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Abstract. Let f (z) be a transcendental meromorphic function of finite order and c1,c2, · · · ,cm

be complex constants satisfying that at least one of them is non-zero. The authors establish an
inequality (Milloux inequality) about the nonlinear difference monomials f d1 (z + c1) f d2 (z +
c2) · · · f dm (z + cm) , where d1,d2, · · · ,dm ∈ N . As an application of the inequality, the authors
investigate the value distribution of f d1 (z + c1) f d2 (z + c2) · · · f dm (z + cm) . Results obtained
partially promote and improve relevant results of Laine, Yang and Chen et al..

1. Some fundamental inequalities in Nevanlinna theory

First of all, we introduce the standard notations of R. Nevanlinna’s theory of mero-
morphic functions which will be used in this paper (see [9, 12, 16]). Let f (z) be a non-
constant meromorphic function defined in the complex plane C and a∈ C , Nevanlinna
defined the following functions.
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where T (r, f ) is called the characteristic function of f (z) , log+ x = max{logx,0} (x >

0) , n(t, f ) and n
(
t, 1

f−a

)
denote the number of poles of f (z) and the number of zeros
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of f (z)−a in the disc |z| � t , counting multiplicities, respectively. The Nevanlinna’s
deficiency of f with respect to a is defined by

δ (a, f ) = liminf
r→∞

m
(
r, 1

f−a

)
T (r, f )

= 1− limsup
r→∞

N
(
r, 1

f−a

)
T (r, f )

.

If a = ∞, then one should replace N
(
r, 1

f−a

)
in the above formula by N(r, f ) .

Let f (z) be a non-constant meromorphic function defined in the complex plane C ,
we will let σ( f ) and λ (a, f ) denote the order of f (z) and the exponent of convergence
of zeros of f (z)−a , respectively. We use Q(r, f ) to denote any quantity of Q(r, f ) =
o(T (r, f ))(r → ∞) , possibly outside a set E with finite linear measure, and use S(r, f )
to denote any quantity of S(r, f ) = o(T (r, f ))(r → ∞) , possibly outside a set E with
finite logarithmic measure.

Previously, we introduced some standard notations and definitions of Nevenlinna
theory. Below, we will list a few relevant results of Nevanlinna theory. And we also as-
sume that the reader is familiar with the fundamental results and the standard notations
of Nevanlinna theory.

In 1920s, R. Nevanlinna has established the first fundamental theorem and the
second fundamental theorem.

THEOREM A. (The first fundamental theorem) Suppose that f (z) is a meromor-
phic function in the complex plane C and a is any complex number. Then

T

(
r,

1
f −a

)
= T (r, f )+O(1).

THEOREM B. (The second fundamental theorem) Suppose that f (z) is a non-
constant meromorphic function in the complex plane C and ai(1 � i � q) are q(q � 3)
distinct values in the extended complex plane. Then

(q−2)T(r, f ) <
q

∑
i=1

N

(
r,

1
f −ai

)
+Q(r, f ).

In 1940, H. Milloux has established the following inequality about the f (k).

THEOREM C. (Milloux inequality) Suppose that f (z) is a non-constant meromor-
phic function in the complex plane and k is a positive integer. Then

T (r, f ) < N(r, f )+N
(
r, 1

f

)
+N

(
r, 1

f (k)−1

)
+Q(r, f ).

In 1989, Yi [13] has proved the following Milloux type inequality about the non-
linear differential monomial f ′ f .

THEOREM D. [13, Theorem 2] Suppose that f (z) is a non-constant meromorphic
function in the complex plane and a is any non-zero complex number. Then

2T (r, f ) < N(r, f )+2N
(
r, 1

f

)
+N

(
r, 1

f f ′−a

)
+Q(r, f ).
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In the present paper, Milloux inequality about the nonlinear difference monomials
are established. As an application of the Milloux inequality, we investigate the value
distribution of nonlinear difference monomials.

2. Milloux inequality of nonlinear difference monomials

Recently, a number of papers (including [3, 4, 6, 7, 8]) have focused on the dif-
ference analogues of the Nevanlinan theory. In this section, we will give a difference
counterpart of Milloux inequality. In the course of the proof of Milloux inequality, we
need to make use of the following lemmas.

LEMMA 1. [7] Let f (z) be a transcendental meromorphic function of finite order,
then

m

(
r,

f (z+ c)
f

)
= S(r, f ).

LEMMA 2. [3, 14] Let f be a transcendental meromorphic function of finite order.
Then

N(r, f (z+ c)) = N(r, f )+S(r, f ),

T (r, f (z+ c)) = T (r, f )+S(r, f ),

where S(r, f ) = o(T (r, f ))(r → ∞) , possibly outside a set E of r with finite logarithmic
measure.

LEMMA 3. [6] Let f be a transcendental meromorphic function of finite order.
Then for any positive integer n, we have

m

(
r,

Δn
c f (z)
f (z)

)
= S(r, f ).

LEMMA 4. [11] Suppose that f (z) is a transcendental meromorphic function in
the complex plane and P(z) = a0zn + a1zn−1 + · · ·+ an , where a0(�≡ 0),a1, · · · ,an are
constants. Then

T (r,P( f )) = nT (r, f )+S(r, f ).

LEMMA 5. [1, 5] Let F(r) and G(r) be monotone increasing function such that
F(r) � G(r) outside of exceptional set E that is of finite logarithmic measure. Then
for any α > 0, there exists r0 > 1 such that F(r) � G(αr) for all r > r0.

THEOREM 1. Let f be a transcendental meromorphic function of finite order and
let c1,c2, · · · ,cm,(m ∈ N+) be complex constants satisfying that at least one of them is
non-zero. Put

Φ(z) = f d1(z+ c1) f d2(z+ c2) · · · f dm(z+ cm), (1)

and
d = d1 +d2 + · · ·+dm,
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where d1,d2, · · · ,dm ∈ N . Suppose that Φ(z) is a non-constant meromorphic function.
Then, for every b ∈ C\{0} , we have

dT (r, f ) � dN

(
r,

1
f

)
+2dN(r, f )+N

(
r,

1
Φ(z)−b

)
+S(r, f ). (2)

Proof. Since Φ(z) is a non-constant meromorphic function. There is a η ∈C\{0}
such that Δη Φ(z) = Δη(Φ(z)−b) �≡ 0. Note that

1
f d

=
Φ(z)
b f d

− Δη(Φ(z)−b)
b f d
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Δη(Φ(z)−b)

=
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b f d − ΔηΦ(z)

b f d
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Δη(Φ(z)−b)

(3)

where

ΔηΦ(z)
b f d

=
f d1(z+ c1 + η) f d2(z+ c2 + η) · · · f dm(z+ cm + η)

b f d
− Φ(z)

b f d

=
1
b

(
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f

)d1

·
(

f (z+ c2 + η)
f

)d2

· · · · ·
(

f (z+ cm + η)
f

)dm

− Φ(z)
b f d ,

Φ(z)
b f d =

f d1(z+ c1) f d2(z+ c2) · · · f dm(z+ cm)
b f d

=
1
b

(
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f
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·
(
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f
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(
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.

It follows from Lemma 1 that

m

(
r,

Φ(z)
b f d

)
= S(r, f ), (4)

m

(
r,

ΔηΦ(z)
b f d

)
= S(r, f ). (5)

From (3)-(5), we get
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Therefore
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(6)

Since

T (r,Φ(z)) �
m

∑
i=1

diT (r, f (z+ ci))+O(1). (7)
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Using Lemma 2, we can derive from (7) that

T (r,Φ(z)) � dT (r, f )+S(r, f ). (8)

Hence σ(Φ(z)) � σ( f ) and

S(r,Φ(z)) = S(r, f ). (9)

From the first fundamental theorem of Nevanlinna theory, we have

m
(
r, Φ(z)−b

Δη (Φ(z)−b)

)
� m

(
r, Δη (Φ(z)−b)

Φ(z)−b

)
+N

(
r, Δη (Φ(z)−b)

Φ(z)−b

)
+O(1). (10)

It follows from Lemma 3 and (9) that

m
(
r,

Δη (Φ(z)−b)
Φ(z)−b

)
= S(r,Φ(z)) = S(r, f ). (11)

It follows from Lemma 2 that

N
(
r, Δη (Φ(z)−b)

Φ(z)−b

)
� N

(
r, 1

Φ(z)−b

)
+2dN(r, f )+S(r, f ). (12)

From (6), (10)-(12) and Lemma 4, we have

dT (r, f ) = T
(
r, 1

f d

)
+S(r, f )

� dN
(
r, 1

f

)
+2dN(r, f )+N

(
r, 1

Φ(z)−b

)
+S(r, f )

(13)

From Theorem 1, we can get the following Corollaries.

COROLLARY 1. Let f be a transcendental meromorphic function of finite order
and let c be a non-zero complex constant. Then, for every b ∈ C\{0} , we have

T (r, f ) � N

(
r,

1
f

)
+2N(r, f )+N

(
r,

1
f (z+ c)−b

)
+S(r, f ).

Corollary 1 is a difference counterpart of Theorem C.

COROLLARY 2. Let f be a transcendental meromorphic function of finite order
and let c be a non-zero complex constant. Then, for every b ∈ C\{0} , we have

2T (r, f ) � 2N

(
r,

1
f

)
+4N(r, f )+N

(
r,

1
f (z) f (z+ c)−b

)
+S(r, f ).

Corollary 2 is a difference counterpart of Theorem D.

COROLLARY 3. Let f be a transcendental meromorphic function of finite order
and let c be a non-zero complex constant. Then, for every b ∈C\{0} and any n∈ N+ ,
we have
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(n+1)T(r, f ) � (n+1)N
(

r,
1
f

)
+(2n+2)N(r, f )

+N

(
r,

1
f n(z) f (z+ c)−b

)
+S(r, f ),

(n+1)T(r, f ) � (n+1)N
(

r,
1
f

)
+(2n+2)N(r, f )

+N

(
r,

1
f (z) f n(z+ c)−b

)
+S(r, f ).

3. Value distribution of nonlinear difference monomials

For the value distribution of nonlinear difference monomial, Laine and Yang [10]
has proved the following theorem.

THEOREM E. [10] Let f be a transcendental entire function of finite order, and
c be a non-zero complex constant. Then for n � 2 , f (z + c)( f (z))n assumes every
non-zero value b ∈ C infinitely often.

In [2], Chen et al. have proved the following Theorem which can be seen as a
supplement to the case of Theorem E in n = 1.

THEOREM F. [2] Let f be a transcendental entire function of finite order, and let
c ∈ C\{0} . If f (z) has infinitely many multi-order zeros, then f (z+ c) f (z) assumes
every non-zero value b ∈ C infinitely often.

The following result is an improvement of Theorems E and F under some other
conditions.

THEOREM 2. Let f (z) be a transcendental meromorphic function of finite order,
and assume that δ (∞, f ) = 1. Suppose that Φ(z) is a nonlinear difference monomial
of the form (1). Then,

(i) for δ (0, f ) > 0, Φ(z) assumes every non-zero value b infinitely often and
λ (b,Φ(z)) = σ( f );

(ii) for δ (0, f ) = 1 , Φ(z) assumes every non-zero value b infinitely often and

T (r,Φ(z)) ∼ dT (r, f ) ∼ N

(
r,

1
Φ(z)−b

)

as r �∈ E,r → ∞, where E is a possible exception set of r with finite logarithmic mea-
sure.

Proof. Since δ (0, f ) > 0, Φ(z) is a transcendental meromorphic function. Sup-
pose that Φ(z) is not a transcendental meromorphic function. Then there is a rational
function P(z) such that p(z)Φ(z) ≡ 1, i.e.
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1
f d ≡ p(z)

Φ(z)
f d

≡ p(z)
(

f (z+ c1)
f

)d1

·
(

f (z+ c2)
f

)d2

· · · · ·
(

f (z+ cm)
f

)dm

.

Applying Lemma 1 and noting that f (z) is transcendental, we can get

m
(
r, 1

f d

)
= S(r, f ).

Therefore
m

(
r, 1

f d

)
+N

(
r, 1

f d

)
� N

(
r, 1

f d

)
+S(r, f )

� dN
(
r, 1

f

)
+S(r, f ).

Apply Lemma 4 and the first fundamental theorem of Nevanlinna theory, we can get

dT (r, f ) � dN
(
r, 1

f

)
+S(r, f ).

This contradicts with δ (0, f ) > 0. Thus Φ(z) is a function transcendental and mero-
morphic.

(i) Since δ (0, f ) > 0 and δ (∞, f ) = 1, there is a positive number θ < 1 such that

N

(
r,

1
f

)
< θT (r, f ), (14)

N(r, f ) = o(1)T (r, f ). (15)

By Theorem 1, we have

dT (r, f ) � 2dN(r, f )+dN

(
r,

1
f

)
+N

(
r,

1
Φ(z)−b

)
+S(r, f ). (16)

Combining (14)-(16) we can get

d(1−o(1)−θ )T(r, f ) � N

(
r,

1
Φ(z)−b

)
,r �∈ E,r → ∞, (17)

where E is a possible exceptional set with finite logarithmic measure. Noticing
f is transcendental, applying Lemma 5 and (17), we can get that Φ(z) assumes
every non-zero value b infinitely often and λ (b,Ψ(z)) = σ( f ) .

(ii) Since δ (0, f ) = 1 and δ (∞, f ) = 1,

N

(
r,

1
f

)
= S(r, f ), (18)

N (r, f ) = S(r, f ). (19)
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From (8), (16), (18), (19), we have

dT (r, f ) � N
(
r, 1

Φ(z)−b

)
+S(r, f )

� T (r,Φ(z))+S(r, f )
� dT (r, f )+S(r, f ).

(20)

Since f is transcendental, (20) means that Φ(z) assumes every non-zero value b in-
finitely often and

T (r,Φ) ∼ dT (r, f ) ∼ N

(
r,

1
Φ−b

)

as r �∈ E,r → ∞, where E is a possible exception set of r with finite logarithmic mea-
sure.

EXAMPLE 1. f (z) = ez , c1 = log1,c2 = log2, · · · ,cm = logm,(m ∈ N+) . Then

Φ(z) = f (z+ c1) f (z+ c2) · · · f (z+ cm) = ez+log1 · ez+log2 · · · · · ez+logm = m!emz.

Obviously, we can get δ (0, f ) = δ (∞, f ) = 1 and Φ(z) assumes every non-zero value
b infinitely often and λ (b,Φ(z)) = σ( f ) ,

T (r,Φ(z)) ∼ mT (r, f ) ∼ N

(
r,

1
Φ(z)−b

)

as r → ∞. And above all, Φ(z) = m!emz �= 0. Therefore, the condition b �= 0 in Theo-
rem 2 is necessary.

From Theorem 2, we can get the following Corollary.

COROLLARY 4. Let f (z) be a transcendental meromorphic function of finite or-
der and let c be a non-zero complex constant. Assume that δ (∞, f ) = 1,m,n ∈ N are
not all zero. Then:

(i) for δ (0, f ) > 0, f m(z) f n(z+ c) assumes every non-zero value b infinitely often
and λ (b, f m(z) f n(z+ c)) = σ( f );

(ii) for δ (0, f ) = 1 , f m(z) f n(z+ c) assumes every non-zero value b infinitely often
and

T (r, f m(z) f n(z+ c)) ∼ (m+n)T(r, f ) ∼ N

(
r,

1
f m(z) f n(z+ c)−b

)
,

as r �∈ E,r → ∞, where E is a possible exception set of r with finite logarithmic
measure.
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