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Abstract. Let (p,) and (g,) be any two non-negative real sequences with

Ry = 2 Pkln—k 75 0 (I’l € N)
k=0

And C}— Cesdro summability method. Let (x,) be a sequence of real or complex numbers and

set
k

1 & 1
N! Cli= — kT
p.g-n R, kgbkan kk+l \Zz)x‘

for n € N. In this paper, we present necessary and sufficient conditions under which the existence
of the limit sz — lim,,_,c. x, = L follows from that of sz — lim,, e Nﬂ‘qC,i = L. These conditions
are one-sided or two-sided if (x,) is a sequence of real or complex numbers, respectively.

1. Introduction

Let (p,) and (g,) be any two non-negative real sequences with

Ry:= prgn-k #0 (n €N).
k=0

And (C,1)— Cesdro summability method. Let (x,) be a sequence of real or complex

numbers and set
k

1
Np oG = = Zpkqn KT 2
pa=n k+1.5
for n € N. In this paper, we present necessary and sufficient conditions under which the
existence of the limit lim,,_...x;, = L follows from that of lim,,_... N;.’qC}l = L. These
conditions are one-sided or two-sided if (x,) is a sequence of real or complex numbers,
respectively.
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In what follows we give the concept of the summability method known as the
generalized Norlund summability method (N, p,q) (see [1, 4]). Given two non-negative
sequences (p,) and (g,), the convolution (p*gq) is defined by

n n
Ri:=(p*@n=, Prn-k = D, Pn—ilk-
k=0 k=0

With (C, 1)— we will denote the Cesdro summability method. Let (x,) be a sequence.
When (p*gq), # 0 for all n € N, the generalized Norlund-Cesdro transform of the

sequence (x,) is the sequence N}, anl obtained by putting

k

1
Ny C, = 1.1
P4 n nkzz)kaIn kk+1 2 (L.D)

We say that the sequence (x,) is generalized Norlund-Cesédro summable to L de-
termined by the sequences (p,) and (g,) or briefly summable Ny, anl to L if

lim N C, = L. (1.2)

n—o0

Suppose throughout the paper we assume that the sequences (g,) and (p,) are
satisfying the following conditions:

n
q 21,2pk~n,n6N, (1.3)
k=0
q;Ln,k<an_k7k:07l72737---,n;7t>17 (14)
qn—kg25]1,,7k7k:07172737"'»xn;0<x’<17 (15)

where A, = [A-n], a, ~ b,, means that there are constants C,C; such that a, < Cb, <
C1 ay.
If
r}grgo Xp =L (1.6)
implies (1.2), then the method N}, qu is called to be regular. However, the converse is
not always true. We can show by the following example

EXAMPLE 1.1. Let us consider that p, = g, = 1 for all n € N. Also we define
the following sequence x = (x;) = (—1)¥, then we have

n 1 k
n+1Z +1Z e

And as we know x = (x;), is not convergent.
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Notice that (1.6) may imply (1.2) under a certain condition, which is called a
Tauberian condition. Any theorem which states that convergence of a sequence follows
from its N;qC,{ summability and some Tauberian condition is said to be a Tauberian
theorem for the N;an1 summability method. The inclusion and Tauberian type theo-
rems are proved in the papers [4, 5, 2, 3], and some theorems of inclusion, Tauberian
and convexity type for certain families of generalized Norlund methods are obtained in
[6].

In this section our aim is to find conditions (so-called Tauberian) under which
the converse implication holds, for defined convergence. Exactly, we will prove under
which conditions statistical convergence of sequences (x,), follows from statistically
Norlund-Cesdro summability method.

DEFINITION 1.2. A sequence (x,) is weighted N;qC,l—statistically convergent
to L if for every € > 0,
> 8} ' =0.

lim k< (pxq)n
n=e= (pxq)n { (
And we say that the sequence (x,) is statistically summable to L by the weighted
summability method Ny ,Cy, if st —lim, Ny .C, = L. We denote by N;. ,C, (st) the set
of all sequences which are statlstlcally summable by the weighted summablhty method

1
N, G-

1 k
Pk9n—k xy—L
Z g k+1V§6V

(p*q) n j—

THEOREM 1.3. If sequence x = (x,) is N, qC,i summable to L, then sequence

x=(x,) is N;qC,l — statistically convergent to L. But not conversely.

Proof. The first part of the proof is obvious. To prove the second part we will
show this example:

EXAMPLE 1.4. We will define

{\/l;, for k=n?
X =

0 , otherwise

and p, = 1 = g,. Under this conditions we get:

1 1 & k n+1
n+1 {k<n+l —IZ‘ Z Pt } S e Y
On the other hand, for k:n2, we have
1 i 1 2 as
_ P — Xy —> o, n — oo,
n+1Sk+1.5

From last relation follows that x = (x,) is not NI’,"qC,l summable to 0. [
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THEOREM 1.5. Let us suppose that sequence (x,)-statistically convergent to L,
and |x, —L| < M for every n € N. Then it converges N, anl -statistically to L. Con-
verse is not true.

Proof. From fact that (x,) converges statistically to L, we get

i Hk<n: =] > e}

n—so0 n

=0.

Letus denote by By = {k <n:|x;—L| > ¢} and B = {k<n: |x; —L| < &}. Then

k

Zpkq;q kkj—lz’( L)

nkO

n

1 1 &
R_ 2 kan—kH—l Z,xv -

k=0

1 & 1
Rnkgapkéh kkHZIXV L|+ Zpkqn kk+12\xv L|
kEBs keBg
1 n
—Z M Zl+£—>0+£ as n— oo,
Ry =0 k=0
B keBs

for some constant C,. To show that converse is not true we will use into consideration
this

EXAMPLE 1.6. Letus consider that (p,) =n+1, (g,) =1 for n € NU{0}, and
we define the sequence x = (x,), as follows:

1, for k=m?—m,---.m*—1
X = —%, for k=m>m=2,---
0 , otherwise

Under this conditions, after some calculations we get:

2 n k

= N1-¥Y —1|>0, as n-—s oo
(n—|—1)(n+2)k§6 §0

<

2 n k
CESIPEEIPIP IS

From last relation follows that x = (x,) is NI’,‘#C,,1 — summable to 1. Hence from
Theorem 1.5, (x,) is N;qC,% — statistically convergent. On the other hand, the sequence

(m?;m =2,3---,) has natural density zero and it is clear that st — liminf, x, = 0 and
st —limsup, x, = 1. Thus, (x;) is not statistically convergent. [J

2. Tauberian theorems under statistical Norlund-Cesaro summability method

In the following theorem we characterize the converse implication when the sta-
tistically convergence follows from its N;anl — statistically convergence.
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THEOREM 2.1. Let (py,) and (qn) be two non-negative real sequences, defined
as above, and

. Ry
st —liminf =2 > 1, forevery A >1, (2.1)

N—o0 Rn
where Ay, := [An] denotes the integral part of An for every n € N, and let (x,) be a
sequence of real numbers which is N;qC,% — statistically convergent to a finite number
L. Then (x,) is st-convergent to the same number L if and only if the following two
conditions hold:

A k
1 1 k 1
inf limsup — [{ k<R, : —— gy i—— xi—x) < —€ | =0,
A>1 n pR,, { le_RkjgjrlpJqlk j]+lv§6( j—Xk) H
(2.2)
and

1
inf limsup —
0<A<l n R,

1k
k<R,: Z Pjdi—j Z(xk—xj)g—e}‘zo.
{ R R)LA Jj=MA+1 J + 1 =0
(2.3)
REMARK 2.2. Let us suppose that st — limgx; = L; (x,) is Nz’qC,{— statistically

convergent and relation (2.1) satisfies, then for every ¢ > 1, is valid the following rela-
tion:

Ak k
and in case where 0 <7 < 1,
. 1 ¢
st—hlgan Ry, ; AZHPJCIk J]+1 Z( X —x;) =0. (2.5)

In the next result we will consider the case where x = (x,) is a sequence of com-
plex numbers.

THEOREM 2.3. Let condition (2.1) be satisfied and let (x,) be a sequence of com-
plex numbers which is NgﬂqC}, summable to a finite number L. Then (x,) is convergent
to the same number L if and only if one of the following two conditions holds:

A X
1 1 k 1
inf limsup — R k<R, 1 | ——— gy, i—— xXi—xx)| =€, =0,
A>1 n pRn { Ry, — Rk,%lp,qlk jJ‘HZE)( = Xk) }'
(2.6)
and
inf i ! k<R 2 ! i( Y >e 0
inf limsup — <R, —x;)| > —0.
o< n VR, Rk—RM/ Amplqk N S

2.7
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In what follows we list some auxiliary lemmas which are needful in the sequel.
LEMMA 2.4. The condition given by relation (2.1) is equivalent to the condition

R
st—liminfR—">1, 0<A<l. (2.8)

n—o0 Afn

Proof. Suppose that relation (2.1) is valid, 0 < A < 1 and m = A, = [An], n€ N.
Then it follows that
1 m  [An]

S L )
A At
From above relation and definition of the sequences (p,) and (g,), we obtain:
R, Rlg] Rlg]
2L > = st —hmmf > st — liminf =22 > 1.
Ry, = R, "o Rxn n—e Ry,

Conversely, suppose that relation (2.8) is valid. Let A > 1 be given number and let A;
be chosen such that 1 < 4; < A. Set m = A, = [An]. From 0 < 3 < 7%1 < 1, it follows

that:
An—1 [An] m
<

ST S A

provided A; <A — %, which is a case where if n is large enough. Under this conditions
we have:

R}L R?L L. R}L o e
> " = gt — liminf —2% > st — liminf
R, © Ry, n—e R, n—eo Rp .
[#] [#]

>1. O

PROPOSITION 2.5. Let us suppose that relation (2.1) is satisfied and let x = (xy)
be a sequence of complex numbers which is N* ,C} — statistically convergent to L. Then

pg-n
1
t—lim —— =L, A>1 2.9
and
t —lim — L, 0<A<l. 2.10
st — lim R Rn,/lzﬂp,q j]+12xv for (2.10)

Proof. (I) Let us consider the case where A > 1. Then we obtain

S i 1 i
Pk, k77— 2, (v —L)
Ry, —Ru =, k+1 4
Ry, 1 & R, 1 &

=z = Rnkszk% kk—i—lz‘(x —L)— Ry R, Rnkzapk% kk—i—lz(x ~L)
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1 & 1 &
R,ln Ri R, Zg) L "k+1z( )

n 1 k
n— n—k)3 1 v_L
Z (9, &+ Gnk = dnk) 377 2 (0 = L)

R)L” Rn nk v=0
R, 2o 1 & R, 1 1 &
=575 Pk, k7 2 (v —L)— — D Pin-k7— Q) (x,—L)
R;LH—R kZ k+1V§0 R;,—R, R, 2 k+1v§6 Y
n k
B LZ (@hy—k — n—k) ! Z(x ~L). 2.11)
—Ra Ry 5 k+154

From relation (2.11), definition of the sequence (g, ), and relation

R,

— M <L
R;, — Ry ’

lim sup

we get relation (2.9).
(II) In this case we have that 0 < A < 1. Then

k

1 “ 1
Pkln— kk+12

R —Ro, i1

LS e s 3 z L3
PRIk 37 & T R =Ry, Rl R,l Prn=ki37 &

“R._R; R,l L&
1 & R,, 1 1 &
“Ro—R, R,l Epkq” k+1§0“ R.—R;, Rln,;g)p"q” k+12
Z Pi(dn—i — a3, %)L > X
R Rl A k=0 ' k+lv:0

Now proof of the proposition is similar to the first part. [

Proof of Theorem 2.1.
Necessity. Suppose that lim,_...x, = L, and (2.1) holds. Following Proposition

2.5, we have
An 1 k

1
lim ——— —x
L —s k%lpqun T 2 2( ")

1 b 1 &
:1‘ _ — :O
m, zqn—Ienkznﬂ"”“”l 1 Z i e

for every A > 1. In case where 0 < A < 1, we find that
1k

lim
i Ry — Ry, Rxnk ;HPW “kr1 4 Z( )
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1 k
=lim < x, — Z Pidn—k Z Xy =0.
n_m{ (R — R et 1 y=0

Sufficiency. Assume that conditions (2.2) and (2.3) are satisfied. In what follows
we will prove that lim,_..x,, = L. Given any € > 0, by relation (2.2) we can choose
A1 > 0 such that

)11 1 k
liminf S a6 —x) = €, (2.12)
e 7Lnl Ry k=n+1 k+1 v=0
where 4,, = [41n]. By the assumed summability N}, qC,i of (x,), Proposition 2.5 and
relation (2.12), we have
limsupx, < L+¢€, (2.13)

n—o00

forany A > 1.
On the other hand, if 0 < A < 1, for every € > 0, we can choose 0 < A, < 1 such
that

1 1 ¢
liminf ——— Z DPikdn—k k+12(xn—xv)>—£, (2.14)

N—roo _
e

where A,, = [A2n]. By the assumed summability NI’Z#C,,l of (x,), Proposition 2.5 and
(2.14), we have

liminfx, > L—¢, (2.15)

n—00

forany 0 <A < 1.
Since € > 0 is arbitrary, combining relations (2.13) and(2.15) we obtain

limx,=L. O

n—oo

Proof of Theorem 2.3.

Necessity. If both (1.2) and (1.6) hold, then Proposition 2.5 yields (2.6) for every
A >1and (2.7) forevery 0 < A < 1.

Sufficiency. Suppose that (1.2), (2.1) and one of the conditions (2.6) and (2.7) are
satisfied. For any given € > 0, there exists some A; > 1 such that

Any 1 k

limsup | >—— 2 Pkdr,, k71 Z(xv _xn) <E,
n—ee Rlnl Rn k=n+1 ! k+ 1 v=0

where A4, = [Ain]. Taking into account fact that (x,) is N, qC,i summable to L and
Proposition 2.5, we get the following estimation

k

1
limsup|L —x,| <limsup|L— ————— — > X
n%oop| n‘ arae P Rlnl " k= %lpkqlnl kk+ 1 1;) '
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oy 1 k

1
+limsup | ——— > prga, k7 2, (0 —x)| <&
n—eo Rlnl R”k n+1 k1 v=0

For any given € > 0, there exists some 0 < A, < 1 such that

R

k

11msup 2 Pkqn—k
R Rlﬂz k=2y +1

where A, = [Aon]. Taking into account the fact that (x,) is N}, anl summable to L and
Proposition 2.5, we obtain the following

1 1 &
limsup |L — x,| <limsup |L — ——— Prn—k
n—eo n Ry _Rlnz k= %H k+l 2
s )
+11m NSUp| o — Pidn—k (xn —xv)| < €.
Ry Rlnz k=2n,+1 k+ 1 v=0

Since € > 0 is arbitrary, in either case we get lim, o x, = L. [
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