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INITIAL SUCCESSIVE COEFFICIENTS FOR CERTAIN
CLASSES OF UNIVALENT FUNCTIONS INVOLVING THE
EXPONENTIAL FUNCTION

LEI SHI, ZHI-GANG WANG*, REN-LI SU AND MUHAMMAD ARIF

(Communicated by J. Pecaric)

Abstract. Let . denote the family of all functions that are analytic and univalent in the unit
disk D :={z:|z] <1} and satisfy f(0) = f’(0)—1=0. In the present paper, we consider
certain subclasses of univalent functions associated with the exponential function, and obtain the
sharp upper bounds on the initial coefficients and the difference of initial successive coefficients
for functions belonging to these classes.

1. Introduction

Let o7 denote the class of functions f of the form

f@) =2+ Y and", (1.1)
n=2
which are analytic in the unit disk D := {z:|z| < 1} and satisfy the conditions f(0) =
f(0) —1=0. Let . be the set of all functions f € &/ that are univalentin D . Let
S and £ denote the subclasses of .% consisting of starlike functions and convex
functions, respectively.
Let & denote the class of all functions p(z) analytic and having positive real part
in D, with the form
p(z) =1+ pad". (1.2)
n=1
For two functions f and g, analytic in D, we say that the function f is subordi-
nate to g in D, and write
f(2)<8(x) (zeD),
if there exists a Schwarz function @, which is analytic in D with
0(0)=0and |0(z)]<1(z€ D)

such that
fe)=¢(w(z)) (zeD).
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Using the subordination relationship, Ma and Minda [10] introduced the class of
Ma-Minda type of starlike functions .#*(¢), which is defined by

f'(2)
f2)
where ¢(z) is analytic and univalent in D and for which ¢ (D) is convex with ¢(z) €
P forzeD.

For a constant A with 0 < A < %, by setting

T(9) = {fe;z%: <) (z€ D)}, (1.3)

0(z) =" (ze D), (1.4)
we have the class ., which is defined by the condition
f'(z)
Y*ezz{zedzz < (zeD)p. (1.5)
A f(Z) ( )
It can be seen that the condition (1.5) is equivalent to
2f'(2)
log <A (ze D). (1.6)
| <t EEP)
Also, we denote by %), the class of functions f € .o satisfying the condition
2f"(2) | 2
1+ < (ze D). (1.7)
f'(z) ( )

Let z =re'®, r€[0,1), 6 € [0,27], we have R (ekz) = 780 cos(Arsin@). It
is clear that cos(Arsin@) >0 for A € (0,%] and thus R (¢*?) > 0(z € D). Indeed,
the class .7, is a subclass of starlike functions * and %}, is a subclass of convex
functions 7.

By choosing A = 1, we obtain the families .%," and .%,* which were introduced
and investigated by Mediratta et al. [11] and were later studied by many authors, see
[4,5, 12, 17, 18, 22, 23] and the references cited therein. Clearly, for 0 < { < 1 and
1 <n<Z,wehave

Yge CI A

In recent years, the difference of the moduli of successive coefficients of a func-
tion f € . has attracted many researchers’ attention (see [3, 6, 20, 21]). Because of
the triangle inequality ||a,41| — |an|| < |an+1 — an|, sometimes it maybe useful to study
the upper bounds of |, —a,| for some refined subclasses of starlike and convex
functions to obtain the upper bound of ||a;, 1| — |ax||. In [15], Robertson proved that
|ani1 — an| < 25 jay — 1] forall f € ¢ . Recently, Li and Sugawa [7] studied the re-
lated problem of maximizing the functional ||a,+1| — |a,|| with the help of |41 — an|
for convex functions f with f”(0) = p for a prescribed p € [0,2]. For some subclasses
of analytic univalent functions, the sharp upper bounds of |a3 — ay| and |aq — a3| were
obtained by Peng and Obradovié [13].

Motivated essentially by the above work, in the present paper, we aim at proving
some results on the upper bounds of the initial coefficients and the difference of initial
successive coefficients for f belonging to the classes ., and %, .
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2. Preliminary results

To derive our main results, we need the following lemmas.

LEMMA 1. (See [14]) Let w(z) = Yoo, cxd* be a Schwarz function. Then, for
any real number | and v the following sharp estimate holds

Y(0) = |3+ perer + vei| < d(u,v), (2.1)
where ®(, V) is given in complete form in [14, Lemma 2], and here we will only use

1 ((u,v) € D1UDy),

%(“’L“"l) 3(\2174‘31\,) ((u,v) € D3UDy),

d(u,v) < (2.2)
2 iz

W) Vs (wv)ebs),

‘V| ((“7V)ED6)7

4
<l <2, 3 (i = (el + D < v <),

2 4
<lul <2 ~30ul+1) < v <m0 = (ul+ D)},

2u(lu+1>}
HEH2[ul+4

2{p|(ju[+1) L5
< <4, ——— Ly —
(w,v):2< <4, — 2] 4\v\12(u +8) ¢\ {(2,1)},

D¢ =

{
= {w
= {w
D= {v): \m>27—§<|m+1><v<
=1
{

1
(V) 2< ul <4, v> E(u2+8)}-

LEMMA 2. (See [8,9]) Let —2 < p1 <2 and pa, p3 € C. Then there exists a
Sfunction p € & with

p(z) = L+ piz+p? +ps +-- (2.3)
if and only if
2p2 =pi+(4—pix (2.4)
and
Aps=pi+24—phpix—A—php? +2(4-phH (1 =Py 25)

for some x,y € C with |x| <1 and |y| <1
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LEMMA 3. (See [7]) For given real numbers a,b,c, let

Y(a,b,c):mg<|a+bz+czz}+1—|z|2>. 2.6)
zeDD

If a>0 and ¢ >0, then

a+bl+c  (|b|=2(1-¢)),
Y(a,b,c) = , 2.7
L+a+ gy (16| <2(1-0)).

The maximum in the definition of Y (a,b,c) is attained at z = +1 in the first case
according as b = =+ |b|.

LEMMA 4. (See[16]) If u(z) =1+, Wk is subordinate to v = 1+, Vit
in D, where v(z) is univalentin D and v(D) is convex, then

] < vi|  (n>1). (2.8)

The proof of the following lemma is similar to that of [19, Lemma 2.2].

LEMMA 5. Suppose that the sequence {A,}._, is defined by

Ay=2A (m=2),
_ z/ m—1 (29)
Then
1 m—2
Am:mg(l—i—k) (m=>2). (2.10)

Proof. From (2.9), we have
m—1
(m—l)Am:7L<1+ EAk> (2.11)
k=2

and
MAps1 = A <1+2Ak>. (2.12)
k=2

Combining (2.11) and (2.12), we find that

Aml_l+m—l
An m

(m=>=2). (2.13)
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Thus,

_A+m—2./l+m—3m/l+l.

m—1  m—2 PR (2.14)
1 m—2
* k=0

In conjunction with (2.9), we complete the proof of Lemma 5. [

3. Main results

We first discuss the absolute values of the second, third and fourth coefficients of
functions in the class .7, .

THEOREM 1. Suppose that f(z) =2+ X, an?" € 75, Then

laa] <4, (3.1)
b o(0<a<3),
las| < , 3.2)
A
I (G<as<y),
and )
3 (A‘ € (0,7’0]),
A(5A+2 2(5042
: 9 ) 1712(+30/1)+12 (A € (ro,m1]),

<
‘a4‘ ~X 171(2512—16) 251216 2’ c , Q (33)
252 1722-12 by a3 | )>
173 2

where ro = 0.7817 is the unique positive root of the equation

25057 4 147x% — 150x — 92 =0 (3.4)

and r1 = 0.8602 is the unique positive root of the equation
42513 4 34012 — 3284 — 240 = 0. (3.5)
All the bounds are sharp.

Proof. Let f € 7 ,. Then we can write (1.5) in terms of Schwarz function as

(@) _ o)
f(2) '
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It follows from (1.1) that
zf'(z)
f(2)
Suppose that

=1+axz+ (2a3 — a22)22 + (3614 —3aras + 6123)23 T+ (3.6)

o(z) = 2 .
n=1

From the series expansion of Ao along with some calculations, we get

22 A3
A0 = 14 dejz+ (7012 +7ch) 2+ <?C? + 22100 +7LC3> D4, (37
Comparing (3.6) with (3.7), we have
a, = Acy, (3.8)
A 3
a=7 <c2+ 51&) , (3.9)
and A 5 17
23
== - — . 1
as =3 <63—|—27Lc1cz—|— 121 cl) (3.10)
Since  is a Schwarz function, we have |c;| < 1. Hence, we obtain
laz] < A. (3.11)

Using a result of Carleson [1] (see also [2]), we have |ca] < 1—]c; \2. By virtue of
(3.9), we find that

2 2

Then the inequality (3.2) follows from (3.12) with |¢{] € [0,1].
Suppose that g = %l, V= %12 with 0 < A < % We see that (i, v) € Dy . From
Lemma 1, we have

las| < & {14—(31— 1) clz} . (3.12)

5 17,
5 HyEIPSY 1
63—|—27Lclcz—|— 121 (3.13)

By means of (3.10), we obtain
A 1
<= 0<A<- ). 3.14
w<t (0<2<}) G.14
For % <A< ‘5—‘, it is clear that % <|ul<2andv> —%(|u|+1). Since

4 ;
< _
V< (ul+ 1P = (lul+ 1)

is equivalent to
250A° 4 14712 — 1501 — 92 > 0.

Let
g1(x) = 250x° + 147x% — 150x — 92.
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A numerical computation shows that the unique positive root of g(x) =0 is ry =
0.7817. For 1 5 < A <rp, we have g1(A) <O0. It is clear that

-—om+1f—mu+w<v<L

Thus, we see (i,V) € D, for + <A < rg. An application of Lemma 1 leads to
A 1
<= — <A< . 3.15
|| 3 ( 5 < ro) (3.15)
Combing (3.14) and (3.15), we know that
A

jasl <5 (0<A<no). (3.16)
When rg < A < %, it can be seen that (i, v) € D3. Therefore, the sharp bound of |ay|

is given by
A(5A +2) 254 12) 4
< <= ). .

] < =5 Tz soaa 1z \0SASs 3.17)

Now, We suppose that % <A< T It is not hard to verify that 2 < u < 4. Since
V< 3 L(u®+38)is equlvalent to 12 43, we have

1 2
vV > E(,u +8)

for A > \/ ~ 0.8627. This implies that (u,v) € Dg for A € (1/‘3‘— %] Using

Lemma 1, yields to

1713 32 T
< — Z A<D, 3.18
a4l < 35 ( B 2) (3.18)
For%</l< , we have v < £5(u*+8). Then
S 2lml(ul+ D)
T2 uf+4

is equivalent to
425)° + 34012 — 3281 —240 >0

Now, we suppose that
go(x) = 425x> + 340x% — 328x — 240. (3.19)

The numerical computation shows that the unique positive root of g>(x) =0 is r| =

2 1 N
0.8602. For % <A <rp, wehave g2(1) <0 and hence v < #lfﬂim. This implies
that (i, V) € Dy, thus, we have

A5A+2) [ 2654 12) (4 <7L<r1).

|as] < (3.20)

9 17A24+301+12 \5
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Combing (3.17) and (3.20), we obtain

wl< A(51+2) 2(54+2)
4S9 17424+ 304 + 12

(ro<A<ry). (3.21)

32 2|p|(lul+1) : _
For A € (rl, 43] , we have g>(A4) > 0 and hence v > R Obviously, u =

%QL # 2. Therefore, we know that (i, v) € Ds and

17(25A% —16) [2542—16 32
< < — . .
jaa] < 252 2 \("AsV@ (3-22)

By virtue of (3.16), (3.18), (3.21) and (3.22), we obtain the bound of |as| given by
(3.3). This completes the proof of Theorem 1. [

From the definitions of ./}, and ., , we know that if f € %), then zf" € 7}, .
We thus get the following result.

THEOREM 2. If f(z) = 2+ X5, an?" € H),, then

A
2| < 7 (3.23)
5 (0<a<3),
jas| < - (3.24)
F(E<as<i),
and
> (2 € (0,n0)),
A(5442) 2(51+2)
36 17224304 +12 (A e (Vo»h}),

as] < 170512 (3.25)
A(25A°—-16) /254216 32
1008 V 17A7-12 (7L € <r17 E]) )
1713 32
144 (AE (\/E’%D7

where ry = 0.7817 and r; = 0.8602 are the unique positive root of the equation (3.4)
and (3.5), respectively. All these bounds are sharp.

From Theorem 1, we know that 1 [f”(0)| =|az| <A for f=z+ 37 ,a,d" €.75,.
Now, let

S p)={fed: fe s f(0)=p}, (3.26)

where p is a given real number satisfying —24 < p < 24.
In what follows, we will discuss the difference of initial successive coefficients for
functions in 5 (p).
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THEOREM 3. Let 0< p<2A and p=p/A. Suppose that f(z) =z+3,, ra,7" €
3. (P). Then the following sharp inequalities
A
laz — az| < ( 3Ap—8|+8—2p%). (3.27)

and
as— a3 < (3.28)

hold, where
i [7A2p7 + (15042 + 361 — 96) p> + (108 — 3601 ) p + 600

(0 <Sp< m) )

She [(—17A% 304 — 12)p3 + (5424 — 36) p? + (48 — 1201) p + 144]
(4—5A <PS 2) )

i [72p + (15042 + 361 — 96) p> + (108 — 3601 ) p + 600
(0 <SPS m) .

She [(—17A% =304 — 12)p> + (542 +36) p? + (48 + 1201) p — 144]
(% <p< 2) .

=

"Pl(a‘ap) =

—|

"PZ(AWP) =

foe

Proof. Let f € .77 ,(p). In terms of Schwarz function, we can write (1.5) as

(@) _ o)

f(2)
We define p € & by the Schwarz function as
1+ (D(Z) 2
— -1 3.29
p(z) - 0@ + P12+ p2z+ (3.29)
From (3.29), we obtain
-1
o(z) = pg +1

P (3.30)

_1+1 122+1 1 +133+
—2P12 2192 4P1 z 2193 2191192 8191 z .

From the series expansion of ® along with some calculations, we have

A A A2 =21
e?La)(z) = 1+Ep12+ (Epz-i- 8 p%) Z2

<7L3—67L2+67L 5 Ar-22 A )3
+ + o

P1p2+ = p3 (3.3D

48 P 4 2
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Comparing (3.6) with (3.31), we get

1
a) = E?Lpl, (3.32)

1 34 -2
a3 =74 (p2+ : p%) , (3:33)

and

(3.34)

1 A—4 1742 — 301 + 12 3>
as = + .

A + >
6 pP3 4 pip2 48 Pi
Let p = p/A. Itis obvious that p € [0,2]. Since 2a; = f”(0) = p, from (3.32), we get

p1 %ﬁ p- (3.35)
By Lemma 2, we obtain
P2 =%p +54=p)x, (3.36)
and
pi= P 5= PIpr— - pp (- WP (33D

where x,y € C with |x| <1, |y| < 1. Substituting (3.35), (3.36) and (3.37) into (3.32),
(3.33) and (3.34), respectively, we obtain

1
= EQLp, (3.38)
= i7L2pz+ l7L(4—pz)x (3.39)
16 8 ’ '
and
3 3 L L Z V(1 — [«
as = 2881 +13 ?L (4—p*)px ?L(4 pH)x? + A=) x[7)y (3.40)

for some x,y € C with x| <1, |[y|<1.For pe [07%] , we have

_ 3.5, 1 5 1
las —az| = 167LP+ A(4—p)x 27LP

8
Lap— 22224 ] 2 (3.41)
SSAP = 1A P+ gAE—p)
1 1 3 +2, ,
A G TR
where equality occurs if x = —1. Similarly, we have

1 32

|a3—a2|<§7t——7t +—7L 2 (3.42)

for p € (%72] . Hence, the inequality (3.27) follows from (3.41) and (3.42). For p =2,
we easily obtain

lag —a3| = %12(27— 172). (3.43)
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For p € [0,2), we have
|as — a3

33 2 RS ooy o2 b Zp2)(1 — 1x)?
288/1 + 1(4 p*)px g 4= PP+ S A4 = pT) (L= D)y

——)szz—

48
i)
g P

288‘1713 354022 464 (5Ap — 6)(4 — pP)x— 124(4 — p¥)px

F24A (4= pA) (1 x|
(17Ap — 54)Ap? n 5&p—6x_ P
24(4—p) 4 2

1 2 2 2
< — — _
<A +1- ]

1
< EA(“'—pz)Y(a,b,C%
(3.44)
where Y (a,b,c) is given in (2.6) and
(54— 17Ap)Ap? _6-—5Ap P
a= Aa— ) b= 7 0—2. (3.45)

Since 4 € (0, %], p€[0,2), we have 54— 17Ap > 0 and hence a > 0. Let 0 < A < 3
Clearly, we have Ap < g Then it can be verified that |b] < 2(1 —¢) is equivalent to
0<p< o SA By Lemma 3, we get

TA2p34-(150A% 4361 —96) p>+(108—3601) p+-600 2
96(4—p?) 0SpP<si5z1)>
Y(a,b,c) =
(17224304 —12) p+(542.—36) p>+ (48— 1201 p+ 144 2
24(4—p?) s <p<2).

Thus, we obtain
T [1A2p° + (15012+36A 96)p? + (108 — 3601 ) p + 600

S (1722 4304 — 12)p3 + (544 — 36)p? + (48 — 1201) p + 144]
(Z <p<2).
(3.46)

Now, we suppose that % <A< % . ForAp< 5 , we see that |b| <2(1—c) is equivalent
to

as—a3] <

(4-5A)p<2, (3.47)

it clearly holds for A > %. For A € (%, %) , (3.47) is equivalent to

p< € (2,400),

4-52
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which always holds for p € [0,2). Therefore, we have |b| < 2(1 —¢) provided that
p< S SA If Ap > 5, a simple calculation shows that |b| < 2(1 —c) is equivalent to

p\ 4+57L Since 4+5)L > 567L for A € (5, Z]. Hence, we know that |b| < 2(1 —c) for
57 <p< m. From the above discussion, we obtain |b| <2(1—c¢) if p € [0, %} .

Also, it is clear that |b| > 2(1 — ¢) if and only if

p 4450°5A 4450

Now, an application of Lemma 3 leads to

A2 PP +(150A%+361 —96) p>+(108—360A ) p+600 0<
%6(4—p2) SP

N
N
s
|
S

~—

Y(a,b,c) =
(—172.2=30A —12) p3+(542.+36) p>+ (1201 +48) p— 144
24(4—p?) 4+5/1 <p<2

From (3.44), we deduce that

i [7A2p3 + (15042 + 364 — 96) p + (108 — 3601 ) p + 600
(0<p 4+5A)
as—az| <
re [(—17A2 =304 — 12)p3 + (547 +36) p? + (1201 +48) p — 144]

<4+5A <p< 2)
(3.48)
Combining (3.43), (3.46) with (3.48), we obtain (3.28). This completes the proof of
Theorem 3. [J

Taking A = 1 in Theorem 3, we obtain the following result.
COROLLARY 1. Let 0< p <2 and f(z) =z+Y, ra,d" € %) (p). Then

laz —as| < —(—5p* +8p+8), (3.49)

16(
and
1153 (7p* +90p* —252p +600)  (0< p <
las — as| < (3.50)
5= (—=59p> +90p? + 168p — 144) (¥ < p<2).

=z
S~—

All inequalities are sharp.

If we denote by
= U A ={r: res51"0)=p},

0<p2

then in view of (3.49) and (3.50), we easily obtain

7
sup  |az(f) —aa(f)| = 10 (3.51)
feer(+)
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and

25
sup |as(f) —a3(f)| = TR
feset(+)

217(0)] = |az(f)| < 52 . Denote

(3.52)

From Theorem 2, we know that for f € %),
by

He(P) ={f € Ko, f"(0) = P}, (3.53)
where p is a given real number with —A < p < A.
In what follows, we will discuss the difference of initial successive coefficients for
functions belonging to the class J#),.(p).

THEOREM 4. Let 0 < p < A and p = p/A. Suppose that f(z) = z+ Y _ran?"
be in the class #).(p). Then the following sharp inequalities

laz —ay| < 11—27L [2+6p—(31+2)p?], (3.54)
and
©1(A,p) (0<A<?),
as —az| < (3.55)
©:(2,p) (3<A<F),
hold, where

0:(A,p) = ﬁx [(—17A% +304 — 12)p” + (364 — 24)p* + (12— 30A)p +24] ,

sk A [TA2p3 4 (T5A% + 241 — 48)p? + (48 — 120A)p + 96
0<p< i),
62(2’7p) =
A [(—1742 =304 — 12)p + (364 +24) p* + (30A + 12)p — 24]

(M% <p< 1) .
(3.56)

Proof. Let f(z) = z+ X ,a.d" € X} (p). By the Alexander relation, from
(3.32), (3.33) and (3.34) we deduce that

A
ar = Zpl’ (3.57)
1 -2
az = E)L <P2+ A ) ) (3.58)
and A 22 .
1 51 —4 1722 =302+ 12
as = ﬂl <P3 t—y it 13 Pl) . (3.59)

Let p=p/A,itis clear that p € [0,1]. Since 2ax = f”(0) = p, in view of (3.57), we
get

p1==p=2p. (3.60)
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By Lemma 2, we obtain
2 =2p*+2(1 - p)x, (3.61)

and

=2p* +4(1— p*)px —2(1 — p?)px* +2(1 — p*) (1 — |x[*)y, (3.62)
where x,y € C with |x| < 1, [y| < 1. Substituting (3.60), (3.61) and (3.62) into (3.57),
(3.58) and (3.59), respectively, we have

a = (3.63)

7L
2P
1
?sz2+67t(l —p)x, (3.64)

and
@i = DA A (1= )= A= p)p A (- p)(1— )y (365)

14
for some x,y € C and |x| <1, |y| < 1. Thus, we find that

1 1 1
laz —as| = ‘lepz +-A(1—pH)x— E?Lp‘

6
1 1 2
= Z?Lp(?tp—2)—|——7t(l—p )x (3.66)
1 1 37L + 2
< A4 =Ap— AP
6" T
where equality occurs if x = —1. The inequahty (3.54) in Theorem 4 follows from
(3.66). For p =1, we easily obtain
lag —a3| = —12(36— 172). (3.67)

144
For p € [0,1), we have

|a4—a3\

1 1
1334- 12(1— )Px—ﬁl(l—Pz)Px2+E7L(1—P2)(1—\x|2)y

144
——Azp2—éw—p2>x
= 1447L ‘(177Lp—36)7tp2—|—6(57tp—4)(1—pz)x— 12(1 — p?)px®
+12(1 = pA)(1 = )y
1 » [|(17Ap—36)Ap*> SAp—4 ) 5
<E7L(1— )H 2= S px +1—|x]

—A(1 —p2)Y(a,b,c),
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where Y (a,b,c) is given in (2.6) and
~ (36—17Ap)Ap? b 4—5Ap
o R-p»H T2
For A € (0,%], p €[0,1), it can be seen that a > 0. Since |b| < 2(1 —c) is equivalent
to b> <4(1—c)?, we see that |b| < 2(1 —c) if and only if

(4-51) (1 ~ SA; 4p> <0. (3.68)

Clearly, (3.68) holds only if A > %. This means that [b| >2(1—c) forall 2 € (0,%).
Let A € (0, %) , by using Lemma 3, we see that

(—17A% 4304 — 12)p> + (364 — 24)p* + (12 — 307L)p+24
12(1—p?)

Y(a,b,c) =
This induces that

1
a4 — a3 < 174 [(—17A%+ 304 — 12)p” + (364 — 24)p* + (12— 30A)p +24] .
(3.69)
Now, we suppose that # <A < Z. From (3 68), we obtain |b| < 2(1—c) if and only if
pE [0, 4+85/1] By noting that 4+5)L 5/1 for A € [5, 2] an application of Lemma 3
yields

TA2p3+(75A2+242,—48) p>+ (48— 1204 ) p+96 3
238(1—p7) 0<p< =1 )
Y(a,b,c) =
(=17A2=30A—12) p>+(36A+24) p*+(30A+12) p—24 8
12(1-p9) st <p<l).

Thus, we deduce that
sk A [TA2p3 4 (T5A2 + 241 — 48)p? + (48 — 1201)p + 96
(0<r<zis
as—az| <
A (1742 =304 — 12)p* + (364 +24) p? + (30A + 12) p — 24]

8
(m <p< 1) :
(3.70)

Combining (3.67), (3.69) with (3.70), we obtain the inequality (3.55) in Theorem 4.
The proof is thus completed. [

By choosing A = 1 in Theorem 4, we obtain the following result.
COROLLARY 2. Let 0 < p < 1. Suppose that f(z) =z+ Y, _,an?" be in the class
He(p). Then the following sharp inequalities

1
a3 — o] < 15 (=5p* +6p+2), (371)
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and
sz (TP3+51p2=72p+96)  (0<p<$),
as — a3| < (3.72)
o7 (=59p° +60p% +42p—24) (8 < p< 1),

hold.

Now, we denote by
U Help)={f: fe;f"0)=p}. (3.73)
0<p<l
By virtue of (3.71) and (3.72), we easily find that
19

sup a3 (f) —aa(f)| = a0’ (3.74)
fexe (+)
and .
sup |as(f) —as3(f)| = 6 (3.75)
e (+)

Finally, we will give the upper bounds of |a,|(n > 2) for functions in the class
S5, and ), for A € (0,1]. However, they are not always sharp.
THEOREM 5. If f(z) = z+ X, pan?" € 7}, (0 <A < 1), then

1 n—2
ol < G I+ 22 (3.76)

Proof. Let

v(z) = ZJJ: —1—|—2an

Since f € .7 *e, we know that

2

A
v(z) < x(2) = —1+7Lz+§z +-

Note that y(z) is univalent and convex in D for 0 < A < 1, by Lemma 4, we obtain
leal <A (n=1).

In view of zf’(z) = w(z)f(z), by comparing the coefficients of z on both sides, it
follows that
a) = C1

and

n—1

(n—1Day=cp1+ z Chax  (n=3).

k=2

Thus, we have
|az] = e < A
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and
l n—1
lan| < —— [ 1+ |a] (n>=3).
n—1 =

Now, we define the sequence {A,,};_, as follows:
Ap =2 (m=2),
A m—1
Ap=—— 1+k§2Ak (m=>3).
In order to prove that
|am‘ <Ay (m P> 2)7
we use the principle of mathematical induction. It is easy to verify that
@] <A =A.

Thus, assuming that
|al|<Al (l=2,3,...,m),

we find from (3.77) and (3.81) that

A m
‘am-&-l‘ <= |1+ 2 |ak‘
m k=2
A m
<=1+ D A | =Ans.
m k=2

Therefore, by the principle of mathematical induction, we have
lam| <Ay (m=2).

By means of Lemma 5 and (3.78), we see that

1 m—2

Amzmkl})(l-i—k) (m=>2).

1199

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

Combining (3.83) with (3.84), we readily get the coefficient estimates (3.76) asserted

by Theorem 5. [

According to the relationship between the classes .}, and %, we easily obtain

the follow result.

THEOREM 6. If f(z) = z+ ¥ pant" € K3, (0 <A < 1), then

1 n—2
\anlsag(ﬂk) (n>2).
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