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SUBORDINATION FOR MEROMORPHIC HARMONIC FUNCTIONS

J. DZIOK

(Communicated by N. Elezović)

Abstract. We introduce and study classes of meromorphic harmonic functions defined by sub-
ordination. In addition to finding certain analytic criteria, we obtain some topological properties
for the defined classes of functions. Some applications of these results are also given.

1. Introduction

A continuous function f = u + iv is a complex valued harmonic function in a
complex domain D if both u and v are real harmonic in D . If D is the exterior of
the unit disc i.e. D := {z ∈ C : |z| > 1}, then we say that f is meromorphic harmonic
function. Hengartner and Schober [4] showed that meromorphic harmonic, orientation
preserving, univalent mapping f , satisfying f (∞) = ∞ , must admit the representation

f (z) = h(z)+g(z)+A log |z| (1)

where

h(z) = az+
∞

∑
n=1

anz
−n g(z) = bz+

∞

∑
n=1

bnz
−n (z ∈ D) ,

0 � |a0|< |b0| , A∈ C, and fz/ fz is analytic and bounded by 1 in D . Let Σ(k) denote
the class of meromorphic harmonic functions f of the form

f (z) = z+
∞

∑
n=k

(
anz

−n +bnz
−n) (z ∈ D) . (2)

and let ΣH (k) denote the class of functions f ∈ Σ(k) which are univalent and orien-
tation preserving in D .

Jahangiri and Silverman [6] investigated the class of meromorphic harmonic star-
like functions. A function f ∈ ΣH (2) is meromorphic harmonic starlike in D(r) :=
{z ∈ C : |z| > r}, r > 1, if

∂
∂ t

(
arg f

(
reit)) � 0 (0 � t � 2π)
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or

Re
DH f (z)

f (z)
� 0 (|z| = r) ,

where

DH f (z) := zh′ (z)− zg′ (z) (z ∈ D) .

To obtain a generalization of these functions we use a concept of weak subordina-
tion. We say that a function f ∈ Σ(k) is weakly subordinate to a function F ∈ Σ(k) ,
and write f (z) ≺ F(z) (or simply f ≺ F ) if there exists a complex-valued function
ω which maps D into oneself with ω(∞) = ∞ , such that f (z) = F(ω(z)) (z ∈ D) . In
particular, if F is univalent in D , we have the following equivalence

f (z) ≺ F(z) ⇐⇒ { f (0) = F(0)∧ f (D) ⊂ F(D)} .

Let −B � A < B � 1, 0 � α < 1. Motivated by Janowski [7] (see also [3]) we
define the following classes of functions.

Let Σ∗
H (k;A,B) denote the class of functions f ∈ ΣH (k) such that

DH f (z)
f (z)

≺ A+ z
B+ z

(3)

and by Σc
H (k;A,B) we denote the class of functions f ∈ ΣH (k) such that

DH (DH f ) (z)
DH f (z)

≺ A+ z
B+ z

.

Finally, let ΣH (k;A,B) denote the class of functions f ∈ ΣH (k) such that

DH f (z)
z

≺ A+ z
B+ z

.

We should notice, that the classes Σ∗
H (k;α) := Σ∗

H (k;2α−1,1) and Σc
H (k;α) :=

Σc
H (k;2α − 1,1) are investigated by Jahangiri [5] in the case k = 2. The classes

Σ∗
H (k) := Σ∗

H (k;0) and Σc
H (k) := Σc

H (k;0) are the classes of functions f ∈ ΣH (k)
which are starlike in U(r) or convex in U(r) , respectively, for all r > 1 (see [6]). It is
clear that

Σ∗
H (k;A,B) ⊂ Σ∗

H (k) , S c
H (k;A,B) ⊂ Σc

H (k) .

In the paper we obtain some necessary and sufficient conditions for the defined
classes of functions. Some topological properties and extreme points of the classes
are also considered. By using extreme points theory we obtain coefficients estimates,
distortion theorems, integral mean inequalities for the classes of functions. Some ap-
plications of these results are also given.
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2. Analytic criteria

Let V ⊂ Σ. Motivated by Ruscheweyh we define the dual set of V by

V ∗ :=

{
f ∈ ΣH (k) :

∧
q∈V

( f ∗ q)(z) 
= 0 (z ∈ D)

}
.

THEOREM 1.
Σ∗

H (k;A,B) =
{

ψξ : |ξ | = 1
}∗

,

where

ψξ (z) := (B−A)z− (B+A+2ξ )z+(λB+A)− ξ
(1− z)2 (4)

−(2ξ +B+A)z+
(B−A)z− (λB−A)+ ξ

(1− z)2 (z ∈ D) .

Proof. Let f ∈ ΣH (k) be of the form (2). Then f ∈ Σ∗
H (k;A,B) if and only if it

satisfies (3) or equivalently

DH (z)
f (z)


= A+ ξ
B+ ξ

(z ∈ D, |ξ | = 1) . (5)

Since

h(z) = h(z)∗
(

z+
1

z−1

)
, DH h(z) = h(z)∗

(
z− z

(z−1)2

)
,

the above inequality yields

(B+ ξ )DH f (z)− (A+ ξ ) f (z)

= (B+ ξ )DH h(z)− (A+ ξ )h(z)−
[
(B+ ξ )DH g(z)+ (A+ ξ )h(z)

]
= h(z)∗

(
(B+ ξ )

(
z− z

(z−1)2

)
− (A+ ξ )

(
z+

1
z−1

))

−g(z)∗
(

(B+ ξ )
(

z− z
(z−1)2

)
+(A+ ξ )

(
z+

1
z−1

))
= f (z)∗ψξ (z) 
= 0 (z ∈ D, |ξ | = 1) .

Thus, f ∈Σ∗
H (k;A,B) if and only if f (z)∗ψξ (z) 
=0 for z∈D, |ξ |=1 i.e. Σ∗

H (k;A,B)
=

{
ψξ : |ξ | = 1

}∗
.

Similarly we prove

THEOREM 2.
Σc

H (k;A,B) =
{

ψξ : |ξ | = 1
}∗

,
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where

ψξ (z) := (B−A)z+ z
(B+A+2ξ )z−2ξ +(λB+A)

(1− z)3

+(2ξ +B+A)z+ z
(B−A)z− (λB−A)

(1− z)3 (z ∈ D) .

THEOREM 3.
ΣH (k;A,B) =

{
δξ : |ξ | = 1

}∗
,

where

δξ (z) := (B−A)z− B+ ξ
z−1

+(B+ ξ )z− B+ ξ
z−1

(z ∈ D) .

LEMMA 1. [5] If a function f ∈ Σ(k) of the form (2) satisfies the condition

∞

∑
n=k

(n |an|+n |bn|) � 1. (6)

then f is orientation preserving and univalent in D .

THEOREM 4. If a function f ∈ Σ(k) of the form (2) satisfies the condition

∞

∑
n=k

{(n(1+B)+ (1+A)) |an|+(n(1+B)− (1+A)) |bn|} � B−A, (7)

then f ∈ Σ∗
H (k;A,B) .

Proof. Since

n(1+B)+ (1+A)
B−A

� n,
n(1+B)− (1+A)

B−A
� n (n ∈ Nk) , (8)

by (7) we get (6). Thus, by Lemma 1 the function f is univalent and orientation pre-
serving in D . Therefore, f ∈ Σ∗

H (k;A,B) if and only if there exists a complex-valued
function ω , ω(∞) = ∞, |ω(z)| > 1 (z ∈ D) such that

DH f (z)
f (z)

=
A+ ω(z)
B+ ω(z)

(z ∈ D) ,

or equivalently ∣∣∣∣ DH f (z)− f (z)
BDH f (z)−A f (z) (z)

∣∣∣∣ < 1 (z ∈ D) . (9)

Thus for z ∈ D it suffices to show that

|DH f (z)− f (z)|− |BDH f (z)− f (z)| < 0.
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Indeed, letting |z| = r (r > 1) we have

|DH f (z)− f (z)|− |BDH f (z)− f (z)|

=

∣∣∣∣∣
∞

∑
n=k

(n+1)anz
−n−

∞

∑
n=k

(n−1)bnz
−n

∣∣∣∣∣
−

∣∣∣∣∣(B−A)z+
∞

∑
n=k

(Bn+A)anz
−n +

∞

∑
n=k

(Bn−A)bnz
−n

∣∣∣∣∣
�

∞

∑
n=k

(n+1)|an|r−n +
∞

∑
n=k

(n−1)|bn|r−n − (B−A)r

+
∞

∑
n=k

(Bn+A)|an|r−n +
∞

∑
n=k

(Bn−A)|bn| r−n

�1
r

∞

∑
n=k

{(n(1+B)+ (1+A)) |an|+(n(1+B)− (1+A)) |bn|}r−n+1− (B−A) < 0,

whence f ∈ Σ∗
H (k;A,B) .

THEOREM 5. If a function f ∈ Σ(k) of the form (2) satisfies the condition

∞

∑
n=k

n{(n(1+B)+ (1+A)) |an|+(n(1+B)− (1+A)) |bn|} � B−A, (10)

then f ∈ Σc
H (k;A,B) .

Let Tη (k) be the class of functions f = h+g∈ Σ(k) so that

f = h+g = z+
∞

∑
n=k

ei(1+n)η |an|z−n −
∞

∑
n=k

ei(1−n)η |bn|z−n (z ∈ D) . (11)

and let

Σ∗
η(k;A,B) : = Tη (k)∩Σ∗

H (k;A,B) , Σc
η(k;A,B) := Tη (k)∩Σc

H (k;A,B) ,

Ση(k;A,B) : = Tη (k)∩ΣH (k;A,B) .

Next we show that the condition (7) is also necessary for the functions f ∈ Σ(k) to be
in the class Σ∗

η(k;A,B)

THEOREM 6. Let f ∈ Tη (k) be a function of the form (2) . Then f ∈ Σ∗
η(k;A,B)

if and only if the condition (7) holds true.

Proof. The “ i f ” part follows from Theorem 4. For the “only− i f ” part, assume
that f ∈ Σ∗

η (k;A,B), then by (9) we have∣∣∣∣∣∣∣∣

∞
∑

n=k

{
(n+1)anz−n− (n−1)bnz−n

}
(B−A)z−

∞
∑

n=k

{
(Bn+A)anz−n − (Bn−A)bnz−n

}
∣∣∣∣∣∣∣∣
< 1 (z ∈ D).



944 J. DZIOK

Therefore, by (11) for z = reiη (r > 1), we obtain

∞
∑

n=k
{(n+1)|an|+(n−1)|bn|}r−n−1

(B−A)−
∞
∑

n=k
{(Bn+A)|an|+(Bn−A)|bn|}r−n−1

< 1. (12)

It is clear that the denominator of the left hand side cannot vanish for r > 1. Moreover,
it is positive for r = ∞, and in consequence for r > 1. Thus, by (12) we have

∞

∑
n=k

{(n(1+B)+ (1+A)) |an|+(n(1+B)− (1+A)) |bn|}r−n−1 < B−A. (13)

The sequence of partial sums {Sn} associated with the series of the left hand side of
(13) is non-decreasing sequence. Moreover, by (13) it is bounded by B−A. Hence, the
sequence {Sn} is convergent and

∞

∑
n=k

{(n(1+B)+ (1+A)) |an|+(n(1+B)− (1+A)) |bn|} = lim
n→∞

Sn � B−A,

which yields the assertion (7).
The following result may be proved in much the same way as Theorem 6.

THEOREM 7. Let f ∈ Σ(k) be a function of the form (11). Then f ∈ Ση(k;A,B)
if and only if

∞

∑
n=k

n(|an|+ |bn|) � B−A
1+B

.

By Theorems 6 and 7 we have the following corollary.

COROLLARY 1. Let a = 1+A
1+B and

φ (z) = z+
∞

∑
n=k

(
1

n−a
zn +

1
n+a

zn
)

(z ∈ D) , (14)

ω (z) = z+
∞

∑
n=k

((n−a)zn +(n+a)zn) (z ∈ D) .

Then

f ∈ Ση (k;A,B) ⇔ f ∗φ ∈ Σ∗
η(k;A,B),

f ∈ Σ∗
η (k;A,B) ⇔ f ∗ω ∈ Ση(k;A,B).

In particular,
Ση (k;−1,B) = Σ∗

η (k;−1,B).



SUBORDINATION FOR MEROMORPHIC HARMONIC FUNCTIONS 945

3. Extreme points

The Krein-Milman theorem (see [8]) is fundamental in the theory of extreme
points. In particular, it implies the following lemma.

LEMMA 2. Let F be a non-empty compact convex subclass of the class Σ and
J : Σ → R be a real-valued, continuous and convex functional on F . Then

max{J ( f ) : f ∈ F} = max{J ( f ) : f ∈ EF} ,

where EF to denote the set of extreme points of F .

Since Σ is a complete metric space, Montel’s theorem implies the following lemma.

LEMMA 3. A class F ⊂ Σ is compact if and only if F is closed and locally
uniformly bounded.

THEOREM 8. The class Σ∗
η (k;A,B) is convex and compact subset of Σ .

Proof. Let f1, f2 ∈ Σ∗
η (k;A,B) be functions of the form

fl(z) = z+
∞

∑
n=k

(
al,nz

−n +bl,nz
−n) (z ∈ D, l ∈ N) , (15)

0 � γ � 1. Since

γ f1(z)+(1−γ) f2 (z) = z+
∞

∑
n=k

{
(γa1,n +(1− γ)a2,n) z−n +(γb1,n +(1− γ)b2,n) z−n

}
,

and by Theorem 6 we have
∞

∑
n=k

(n(1+B)+ (1+A)) |γa1,n +(1− γ)a2,n|

+
∞

∑
n=k

(n(1+B)− (1+A)) |γb1,n +(1− γ)b2,n|

� γ
∞

∑
n=k

{(n(1+B)+ (1+A)) |a1,n|+(n(1+B)− (1+A)) |b1,n|}

+(1− γ)
∞

∑
n=k

{(n(1+B)+ (1+A)) |a2,n|+(n(1+B)− (1+A)) |b2,n|}

� γ (B−A)+ (1− γ)(B−A) = B−A,

the function φ = γ f1 +(1− γ) f2 belongs to the class Σ∗
η (k;A,B) . Hence, the class is

convex. Furthermore, for f ∈ Σ∗
η (k;A,B), |z| � r, r > 1, we have

| f (z)| �r+
∞

∑
n=k

(|an|+ |bn|)r−n � r+
∞

∑
n=k

(n(1+B)+ (1+A)) |an| (16)

+
∞

∑
n=k

(n(1+B)− (1+A)) |bn| � r+(B−A) .
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Thus, we conclude that the class Σ∗
η (k;A,B) is locally uniformly bounded. By Lemma

3, we only need to show that it is closed i.e. if fl ∈ Σ∗
η (k;A,B) (l ∈ N) and fl → f ,

then f ∈ Σ∗
η(k;A,B). Let fl and f be given by (15) and (11), respectively. Using

Theorem 6 we have
∞

∑
n=k

(
(n(1+B)+ (1+A))

∣∣al,n

∣∣+(n(1+B)− (1+A))
∣∣bl,n

∣∣) � B−A (l ∈ N) . (17)

Since fl → f , we conclude that al,n → an and bl,n → bn as l → ∞ (n ∈ Nk) . The
sequence of partial sums {Sn} associated with the series of the left hand side of (17) is
a non-decreasing sequence. Moreover, it is bounded by B−A. Therefore, the sequence
{Sn} is convergent and

∞

∑
n=k

{(n(1+B)+ (1+A)) |an|+(n(1+B)− (1+A)) |bn|} = lim
n→∞

Sn � B−A.

This gives the condition (7), and, in consequence, f ∈ Σ∗
η (k;A,B), which completes

the proof.

THEOREM 9. The set of all extreme points of the class Σ∗
η(k;A,B) is given by

EΣ∗
η (k;A,B) = {hn : n ∈ Nk−1}∪{gn : n ∈ Nk} ,

where

hk−1(z) = z, hn(z) = z+ ei(1+n)η B−A
n(1+B)+ (1+A)

z−n, (18)

gn(z) = z− ei(1−n)η B−A
n(1+B)− (1+A)

z−n (z ∈ D).

Proof. Suppose that 0 < γ < 1 and

gn = γ f1 +(1− γ) f2,

where f1, f2 ∈ Σ∗
η (k;A,B) are functions of the form (15). Then, by (7) we have |b1,n|=

|b2,n|= B−A
n(1+B)−(1+A) , and, in consequence, a1,l = a2,l = 0 for l ∈Nk and b1,l = b2,l =

0 for l ∈Nk�{n} . It follows that gn = f1 = f2, and consequently gn ∈ES ∗
T (η ;k;A,B).

Similarly, we verify that the functions hn of the form (18) are the extreme points of the
class Σ∗

η (k;A,B). Now, suppose that a function f belongs to the set EΣ∗
η (k;A,B) and

f is not of the form (18). Then there exists s ∈ Nk such that

0 < |as| < B−A
s(1+B)+ (1+A)

or 0 < |bs| < B−A
s(1+B)− (1+A)

.

If 0 < |as| < B−A
s(1+B)+(1+A) , then puting

γ =
s(1+B)+ (1+A)

B−A
|as| , ϕ =

1
1− γ

( f − γhs) ,
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we have that 0 < γ < 1, hs 
= ϕ and

f = γhs +(1− γ)ϕ .

Thus, f /∈ EΣ∗
η (k;A,B). Similarly, if 0 < |bs| < B−A

s(1+B)−(1+A) , then puting

γ =
s(1+B)− (1+A)

B−A
|bs| , φ =

1
1− γ

( f − γgs) ,

we have that 0 < γ < 1, gs 
= φ and

f = γgs +(1− γ)φ .

It follows that f /∈ EΣ∗
η (k;A,B), and the proof is completed.

4. Applications

It is clear that if the class

F = { fn ∈ Σ : n ∈ N} ,

is locally uniformly bounded, then

coF =

{
∞

∑
n=1

γn fn :
∞

∑
n=1

γn = 1, γn � 0 (n ∈ N)

}
. (19)

Thus, by Theorem 4 we have the following corollary.

COROLLARY 2.

Σ∗
η (k;A,B) =

{
∞

∑
n=k−1

(γnhn + δngn) :
∞

∑
n=k−1

(γn + δn) = 1 (δk−1 = 0,γn,δn � 0)

}
,

where hn,gn are defined by (18) .

For each fixed value of n ∈ Nk, z ∈ D, the following real-valued functionals are
continuous and convex on Σ :

J ( f ) = an, J ( f ) = bn, J ( f ) = | f (z)| J ( f ) = |DH f (z)| ( f ∈ Σ) . (20)

Moreover, for γ � 1, r > 1, the real-valued functional

J ( f ) =

⎛
⎝ 1

2π

2π∫
0

∣∣∣ f (
reiθ

)∣∣∣γ
dθ

⎞
⎠

1/γ

( f ∈ Σ) (21)

is also continuous and convex on Σ .
Therefore, by Lemma 2 and Theorem 4 we have the following corollaries.
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COROLLARY 3. Let f ∈ Σ∗
η(k;A,B) be a function of the form (2) . Then

|an| � B−A
n(1+B)+ (1+A)

, |bn| � B−A
n(1+B)− (1+A)

(n ∈ Nk), (22)

The result is sharp. The functions hn,gn of the form (18) are the extremal functions.

COROLLARY 4. Let f ∈ Σ∗
η(k;A,B), |z| = r > 1 . Then

r− B−A
k (1+B)− (1+A)

r−k � | f (z)| � r+
B−A

k (1+B)− (1+A)
r−k,

r− k
B−A

k (1+B)− (1+A)
r−k � |DH f (z)| � r+ k

B−A
k (1+B)− (1+A)

r−k.

The result is sharp. The function gk of the form (18) is the extremal function.

COROLLARY 5. Let r > 1, γ � 1. If f ∈ Σ∗
η (k;A,B), then

1
2π

2π∫
0

∣∣∣ f (reiθ )
∣∣∣γ

dθ � 1
2π

2π∫
0

∣∣∣gk(reiθ )
∣∣∣γ

dθ ,

1
2π

2π∫
0

|DH f (z)|γ dθ � 1
2π

2π∫
0

∣∣∣DH gk(reiθ )
∣∣∣γ

dθ ,

where gk is the function defined by (18) .

The following covering result follows from Corollary 4.

COROLLARY 6. If f ∈ Σ∗
η (k;A,B), then D(r) ⊂ f (D) , where

r = 1+
B−A

k (1+B)− (1+A)
.

Using the above results and the relation

f ∈ Σc
η (k;A,B) ⇐⇒ DH f ∈ Σ∗

η (k;A,B)

we obtain the following corollaries.

COROLLARY 7. The class Σc
η(k;A,B) is convex and compact subset of Σ . More-

over,
EΣc

η (k;A,B) = {hn : n ∈ Nk−1}∪{gn : n ∈ Nk} ,

and

Ση (k;A,B) =

{
∞

∑
n=k−1

(γnhn + δngn) : (γn + δn) = 1 (δk−1 = 0,γn,δn � 0)

}
,
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where

hk−1(z) = z, hn(z) = z+
ei(1+n)η (B−A)

n(n(1+B)+ (1+A))
z−n, (23)

gn(z) = z− ei(1−n)η (B−A)
n(n(1+B)− (1+A))

z−n (z ∈ D).

COROLLARY 8. Let f ∈ Σc
η (k;A,B) be a function of the form (2), |z| = r >

1, γ � 1, n ∈ N . Then

|an| � B−A
n(n(1+B)− (1+A))

, |bn| � B−A
n(n(1+B)− (1+A))

,

r− B−A
k (k (1+B)− (1+A))

r−k � | f (z)| � r+
B−A

k (k (1+B)− (1+A))
r−k,

r− B−A
k (1+B)− (1+A)

r−k � |DH f (z)| � r+
B−A

k (1+B)− (1+A)
r−k,

1
2π

2π∫
0

∣∣∣ f (reiθ )
∣∣∣γ

dθ � 1
2π

2π∫
0

∣∣∣gk(reiθ )
∣∣∣γ

dθ ,

1
2π

2π∫
0

∣∣∣DH f (reiθ )
∣∣∣γ

dθ � 1
2π

2π∫
0

∣∣∣DH gk(reiθ )
∣∣∣γ

dθ .

The results are sharp. The functions hn,gn of the form (23) are the extremal functions.

COROLLARY 9. If f ∈ Σc
η (k;A,B), then D(r) ⊂ f (D) , where

r = 1+
B−A

k (k (1+B)− (1+A))
.

By using Corollary 1 and the results above we obtain corollaries listed below.

COROLLARY 10. The class Ση(k;A,B) is convex and compact subset of Σ . More-
over,

EΣη (k;A,B) = {hn : n ∈ Nk−1}∪{gn : n ∈ Nk}
and

Ση (k;A,B) =

{
∞

∑
n=k−1

(γnhn + δngn) : (γn + δn) = 1 (δk−1 = 0,γn,δn � 0)

}
,

where hk−1(z) = z, and

hn(z) = z+
(B−A)ei(1+n)η

(1+B)n
z−n, gn(z) = z− (B−A)ei(1−n)η

(1+B)n
z−n (z ∈ D). (24)



950 J. DZIOK

COROLLARY 11. Let f ∈ Ση (k;A,B) be a function of the form (11), |z| = r >
1, γ � 1, n ∈ N . Then

|an| � B−A
(1+B)n

, |bn| � B−A
(1+B)n

,

r− B−A
(1+B)k

r−k � | f (z)| � r+
B−A

(1+B)k
r−k,

r− B−A
1+B

r−k � |DH f (z)| � r+
B−A
1+B

r−k,

1
2π

2π∫
0

∣∣∣ f (reiθ )
∣∣∣γ

dθ � 1
2π

2π∫
0

∣∣∣gk(reiθ )
∣∣∣γ

dθ ,

1
2π

2π∫
0

∣∣∣DH f (reiθ )
∣∣∣γ

dθ � 1
2π

2π∫
0

∣∣∣DH gk(reiθ )
∣∣∣γ

dθ .

The results are sharp. The functions hn,gn of the form (24) are the extremal functions.

COROLLARY 12. If f ∈ Ση(k;A,B), then D(r) ⊂ f (D) , where r = 1+ B−A
(1+B)k .

REMARK 1. By varying the parameters in the defined classes of functions we
can obtain new and also well-known results (see for example [1, 2, 5, 6]) .
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