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ONE DIMENSIONAL WEIGHTED HARDY’S
INEQUALITIES AND APPLICATION

XIAOJING L1u, TosHIO HORIUCHI, HIROSHI ANDO

(Communicated by M. Krni¢)

Abstract. Let Q be a C? class bounded domain of R” (n > 1). In the present paper we shall
improve one dimensional weighted Hardy inequalities with one-sided boundary condition by
adding sharp remainders. As an application, we shall establish n dimensional weighted Hardy
inequalities with weight functions being powers of the distance function &(x) to the boundary
dQ. Our results will be applicable to variational problems in a coming paper [3].

1. Introduction

Let 1 < p < oo and C((0,1]) denote the set of all C* functions with compact
supports in (0,1]. One dimensional Hardy inequality with one-sided boundary condi-
tion is represented by

14 p—1
/Olu’(t)|pdt><l—%> /OIWE%‘“(“%) WP (LD

for every u € C°((0,1]). When u(1) = 0, this is a well-known Hardy inequality (see
[11]. To see the optimality of coefficient of the second term in the right hand side, by
the density argument it suffices to employ u¢ () = 11=1/P+€ a5 a test function and make
el0.

Our first purpose in this paper is not only to establish a weighted version of (1.1)
but also improve it by adding sharp remainder terms. As weight functions we consider
power type weights 1*P for ¢ € [0,1]. Surprisingly our result on this matter is essen-
tially dependent on the range of parameter . Let us explain with symbolic and most
simple cases as examples. To this end we classify the range of the parameter o into
two cases and define the best constant A, as follows:

DEFINITION 1.1. The parameter « is said to be noncritical and critical if o sat-
isfies ¢ <1 —1/p and o > 1 — 1/p respectively.
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DEFINITION 1.2. For 1 < p < 400 we set

h—%—ap, ifot1-1,

Aop = ) (1.2)
Q—l), ifo=1—1.
P P

When « is noncritical under this definition, as a corollary to Theorem 2.1 we have
a sharp Hardy type inequality:

1 1 P
EA n/@ﬂﬁapdtzzmkpz;E%glﬁapdt+(Aapﬂ—VPm(Uvﬁ (1.3)

for every u € C°((0,1]). To see the optimality of coefficient of the second term in the
right hand side, one can employ ue () = '~ 1/P*€ 45 a test function as before. When
a is critical, it follows from Proposition 2.1 that

1
. I\ |P+OD
ulg‘g/o Wl (1) = 0, (1.4)
where W = {u € C'([0,1]) : u(0) = 0,u(1) = 1}. Nevertheless we will have a sharp
Hardy type inequalities (2.6) and (2.7) as a corollary to Theorem 2.2.

In Section 2.2, as an important application, we will establish n» dimensional weigh-
ted Hardy inequalities with weight function being powers of the distance function
O (x) = dist(x,dQ) to the boundary dQ. In this task it is crucial to establish sharp
weighted Hardy inequalities in the tubler neighborhood Q of Q, which are reduced
to the one dimensional inequalities in Section 2.1. To this end  is assumed to be a
bounded domain of RN (N > 1) whose boundary dQ is a C?> compact manifolds in
the present paper. We prepare more notations to describe our results. For o0 € R, by
LP(Q,6P%) we denote the space of Lebesgue measurable functions with weight 67,
for which

1/p
Hl/tHUz(Q.ﬁpa) = (/Qu|p5apdx) < oo, (1.5)

Wé’g (Q) is given by the completion of C°(Q) with respect to the norm defined by

H”HW%(Q) = |[|Vulllr.s00) + |[ullr(0,509)- (1.6)

Then Wolt’g (Q) becomes a Banach space with the norm || - Hwn,p @ Under these prepa-
’ o0

)
ration we will state the noncritical weighted Hardy inequality as Theorem 2.3, which

is the counter-part to Theorem 2.1. In particular as its corollary, we have the simplest
one:

/Q VulP 89 > ”/Q W8P @D, Vuewli(Q), (1.7)

where o0 < 1 — 1% and p is a positive constant essentially depending on the boundary
0Q. If ¢ =0 and p =2, then (1.7) is a well-known Hardy inequality and valid for a
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bounded domain Q of RY with Lipschitz boundary (c.f. [5, 6, 12]). Further if Q is
convex and o = 0, then y = Ay, holds for arbitrary 1 < p < eo (see [13]).

It is worthy to remark that (1.7) is never valid in the critical case that ¢ > 1—1/p
by (1.4) (see also Proposition 2.2). Nevertheless, we will establish in this case a variant
of weighted Hardy’s inequalities as Theorem 2.5 which correspond to those in Theorem
2.2. As its corollary we describe Hardy’s inequalities with a compact perturbation
which are closely relating to the so-called weak Hardy property of €. We remark that
a constant )/*1 in (2.14) and (2.15) concerns the weak Hardy constant, but in this case
the strong Hardy constant is +oco (see [0] for the detail). In [2], two of the authors
have improved the weighted Hardy inequalities adopting |x|*? (powers of distance to
the origin O € Q) as weight functions instead of §*”. In the present paper, some
inequalities of Hardy type in [2] are employed with minor modifications, especially
when 1 < p <2 (see also [4, 7, 8, 9]). We note that our results will be further improved
in [10] for non-doubling weights. Lastly we remark that our results will be applicable
to variational problems in a coming paper [3].

This paper is organized in the following way: The main results are described in
Section 2. Theorem 2.1 and Theorem 2.2 are established in Section 3. Theorem 2.3
and Theorem 2.5 together with their corollaries are proved in Section 4. The proof of
Theorem 2.4 is given in Section 5 and the proofs of Proposition 2.1 and Proposition
2.2 are given in Section 6. In Appendix the proofs of Lemma 3.2 and Lemma 3.4 are
provided for the sake of self-containedness.

2. Main results

DEFINITION 2.1. For t € (0,1) and R > e, we set
R
A (r) :=log o Ay (1) :=1ogA(1). (2.1)

2.1. Results in the one dimensional case
The proofs of Theorem 2.1 and Theorem 2.2 including corollaries will be given in

Section 3 and Appendix.

THEOREM 2.1. (Noncritical case) Assume that o« < 1—1/p, 1 < p < o and
R > e. Then, there exist positive numbers Cy = Co(a, p,R), C; = Cy(c,p,R) and
L=L(o,p,R) such that for every u € C((0,1]), we have

et )

/ Go ap+l1
261/0 <|u V’+H (Amp—f—W))t Pl e, (2.2)
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COROLLARY 2.1. Assume that o« < 1—1/p and 1 < p < e. Then, for every
ue Cz((0,1])

1 1 )|?
/O |/ (£)|Pt*P dt > Aow,/() |”E—p)|z“1’ dt + (Mg p) VP u(1)]P. (2.3)
In the critical case we have somewhat more precise results.

THEOREM 2.2. (Critical case)

1. Assume that oo > 1 —1/p, 1 < p < e and R > e. Then there exist positive
numbers Cy = Cyp(ot,p,R), C; = Ci(et,p,R) and L = L(ct,p,R) such that for
every u € C((0,1]), we have

(4 (e 502) o
>C1/O (u'p+H (Aap+AC('0)2>)totp+ldt. 2.4)

2. Assume that o =1 —1/p, 1 < p < e and R > ¢°. Then, there exist positive
numbers Cy = Co(o,p,R), C; = Ci(et,p,R)and and L = L(c,p,R) such that
for every ue C2((0,1]), we have

/01 (Iu’lp—)?)pm (A 7p+A2C() ))tp—ldt+L|u(l)P
> Cl/o1 (u/|1’+ ’?’pﬁ <Aa,p+$>)l”d1- (2.5)

COROLLARY 2.2.

1. Ifa>1—1/pand 1 < p < oo, then for every u € C((0,1])
1 1 1)|P
/ \u’(t)|pt°‘pdt+(Aam)l’l/”\u(lﬂp>Aa7p/ |“E—p>|z°‘1’dt. (2.6)
0 0

2. Ifo=1—1/p, 1 <p<ooand R > e, then for every u € C:((0,1])

Dy
/ W/ ()Pt dt + (Mg p) *Ar (1) P lu(1)]P = A 71,/0 t|Aft(i|)I;dt' 2.7

REMARK 2.1. We remark that Corollaries 2.1 and 2.2 follow direct from the ar-
guments in the proofs of the corresponding theorems except for the optimality of the
constant L = (Amp)l‘l/ P, For the proofs of the optimality, one can employ as test
functions ue = ' ~%"1/P+e in (2.3), ue = 1'%~ 1/P*€ in (2.6) and ue = A, (1) "1/P¢
in (2.7) respectively with € being sufficiently small.

Further we remark an elementary result which will be useful in the subsequent.
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PROPOSITION 2.1. (Critical case) Assume that > 1—1/p and 1 < p < oo.
Then we have

1
: 10\ |PrOP —
inf [y o, 2.8)

where W = {u € C'([0,1]) : u(0) = 0,u(1) = 1}.

The proof will be given in Section 6.

2.2. Results in a domain of RY

The proofs of Theorem 2.3, Corollary 2.3, and Theorem 2.5 will be given in Sec-
tion 4. Theorem 2.4 will be proved in Section 5. Let §(x) = dist(x,dQ). We use the
following notations:

Qp={xeQ:8(x) <n}, Iy ={xeQ:6(x)=n}. (2.9)

THEOREM 2.3. (Noncritical case) Assume that € is a bounded domain of class
C? in RN, Assume that oo < 1—1/p, 1 < p < oo and R > e-sup,.q 6(x). Assume
that M is a sufficienty small positive number. Then, there exist (Jositive numbers Cy =
Gy(o,p,R,M) and L =L(o, p,R,MN) such that for every u € W, g(Q) we have

o
L (v =nay|5| )6 20 |

n n

ulp 1
- spa X%
5) A1(5)25 +L/Zn lulP8%P.  (2.10)

COROLLARY 2.3. Under the same assumptions as in Theorem 2.3, there exists a
positive number 'y = y(a, p,R) such that for every u € Wolcjg (Q), we have

/ (\W\P—y’ﬂ’p) 59 > 0. @2.11)
Q 0
Moreover for any bounded domain Q C R" we can prove the following:

THEOREM 2.4. (Noncritical case) Assume that € is a bounded domain of class
C? in RN, Assume that « < 1—1/p, 1 < p < oo and R > e-sup,.q 8(x). Then, the
followings are equivalent.

1. There exists positive a number 7y such that the inequality (2.11) is valid for every
uEW, Q).

2. For a sufficiently small 1 > 0, there exist positive numbers K, Cy and L such that
the inequality (2.10) with Ay, p replaced by « is valid for every u € Woltfg (Q).
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THEOREM 2.5. (Critical case) Assume that Q is a bounded domain of class C?
in RV.

1. Assume that oo >1—1/p, 1 < p <eo and R > ¢°-sup,., 0(x). Assume that 1
is a sufficienty small positive number. Then, there exist positive numbers Cy =
Cy(a,p,R,n) and L= L(o.,p,R,n) such that for every u € Wolz’g(Q), we have

p OP%

/Qn (|Vu|1’_Aa7p‘%’p> 50¢P+L/Zn [P 5P 2(:2/911 ’%‘ a2

2. Assume that o =1—1/p,1 < p < oo and R > ¢°-sup,.q 6(x). Assume that
is a sufficienty small positive number. Then, there exist positive numbers Cy =
Cy(o,p,R,M) and L= L(ct,p,R, M) such that for every u € Wolt’g(Q), we have

p_ w1 p—1 / psp—1
/Qn (Vu A“"’)a‘ Al(a)p)s +L s 2.13)

> G / 1 1 -1
Qn

COROLLARY 2.4. Assume that Q is a bounded domain of class C* in RV

u\r
3‘ A1(8)P Ax(6)?

1. Assume that oo >1—1/p, 1 < p < e and y=y(ct,p,R,n). Then, there exists
a positive number L' = L' (o, p,R, M) such that for every u € Woltfg (Q), we have

/Q<|Vu|l7_y‘%)p> Sap_FL//Z ‘u|p5ap20, (2.14)
n

2. Assumethat ¢ =1—1/p, 1 <p <eo and R > e°-sup,.q 8(x). Then, there exists
positive numbers y and L' = L' (o, p,R, M) such that for every u € Wéjg(Q), we
have /

p P 1 p—1 // pgp—1 >
/Q<|Vu| y‘6’ A1(6)1’>6 L a8 0 (2.15)

PROPOSITION 2.2. (Critical case) Assume that C is a bounded domain of class
C? in RY. Assume that 1 < p < oo and o0 > 1—1/p. Then for arbitrary n €
(0,8up,cq O(x)) we have

inf{/Q \Vu|P8%7 :u e CHQ),u=10n{5(x) = n}} =0. (2.16)

The proof will be given in Section 6. From this it is worthy to remark that Hardy’s
inequality (1.7) never holds in the critical case.
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3. Proofs of Theorem 2.1 and Theorem 2.2

3.1. Auxiliary inequalities in the noncritical case
When p =2 and o = 0, the first lemma is established in [5].
LEMMA 3.1. (Noncritical case) Assume that f € C([0,1])NC'((0,1]) is @ mono-

tone nondecreasing function such that f(1) < 1. Assume that o« <1—1/p and 1 <
p <oo. Then for every u € C:°((0,1]), we have

1 P 1 P
/O (\M’V’—Aa,p)?‘ )z“l’d:>/0 (\u’\P—Aa,p)H >t°‘1’fdt. G.1)
In particular we have
L Yiup
/0 |ue ‘ptapdt > Aa,p/o ‘?’ t*P dt. 3.2)

Proof of Lemma 3.1. Without loss of generality we assume that f >0, f(1) =1
and u > 0. Define g=1— f. Then g > 0 and g’ < 0. By integration by parts we have

1 1
(l1—a— l/p)/o uPt’*Vgdr = —1/p [u”t”(afl)ﬂg]

0
1
+l/p/ uPepla—1+1 ’dt+/ uP =Ly eP(@=D+1g gy
0
Since ¢ = —f' <0 and g >0,
1 1
(I—a— l/p)/ Mplp(a_l)gdt < / up—lu/tp(a—l)-‘rlgdt.
0 0

By Holder’s inequality, noting that p(oc — 1)+ 1= (p—1)(ac — 1) + o, we have

1 1/p 1 1/p
(1—o—1/p) (/ uptp(a_l)gdt) < (/ u’ptpo‘gdt) .
0 0

Using g = 1 — f and the definition of Ay ), we have

[ W~ Mgl yeran > [P~ Aapluferyersas. O

LEMMA 3.2. (Noncritical case) Assume that ¢« <1—1/p, 1 <p <ooand R > e.
Then, there exist positive numbers C3 = C3(at,p,R) and L = L(c,p,R) such that for
every u € C2((0,1]), we have

1
[ W nas 2y 21
0

dt+L\ (D7 (3.3)
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The proofs of Lemma 3.2 together with Lemma 3.4 will be given in §6. It follows
from Lenma 3.1 and Lemma 3.2 that we have

LEMMA 3.3. (Noncritical case) Assume that o0 <1—1/p, 1 <p <eoand R> e.
There exist positive numbers C4 = C4(at,p,R) and L = L(a, p,R) such that for every
u e Cr((0,1]), we have

. UPY op . u|py 1% »
/ (\u| —Am,,)—‘ )z dt>c4/ (\u| +Aa7,,)—‘ )—2dt+L|u(1)\. (3.4)
0 t 0 t A1

In particular Cy is given by C4 = C3/(142Aq,)p).
Proof of Lemma 3.3. We use Lemma 3.1 for f = C3Af2 with C3 being small.

Multiplying (3.3) by 2Aq,, and adding it to (3.1), we have (3.4) for C4 = C3/(1 +
2Ayp). O

3.2. Proof of Theorem 2.1

By adding

Liyp 1
—C H tP dt
0/0 11 A(r)?
to the both side of (3.4) we have
1 u\pr Co
== (A —— | |t*dr 3.5
NGRS ) G
1 u\|p CO 1
>C al ‘—‘ Agp— — t%P dt + Llu(1)|”.
(e 5] (A= @) ) g+ L)

Now we set Cp = Ag,,Cs/3,C = C4/3. Assuming that Cp < A(W(logR)z, we have
Co/A1(t)* < Co/(logR)? < Agp, and hence

C 2 1 Co

Then we have

1 C
'\P_ E‘p A _0 %P dt
/0 (u ‘f ( WJFAl(l)z
1 u\|p Co 1
26t [ (W (b 29 ) ) g L.
1 0 (u + ¢ 0¢7P+A1(t)2 Al(t)2 + ‘u( )|

By a calculation we see that tA? < 4R /e (t € [0,1]). Thus the desired inequality holds
for C; =Cje?/(4R). O
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3.3. Auxiliary inequalities in the critical case

The following lemma will be established in Section 6 together with Lemma 3.2.

LEMMA 3.4. (Critical case)

1. Assume that o« > 1—1/p, 1 < p <o and R > e. There exist positive numbers
Cs =Cs(a,p,R) and L = L(a, p,R) such that for every u € C((0,1]), we have

1 ZOCP
/O(\u’\p—Aa’p)?)ﬁtO‘pdt-i—L\ |P>c5/) a6

2. Assume that oo =1—1/p, 1 < p < oo and R > e. There exist positive numbers
Cs =Cs(a,p,R) and L = L(a, p,R) such that for every u € C((0,1]), we have

1 r1 ptl’*l
A ) Pl dr L c/) __a (37
[ (r=es5f' )t s s[5 a6

LEMMA 3.5. (Critical case)

1. Assume that oo >1—1/p, 1 < p < e and R > e. There exist positive numbers
Co =Cg(0,p,R) and L =L(ct, p,R) such that for every u € C*((0,1]), we have

1 uip 1 totp
/ (\u’\”—Aap‘—’ )t"‘l’dz+L\u(1)|P>c6/ [P dr. (3.8)
0 e 0 A7

2. Assumethat oo =1—1/p, 1 < p < oo and R > ¢°. There exist positive numbers
Co =Cg(0,p,R) and L =L(ct, p,R) such that for every u € C*((0,1]), we have

1 "y u\p l -1 » 1 /ptp_l
/O | —Aa’p’?‘ 7 )7 a4 Liu()| >c6/0 | T 69

1

Proof of Lemma 3.5. Admitting Lemma 3.4 for the moment, we prove Lemma 3.5.
Unfortunately we can not employ a counterpart of Lemma 3.1, hence we use a direct
argument. We establish (3.9) (the assertion 2) only because the argument for (3.8) is
quite similar. We prepare the following fundamental inequalities which are established
in[1] as Lemma 2.1 for X > —1.

LEMMA 3.6. 1. For p > 2 we have
[1+X[P—1—pX =c(p)|X|?, foranyqe€|2,p]and X € R. (3.10)
2. For 1 <p<2and M > 1, we have

MP—2x2, |xX

<M,
P_q_
[1+XP—1 pXZc(p){|X|p, X| > M (3.11)

Here ¢(p) is a positive number independent of each X, M > 1 and q € [2,p].
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Proof. By Taylar expansion we have (3.10) with g = 2. For p > 1, we note that

N+XP-1-pX pp—1) . I+ XP—1-pX
1 = 1
220 X2 2 i [x[P

=1. (3.12)

Therefore (3.10) is valid for any ¢ € [2, p] for a small ¢(p) > 0. If X > —1, then (3.11)
also follows from Taylar expansion and (3.12). If we choose ¢(p) sufficiently small,
then it remains valid for X < —-1. 0O

First we assume that p >2 and o = 1—1/p. For any u € C!((0,1]), let us set
u=A%h, where A;(t) =log(R/t) and h € C}((0,1]). Without a loss of generality we
assume u > 0. Letting X = —tAh'/(oh) (h #0);0 (h = 0), we have

Pl h?
7= Nap
1Al PrA,

~(Aap)' P (BPY +c(p) P (At}

o/ |PtP~Y — A pt? —— (J1+X[P—1) (3.13)

Here we used (3.10) with ¢ = p. On the other hand we have

" i P p < opop P
| ALY A2|1+X\ <2Pa tAlA%(H\X\ ) (3.14)
1
=200l — s + 2P| (A )
tAl A3

Here we used a trivial inequality: |1+ X|” < 2P(1+ |X|?). By integrating (3.13) and
(3.14) on (0,1) and employing Lemma 3.4, the desired inequality follows for a suffi-
ciently small constant Cg > 0.

Secondly we assume that 1 < p <2.1If |X| > M, then (3.14) is valid. If |X| < M,
again from (3.14) we immediately have

" A 2P0 (1 +MP hr =C ur X 3.15
<2Pa M =C(M)—5— <M). :
|| 42(1‘)2 ( )th!% ( )”1171% (x| ) ( )
T'hus we have
|u'|P i <CM)—— ur +2Py ()|H|P(tA )1”1 ! (3.16)
A2(Z)2 = ApA2 |X|>M ! A% ' )

Here xs(7) is a characteristic function of S. We have (3.13) provided that |X| > M
Since A, 2 < 1, for a sufficiently small Cg the desired inequality (3.9) follows from
(3.13), (3.16) and Lemma 3.4 (2). [
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3.4. Proof of Theorem 2.2
It follows from (3.7) and (3.9) that we have

L7, uip 1,
/0 \u\p—Amp)—‘ 7 ) e L)) (3.17)
1

t
p 1\t !
>C7/ <|u |p+Aap‘t‘ AI,)A—%dt

for every u € C°((0,1]). Here C7 = min(Cs,Aq,,Cs)/2. By adding

ulr 1 1
_ el Y o
CO/O 't' MO

to the both side of (3.9) we have
1 u\pr 1 Co
e 2 (A, 4+ —2 ) ) e+ Llu(1)?
L (=14 st (R sz ) )t L)
! w1 G 1
>cC P H — (A s,
(e s (e 2 ))

Now we set Cp = Ay C7/3 and C| = C;/3. Assuming that Cy < Ag,p(loglogR)?,
we have Cy/A»(1)? < Co/(loglogR)? < Ag,p. Then

| (”"’”"?’pﬁ@ s ))t" L+ Liu(1)?
>t ) (5] s (Rt ) )

By a calculation we see that for some C(R) > 0, tA3 < C(R) forany ¢ € [0,1].
Therefore the desired inequality holds for C; = C;C(R)~!. O

4. Proofs of Theorems 2.3, 2.5 and Corollaries 2.3, 2.4

We first establish Theorem 2.3 using Theorem 2.1. Theorem 2.5 is proved in a
quite similar way using Theorem 2.2. Then we prove Corollary 2.3 and Corollary 2.4.

Proofs of Theorem 2.3 and Theorem 2.5. Let us prepare some notations and fun-
damental facts. Define = 0dQ and %, = {x € Q: §(x) =¢}. Since X is is of class C?,
there exists an 1p > 0 such that we have a C? diffeomorphism G : Qp — (0,1) x £ for
any 1 € (0,1m0). By G1(t,0) ((t,0) € (0,19) x £) we denote the inverse of G. Let
H, denote the mapping G~!(¢,-) of £ onto X,. This mapping is also a C? diffeomor-
phism and its Jacobian is close to 1 in (0,79) X X. Therefore, for every non-negative
continuous function u# on Qn with 11 € (0,19) we have

/u—/ dt/ udo; = /dt/ (t,H;(0))(JacH;)do, 4.1)
Qp %

JacHi(o) — 1| <ct, forevery (t,0) € (0,19) X X, 4.2)
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where c¢ is a positive constant independent of each (r,0), do and do; denote surface
elements on X and %, respectively. Further we have

/O" dt/zu(z,Ht(a))(l—ct)dag/Q u</0" dt/zu(t,Ht(G))(l—I—ct)dG, 4.3)

/Z”(n7Hn(G))(1—Cn)dG</Z udoy, </}:u(n,Hn(G))(l+cn)dG. (4.4)

m

Then we immediately have

/da/ It
/dG/‘ (1— ) dr </ P8P < /da/‘ (14 ct)® .
Q

Proof of (2.10). Under these consideration, (2.10) is reduced to one-dimensional
Hardy’s inequality. Setting v(¢) = u(r,0) and v/ = du/dt we have

n v|P C2
e _ |2 A op
[ (=3 (et i) o

n / C o "
>c/0 (Iv IP+’¥”’ (Aa7p+A—lé)2)>t P g4 L) P (1 +en). (4.5)

(1—et)®dr < / VulP 5P
Qp

By a change of variable ¢ = s, putting w(s) = v(sn) with v € C}((0,1]),

1 w )
ne _ |W ap
/0 <|w \ ‘ g (Aap—l—Al(sn) )) s*P ds (4.6)
>c1‘]/1 \w/|p+’y’p A —|—L s ds + Liw(1) PP~ (1 +¢en)
“ o s P A (sn)? '

On the other hand, by Theorem 2.1 with R changed to R/1, we have, for every
weC:((0,1]),

Ly, w|p Co o
B (=T (reo g ) oo @
! / w Co op+1
- Cl/() <W |p+ ’7’ <Aa7p+m>)t p dt+L|W(1)|p,

where Cy and C; may depend on 7 but independent of each function v. Now we take
n and C, so that C;/n > ¢, C; < Co and nP~'(1+cn) < 1 respectively. Since w is
an arbitrary function in C}((0,1]), we get (2.10).

Proof of (2.12) and (2.13). In parallel to the verification of (2.10), (2.12) and
(2.13) can be proved using (2.4) and (2.5) together with (4.4). Hence we omit the
detail.
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Proof of Corollary 2.3. Assume on the contrary that Hardy inequality (2.11) does
not hold. Then there exists a sequence of functions {u;} C W;g () such that

gim/ Vi [P dx =0, / P8P Vax=1 (k=1,2,---). (4.8)
—00 Q) Q
By Theorem 2.3 we have

/\Vuk\”SO"’dx:/ |Vuk|p5°‘pdx+/ Viag|P 8 dx
Q Q Q\Q,

> Mgy (1—/ |uk1’51’(°‘1>dx> +L/ |uk\P5°‘P+/ Vi |P 8% dx.
Q\Q i Q\Q

Since 6 > n in Q\ Qy, by the standard argument we have uy — C(constant) in
Whr(Q\ Qp) as k — . Since L >0, we have C =0. Hence we see 0 > Agp,
and we reach to a contradiction. [

Proof of Corollary 2.4. Assume on the contrary that Hardy inequality (2.14) does
not hold. Then there exists a sequence of functions {u;} C W;g () such that

{ limy . fo [V [P5P dx =0, Timy_.. fy, [ul?8 =0, (4.9)

fQ|uk‘p6p(ail)dx:1 (k:1’2’>

By Theorem 2.5 we have
/|Vuk|p5°‘1’dx+L/ g |P 597
Q i
> Aa,p (1—/ uk|p51’(°‘1)dx> +/ |V |P 8% dx.
Q\Q, Q\Q,

Since § > 1 in Q\ Qy, as before we have u; — 0 in WP (Q\ Q) as k — . Hence
we have 0 > Aqy ,, and we get a contradiction. [J

5. Proof of Theorem 2.4

It suffices to show the implication 1 — 2. Since A;(8)~! <1 in Q and the trace
operator T : Wolj(Qi,) — LP(Xy;8%P) is continuous for a small 7 >0, one can assume
that C; = L = 0. Now, we assume on the contrary that there exists a sequence of
functions {u;} C Wé:g (Q) such that

koo

lim |Vug|P6%P dx = 0, / \uk|p5p(a71)dx=1 (k=1,2,--). (5.1
Qn Qn

Here we prepare a lemma on extension:
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LEMMA 5.1. (Extension) For any 1n > 0 there exists an extension operator E =
E(M): WP (Qy) — WoP(Q) such that:
1. Eu)=u a.e. in Qy

2. There exists some positive number C = C(1) such that for any u € Wéjg (Qn),
IVE@ @) < C (1l .00 +Hllyirana, )

Admitting this for the moment, we prove Theorem 2.4. Let v = E(uy) € Wé:g (Q)
for k=1,2,.... It follows from (3.15), the assumption 1 and the property of E that v;
becomes a Cauchy sequence and vy — v in Wé:g (Q) for some v € Wolc:g (Q) as k — oo.
On the other hand by choosing a subsequence if necessary, we see that u; — ¢ a.e. in
Q; for some constant ¢ as k — co. Then, by the assumption 1

1< [ E@Psr e <yt [ [VE@rser
Q Q
< Y_1C<\Hvuk\pHU(Qn/z,am + HukHW;g(Qn\Qn/zJ <

Since (o —1)p < —1, we have ¢ =0. Thus u;y — 0 in LP(Qyn \ Q). Thus we
see that ||ug||, 1. — 0 as k — . From this together with (2.10) we have a
Wo'6(Qn\Qy o)

contradiction. [

Proof of Lemma 5.1. Since § is Lipschitz continuous, we see that dQ;, and
dQy » are Lipschitz compact manifolds. By the standard theory we have an extension

operator £ : WP (Qy \Qy ) — WP (Q\Qp ) such that E(u) =u a.e. in Qy\Qp s,
and

VB @ @ s < Clly g
Define for u € Wolc;'g (Qn)
E)=u(xeQyp,); E(u)(xeQ\Q)). (5.2)

Then the assertion follows. [

6. Proofs of Propositions 2.1 and 2.2

Proposition 2.1 is known in a more general fashion. In fact a variant is seen in
Maz’ya [14] (Lemma 2, p144). For the sake of reader’s convenience we give a direct
verification. We note that Proposition 2.2 is a consequence of Proposition 2.1.

Proof of Proposition 2.1. First we assume that o > 1 — %. Define for € € (0,1),
us=t/e (0<r<e); 1l (t>¢€). Then we immediately have ur(0) = 0,u.(1) = 1 and
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fol |ul|Pt*P dt — 0 as € | 0. By using C' approximation of each u, the assertion is

proved. Further we note that fol lue|Pt @ DPdt —1/(op—p+1) >0 as e | 0. In the
critical case, define for € € (0,1/2)

A](S) —Al(l)

w=00<i<e; FUIAD,

(e<r<1/2); 1(1/2<1<1).  (6.1)
Then fol |ul |PtP~Vdt = (A1 (€) —A1(1/2))!7P — 0 as & | 0. On the other hand we have
ug(0) = 0,ug(1) = 1 and hence the assertion is now clear. Further we note that

1 1 A(D)YP—A(1/2)P
/\uslp ar > A) /27" ase | 0. O
€ 1A (1)P p—1

Proof of Proposition 2.2. We give a proof when o > 1 — L, because the argument
is quite similar in the rest of the case. If a positive number 1) is sufficiently small, then
one can assume that § € C*(Qy,) and a manifolds {x € Q;8 = n} is of C? class for
n € (0,1]. By virtue of (4.3) we have

/ lu|P87(@D) < /dc/’ (14 ct)edr,

hence the assertion follows from Proposition 2.1. [

7. Appendix; Proofs of Lemma 3.2 and Lemma 3.4

7.1. Preliminary

In this section we prepare a series of one dimensional weighted Hardy’s inequali-
ties. The followings are given in [2] as Lemma 3.1 and Lemma 3.4 respectively.

LEMMA 7.1. Assume that R > e. Then, for any h € C}((0,1]) we have

/|h ()| tdt > 4/ |h() 2@—%AIU)*Ih(l)? (7.1)

Proof. Let h(t) = (t)i (). Then we have

2 2
|h/([)|2[ — Alt(t) (_%w(l‘) +w/(r)A1(t)) > 4|1Z(fzt|)2 —% (%w%t)) . (7.2)

Since w(0) =0, we have (7.1) and the rest of the proof is clear. [

LEMMA 7.2. Assume that R > ¢°. Then, for any h € C}((0,1]) we have

h(t dr 1
/|h BIRZNE 4/ Al‘ e —t—EAz(l)*lh(l)z. (7.3)
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Proof. For h(t) = Ay(t )% (), we have in a similar way

2
W (1) [7tA; () > i# 1 (jt 2(t)) . (7.4)

Then the rest of the proof is clear. [
DEFINITION 7.1. A function ¢ € C!([0,1]) is said to belong to G([0,1]) if and

only if
®(0)=0, ¢'(0)#0 and ¢'(1)=0. (7.5)

DEFINITION 7.2. For ¢ € G([0,1]) and M > 1 we define three subsets of [0, 1]
as follows:

Alp,M) = {1 € [0,1]]]¢/(1)] < M2l
B(o,M)= {1 e[0,1]|]¢'(r)| > M2 (7.6)
Clo,M) = {1 € [0,1]]]¢/(1)] = M2

Clearly [0,1] = A(@,M)UB(¢@,M). From (7.5) we see 0,1 € A(¢,M). We note
that the set C(@,M) coincides with the set of critical points of log(|@|r*™). By a
standard argument we have the following approximation lemma (cf. Lemma 3.5 in

[2D).

LEMMA 7.3. Let M > 1 and ¢ € G([0,1])NC?([0,1]). Assume that ¢ > 0. Then
there exists a sequence of functions @ € G([0,1])NC%([0,1]) such that ¢ >0 in
(0,1), @ — @ in C'([0,1]) as k — +oo and C(@y,M) consists of finite points for any
k.

We prepare some estimates for the proofs of Lemma 3.2 and Lemma 3.4.

LEMMA 7.4. Assume that 1 < p <2 and R > e. Then for any € > 0 there is a
positive number M such that we have for any ¢ € G([0,1])

!
/ el e/ 0> 7|/ |PrP L d. (1.7)
Blo.M) B(p.M)

Proof. We may assume that ¢ > 0. Then by the definition we have ¢|¢’|/¢ > M
on B(¢p,M). Hence we immediately have

p—1
o Pl |Prt = glg|- <|(2>> >MPlolg'|,  onB(¢.M). (7.8)

Therefore it suffices to choose M so that M'~P(logR)~! <e. O
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LEMMA 7.5. Assume that 1 < p <2 and R > e. Then we have for any ¢ €
G([0,1])

> o . 1e(1)?
/A(%M)\ o (1)Prdr > 4/¢M A (7.9)
Iqo lol|¢'|
2/ B(o.M) LA (1 /(q;,M) Aq(t) a

Proof. By Lemma 7.3 we can assume that C(¢,M) consists of finitely many
points. Recall that 0,1 € A(¢@,M). From the argument of Lemma 7.1 we have

1 |2 1 d ((p(t>2)

")t dt > —/ dt — = = dt 7.10
Jroan @ OP= 5 [ T3 i (5 .10
/ \(PF +1/ 1((90)2) 5 Le)’

T4 Jaqom 1AL (1 2 Joiomny dt \ A (1) 24 (1)

Thus we have the desired estimate. [

In a quite similar way we have

LEMMA 7.6. Assume that 1 < p <2 and R > ¢°. Then we have for any ¢ €
G([0,1])

2 1o(1)?
204, ( / “P‘ di— = 711
/A(qa,m‘ O A1 > atoan) 1AL (OA2(02 T 2 A5(1) (7.11)

Ao
/ Iqol2 /
2 B(o.M) 1AL (t B(o.M) A2

7.2. Proof Lemma 3.2
Assume that o < 1 —1/p. For u € C}((0,1]), we define

u() = h(e)®, B :1—%—05, (B” = Aay). (7.12)

Without the loss of generarity we assume that u > 0 in (0, 1), then we have

1 Uu|P 1 rh' |P dt
/O |u’\”t°‘pdt—Aa7p/0 t—pz“l’dr:Aw/ h? {'HW —1}t (7.13)

For the moment we assume p > 2. By the fundamental inequality (3.10) with g = 2,
we obtain

(RH.S.) of (7.13) > "”’/ ph? W dt +c(p / RP=2 (W)t de

- (7.14)
(h (t)) tdi.  (Note that h(0) =0.)

(1S}

=ﬁf’*1h<1>ﬂ+c<p>ﬂf’*2§ /O
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Using Lemma 7.1 we get

Jy[0)

Combining this with (7.14), we get the inequality (3.3) with C3 = ¢(p)B?~%/p? and
L=pBP~1—2C3A,(1)~", making ¢(p) smaller if necessary.

We proceed to the case that 1 < p < 2. For u € C}((0,1]), we retain the notation
(7.12). Suppose that M is sufficiently large. In Definition 7.2 we replace ¢ and M by
h and BM respectively, and assume that 4 € G(]0, 1]) again. Lemma 3.6 (2) implies

! Ulv|P ! th'|? dt
"1Pt*P dt — A /—t“pdt:A /h I+——| —1y— (715
| wr [ w [ w0 |14 -1} @

- 4c(p)(MB)P—2 P _
> B (1 P+7/ W5V V2rds + / WP dr.
prnqy+ OO [ sy e [

Using Lemma 7.5 with A(h, M) = A(h%, pBM/2) and B(h,BM) = B(h%,ppM/2),

‘ ‘p 2 o 1 —1
d Pdr— —Ay (1) h(1)P.

/ ((h%) )t dt (7.16)
A(h,BM)
hP 1 h(1)? hP p hP=|1 |
> — 5 di — dt——/
4 Janpm) tA1(2) 24(1 2 B(hBM) tA(1)? 2 Je(npm) Anlt)

We can estimate the last term to obtain
hP—1 h’
p/ || a<t : /
Bhpm) A1t 2 (BM)P="logR Ja(npm)

Here we simply used the fact that ¢|#’| > BMh holds on the set B(h, BM). Combining
this with (7.15) and (7.16) for sufficiently large M, we have the desired inequality. [J

|W'|PrP~Ldr. (7.17)

7.3. Proof of Lemma 3.4

We treat the case o = 1 —1/p only, because the argument for oo > 1 —1/p is
similar to the previous subsection. For u € C}((0,1]) we define

u(t) = Ay (0B R(), ﬁ:l—é (7.18)
Without loss of generahty we assume u,h > 0. First we assume p > 2. Using (3.10)
with g =2 and X = —B~"tA(t)l' (t)h () !, we obtain
Ipep—1 P ‘u(t)‘p
/|u\t dr — ﬂ/otAl()dt
b h(@)? Q tAL (K (1) |7 )
=pr 1— —1
B /O A " dr (7.19)
-1 4e(p)Br? PNk
«%FhUV+—7T—A (rof ) | i)
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Using Lemma 7.2 we get

12
o)

Combining this with (7.19) we get the desired inequality where Cs = ¢(p)B?~>p~2 and
L= Aifp(ﬁp_l +2CsA5"). Then we proceed to the case that 1 < p < 2. Since the
argument is quite similar, we give a sketch of proof. Suppose that M is sufficiently
large. We retain the notation (7.18) and modify Definition 7.2 as follows:

Lt fu@)? L
tAl(t)dIZZ A Wu’t—zA2 (DA(1)P. (7.20)

DEFINITION 7.3. For ¢ € G([0,1]) and M > 1 we define three subsets of [0, 1]
as follows:

Alg.m) = {1 € [0.1]][¢/(r)]| < M2l L
Bp.M)={1€(0.1]|¢/()] > M2, (7.21)
Clp.m) = {1 € [0.1]]|o/(1)] = M 120

Again we replace ¢ and M by h and BM respectively and assume % >0 in (0,1).
By Lemma 3.7, the first line of (7.19) is estimated from below by the following:

I\ 2 -1
hpc(p)Mp_2<tAl(t)h) Al(i) dr (1.22)

1
—ﬁp—l/ PP~ di + BP/
0

AhBM) Bh
tAL (R [P A1)
P h? dt
+P /B(h,ﬁM) c(p) Bh t
= =B () +e(p)MB) 2 [ W i) ds
A(h,pM)

+C(p)/ WP A (1)
B(hpM)

Here we note that A(h, BM) = A(hZ,pM/2) and B(h,BM) = B(hZ,pBM/2). Then
applying Lemma 7.6 for ¢ = h?, A(hg ,pBM/2) and B(h%,pﬁM/Z) we have
4

P=2(h"2A _ 4 5\n2a -2
/A<h7ﬁM>h AR Pz/(hﬁM)((hz))t 1(1)dr (7.23)

4 (1 h(t)? 1
>?<Z/hpM A A & gA)LY
ht” P h(6)?~ W (1)]
2/h[3M tAl( /h/sM As( ) dt>'

From an easy variant of Lemma 7.4 we can estimate the last term to obtain

P hr™ 1|h/ p 1 / / -1
dr < = WPAL ()P~ P~ dr. (7.24
/ B(hpm) Ax(1) 2 (BM)P—log(logR) B(h,ﬁM)| "A1®) (729

Here we simply used the fact that zA(r)|h’'| > BMh holds on the set B(h,M). Com-
bining this with (7.22) and (7.23), for a large M, we have the desired inequality. [
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