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SOME NECESSARY AND SUFFICIENT
CONDITIONS FOR A VMO FUNCTION

GUANGQING WANG AND JINHUI L1*

(Communicated by A. Meskhi)

Abstract. Let Z,M (R™) (quﬁ 2 (R")) be the (weak) modified Morrey spaces. In this paper, for
some appropriate indices p,A and g, we firstly prove that the commutator [b,Iy], generated by
the symbol b and the fractional intergal operator Iy , is bounded from Zp,l (R") to quﬁ 2 (R™)
if and only if 5 belongs to VMO(R"). Besides, for the fractional maximal commutator My, ,
the result still holds. Moreover, commutators of fractional maximal functions with symbol b are
investigated. More precisely, it is shown that commutators [b,M] is bounded from L, ; (R")

to qul (R™) if and only if b belongs to VMO(RR") with the negative part of b equals to zero
almost everywhere.

1. Introduction

In 1961, John and Nirenberg [1] defined the Bounded Mean Oscillation spaces
BMO(R"). Let O = Q(x,r) be a cube in R" centered at x with sides parallel to the
axes having sidelength r. A locally integrable function f is said to be in BMO spaces
if

1
flsvomn = sup s [ |7(y) = foldy <=,
(") r>0.xeR” |Q(x7r)| o(x,r) ¢
where fp means the average of f on Q. And a function f in BMO(R") is said to have
vanishing mean oscillation, or to belong to the Sarason class VMO(R") (see [2]), if

lim n(p) =0,
p—0

where n(p) (p > 0), the VMO modulus of f, is defined by

1
np)= swp e [ 1)~ folay
r<pacrr 1005 )] Jotwr) ¢
It is obvious that VMO space contains all uniformly continuous functions in BMO(RR")
and is a closed subspace of BMO space (see [2]).
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Let I, (0 < o < n) be the fractional integral operator of order ¢, defined by

hf@%:/ )

————dy.
e x—y

For a locally integrable function b, Chanillo [3] proved that if » € BMO(R"), the
commutator
[b. 1] (x) == b(x)Iof (x) = 1o (D) (x),

is bounded from Lebesgue spaces L,(R") to Ly(R") with 1 < p <n/o and 1/q =
1/p — o/n and that the reverse is also valid, if n — o is even. A complete characteri-
zation of BMO(R") via the commutator [b, ] was shown by Ding [4]. Similarly, the
boundedness of [b,1,] from classical (or generalized) Morrey spaces to itself [5, 6, 7, 4]
or from Morrey spaces to its predual [8] can be used to characterized the BMO spaces
as well. And there are a number of classical results that demonstrate BMO spaces are
the right collections to do harmonic analysis on the boundedness of commutators, see
[9, 10, 11, 12].

Then, a natural question occurs to us: does there exist a kind of boundedness
of [b,Iy] to characterize the VMO(R") spaces? In this paper, we will give an affir-
mative answer. We show that b € VMO(R") if and only if the commutator [b, /4]
is bounded from the modified Morrey spaces L, 3 (R") to the weak modified Morrey
spaces WZ,M(R").

Another subject of this paper is to show characterization of the VMO spaces via
fractional maximal commutator and commutator of factional maximal functions that
are defined by

Mo (x) = Ma ((bx) ~ b)) (%)
and
b, M) f(x) := Ma (b (x) — b(x)Maf (x),
respectively, where M, denotes fractional maximal function given by

Mo f(v) = sup [BCer)| 7 [ 50y
>0 B(x,1)
What should be emphasized here is that the operators M, and [b,M,] are different
from each other. For example, M, is positive and sublinear, but [b,M,] is neither
positive nor sublinear. Both of them play an important role in the study of commutators
of singular operators with BMO symbols and have been investigated, intensively (see
[14, 15,16, 17, 18, 19, 20, 26, 27]). One of the applications is the characterization of
BMO functions via the strong-type boundedness of them acting on Morrey spaces or
Lebesgue spaces. Readers interested can refer to [15, 20, 27, 26] for instance. In this
paper, we apply weak-type boundedness for character VMO functions; More precisely,
it is shown that the commutator My, is bounded from L, 5 (R") to WL, ; (R") if and
only if b is in VMO(R"), and that the commutator [b, M,] is bounded from Zn 2 (RM)

to WZ% 2 (R™) if and only if b is in VMO(R") with the negative part of b equals to
zero almost everywhere. Therefore, our results imply that both M, and [b, M| have
properties that the strong-type and weak-type boundedness are equal on the modified
Morrey spaces.
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2. Notations and preliminaries

Throughout the paper, the letter C denote a positive constant that may vary from
line to line but remains independent of the main variables. We write A < B to indicate
that A is majorized by B times a constant independent of A and B, and that Q = Q(x,r)
denotes the cube centered at x with side length r. Given a Lebesgue measurable set E,
xe will denote the characteristic function of E and |E| is the Lebesgue measure of E .

DEFINITION 2.1. (see [21]) Let 1 <p <eo, 0 <A < n and [r]; = min(1,r). We
denote by Lp’ 2 (R™) the modified Morrey spaces, and by WLp.’ 2 (R™) the weak modified
Morrey spaces, as the set of locally integrable function f, with the finite norms

Iz = sup (17 o 1) Pdy) 7,

x€R™ r>0

fllyz, e =supt(sup DAy € Q0r): FO)] > 1H)7,

t>0 xeR"r>0

respectively.

For convenience, we denote ZpJL = ZpJL (R") and sz,k = WZWL (R™). From
[21], we have

Ly CrLyanL, and  max(||fle,,.|f]z,) < A1z, , - 2.1)
where L, ; denotes the classical Morrey spaces whose definitions can be found in many
papers such as [5, 6, 7, 8, 12]. And, the opposite of (2.1) is true as well [13, Lemma
3.1]. So the following lemma is valid.

LEMMA 2.1. Let | < p <o and 0 <A < n. Then

Lys=Lpa0Ly and [z =max(| /], I /]z,)-

Given function f € L} (R"). Denote by M* the Sharp Maximal Function:
V) =sup o [ 1F0) ol

And Stromberg related commutators with Sharp Maximal function in [22], firstly. Us-
ing M* to act operator [b,I,], Shirai [5] get the following lemma.

LEMMA 2.2. (see [5]) Let 0< oo <n, 1 <r <oo and b € BMO(R"). Then there
exists a constant C > 0, independent of b and f, such that

M ([b,1a) f) (x) < Cbllsmon) {a (/1) (0) + o (L) (%)},

for almost all x and every f € CZ(R"), where 1y ,(|f])(x) = (Lo (|f])"(x ))%
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The bounedeness of M, ; can be easily obtained by the inequality My ;f(x) <
I pf (x), where the operator I, 5, having similar properties with the commutator [b, 1],
is defined as follows
|b(x) —b(y)|

n ey

lasf () = [ FO)dy.

LEMMA 2.3. Let 0 < <n, 1 <r<oo and b € BMO(R"). Then there exists a
constant C > 0, independent of b and f, such that
M (1o, f)(x) < ClIb[pmogn) { T (1) (%) + Lo (1 £1)(x) }

for almost all x and every f € CZ(R"), where Iy ,(|f])(x) = (Ira(|f|)r(x))%.

The proof of the lemma is similar to the proof of Lemma 4.2 in [5] and be omitted
here.

LEMMA 2.4. Let 0 <A <n and 1 < p < oo. Then there exists a constant C > 0,
independent of f, such that

- el
Ml | <Clmisly
for almost all x and every f € ZNL.

Proof. From Lemma 2.1, the inequalities [[Mf]|z,, < CHM’ijLM (see [6]) and
IMf|, < C|IMFf]|z, (see [23]), it is obvious that

IMfllz, <max(ClMEfl L ColMEflz ) < CIMEF

which implies the proof is completed. [l

To get b € VMO(R") by weak-type boundedness of [b,1y], the following lemma
will be our main tool.

LEMMA 2.5. Let 0< A <nand 1 < p' <p. If f€ szju then, for any cube
0 = Q(x,r), we have

n /

A
17/ < n— " » P
o ay ST Iy,

~ A
Proof. Let Q be a fixed cube and f € WL, ; . Choose N = |Q| 7 [r]{ || flly7 E
D,
then

/\f(y)l”/dy Z/thl_l\{yEQ: )| > t}|dr
0 0
N o /
= (/0 +/N Py e Q: |f(y)| > t}dr
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< IOV + DTN PIA D

!
A

pid iy p p,
=TI

which implies that the proof of the lemma is completed. [J

REMARK 2.1. InLemma2.4,if 0 < A’ < n satisfying ”;,” < ”;f , then WZpJL C
L, 5. Moveover, Hf”pr < Hf”WZM' In fact, from lemma 2.4, it follows that
r_A

n A_A
/

_n 5
P I g, < U fllwz s
A DA

1 / L
(o [ 10 dy)7 <o
[r]i Je
which implies the conclusion.

3. Main results

Next, we show our main results as well as their proofs. The first results about the
modified Morrey estimates for the Riesz potential I, can be deduced by the result of
Guliyev et al. [21, Theorem 2]. And we give a new proof here.

THEOREM 3.1. Let 0 <o <n, 0<A<n—o, 1 <p<(n—»1)/o and 1/q=
1/p—o/(n—A). Then Iy is bounded from Ly, 5 to L ;.

Proof. From Lemma 2.1, the (L, ,L, ) and (Lp,L;) boundedness of I, the
conclusion follows immediately. [l

COROLLARY 3.1. LetO0<a<n, 0<SA<n—a, |<p<(n—A)/aand 1/q=
1/p—o/(n—A). Then My, is bounded from L, 5 to L, .

Now we state our results about commutator [b,I,] with a symbol b, that is, the
characterization of VMO spaces via the commutators [b, 1], M ;, and [b,M].

THEOREM 3.2. Lt 0<a<n, 0<A<n—oa, l<p<(n—A)/o and 1/q=
I/p—o/(n—A). Then the following statements are equivalent:

1. be VMO(R").
2. [b,1y] is bounded from ZpJL to Z%;L.

3. [b,1y] is bounded from szL to WZ,M.
Proof. Since that (2) = (3) is clear, it suffices to prove the following assertions.

(I) = (2) : Let b € VMO(R"), then b € BMO(R"). From Lemma 2.1, the
(Lpa,Lga)and (Ly,L,) boundedness of [b,14], the conclusion follows immediately
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(3) = (1) : Follow the method in [22]. Choose zo € R"\{0} and & > 0 such that
|x["~% has an absolutely convergent Fourier series in the cube Q(zp,0),

a_ Eamd(vm,x),
m

with ¥, |am| < e, where the exact form of the vectors v,, is unrelated, since |x|"~%* €
C=(0Q(z0,6)). Set z; = 8 'z9. If |[z—z1| < \/n, we have the expansion

‘Z|n o _ §o- "‘52‘" o« _ 50— nza e’ vm,3z>

Let Qg = Q(xo,r) be a fixed cube. we consider f = g, . Itis clear that

n A
1200llzpr =r7lrly 7 (3.1)
Denote Q' = Q(xo —rz1,r). Then, for any x,y € Q and z € Q’,
’ﬂ_a’ < ‘x—xo‘+‘y—(xo—rZ1) < n
r r r
Let s(x) = sgn(fy (b(x) —b(y))dy). Then
i/ Ib(x) — ber|dx
0] Jo ¢
= 6“*"@ L ,s(x)(b(x)—b(y))r"*“\x—y\“*" B8N gy
)
S [ (009 =03l sz e 0 g ()

Set gn(y) = e*f<Vm79y>xQ/ (v) and iy (x) = 0 P s(x) x(x), then
51, J, Lt g
— b(x) —byldx = A )x—y 2 (V) (x)dydx
C
_ W%am /Q 1B, 1] () (¥ ().

Choose 1 < ¢’ < q. By the Lemma 2.5 and (3.1), it follows that

ﬁ/gw(x)—bddxg é/ Ib(x) — byrldx
2|am\</ b, (n) (9| )

Z|am\r

==

n A
1 Tl )
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n &
S el , Zlanllb tallz,, —wz,
m

Let r < 1. Observing that

we have

which implies b € VMO(RR"). This completes the proof. [J

THEOREM 3.3. Let O <o <n, 0<A<n—oa, l<p<(n—A)/aand 1/q
=1/p—a/(n—A). Then the following statements are equivalent:

1. be VMO(R").

2. Mgy, is bounded from Zp,/l to Zq,/l-

3. Mgy is bounded from Zp’}L to qu,)w

Proof. 1t suffices to show the following assertions.
(I)=(2): Let 1 <r < p.ByLemma 2.4 and 2.3, it is concluded that

IManfllz,, <IMUasf)lz,, <M (Tashlz,,
1
< CHbHBMo(R")Hf”Z,M'

(3) = (1): For any x € Q, we have
o 1
0% 1b(x) ~ bol < —— [ [bx) — b3y
o'~ Jo
1
<sup7a/ b(x)—b(y)|dy
e |Q'] 0 Q’ﬁQ‘ ®)=50)

= Moy px0(x)-

Let N> 0 and 0 < 6 < 1. Noticing ¢ > p > 1, we have

/Q|b(x)—bQ|dx :5{/0N+/N°°}|{xegz Ib(x) — bo| > 1}]dt

A -
<IQIN+[rlir“IMapxoll 7 aN 1
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l—l—;q —oag+" -
SIOIN+[r], " P N'T4
_Aq_ nq _ nq
<min(/"N+ 77 TN N O N,
. _Ag_ nq _ nq . ..
Observing that 7N + r*~ % ~%7* % N1=4 and /"N +r~ "% N'=9 gain the minimal
value with respect to N, at

n=A_n=h_ n_n_g
N=rvr q and N=rr ¢ 7

respectively. Then we have
1 (Lol e 1 1 _a
@/|b(x)—bQ|dx<min(r(" MG n%),r"(ll’ i)y,
Q

Hence we obtain that » € VMO(RR"). The proof of the theorem is completed. [
In order to investigate the boundedness of [b, M,] on Morrey spaces, we need the

following relationships between [b,My] and My, ;.

LEMMA 3.1. Let b be any non-negative locally integral function in R". Then

[, Ma f(x)| < Mo pf (%)

forall f €L} (R").

loc

Proof. Since the pointwise estimate |Myf(x) — Myg(x)] < My (f — g)(x) holds
forany f,g € L}, (R"), we can write

|16, Mo]f(x)| = [Mo(bf)(x) = b(x)Me.f(x)| = [Mo(bf)(x) = M (b(x) f) (x)]
< Mg (bf_ b(x)f) (x)\ = Ma,bf(x)7
for any non-negative function b. [J
Combining to Theorem 3.3, this lemma easily yields the following corollaries.
COROLLARY 3.2. LerO0<a<n, 0<A<n—o, l<p<(n—A)/oand 1/q=

1/p—o/(n—A). If non-negative function b is in BMO(R"), then [b,Mg] is bounded
Sfrom L, to L ;.

Also, we need introduce the following tool

1
Ma,Qf(x) = Ssup

— = | [f)ldy.
003x.00c0 |Qo|' " /0o

When o = 0, we denote My = M o that is used by many people (see [24, 20, 25, 26,
28] for instance). Denote by b =max{b,0} and b~ = —min{b,0}. Then b=>b" —b~
and |b| =b"+b".
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THEOREM 3.4. Let 0 <o <n, 0<A<n—o, l<p<(n—»_A)/oe and 1/q=
1/p—o/(n—A). Then the following statements are equivalent:

1. be VMO[R") and b= (x) =0 a.e.x e R".
2. [b,My] is bounded from Zp,/l to Zq,/l-

3. [b,My] is bounded from Zp,/l to WZ[M.

N

. Forany 0 < 6 < 1, we have

1 o
lim —/ b(x) — |0 % My ob(x)|dx = 0.
A o QI (x) = Q[ " Mo ob(x)]
Proof. (1) = (2): Since (2) = (3) is clear, suffices to prove the following asser-
tions. For b € VMO(R") and b~ (x) =0 a.e. x € R", we have

|[b;Ma] f(x)] < |[Mo, [b]].f ()| < Mg o) f (x) < Mo f (%)

So, (2) follows from Theorem 3.3.
(3) = (4): Let Q be a fixed cube. We have (see (2.4) in [27])

Moxo(x) = Maoxo(x) = 0|7, Ma(bXo)(x) = Me0b(x), Vx€Q.
Choose N = 7"/P~"/4_ Similar to the proof of (3) = (1) in Theorem 3.3, we have
0 [ 1)~ 01 Ma.ob(o) a
__da
=107 [ 1(Mazols) ~ Maolbro) () dx

ose [N ) s
R A B T O R VA PASTERA
—0a ;5 | —n—8ay A q 5—q
< IO N 2 | . Mal N
<O 00 g4 NP
P
< min(r 9*N% + rl_n_&)“r"_f’q_%N‘s_q,r“so‘N‘S + r_n_éo“r%’N‘s_q).
Moreover, it can be seen that

e ng_2q e nq
prBoNS y AnmO =Y ING g ang OO g O N

gain the minimal value with respect to N, at

&}
i
Sl
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respectively. Then we get

|Q‘_1/Q‘b(x)_|Q‘_%Ma7Qb(x)\5dx<min(r‘s("_l)(p b,

Similarly, let » < 1. The fact

yields

n_n

\Q|71fQ|b(x)—\Q|_%Ma7Qb(x)|6dx<r"(p q ”)—>0 as r—0.

(4)=(1): Take =1.Let E={x€ Q: b(x) <bg} and F ={x€ Q: b(x) >
bo}- Then J |b(x) — boldx = [ Io(x) ~ boldx.
Observing b(x) < bg < |bg| < |Q]” " My ob(x) for any x € E, we have that

1 2
@/Qﬂ)(x)—bQ\dx =@/E|b(x)—bg\dx
2 a
_ @/Ew(x)—\grwa,gb(xﬂdx
2 _a
_ @/Q|b(x)—\Q| " Mo, ob(x)|dx

and that b € VMO(R") follows immediately.
Now we show that b~ (x) =0 a.e. x € R". Let Q = Q(xo,r) be a fixed cube. Note
that |b| < Myb in Q. Therefore, in Q, we have

0<b™ =|b|—b* <Mgb—b"+b = Mgb—b,

which follows that

é/g|b_(x)|dx

1
< /Q Mb(x) — b(x)|dx

1 o 1 .
S o -9 — “u _
~ ‘Q|/Q‘b(x) 10| Mg ob(x)|dx+ ‘Q|/QHQ| Mg ob(x) — Mob(x)|dx
=M +M,.

Itis clear that M; — 0 as |Q| — O (follows from the statement (4)). So, in the following

we only show M, — 0 as |Q] — 0.
Also, the fact holds in Q that Mpb(x) = M(bxg)(x), Myo(x) = Moxo(x) =
Xo(x) =1, My ob(x) = My(byo)(x) and 0| = Mgy xo(x). Therefore, we have

1
Mr = o [ Mal(blz0) )~ ) Mool

+[b(x) Mo 0 (x)M o (x) = Mago(x)M(|b] o) (x)|dx
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1
= 1T M 200~ Moo ). 0w

! 1
< |Q|T<;/Q|[Ma’|b”xg(x)|dx+|Q|T?:‘/Q|Ma%Q('x)[|b|7M]XQ(x)|dx
= M2,1 +M272.

Firstly, from Holder’s inequality and Corollary 3.2, it follows that

P g
Moy < ST Malxellz,, ST el

< min(r("_l)(ﬁ_ﬁ‘m), n

So, we get M| — 0 as r— 0.
Then by Holder’s inequality with exponent g and ¢’, we have

_ =

1 1
Moz < o ([ Mazo(wl“an) ([ 161, M)l ):

nap it
<O T IMaxellz, B Mxellz, -

Besides,
n— ALl oy pl_1_o
Mo St xollz Jallxellz < min(r (MG wn) ey -0
as r—0,
by corollaries 3.1 and 3.2. Hence, M, — 0 as |Q| — 0. Therefore, for any cube Q,

ﬁfQ|b7(x)|dx—>0 as |Q|—0,

thatis, b~ (x) =0 a.e. x € R" follows from Lebesgue’s differentiation theorem. [J
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