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REAL INTERPOLATION WITH A FUNCTION PARAMETER
FOR MARTINGALE HARDY-LORENTZ AND BMO SPACES

REN YANBO

(Communicated by N. Elezovic)

Abstract. This paper is devoted to the study of real interpolation between martingale Hardy-
Lorentz and BMO spaces in the framework of interpolation with a function parameter. We
first establish some inequalities for the sharp functions of martingales. With the aid of these
inequalities, some new interpolation theorems which generalize some fundamental interpolation
theorems in classical martingale H,, theory are proved. In particular, we show that

1L
(Hpy s BMO2)p g = Ay (170 [p(170)),

where 0 < pg <o, 0 < go,q<e and p € Q(0,1).

1. Introduction and preliminaries

As is well-known, interpolation theory has been applied as a powerful tool in many
branches of mathematics, such as partial differential equations, numerical analysis and
approximation theory. In classical interpolation theory, one of important results is real
interpolation between the classical Hardy and BMO spaces. It was proved by Hanks
[1] and Bennett, Sharpley [2] that

1 1-06

Hpy40:BMO)g g =Hp4, —= ,
(Hpo.q0 )6.q P )

0<O0<1, 0<py<eo, 0<qp,q< oo

In classical martingale H), theory, a fundamental interpolation theorem corresponding
to the above result was due to Weisz [3]. He proved that real interpolation spaces
between martingale Hardy-Lorentz and BMO spaces are martingale Hardy-Lorentz

spaces:

1 1-6
(H), 4sBMO2)o,=H, ,, —=—01)
P0-90 q pq p Po

0<O0<1, 0<py<eo, 0<qp,qg< oo
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The purpose of this paper is to make a study of real interpolation between martin-
gale Hardy-Lorentz and BMO spaces in the framework of interpolation with a function
parameter. Interpolation with a function parameter is one of interesting and attractive
fields in the study of interpolation theory. The theory of interpolation space (Xo,X1)¢,q
with a function parameter ¢(¢) is an extension of the theory of interpolation space
(X0,X1)g,4 originated from Lions and Peetre [4]. It was derived from the work of
Kalugina [5] and was systematically developed by Gustavsson [6], Janson [7], Merucci
[8], Persson [9] and so on. In the theory of interpolation with a function parameter,
there are four important function classes, namely, Bk, By, P~ and Q(ap,a;). It was
proved by Gustavsson [6] that By, C Bk and thatif f € Bk, then there exists a function
g € By such that f is equivalent to g. Persson [9] proved that By, C Q(0,1) C P+~
and that if ¢ € 3, then there exists a function y € By, such that ¢ is equivalent
to y. From these relationships, one can find that real interpolation with a function
parameter belonging to Bk, By or 7 can be transferred to real interpolation with
a function parameter belonging to Q(0,1). For this reason, in this paper, we will only
consider real interpolation with a function parameter belonging to Q(0, 1) for martin-
gale Hardy-Lorentz and BMO spaces.

Interpolation of martingale spaces is one of the main parts in martingale H,, the-
ory, and its theory has been successfully applied to Fourier analysis. More and more
attentions have been paid to this topic in recent years, for example see [19, 20, 21, 22].
We have studied real interpolation with a function parameter belonging to Q(0, 1) for
Lorentz martingale spaces in [23], and for martingale Hardy and BMO spaces in [24].
However, there is still an unsolved problem in [24]. That is, does Theorem 4.1 in [24]
still hold for 0 < p < 17 In this section, we will give an affirmative answer. Moreover,
real interpolation with a function parameter belonging to Q(0, 1) for martingale Hardy-
Lorentz and BMO spaces is identified. These interpolation theorems generalize some
fundamental interpolation theorems in classical martingale H,, theory (see [3]). In this
paper, we first establish some inequalities for the sharp functions of martingales. With
the aid of these inequalities, some new interpolation theorems which generalize some
fundamental interpolation theorems in classical martingale H,, theory are proved. In
particular, we show that

: oL L
(Hpy.q0BMO2)p.g = Ng(170 /p(170)),

P0x90°
where 0 < pg <o, 0 < go,q <ooand p € 0(0,1).

This paper is organized as follows. Some definitions and notations will be given
in the remainder of this section. In Section 2, we establish some inequalities for the
sharp functions of martingales. As the main results of this paper, some interpolation
theorems are proved in Section 3.

Now let us recall some definitions and notations.

Let (X,u) be a o-finite measure space, .# (X) the space of all measurable func-
tions on X . For f € . (X), denote its distribution function by

Ap(t) =p(x:[f(x)]>1), 1 >0,
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and its decreasing rearrangement function f* is defined as
fr@)=inf{s > 0: As(s) <t}, t >0.

For 0 < g < oo, let @ be a non-negative and locally integrable function on [0,) (@ #
0), the classical Lorentz spaces are defined as

Ag(@) ={f € A (X) : |fllr,9) <>}

where 1
_ T em) d)e, g<e,
£l ag(0) = !
sup,~.o f* () (), q = .

Let (Q,#,P) be a complete probability space, and {.%,},>0 a nondecreasing
sequence of sub- o -algebras of .% such that % = o(lJ,,-%,). The conditional expecta-
tion operators relative to .%, are denoted by E, . For a martingale f = (f,,)n>0 relative
to (Q,.7,P;(Zn)u>0), denote its martingale differences by df; = fi — fi—1 (i >0, with
convention d fy = 0) and its conditional quadratic variation by

n l o 1
su(f) = (L Eldfi?)? () = (T Eldfi)?.
i=1 i=1
The sharp function f; of a martingale f = (f;),>0 is defined as

£ =sup(Ea[s*(f) = s2(F)]5)7, 0 <r<os.

n=0

Let 0 < p < oo, 0 < g < oo, define martingale Lorentz and BMO spaces as follows:

Ay (@) ={f = (f)nz0 2 If las(g) = 5Py (p) <ohs
BMOy = {f = (fu)nz0 : || fllBmo, = sup 1B | f = S )2 e < oo}

BMOy, ={f = (fu)nz0 : | f||Bmoy, = sup |Enls®(f) = 2N ) [l < o0}

n=0

REMARK 1.1. One can easily show that Lorentz martingale spaces A;(qo) are
quasi-normed spaces. We recall that BMO,, ~ BMO; = BMO; for 0 < p <. For
real-valued BMO martingale theory, we refer to Weisz [3] and Long [16]. It is clear

1 1 1
that[i;f (fé? =17, then A}(9) = H,, ,. In particular, if @(#) =17, then A}(77) = Hy,
see [3, 16].

Now let us recall a function parameter class introduced by Persson [9] as follows.
Let ap and a; be real numbers such that ap < a;. The class Qlag,a;] consists
of all non-negative functions ¢(z) on (0,c0) such that ¢(r)r~% is nondecreasing and
()t~ is non-increasing. A function is said to belong to the Q(ag,ay), if @(¢) €
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Qlao + €,a; + €] for some € > 0. The notation @(¢) € Q(ap,—) (@(¢) € Q(—,a1))
means that @(7) € Q(ao,b) (¢(t) € Q(b,a;)) for some real number b.

Let us recall some notations in interpolation theory. For more details we refer to [2]
and [13]. Suppose that Ay and A; are two quasi-normed spaces embedded continuously
into a topological space A. The K -functional is defined as

K(t7f;A07Al) = lnf{HfOHAo +tHf1HA1 :f:fo +f17fi EAhi: 071}7

where the infimum takes over all possible decompositions with f = fy + f1, fi € A,
i=0,1. For ¢ a function parameter, 0 < g < oo, the interpolation spaces (A¢,A1)¢.q
between Ag and A; are defined as the space of all functions f € Ag+ A; such that

Hf”(AoAl)(M < co, where

1
oo ((K(1,f340,41) \ ¢ a
(e (Fefm) ) g
Hf||(A07Al)(P~‘] - K(I f'A A )
Sup;~o T())l7 ==

Throughout this paper, we use C to denote some constant and may be different at
each occurrence. The equivalence a ~ b means that Cja < b < Cya for some positive
constants C; and C,. Two quasi-normed spaces, A and B, are considered as equal and
we write A = B whenever their quasi-norms are equivalent. The relation A C B means
that we have a continuous embedding.

2. Some inequalities for the sharp functions of martingales
As is well-known, the sharp functions play an important role in the study of in-
terpolation between Hardy spaces and BMO spaces, see [2, 3]. In this section, we will
devote ourself to establishing some inequalities for the sharp functions of martingales.

We first establish an inequality for the sharp functions of martingales with respect
to the Lorentz norm. Here we need the following lemmas:

LEMMA 2.1. Let 0 < r < 1. Then for any martingale f = (fn)n>0 we have
t
S0 <47 £ (5) #5007, 10,

Proof. 1t is enough to prove

2

>
&

N

16 ~f;‘*2<%) +s(f)2(20), 1>0. @.1)

; , 0 <r< 1. We define stopping times as follows:

Set Ny = (Ea(s>(f) = s2(f))2)
T— inf{n EN:M, > f(%) }

p=inf{n € N:s,41(f) > s(f)"(2t)},
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{r<=t=1r>£(5)}
{1 < o=} = {s(f) > s(f)" (20},

P(1 < e0) <

then we have

t
7 P(u < oo) <21

Since
{6002 > 16772 (5) +5(n2 20 }
C {r<pu{n < 60nP - (ulh)? > 167 £72(5) }
and notice that 0 < r < 1, we get
P(s()P > 167 772 (5) +s(7)220)
<R <o)t g [ (GO~ ()i

_ 1 s 2 _ (s 25 | o
=P(1 <o)+ f‘*’(%)/{u«}E((( (N7 = (su ()2 | Fu)dP

< Be <o)+ g ([ BUCOD e 17 hae) ([ ae)™
< IP(1<oo)+%IP(u < eo) <1,
Thus (2.1) holds. The proof is completed. ]

LEMMA 2.2. [9] Let ¢(t) € Qlag,a1]. Then @(t*) € Qlapa,a;c], o > 0.

LEMMA 2.3. [16] Let (F,G) be a pair of non-negative measurable functions on
(Q,.7,P). If (F,G) satisfies the rearrangement inequality

t
F*(1) < CG* (5) FFH21), V>0,
Then with the same C, we have

C [~ G*(s)
F (1) < 2CG*< )+
() < 2 * log2 J; s

ds, Vt>O0.

LEMMA 2.4. [9] Let 0 < g < oo, 0 <1 <oeo, Y(t) € Q(—,—), and h(t) a positive
and non-increasing function on (0,e0).

1. If o(t) € O(—,0), then
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2. If (t) € Q(0,—), then
([ 0w ( [ wwwar®) @y <c( [towmownr®)

Now we can formulate the following inequality:
THEOREM 2.1. Let 0 < p,r <oo, 0< g< e and p € Q(0,1). Then

<clp .
b by S N Db iy

Proof. The case for 1 < r < oo was proved in [24]. We only need to prove this

theorem for O <r< 1. 1
Since p(r7) € 0(0, :;) by Lemma 2.2, then p(¢7)r~¢ is nondecreasing for some

1
€>0. So we have p(17) >
and 2.4 that

| s(f) H 1 </ (” S )th>1/q

AP /p(e7)
/ tl’fs*% th)%,

tl/P)
+(/:(pé—f/p>)q</t i as)'S)

<e(f <’;{2’Z§?>"?>”‘1
SCLLA T

1
Cp((5)7) for r > 0. It follows from Lemma 2.1, 2.2,2.3

)

The proof is completed. []
Now let us turn to the L, ..-norm inequalities for the sharp functions of martin-

gales.

LEMMA 2.5. [3]
(i) Let 0 < r < p < oo, then for any martingale f = (fu)n>0 we have

15 o< Cp Il s(F) M3

(ii) Let 2 < p < oo, then for any martingale f = (fu)n>0 we have

Is(Hlp < Cpll £1lp-
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DEFINITION 2.1. [17] A measurable function a is called a w-1-atom, if there
exists a stopping time v (Vv is called the stopping time associated with @) such that

(1) a,=E,a=0if v>n,

(i) s(a)]]o < oo.

LEMMA 2.6. [17] Let 1< q<2and T : Ly — Ly a bounded sublinear operator.
If
P(|Ta| > 0) < C;P(v < o)

for all w-1-atoms a, where Vv is the stopping time associated with a, then for 0 < p < gq
we have

ITfllp e < Cp, glls(F) Ly

According to the proof of Lemma 2.8 in [17], it is easy to see that the conclusion
still holds for quasi-linear operators.

THEOREM 2.2. Let 0 < p,r <2. Then

£ N2y <Cp I 5(F) e -

Proof. The sharp function T f = f; is quasi-linear. By Lemma 2.5, T is L;-
bounded. If a is a w-1-atom and Vv is the stopping time associated with a, then (|Ta| >
0) = (a} > 0) C (v < o). Hence, P(|Ta| > 0) < P(v < ). It follows from Lemma
2.6 that

Hf;‘”LpA,m = ||TfHLp,oo < CP”S(f)HLp,oo'
The proof is completed. [

A weak type Doob’s maximal inequality was proved by Liu [18]:
M) |2, < Cp | fllzper 1 < p <o,

where M(f) = sup,~¢ | fu | is the Doob’s maximal function of a martingale f =
(fn)n=0. From this inequality and Theorem 2.2, we obtain

COROLLARY 2.1. Let 0 < p < oo. Then

1A < Cp [ 5(F) NIz -

It was proved by Weisz in [3] that || £ [|,~|| s(f) ||, for 0 <r < p < eo. In the
following let us consider the reverse inequality in Theorem 2.2.

DEFINITION 2.2. [14] Let (f,g) be a pair of non-negative measurable functions
on (Q,#,P). We say that it satisfies the good A -inequality, if there is o > 1, and for
all B > 0 small enough, there exist constants &g satisfying limg_ &g = 0, such that

P(f > oA) < ggP(f > A)+8P(g > BA), A >0,
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The weak L,-norm of a measurable function f is defined by

= -

1 f lwe,= sup AP(|f] > A)7.
A>0

As is well-known, the weak L,-normof f is equivalent to its L ..-norm(see for exam-
ple in [3]). The following Lemma indicates that the good A -inequality is a sufficient
condition for the type of inequality L —Lp . to hold.

LEMMA 2.7. Let 0 < p < eo. If a pair of nonnegative measurable functions (f,g)
satisfies the good A -inequality, then

1l <Cp ll 8 Iy -

Proof. Let 6,(1) = AP(f > l)% Since (f,g) satisfies the good A -inequality,
we have

1 1
6p(a2) < Cp (e 0,(A) + B8] | ¢ lht, )

Hence,

/A
6p(%) < 085,,6,( =) +Capp 1 2 ot

n 2’ o \n—
< (@85,)"0p( o) + Capp(1+--+ (085, ") g llut,.

1 1
where g5, = Cpeé’ and Cyp ), = Cpaﬁ’ISB” . Now let B small enough such that
ogg , < 1 and let n — oo, we get

1 llwe, < Cp Il g llwe, -

The proof is completed. [J]

LEMMA 2.8. Let 0 < r < eo. Then the pair (s(f),[f!) satisfies the good A -
inequality.

Proof. For 0 <r < 1,let & > 1 and define three stopping times as follows:

T =inf{n € N:s,.1(f) > Vol
S=inf{n e N:s,11(f) > A},
R=inf{neN:n,(f) > BAr}.
Obviously, S < T'. Since
{T <o} C{T < ,§
CH{T <o, 8

T.S <R} JT <, S<T,RS}
T.S <R} R < =},

NN
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we have

P(T < o)

1 o )
<(O‘—1)%7“/{S<T}ﬂ~{S<R}IE:((S (f)=s5(f))* | F5)dP+ P(R < )

; 2 ) g 1 r
) (05—1)57L’</{S<T}Q{S<R}(E((s (f) =ss()2 | Fs)) dP)
1—r
x( /{KT} )RR

P 7P(S <o) +P(R < o0).

(x—1)2

S

That is

() > VER) € P P0() > 1)+ B > B2)

For 1 < r < oo, let oo > 1, we define the following three stopping times at this
time:

T =inf{n € N:5,41(f) > ar},
S=inf{n e N:s,11(f) > A},

R=inf{n e N:n.(f) > BA}.
We have

P(T < o0)
1

S =i /{S<T}ﬂ{S<R}(s(f) —s55(f))dP +P(R < )
1

) [CEnA /{S<T}Q{S<R}E((s2(f) —3())7 | Fs)dP+P(R < )

1 o )
< m/{sgrm{S@}(E((sz(f)—Sg(f))z | Zs))rdP+P(R < o)
< %P(S <o) +P(R < ).

That is

B(s(f) > 0d) < %Ms(f) > 2)+B(f} > BA)-
The proof is completed. []

By Lemma 2.7 and 2.8, we obtain
THEOREM 2.3. Let 0 < r < oo, 0 < p < oo, Then

15O 2y < Cp [ 17 N2 -
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It follows from Theorem 2.2, 2.3 and Corollary 2.1 that
COROLLARY 2.2. (i) Let 0 < p,r <2. Then
| sCF) Lyl £ Ly

(ii) Let 0 < p < oo. Then
1) el A7 lLpee -

3. Some interpolation theorems for martingale Hardy-Lorentz spaces

In this section, some new interpolation theorems will be proved. The results gen-
eralize some fundamental interpolation theorems in classical martingale H), theory are
proved. In particular, we obtain an interpolation theorem for martingale Hardy-Lorentz
and BMO spaces (Theorem 3.3).

LEMMA 3.1. [23] Let 0 < p <oo, 0<g<ooand p € Q(0,1). Then
(HY,H)p g = K17 [p(17)).
THEOREM 3.1. Let 0 < p < oo, 0<g< oo and p € Q(0,1). Then
(Hy BMO2)p.g = Ay (e /p(e7)).
Proof. By the equivalence between BMO, and BMO7, we have
| fllsmo, < CI f \\BMO-;SCiL;PO | Ens(f) [l

SCls(f) llo=ClI f Na -

Thus by Lemma 3.1 we have

1S Wy, 8304)p, < C N My s ), CIIfIIAY |
at

1 ) (3.1
P/p(

==
N
=

. 1 1
from which we get A3 (17 /p(t7)) C (H,,BMO2)p 4. .
For the converse, let f € HIS,+BM0, f=g+h,with ge H), h € BMO, then

[y <C(gr 1) < Clg+ || 7 llBmoy)-

Let r =1, by Corollary 2.1, then for any # > 0,

(") 187 (t") + [ h || Bmo,)

181 Iz, +1 11 2 [|so,)

I's(8) Iy +2 11 A llBrt0,) (3.2)
|

< C(
< C(
< C(
< C(lI's(g) lp +t 1| 2 llmo,)
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Taking the infimum over all decompositions f = g+ h € H, +BMO,, we obtain
177 (t") < CK(t, f;H,,BMOy).
Hence, by Theorem 2.1 we get

HfH o

P IpP))

<CIRN, b ooby

<Cfl (H.BMO,)p g
from which we get (H},BMO>)p 4 C A;, (t% /p (t% )). The proof is completed. [
Since || f || (a

P

BMO,)p, S C Il f H(H;BMOz)p%q? it follows from (3.1) and (3.2) that
COROLLARY 3.1. Let 0 < p < oo, 0 < g<ooand p € Q(0,1). Then

(H} o, BMOs)p g = K17 [p(i7)).

LEMMA 3.2. [9] Let @(t) € Qlag,a;], then t%(¢(t))P € Qo + a1 B, ot + ao ],
aeR, B <0.

The following lemma was obtained by Persson [9] for quasi-Banach spaces. By
use of the method in [10] and [12], it is easy to verify that the lemma also holds for
quasi-normed spaces.

LEMMA 3.3. Let p(t) and po(t) be in the class Q(0,1), 0 < go < oo, 0 < g < oo.
If we put pi(t) = po(t)p(t/po(t)). Then

((A07A1)PO~,‘107A1)P~,‘1 = (A07A1)P1~,‘1'

THEOREM 3.2. Let @(t) and p(t) be in the class Q(0,1), 0 < go < e, 0 < g <
oo, Then

(A%, (90),BMO2)p 4 = Ay(0),
where @(t) = @o(t)/p(@o(?))-

Proof. Put po(t) =1/@o(t?), by Lemma 2.2 and 3.2, we can choose p so small
that po(r) € Q(0,1). Then by Lemma 3.3 and Theorem 3.1 we obtain
(A% (@0),BMO3)p 4 = ((H},, BMO2)py,0, BMO2)p 4
= (Hy, BMO2) po(0)p(t/po(1)).q = Na(®);
where ¢(t) = @o(t)/p(@o(r)). The proof is completed. [

It follows from Corollary 3.1 and Theorem 3.2 that we obtain

THEOREM 3.3. Let 0 < py < e, 0 < go,q < oo and p € Q(0,1). Then

oL 1
(Hpy g0 BMO2)p. g = Ny (175 /p(170)).
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