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ON UNICITY OF MEROMORPHIC FUNCTIONS
CONCERNING THE SHIFTS AND DERIVATIVES

CHAO MENG* AND GANG LIU

(Communicated by S. Hencl)

Abstract. This paper is devoted to studying the sharing value problem for the derivative of a
meromorphic function with its shift and ¢g-difference. The results in the paper improve and
generalize the recent result due to Qi, Li and Yang [28].

1. Introduction, preliminaries and main results

By a meromorphic function we shall always mean a non-constant meromorphic
function in the complex plane. By a constant we shall always mean a complex valued
constant. Let k be a positive integer or infinity and a € CU {e}. Set E(a, f) = {z:
f(z) —a =0}, where each a-point of f with multiplicity k is counted k times in the
set. If each a-point of f with multiplicity k are only counted once, then we denote the
setby E(a, f).

Let f and g be two non-constant meromorphic functions. If E(a, f) = E(a,g),
then we say that f and g share the value @ CM (counting multiplicities); if E(a, f) =
E(a,g), then we say that f and g share the value a IM (ignoring multiplicities). We
denote by Ey)(a,f) the set of all a-points of f with multiplicities not exceeding &,
where an a-point is counted according to its multiplicity. Also we denote by Ek) (a,f)
the set of distinct a-points of f with multiplicities not greater than k. We denote by
Nyy(r,1/(f —a)) the counting function for zeros of f —a with multiplicity less than
or equal to k, and by Ny)(r,1/(f —a)) the corresponding one for which multiplicity
is not counted. Let N (r,1/(f —a)) be the counting function for zeros of f —a with
multiplicity at least k and N(,(r,1/(f —a)) the corresponding one for which multiplic-
ity is not counted. We assume that the reader is familiar with the standard definitions
and notations used in the Nevanlinna value distribution theory, such as T'(r, f), m(r, f),
N(r,f), N(r,f), S(r, f) (see [14] page 4, 34 and 42 or [36] page 6).

Around 2001, I. Lahiri introduced the notion of weighted sharing, which measures
how close a shared value is to being shared CM or to being shared IM. The definition
is as follows.
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DEFINITION 1.1. ([16], page 195) For a complex number a € CU{e}, we de-
note by Ey(a,f) the set of all a-points of f where an a-point with mutiplicity m is
counted m times if m < k and k+ 1 times if m > k. If Ex(a,f) = Ex(a,g) for a
complex number a € CU {eo} we say that f and g share the value a with weight k.

The definition implies that if f and g share a value a with weight k, then z
is a zero of f —a with multiplicity m(< k) if and only if it is a zero of g —a with
multiplicity m(< k) and zo is a zero of f — a with multiplicity m(> k) if and only if
it is a zero of g —a with multiplicity n(> k), where m is not necessarily equal to n.
We write f and g share (a,k) to mean that f and g share the value a with weight k.
Clearly if f and g share (a,k) then f and g share (a,p) for all integer p, 0 < p < k.
Also we note that f and g share a value a IM or CM if and only if f and g share
(a,0) or (a,e) respectively.

Mermorphic functions sharing values with their derivatives has become a subject
of great interest in uniqueness theory. The paper by Rubel and Yang is the starting point
of this topic, along with the following.

THEOREM 1.2. ([30], page 101) Let f be a non-constant entire function. If f
and f' share two distinct finite values CM, then f = f.

Now one may ask the following question: Can we change the number 2 of shared
values to 1 in the Theorem 1.2? The function f = ¢ ée’et(l —¢é')dt from [4] show
that the answer is negative. Indeed, clearly f and f’ share 1 CM but f # . Ina

special case, we recall a well-known conjecture by Briick:

CONJECTURE 1.3. ([4], page 22) Let f be a non-constant entire function such

that hyper-order p>(f) := limsup,_,, loglog 7(r,f)

Togr is not a positive integer or infinity. If

A
f and ' share the finite value a CM, then f;:; = ¢, where c is nonzero constant.

The conjecture has been verified in the special cases when a = 0 [4], or when f
is of finite order [12], or when p,(f) < % [7]. Many results have been obtained for this
and related topics (See [1], [5], [11], [17], [18], [23]-[27], [31], [32], [34], [35], [37],
[39], [41]-[44] and the references therein).

Heittokangas et al. considered analogues of Briick’s conjecture for meromorphic
functions concerning their shifts, and proved the following theorem.

THEOREM 1.4. ([15], Theorem 1, page 353) Let f be a meromorphic function
of order

o log7'(r, f)
pU%—hggp Togr

andlet ¢ € C. If f(z) and f(z+c) share the values a € C and o« CM, then

<2

flz+c¢)—a .

f(z)—a ’

for some constant T.
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Since then, many mathematicians considered this topic (See [6], [8], [10], [19]-
[22], [29], [38] and the references therein). In 2018, Qi, Li and Yang considered the
value sharing problem related to f’(z) and f(z+c), where ¢ is a complex number.
They obtained the following result.

THEOREM 1.5. ([28], Theorem 1.5, page 570) Let f be a non-constant mero-
morphic function of finite order and n > 9 be an integer. If [f'(z)]" and f"(z+c)
share a(#0) and e CM, then f'(z) =tf(z+c), for a constant t that satisfies t" = 1.

It is natural to ask whether the f’ can be extended to f ) in Theorem 1.5. Here
f" denotes the nth power of the function f and f (%) stands for the kth derivative of f,
where k is a non-negative integer. Considering this question, we prove the following
results.

THEOREM 1.6. Let f be a non-constant meromorphic function of finite order and
n be a positive integer. If one of the following conditions is satisfied:

(D) [P ()" and f*(z+c) share (1,2), (e2,0) and n > 2k+8;

(1) [0 (2)]" and f*(z+c) share (1,2), (eo,00) and n >2k+17;

) [fR(2)]" and f"(z+ c) share (1,0), (e,0) and n > 3k+ 14;
then f%)(z) =1f(z+c¢), for a constant t that satisfies 1" = 1.

If we consider entire function instead of meromorphic function, the counting func-
tions related to the poles of [f¥)(z)]" and f”(z+¢) can be neglected. Arguing similarly

as in Theorem 1.6, we will see that & is not related to the coefficient of Ny | (r, %) . So
we can obtain the following corollary.

COROLLARY 1.7. Let f be a non-constant entire function of finite order and n >
5 be an integer. If [fX) (2)]" and f"(z+c) share (1,2), then f®)(z) =tf(z+c¢), fora
constant t that satisfies t"* = 1.

If the shifts f(z+c¢) in Theorem 1.5 and 1.6 are replaced by g-difference f(gz), where
g € C\ {0}, we obtain:

THEOREM 1.8. Let f be a non-constant meromorphic function of zero order and
n be a positive integer. If one of the following conditions is satisfied:

() [f® (2)]" and f*(qz) share (1,2), (e0,0) and n > 2k+8;

(1) [f® ()" and f"(qz) share (1,2), (s0,00) and n > 2k+7;

) [f® ()" and f"(qz) share (1,0), (s0,0) and n > 3k+ 14;
then f%)(z) =1f(qz), for a constant t that satisfies " = 1.

COROLLARY 1.9. Let f be a non-constant entire function of zero order and n >
5 be an integer. If [f®)(2)]" and f*(qz) share (1,2), then f¥)(z) =tf(qz), for a
constant t that satisfies t"* = 1.
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2. Some Lemmas

In this section, we present some lemmas which will be needed later on. We will
denote by H the following function:

F" 2F G 2
H=|——-—"_|_(=—_==_
(F’ F—l) (G’ G—l) ’
where F' and G are non-constant meromorphic functions. From above, it can be easily
calculated that the possible poles of H occur at (i) multiple zeros of F and G, (ii)
those 1 points of F and G whose multiplicities are different, (iii) those poles of F
and G whose multiplicities are different, (iv) zeros of F’ which are not the zeros of
F(F —1) and zeros of G’ which are not the zeros of G(G —1). And we define the
following notations which are used in the proof.

%(e7) =7 () (7).

where a simple zero point of f is counted once and a multiple zero point of f is
counted twice. Let zp be a zero of f — 1 of multiplicity p and a zero of g—1 of
multiplicity g. We denote by Né) (r, ﬁ) the counting function of those 1-points

of f where p=¢g=1; by NIE} <r, ﬁ) the counting function of those 1-points of f

where p=¢g > 2; by Np (r, ﬁ) the counting function of the 1-points of f whose

multiplicities are greater than 1-points of g; each point in these counting functions is
counted only once. We are ignoring g in the notations above only because the reader
can interpret from the context with which function g we are comparing the function f.

LEMMA 2.1. ([2], Lemma 2.13, page 13) Let F', G be two non-constant mero-
morphic functions. If F, G share (1,2) and (e,k), where 0 < k < o, and H # 0,
then

F
+N. (1,00 F,G) +S(r,F) + 8(r.G) ,

T(nhF)< N, (r,l> +N; (ré) +N(r,F)+N(r,G)

where N.(r,>;F,G) denotes the reduced counting function of those poles of F whose
multiplicities differ from the multiplicities of the corresponding poles of G.

LEMMA 2.2. ([33], Lemma 2, page 108) Let f be a non-constant meromorphic
function, and let ay,ay, ..., a, be finite complex numbers, a, # 0. Then

T(r,a,,f"+---+a2f2+a1f+ao) :nT(V,f)—f—S(V,f)

LEMMA 2.3. ([9], Theorem 2.1, page 109) Let f be a meromorphic function of
Sinite order p(f), and let ¢ be a nonzero constant. Then

T(r,f(z+¢)) =T(r,f(2)) + 0PV 1) + O(logr),

for an arbitrary € > 0.
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We mention that Lemma 2.3 holds also for ¢ =0 as in the case T(r, f(z+c¢)) =

T(r.f(2)).

LEMMA 2.4. ([44], Lemma 2.1, page 4) Let [ be a non-constant meromorphic
function, p, k be positive integers, then

1 1 —
Np <rajm) SNerk <V,?) +kN(V,f)+S(V,f),

where N <r7 ﬁ) denotes the counting function of the zeros of f*) where a zero of

multiplicity m is counted m times if m < p and p times if m > p.

We point out that in Lemma 2.4 one obviously has that N (r, ﬁ) =N (r, ﬁ) .

LEMMA 2.5. ([13], Theorem 2.1, page 465) Let f be a non-constant meromor-
phic function of finite order, and let ¢ € C and 6 € (0,1). Then

(5557 (et =o(FF2) =56,

LEMMA 2.6. ([39], Lemma 3.3, page 349) Suppose that two non-constant mero-
morphic functions F and G share 1 and o IM. Let H be given as above. If H # 0,
then

T(nF)+T(nG) < 3N(RF)+Ns (1 ) +8s (1, = )+ !
r r X r 2 r7F 2 r7G E r’F—l

2 1 1 1
2N 3N (r,—— ) +3N,
* E<r’F—1>+ L<r’F—1>+ L<r’G—1

+S(rnF)+S(r,G).

LEMMA 2.7. ([40], Theorem 1.1, page 538) Let f be a zero-order meromorphic
function, and g € C\ {0}. Then

T(r,f(qz)) = (14+0(1))T(r, f(2))
and

N(r, f(gz)) = (1 +0(1))N(r, f(2))

on a set of lower logarithmic density 1.

LEMMA 2.8. ([3], Theorem 1.1, page 457) Let f be a zero-order meromorphic
function, and g € C\ {0}. Then

m (r f(qz)
" f(2)

) =s)

on a set of logarithmic density 1.
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3. Proof of Theorem 1.6
Let

F=f"(z+¢c), G=[fP@).

ey

(I). Suppose [f*)(z)]" and f"(z+c) share (1,2), (e,0) and n > 2k + 8. Then
it follows directly from the assumptions of the theorem that F' and G share (1,2) and
(e0,0). Let H be defined as above. Suppose that H # 0. It follows from Lemma 2.1

that
1 1 — —
T(rn,F)<M (n f) +N, (n 5) +N(r,F)+N(r,G)
+Ni(r,0,F,G) + S(r,F) +S(r,G) .

According to Lemma 2.2 and Lemma 2.3, we have

T(r,F)=nT(r,f(z+¢))+S(r,f) =nT(r,f) + 0P 14E) L §(r. ).

It is obvious that

(rf) +O0(PD=14E) L 5(r, f).

Lemma 2.4 gives
AN A 1 =
N, NG =2N V,W < 2Niy r,? +2kN(r, )+ S(r, f)
SQ+20T(rf)+S(nf).
Combining (2)-(8), we deduce

(n—2k—7)T(r,f) < O(rPP)=18) L. 8(r, ),

2)

3)

“)

&)

(6)

)

®)

©))
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which contradicts with n > 2k + 8. Therefore H = 0, that is
F// 2F/ G// 2G/
FF-1 G G-1

By integrating twice to the both sides of the above, we can get

1 A
= +B

= 1
F-1 G-1 ’ (10)

where A # 0 and B are constants. From (10) we have

(B—A)F+(A—B—1)

G:
BF—(B+1)

(1)

Suppose that B # 0,—1. From (11), we have

— 1 —
N(r,ﬂ> :N(T,G) (12)

B

From the second fundamental theorem and Lemma 2.3, we have

nT(r,f)=T(rF)+S(rf) <N(rF)+N<r l) +N< ﬁ) +5(r, f)
B
— — 1 — (13)
WS (e )+ (1 s ) #0401
v ()

L3T(r,f)+0(rP f

which contradicts with n > 2k + 8.
Suppose that B= —1. From (11) we have
(A+1)F—A
2 .

,lJrS) +S ,

G= (14)

If A # —1, we obtain from (14) that

— 1 — 1
N<r7F—ﬁ>:N<r75)' (15)

From the second fundamental theorem, Lemma 2.3 and Lemma 2.4, we have

) s
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which contradicts with n > 2k + 8. Hence A = —1. From (14), we get FG = 1, that
is

fle+e)lfP) =1. (17)
Since [f®)(z)]" and f*(z+ c) share (e,0), from (17) we get
N(rf®) =0, T(rfM)=T(rfz+0)+S0 1), (18)
and
O
W PR TG
= e ™ T o

From Lemma 2.5 and the logarithmic derivative lemma, we get

20T (. f0) = 705 [FOP") = m(s [FO1) + N[O = m (110 (@)

A6
B e rOE) fete)
- (r’ f"Em ) <m<,, £(2) >+m<r’ (@) )
b [t _ g,
<m< ® )“"( i@ ) =S
that is
T(V,f(k)) _ S(V,f)- (20)

y (18) and (20), we know that
T(rf(z+e) =T(nfY)=5(rf), 21)

which is a contradiction with Lemma 2.3.
Suppose that B=0. From (11), we have

G=AF—(A—1). (22)
If A # 1, from (22) we obtain

N (r, . _1%> _N (r, é) , (23)

From the second fundamental theorem, Lemma 2.3 and Lemma 2.4, we have
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which contradicts with n > 2k+ 8. Thus A = 1. From (22) we have F = G, that is
' (z+c¢)=[f®(z)]". Hence f¥)(z) =1f(z+c), for aconstant ¢ with 1" = 1. We can
get the conclusion of Theorem 1.6.

(II). Suppose [f¥)(z)]* and f"(z+c) share (1,2), (co,e0) and n > 2k+7. Then
it follows directly from the assumptions of the theorem that F' and G share (1,2) and
(e0,00). Let H be defined as above. Suppose that H # 0. It follows from Lemma 2.1
that

G
+N,(r,00,F,G) +S(r,F) + S(r,G). (25)

T(rF) <N, (r%) + N, (r,l> +N(r,F)+N(r,G)

According to Lemma 2.2 and Lemma 2.3, we have
T(r,F)=nT(r,f(z+¢))+S(r,f) =nT(r,f)+ 0P D4 L 5(r 7). (26)

It is obvious that

F flz+¢) 27
=2T(r,f) + O(P 1)+ 5(r, ),
N(r,F)=N(r,f(z+¢)) <T(r,f(z+¢))
(28)
=T(r,f)+ 0PV 1) £ 8(r, f),
N(r,G) =N(r,f) <T(rf), (29)
N.(r,e;F,G) =0. (30)
Lemma 2.4 gives
1 — 1 1 —
N, (r,5> =2N (r,m < 2Niiq (r,?) +2kN(r, )+ S(r, f) 31)
< (2k+2)T(r f)+S(r, f).
Combining (25)-(31), we deduce
(n—2k—6)T(r,f) < O(PV 1) 1 5(r, 1), (32)

which contradicts with n > 2k + 7. Therefore H = 0. Similar to the proof in (I), we
can get the conclusion of Theorem 1.6.

(I11). Suppose [f¥)(z)]" and f*(z+c) share (1,0), (o,0) and n > 3k + 14.
Then it follows directly from the assumptions of the theorem that F and G share (1,0)
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and (e0,0). Let H be defined as above. Suppose that H # 0. It follows from Lemma

2.6 that

_ 1 1 1) 1
< — —
T(n,F)+T(r,G) <3N(rn,F)+N; (r’F)+N2 (nG)—f—NE (r’F—l)

1 1 1
NG 3N (r,—— ) +3N,
+ E<r7F_ >+ L<F’F_1)+ L<F,G—1

+S(nF)+S(rG).

Since

1 1 1 1
Nli-) (r,F_1> —|—2N1(E2 (r’F——l> + N, (r’—F—l) +2Np (r’G—l)

ot

we get from (33) and (34) that

— 1 1 1
T(rnF g 7F o s o~ 2 s 1
(r,F)<3N(r,F)+ N, (VF>+N2 (V G>+ NL<rF—1>

1
+NL (V,m) +S(r,F)—|—S(r,G)

According to Lemma 2.2 and Lemma 2.3, we have

T(r,F)=nT(r,f(z+¢))+S(r,f) =nT(r,f) + 0P 14E) L §(r. ).

It is obvious that

(33)

(34)

(35)

(36)

(37)

(38)

(39)



MEROMORPHIC FUNCTIONS CONCERNING THE SHIFTS AND DERIVATIVES 1105

Lemma 2.4 gives

N> (r,é) =2N (r,}%) < 2Niy1 (r,%) +2kN(r, f) + S(r, f)

< Rk+2)T(r,f)+S(rf),

1 G G
- )< )< =
NL<r,G_1)\N<r,G/)\N<r7G>+S(r,f)

<N(G)+ <r, é) +5(rf)

(40)

_ _ 1
<N(r,f)+N<r,Jm) +S(f) “D

<N )+ Neo <r, %) RN, f) +S(r )
<(k+2)T(rf) +S(r.f).
Combining (35)—(41), we deduce
(n—3k — 13)T(r, f) < O(rPV)=15E) L 5(r, ), 42)

which contradicts with n > 3k + 14. Therefore H = 0. Similar to the proof of (I), we
can get the conclusion of Theorem 1.6.

4. Proof of Theorem 1.8
Let
F=["(q), G=[YQ)]" (43)
(I). Suppose [f®)(z)]" and f"(gz) share (1,2), (e,0) and n > 2k+8. Then it
follows directly from the assumptions of the theorem that F' and G share (1,2) and

(e0,0). Let H be defined as above. Suppose that H # 0. It follows from Lemma 2.1
that

T(r,F) <N, (r, l) +MN; (r, l) +N(r,F)+N(r,G)

F G (44)
+Ni(r,0,F,G) + S(r,F) +S(r,G) .
According to Lemma 2.2 and Lemma 2.7, we have
T(r,F)=nT(r,f(qz)) +S(r.f) =nT (r.f) +S(r. f), 45)

N(r.F) =N(r,f(qz)) =N(r.f(2)) +5(r.f) < T(r.f) +5(r.f), (46)
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1
No(r=)=2
2<F7F>

It is obvious that

2T(r,f(q2)) = 2T (r.f) + S(.f) -

2|
N
=~
\
—
Q —
K
~—

=]
’%\
3
M
&
N
/ZI
ZI

(nf)<T(rf).

Lemma 2.4 gives

1 — 1 1 —
N, (r,5> =2N (r,}m> < 2Niiq (r,?) +2kN(r, )+ S(r, f)
< Rk+2)T(rf)+S(rf).

Combining (44)-(50), we deduce
(n—Zk—7)T(r,f) < S(raf)a
which contradicts with n > 2k + 8. Therefore H = 0. By integration, we get

1 A
F—l_G—1+&

where A # 0 and B are constants. From (52) we have

(B—A)F+(A—B—1)
BF — (B+1)

G =

Suppose that B # 0, —1. From (53), we have

_ 1 _
N|r———|=N(rG).
) Bl b)

( F——z?)

From the second fundamental theorem and Lemma 2.7, we have

nT(rn,f)=TrF)+S(rf) < (rF)—I—N( ;)—I—N(n}i) +5(r, f)
B

N(r,f(qz)) +N (r, @

which contradicts with n > 2k + 8.
Suppose that B= —1. From (53) we have

) N )+ S0 1),

(A+1)F—A

G =
F

(47)

(48)

(49)

(50)

(51

(52)

(53)

(54)

(55)

(56)
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If A # —1, we obtain from (56) that

_ 1 _< 1)
N|r =N|(r—=]. (57)
( F——) G

From the second fundamental theorem and Lemma 2.4, we have

nT(rf) = T(rF)+S(r.f) <N F)+N ( %) +N ( ﬁ) +50)
A+1
N(r N{r ! N I"L /2 (58)
NS+ (s ) +8 (5 ) 5020

1
f(qz)

which contradicts with n > 2k + 8. Hence A = —1. From (56), we get FG = 1, that
is

<)+ () Moo (1) )50

P EI=1. (59)
Since [f®)(z)]" and f"(gz) share (e,0), from (59) we get

N(rnf®y=0, T(rf%)=T(rf(g2)+S(rf), (60)
and

O @)
LI

n e
1™(qz) e

(61)

From Lemma 2.8 and the logarithmic derivative lemma, we get

[\S)
S
ﬂ
=
D
Y
K>
=
Il
H
=
>
Y
Kol
-
=
~—
Il
3
=
i
=
Kol
-
=
=
_l’_
=
D
=
Koyl
-
=
~—
3
/N
D

9P

that is
T(r,f®)=S(rf). (62)
By (60) and (62), we know that

T(r,f(qz)) =T(r,fM) =5(r1), (63)
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which is a contradiction with Lemma 2.7.
Suppose that B = 0. From (53), we have

G=AF—(A—1). (64)

If A# 1, from (64) we obtain

- 1 _< 1)
N Ny —— =N r—=1. (65)
( F—) G

From the second fundamental theorem and Lemma 2.4, we have

nT(r,f) =T(r,F)+S(r,f) <N(r7F)+N<r, %) +N (r, ﬁ) +S(r,f)

Sﬁmﬂﬂ»+ﬁcwéd>+ﬁgf%>+ﬂmjA (66)
<N(r,f(qz)) +N (r, @) + Ny (r, %) +kN(r, )+ S(r, f),

which contradicts with n > 2k+ 8. Thus A = 1. From (64) we have F = G, that is
f"(qz) = [f®(z)]". Hence f¥)(z) =1f(gz), for a constant 7 with " = 1. we can get
the conclusion of Theorem 1.8.

(II). Suppose [f%)(z)]" and f"(gz) share (1,2), (co,o0) and n > 2k+7. Then
it follows directly from the assumptions of the theorem that F and G share (1,2) and
(e0,00). Let H be defined as above. Suppose that H # 0. It follows from Lemma 2.1
that

T(r,F)<N, (r, l) +N; (r, l) +N(r,F)+N(r,G)

F G (67)
+Ni(r,0,F,G) + S(r,F) +S(r,G) .
According to Lemma 2.2 and Lemma 2.7, we have
T(r,F)=nT(r,f(q2)) +S(rf) =nT(r,f)+S(r.f), (68)
N(er) Zﬁ(nf(qz)) :N(r,f(z))—i—S(r,f) < T(V,f)—l—S(}",f), (69)

1 — 1
N> (r, F) =2N (r, @) <2T(r, f(qz)) =2T (r, f)+S(r, f). (70)

It is obvious that

N(rnG)=N(r.f)<T(rf). (71)

N.(r,00:F,G) =0. (72)



MEROMORPHIC FUNCTIONS CONCERNING THE SHIFTS AND DERIVATIVES 1109

Lemma 2.4 gives

Ny (r,é) =2N (r,L> < 2Niyq (r,%) +2kN(r, f) + S(r, f)

f® (73)
S (2k+2)T(rf)+S(rf) -
Combining (67)-(73), we deduce
(n—2k—6)T(r7f)<S(r7f)7 (74)

which contradicts with n > 2k+ 7. Therefore H = 0. Similar to the proof of (), we
can get the conclusion of Theorem 1.8.

(I11). Suppose [f*)(z)]" and f"(qz) share (1,0), (o,0) and n > 3k + 14. Then
it follows directly from the assumptions of the theorem that F' and G share (1,0) and
(e0,0). Let H be defined as above. Suppose that H # 0. It follows from Lemma 2.6
that

1 1
NG (;», — 1) 13N (;», ﬁ) (75)

| )
)

(76)
<N (r, o 1) <T(1G)+0(1),
we get from (75) and (76) that
T(rF)< 3N(r,F)+N2 (r,%) + N, (r,é) + 2Ny, (n Fl_ 1)
. 7)
+ N, (r, m) +S(nF)+S(r,G).
According to Lemma 2.2 and Lemma 2.7, we have
T(rF)=nT(r.f(q2)) +S(rf) =nT(r.f)+S(rf). (78)
It is obvious that
N(nF)=N(r.f(qz)) < T(r.f(g2)) = T(r.f) +S(n.f), (79)

1 — 1
N> (r, F) =2N (r, f(qz)) <2T(r,f(q2)) =2T(r, f)+S(r, f), (80)
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N (r’Fl—l) < (r,?) <N(n%) ()

(nF)+N (r, %) +8(r, f)

=

=

(81)

Lemma 2.4 gives

1 — 1 1 —
N2 (r,6> =2N (V,W> < 2Nk+1 (r,?) +2kN(r,f) —l—S(r,f) (82)
< (2k+2)T(r f)+S(r.f),

1 G G
— | < < -
NL<r7G_l)\N<r Gl) N(aG>+S(r7f)
L)y
G

<N(r,G)—|—N<r ) S(r,f)
=W )+ (g ) +50) )
=N+ (1 ) +5007)
<N(nf) +Nigt ( ;) +kN(r, )+ S(r, f)
< (k+2)T(r f)+S(r,f).
Combining (77)-(83), we deduce
(n—=3k—13)T(r,f) <S(r,f), (84)

which contradicts with n > 3k + 14. Therefore H = 0. Similar to the proof of (), w
can get the conclusion of Theorem 1.8.
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