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SOME GENERALIZATIONS OF RETARDED NONLINEAR
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(Communicated by J. Matkowski)

Abstract. In this article, we state and prove several new retarded nonlinear integral inequali-
ties for Gronwall-Bellman-Pachpatte type and these inequalities will be used as applications to
study the boundedness, global existence, qualitative and quantitative behavior for the solutions
of initial value problems of retarded nonlinear integro-differential equations. These inequalities
extend some present inequalities to the current literature. An application is also presented to
demonstrate the strength of our results.

1. Introduction

Throughout this article, the set of real numbers is denoted by R, whereas H =
[0,00) is the subset of R and derivative is presented through '. Moreover, the sets of
all continuous functions and continuously differentiable functions from H into H are
denoted by C(H,H) and C'(H,H), respectively.

A significant role is played by differential and integral inequalities in the develop-
ment of theory of differential and integral equations. Integral inequalities have signif-
icant applications in the study of existence, boundedness, quantitative and qualitative
properties of solutions of nonlinear differential equations (such as [1-3] and references
therein). Firstly, we will introduce Gronwall inequality that has many applications in
the field of differential and integral equations.

THEOREM 1.1. (Gronwall inequality [4]) Ler m:[0,0 +k] — R be a continuous
function and

0<m(r) < /er(bm(it)+a)dl, Vre(6,0+kl, (1.1)

where 0, k, a, and b are nonnegative constants. Then
0 <m(r) <akexp(bk), Yrel[0,0+Kk|. (1.2)

Since the establishment of above inequality, many mathematicians and scientists
have shown their interest and gave many generalizations of Gronwall inequality (see
for instance [5-12]).

The important generalization of above inequality is given below:
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THEOREM 1.2. (Gronwall-Bellman inequality [5]) Let m and z be nonnegative

continuous functions defined on the interval E; = [0,k|, and suppose my and k are
positive constants for which the inequality

<m0—|—/ A)dA, YreE, (1.3)
holds, then
m(r) < mg exp (/rz(l)dl> , Vrek. (1.4)
0

In [1], Pachpatte introduced the following linear integral inequality:

THEOREM 1.3. ([1]) Let m,h,q,p € C(H,H) be nonnegative functions and my
be positive constant for which the inequality

<m0+/ ) +q(A) d/l+/ (/O)Lp([.t)m(u)du> i, (1.5)

forall r € H, holds. Then
r r l
m(r) <mo+ [ q)ar+ [ @) {moexp ( / (h(u)+p(u))du>
A A
+/0 q(1t) exp (/u (h(r)+p(r))d1> dutd, ¥ reH. (1.6)

Pachpatte [1] established the following nonlinear integral inequality:

THEOREM 1.4. ([1]) Let m,h,q,p € C(H,H) be nonnegative functions, and ¢ €
C'(H,H) be nondecreasing function with @(r) > 0 for all r € H and my be a positive
constant. If the inequality

m(r) < mo+/rp(7t)(p(m(7t))d7t —i—/()rh(?L)m(?L)d?L

+/ (/ g(W)m (u)du)da, VreH, (1.7)

holds, then for 0 < r < Ry,

m(r) < Oz(r)‘IF1 [‘P(mo)—f— Orp(k)(p(a(k))dk] , (1.8)
where
r A
() =1+ [ 1wy exp ( [ 060+ atw)an ) aa. (19)
‘P(y)—A: qﬁ)’ y>0, yo>0, (1.10)
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W1 is the inverse function of ¥, and Ry € H is chosen such that
r
‘P(mo)+/ p(A)e(a(A))dA € Dom(¥~), (1L.11)
0

forall r € H lying in the interval 0 <r < R;.

The rest of this paper is organized as follows: Section 2 presents new retarded lin-
ear integral inequality with differentiable function instead of a constant function outside
the integral sign for Gronwall-Bellman-Pachpatte type and some new retarded nonlin-
ear integral inequalities for nonlinear function ¢ (m(r)) instead of linear function m(r)
while an application will be established in Section 3 to show the boundedness and
global existence of the solution to integro-differential equation.

2. Main results
In this section, first we state and prove new retarded linear integral inequality
with differentiable function instead of a constant function outside the integral sign for
Gronwall-Bellman-Pachpatte type which will extend some existing results in [1, 5, 6].

Moreover, this inequality can used in analysis techniques of various problems in the
field of retarded nonlinear differential and integral equations.

THEOREM 2.1. Let m, h, q, p € C(H,H) be nonnegative functions and I, 0 €
C'(H,H) be nondecreasing with L(r) > 1, 0(r) < r on H. If the inequality

o)
m(r) < 1(r) + /0 (h()m(A) +q(2))dA
0(r) 2
w7 ([ pwmtwan)an, v ren, @)
0 0

holds. Then

o) o(r) B
m(r)<l(r)+/0 q(/l)d/l+/() hAKO Y(A)dA, YreH, — (22)

(r) (r)
k() =10 exp ([ bt plunan )+ [ (107 3+ a()

6(r)
X exp (A (h(u)—l—p(,u))du) d\, VreH. 2.3)

Proof. Let M(r) be the right hand side of (2.1), then we have M(0) =1(0), and

m(r) < M(r), m(0(r)) <M(O(r)) <M(r), YrecH. (2.4)



1226 A. SHAKOOR, I. ALI, S. WALI AND A. REHMAN

Differentiating M(r) with respect to r and using (2.4), we obtain
M'(r) = U'(r)+ 0'(r)(h(8(r))m(6(r)) +q(6(r))) + 6'(r)h(6(r))

></Oe (A)m
I'(r)

+ p (A)M(A)dA)
0

(r)+0'(r)q(6(r)) +6'(r)h(0(r))N(r), YreH, (2.5)

~—

where
+/ A)dA, VYreH. (2.6)

Thus, we have N(0) = M(0) =1(0), M(r) < N(r) and M(6(r)) < N(6(r)) < N(r).
Now, differentiating (2.6) with respect to r and using (2.5), we get

N'(r) = M'(r) 4+ 6'(r)p(6(r))M(8(r))
<U(r)+60'(rg(6(r)+0'(r) (h(6(r)+p(0(r))N(r), VreH.

The above inequality gives an estimation for N(r) as follows
6(r) o
N <10 exp ([ i) +p(di ) + [ (107 R) +a(2)
6(r)
X exp (A (h(u) +p(u))du> A, YreH. 2.7)
Substituting (2.7) into (2.5), we get

M (r) <U(r)+0'(r)q(0(r)) +0'(r)h(0(r))K(r), VreH, (2.8)

where K(r) as defined in (2.3). After applying integration on inequality (2.8) from O
to r, we obtain

o)
lr)—|—/0 g d?H—/ IA)dA, VreH. (29

Substituting (2.9) into (2.4), we obtain the required inequality in (2.2). Proof is com-
pleted. O

REMARK 2.1. Itis interesting to note that when we apply some additional condi-
tions in Theorem 2.1, we get the following results:

1. When we put extra conditions /(r) = mq (a constant) and 6(r) = r in Theorem
2.1, then it is converted to the Theorem 1.3 [1].
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2. If we take I(r) = myq (a constant), 0(r) =r, g(r) =0 and p(r) =0 in Theorem
2.1, then Theorem 1.2 [5] becomes a corollary of our Theorem 2.1.

3. If we assume that [(r) = my (a constant) in Theorem 2.1, then we obtain Theorem
2.11in [6].

Now, we state and prove few new retarded nonlinear integral inequalities for non-
linear function @(m(r)) instead of linear function m(r) which yields another analysis
technique to study explicit bounds, existence, qualitative and quantitative behavior for
the solutions of retarded nonlinear differential and integral equations. These inequali-
ties generalize certain former results in [1, 5].

Here we give the following theorem:

THEOREM 2.2. Let m, h, q, p € C(H,H) be nonnegative functions and @, 1, 6 €
C'(H,H) be increasing functions with 0(r) <r, I(r) =2 1, o(r) >0 forall r€e H. If

the inequality
o(r) G(r
r)—|—/ h()L)m()L)d?L—i—/O (/ a(u )d?L

+/ (A)dA, VreH, (2.10)
holds, then
—1 o 1
m(r) < a(r)¥ (‘P(Z(O))+/() (I'(6 (x))+p(/1)<p(a(/1)))dx>, @2.11)

forall r € H, where

(r) A
r) = 1+/O9 h(A) exp (/0 (h(w) +q(u))du) dA, YreH, (2.12)

Y dA
‘I‘(y)—é0 o)’ y>0, yo>0, (2.13)

W1 is the inverse functions of ¥ and Ry € H is chosen so that

+/ (A)) + p(A)p(cx(A))) dA € Dom(¥~").V r € H, (2.14)

lying in the interval 0 < r < R;.

Proof. Define a function

+/ (A))dr, VreH, (2.15)

then inequality (2.10) can be written as

6(r) 9(r
"+ /0 h(A)m(A)dA + /O / g(wym(p)du)dr, (2.16)
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forall r € H. If we let
m(r) <Ny (r)W(r), YreH, (2.17)

then

<t [awaans [T [ wwwanar,  @18)

forall r € H. Assume that W;(r) is equal to the right hand side of (2.18), then W;(0) =
1, and

W(r) <W(r), W(0(r)) <Wi(0(r)) <W(r), YreH. (2.19)

Differentiating W (r) with respect to r and using (2.19), we obtain

0(r)
< 9’(r)h(9(r))[W1(r)+/O q(A)Wi(A)dA]
<O (r)h(0(r))Ws(r), YreH, (2.20)
where
=Wi(r +/9r A)dA, VreH, (2.21)

which implies that Wy (r) < Wa(r) and W>(0) = W;(0) = 1. Now, differentiating (2.21)
with respect to » and using (2.20), we get

Ws(r) = W (r)+6'(r)q(6(r))W1(6(r))
< [0'(nh(6(r))+0'(r)q(0(r)|Wa(r), VreH. (2.22)

The inequality (2.22) implies an estimation for W,(r) as
6(r)
Wa(r) < exp (/ (h()L)+q(7L))d?L>, VreH. (2.23)
0
Substituting (2.23) into (2.20), we have
, , 6(r)
Wi (r) < 0'(r)h(6(r))exp / (h(A)+q(A)dA ), YreH.
0
Integrating above inequality from O to r, we get

1+/ A)exp </A(h(,u)+q(u))du> dA, VreH.
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Substituting above inequality into (2.19) then substituting (2.19) into (2.17), we get
m(r) <Ni(r)a(r), YreH, (2.24)
where o/(r) is defined in (2.12). Differentiating (2.15) and using (2.24), we obtain

Ni(r) = I'(r) + 6'(r)p(6.(r)) @ (m(6(r)))
I'(r)+6'(r)p(6(r) @ (N (r)a(r))
I'(r)+6'(r)p(6(r) @(N1 (r)e(a(r)), VreH,

but {(r) > 1 and @(N;(r)) > 1, which implies that % <UI'(r), so

NN

M) o+ (60 ol 7
siny) < /OO OO, Yred.

By setting » = A in above inequality, integrating it from O to r and with the help of
(2.13), we have

N () <YM + [ (107 (0) + p(L)g(alA)) dh. ¥ re H

or equivalently

) < vt (v + [ (107 AN +pt)0(ai) ). e,

Substituting above inequality into (2.24), we get required inequality in (2.11). That
completes the proof. [

REMARK 2.2. Itis interesting to note that when we change the given assumptions
in Theorem 2.2, we obtain the following inequalities:

1. If we assume I(r) = myg (a constant) and 6(r) = r, then Theorem 1.4 [1] directly
becomes corollary of our Theorem 2.2.

2. When we take [(r) =my (aconstant), 6(r) =r, h(r) =0, ¢g(r) =0, and @(m(r))
m(r) then Theorem 2.2 reduce to Theorem 1.2 [5].

Here we present another retarded nonlinear integral inequality which help us to
find the global existence and boundedness for the solutions of initial value problems of
retarded nonlinear integro-differential equations.

THEOREM 2.3. Let m, h, q, p € C(H,H) be nonnegative functions and @, ¢', 6, 1
€ C'(H,H) be increasing functions with 0(r) < r, I(r) > 1, @(r) >0, ¢'(r) <k, for
all r € H, k is positive constant. If the inequality

6(0)
+/0 o(m(2))[A(2)@(m(%)) +4(A)ldA

(r A
+ /0 " om(A)h(A) ( /O p(u)<p(m(u))du) ar. (225
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forall r € H holds, then

m(r) ( +/ (A) +h(A)ou (6~ 1(1)))&), (2.26)
forall r € H, where

exp (5" (ka(2)+ p(2))d2)

o (r) = :
000 17 (k01 (A) + k(A exp (I (ka(u) + pl))di) ) A

(2.27)

/y:(p‘iﬁ) y>0, yo >0, (2.28)

and W~ is the inverse of ¥.
Proof. Let M;(r) is equal to the right hand side of (2.25), then M;(0) =1(0), and

m(r) <Mi(r), m(6(r)) <My (6(r)) <Mi(r), VreH. (2.29)
Differentiating M, (r) with respect to r and using (2.29), we have
V() = 1)+ 0/ () (0))) K0 p(m(8(1) + a(67)
O ()omOEHE) [ pA)gim(2)dA
<)+ 00 (1)a(0(0) + 0/ ()0 (M (DO oM7)
s [ paro0m (1))a
< V) + 00 ()a(00) +0'(pMH(DAOM (), 230

forall r € H, where

o(r)
oM (r +/ ))dA, VreH, (2.31)

thus we have N,(0) = @(M;(0)) = ¢(1(0)), and @ (M, (r)) < Na(r). Now, differentiat-
ing (2.31) with respect to r and using (2.30), we obtain
Ny(r) = @' (My(r))M (r) + 6" (r)p(6(r)) 9 (M1 (6(r))
<K' (r) + [k6'(r)q(0(r)) + 6'(r)p(6(r))IN2(r)
+k0'(r)h(8(r))N3(r), YreH
As I(r) > 1, N3(r) > 1 which implies that Al]z((’r)) < U'(r), so dividing above inequality
2
by N3(r), then we have

N3 2(r)Ny(r) < KI'(r) + [k6'(r)q(6(r)) + 6" (r)p(6 ()N ' (r)
k6" (MDR(O(r)), Y reH. (2.32)

<
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If we let Ny ' (r) = X(r), X(0) = N5 '(0) = ¢! (1(0)), and N5 >(r)N}(r) = —X'(r),
then inequality (2.32) can be written as

—X'(r) < KI'(r) + [k0'(r)q(0(r)) + 6 (r)p(6(r))|X (r) + k0" (r)h(6(r))
or equivalently
X'(r)+ [k0'(r)q(6(r)) + 0'(r)p(6(r))]X (r) = —kI'(r) —k0'(r)h(6(r)),
for all r € H. The above inequality implies an estimation for X (r) as follows
91 (1(0)) — Jy " [k(' (0 (1)) + h(A)) exp(fi (ka(1) + p(w)dp))dA
exp(fy " (k(g(R)) + p(A))dA)

forall » € H. Thus N2(r) = X~ (r) < a1 (r), where o (r) is defined in (2.27). Substi-
tuting N> (r) < oy (r) in (2.30), we get

My(r) <U'(r) +0'(r)o(M (r))q(6(r)) + 0'(r)@(M (r))h(6(r))eu (r), (2.33)

for all r € H. Since I(r) > 1 and ¢(M;(r)) > 1, which implies that <p(§\,/1(1r()r)) <U(r)
then we can write the inequality (2.33) as follows

X(r) =

)

M (r)
@(Mi(r))

With the help of inequality (2.28) and integrating above inequality from O to r, we
obtain

<U(r)+6'(rg(0(r)+0'(r)h(8(r)oy(r), VreH.

WO ) < WO + [ (107 A+ a() +hR)en (07 (1)) d.

or equivalently

) < (o) + [ (007 00 +ah) + ke 07 (A1) ah ).

for all r € H. Substituting above inequality in (2.29), we obtain required inequality
(2.26). That completes the proof. [J
Now we present another nonlinear retarded integral inequality of this section.

THEOREM 2.4. Let m, p, q € C(H,H) be non negative functions and @1, ¢, 0,1
€ C'(H,H) be increasing functions with @;(r) = @a(r), [(r) > 1, 0(r) <r, ¢@.(r) >0
;e=1,2, forall r € H. If the inequality

o1 ")+ / ))dA + / (A))dr, (234)
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forall r € H, holds, then

mtr) < o w0 +o ([0 Aess ([ pwran) an)
+ /0 " adAger! <exp ( /0 e(r)p(x)am», VreH, (2.35)

where @ U is the inverse function of ¢ and Ry € H is the largest number such that

o(r) o(r) A
)+ [ ada+er ([ IO Aexp (- [ plw)auyan) >0,
(2.36)
forall r € H lying in the interval 0 <r < R;.

Proof. Let @ (M;(r)) is equal to the right hand side of (2.34), then we have
M>(0) = ¢~'(1(0), and

m(r) < Ma(r), m(0(r)) < Mx(0(r)) < Ma(r), VreH. (2.37)
Differentiating ¢@;(M(r)) with respect to r and using (2.37), we obtain

Q1L (Ma(r)) (M5 (r)) = I'(r) + 0'(r)p(6/(r)) @1 (m(6(r)) + 6'(r)q (6 (r)) 92 (m(6/(r))
< U(r)+0'(r)p(0(r) o1 (Ma(r)) + 6'(r)q(6(r)) 92 (Ma(r)).-

Using the relation @] (M>(r)) = @2(M>(r)) and dividing both sides by @[ (Ma(r)), so
we have

'(r) | 0'(0p(8(r) 1 (Ma(r)
@1 (M(r)) @1 (Ma(r))

By setting » = A in above inequality and applying integration from 0 to r , we get

Ma(r) < / dx+/6r M)d/l

My (2))
+/

My (r) <

+0'(r)q(6(r)), VreH.

My(1))
e e 2N 4
+/ o] (M / Ma(2))
o(
+ / ® o dn, vred, (2.38)
0

where 0 < R < Ry was picked arbitrary and R; is defined in (2.36). Now, we let M3(r)
be the right hand side of (2.38), then

0(R)
M;(0) = ;1 (1(0)) + /O g(2)dA (239)
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and

My(r) < M3(r), Vr<R. (2.40)
Differentiating M3(r) with respect to r and using (2.40), we have

I'(r) / P1(Ma(6(r))
M) = Gron OO gt et
W) puMs(r)
< gon H O oy TSR

which implies that

@1 (M3(r))M5(r) — 0'(r)p(6(r) @1 (M3(r)) <I'(r), Vr<R.

The above inequality gives an estimation for M3(r) as follows
-1 o(R) S O
M) < Lo 0O+ [ gar+er' ([ 167 (2)

A 0(
xexp(— [ pu)dwdnle; el [ p(2)ar). ¥r<r.

As 0 < R < R; was picked arbitrary , if we let r = R, then above inequality can be
written as

o(r) 6(r)
M) < lo 10D+ [ a@)ar+oi ([ 107 A)

A (r)
cep(— [ pwpamario e [ p(h)an), vr<r

Substituting above inequality into (2.40), then substituting (2.40) into (2.37), that gives
the required inequality in (2.35). Proof is completed. [

3. Applications

This section presents an application for showing the strength of our derived results
in Section 2. The derived inequalities of previous section are applying to examine the
boundedness and global existence for the solution of initial value problem of retarded
nonlinear integro-differential equation. Consider the following initial value problem for
retarded nonlinear integro-differential equation:

{m’(r) =1U'(r)+F(r,m(0(r)), JoG(A,m(6(r)))),VreH, 3.1

m(0) =1(0),
where F € C(H?,R),G € C(H*,R) and [(0) is positive constant. We suppose that

L 0o+ Fam(©)).v)lar < [1@0)+ p(m@) D) p(m(a)
)]+ o(m@HDV)aR,  (2)
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V =|G(rm(r))| < p(r)(e(Im(r)])), (3.3)

where the functions ¢, i, [, 6 and p are already defined as in Theorem 2.3. If we take
m as a solution of (3.1), then it can be written as

r)+/0rF<7L,m(9(7L)), /(fh(u7m(e(u))du)>dx,vreH. (3.4)

Applying (3.2) and (3.3) in (3.4), we obtain that

m(r)| < 1(r) +/Or<P(|m(9(7t))I)[h(l)w(\m(e(l))\) +q(A)ldA

; /r<p<\m<e<z> ) ([ plwrom(@Cu))yas )

0+ [ L a0 1m)) +a]ar

+/Oe h((@e_ll(( ) (/ P ) ,u)dl, (3.5)

forall r € H. If (3.5) holds, then as an application of Theorem 2.3, we get

m(r) < ¥-! (\11(1(0))+ /06<r> (18" (A)) +4(A) +h(A)oa (6 (2))) M) |

6'(6-'(2))

for all » € H, which gives boundedness and global existence for m, where ¥ is defined
in Theorem 2.3 and

exp (fe(r) Mdl)

r 1(—1 1
01 (1(0)) — Jy " MO O Bl ex ((Ji kq(u) + p(u))du ) dA

forall re H.

REMARK 3.1. In some situations, the bounds and existence given by the other
inequalities are not directly fit, and not possible to examine the stability and asymptotic
behavior of solutions of classes of more general retarded nonlinear differential and
integral equations. But the integral inequalities derived in this article allow us to study
the global existence, uniqueness, stability, boundedness and asymptotic behavior and
other properties of solutions of classes of more general retarded nonlinear differential
and integral equations.
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