 as

and hence by Lemma 2.2,
nt VPR, —B)S, =n'""1P5, - (B, —B) — 0 as.
Then by (1.3), to prove (1.4), it is equivalent to prove that
=1/r . %.(By— B) — O as. if and only if n*~ /7%, /s — 0. (2.21)

n
Sufficiency. Assume that n2Vrg, /si» — 0. By the Kolmogorov strong law of

large numbers,
— 21 —
1 TS (5 Se = LS (5 5 e — 0% E(e6) =0 as. (2.22)
Snj=1 Sn =
and
= n _ 2—-1/p+ 1
a1 ﬁ 3 (8 —8,)2 = % - i > (8 —8,)° — 0 as (2.23)
Sn k=1 Sn =
Set ay = nx,(x; — x,) /s, note that
. 2
nXy(x; — Xn) X;28n min{n,s, }x;,
sup @ = sup =sup —5 = . oo
n>1nkZ g n>1nkZ S n>1 (s,,)2 n>1 Sn
Hence by Lemma 1.2 with r =
1-1/p Xn < 1 & (g — X, )
n 's_*z,(xk_xn)(gk—ﬁak —/2 (&x—B&) — 0 as.
n k=1 k=1
(2.24)

By (1.2), (2.22), (2.23), (2.24), and Lemma 2.2
n' =P %, (B~ B) — 0 as.
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Necessity. Suppose that n>~!/7x,, /s — 0 does not hold. Taking subsequence
when necessary, we may assume that

n>VPx, /st —c#0 as n— oo, (2.25)

By the Kolmogorov strong law of large numbers,

- n _ 71/19 1& _
n PN (8 — S )e = " = Y (& — 8,)e — cE(e8) as.  (2.26)
Sp k=1 Ly
and
= on n2- 1/ps 1 & _
al-1/p . Xn 2 (8—8,)7 =—— _2 (8c—84)% > cES? as.  (2.27)

Hence, by (1.2), (2.24), (2.26), (2.27), and Lemma 2.2,

A |c[E(e8) — BES?)|
hgglﬂxn(ﬁn B)| = 1 Es? a.s.,

which leads to a contradiction with n'~1/7. 5, (B,— B) — 0 a.s., so we have n> /P, /s*
— 0. We complete the proof. [l
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