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INEQUALITIES AND CONVEXITY PROPERTIES FOR
THE WEIGHTED EXPONENTIAL-BETA FUNCTION

FARZAD KHOSROWSHAHI AND SILVESTRU SEVER DRAGOMIR

(Communicated by G. Nemes)

Abstract. In this paper we establish several analytic inequalities and convexity properties for the
Weighted Exponential-Beta function

F(o,Biy) = /Olexp [ (1= 0] ax,

where o, B and y are positive numbers.

1. Introduction

Construction industry is notoriously recognized for high level of liquidation. To
this end, timely availability of the necessary capital is critical for the success of the
project and possibly the organization, as cash-flow mishaps account for much of the
failures of contractors. The graphical representation of the incurred cumulative expen-
diture of construction projects typically assumes the familiar S-curve, which inherits
the characteristics of an exponential behavior. The history of systematic and scientific
approach to construction cash-flow forecasting dates back to 1970s. The subsequent
generations of models can be categorized into nomothetic vs idiographic (see [7]),
stochastic vs deterministic, elemental vs mathematical and parametric. The elemen-
tal approach places the emphasis on the exact details of quantity, rates and timing of
expenditure of all construction elements and activities. The time and cost overhead of
this approach, in conjunction with lack of evidence on the accuracy led to a surge of
alternative approaches in the 1980s. In particular, easy, fast, cheap and pragmatic solu-
tions gained popularity. This trend paved the way for the development of mathematical
models.

Extensive analysis of project expenditure patterns has revealed that the main fea-
tures of the shape Y of the project periodic expenditure pattern are defined in terms
of a number of variables, which can be simulated using the following expression (see,
[8D:

Yc :=exp {bx“(l —x)d} —L
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Here

Xpi=R=—"andy, = Q= exp [bR“(l—R)d] —1,

a+ d
0O, R , represent the positions of the project expenditure peak on both the cost and time
access, a and b are parameterized in terms of x;, and y, as follows

d In(1
a = xp ,b: Il( +yp)d
I—xp xz(l—xp)

and the parameter d is calculated through numerical method that is derived to rapidly
converge towards a solution within desired error tolerance.

A relationship is established between the properties of the project and the physical
shape of the project expenditure pattern. These are then related and reflected on the
mathematical expression through its parameters.

Motivated by the above considerations, in this paper we consider the three-parameter
family of functions introduced in [6]

fapy (@) i=exp |3 (1=0P | x € 0,1], @ B, ¥>0
and the "Weighted Exponential-Beta” (WEB) function defined by the integral
1 1
FoBi)i= | fupyWdr= [ exp [ (1-9f]dx. o B. 7> 0.

In the same paper [6] we obtained the following representation for the generating
function fy g, :

THEOREM 1. Let o, B, y> 0, then we have function series expansion
fopy ()= 1+2 k,;/(x"‘" (1.1)

uniformly on the interval [0,1].

As an important consequence, we also have the following series expansion for the
WEB-function:

COROLLARY 1. We have the Beta-Taylor series expansion
<1
F(ogﬁ;y):1+EE)/(B(ak+l7[3k+l) (1.2)
k=1"

Sorall o, B, v>0.

We recall that the Beta function, also called the Euler integral of the first kind, is a
special function defined by

B(a,B) = /1 el —Plar, a>0, B>0. (1.3)
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For some various inequalities for the Beta function see the survey paper [4].

In this paper we establish several analytic inequalities and convexity properties for
the generating function f;, g , and the Weighted Exponential-Beta function F (a, 3;7)
where o, B and 7y are positive numbers.

2. Some analytic inequalities for f; 5,

We start with the following fact:

THEOREM 2. Let o, B, y> 0. Forany p, q > 1 with 11—7—1—5 =1, we have

0< fupoy ()~ 1< exp () 177 [exp (y(1 - x#) ~1] " @)
forall x€10,1].
In particular, we have
[mﬁﬂ@—ngkmmﬁﬂ—4npru—@m)—q 2.2)

forall x€10,1].

Proof. 1f we make use of Holder’s discrete weighted inequality

k=1

,, N p s, 1/q
0 < Z mkakbk < (Z mwf) (2 mkbz> s
k=1 k=1

where my, ar, by >0, ke {l,...,n} and p, ¢ > 1 with I%—i—é = 1, then we can write
for m = L7, ax = x* and by = (1 — x)P¥ the following inequality

or (i)
=<l§%%<xaﬂ>">w@% # o]

forall n>1 and x € [0,1].
Since the series

1/q
f@-@ﬁﬁ (2.3)

?V‘|._
M=
x| —

1
1/q

N——

»|_
\_/
=
=~
| =
g
R
=
=
2

Tit

and
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are convergent and

T

F(1—x)P* = exp [Yx‘”(l —X)’}} —1=fopy(¥)—1,

N‘|H

— 1
2 k_ ) = exp (yx%) — 1

and

S [0 =0 -0] 1

then by taking the limit over n — oo in (2.3) and utilising the representation (1.1) we
get the desired result (2.1) [

The following result also provides some lower bounds for f, g, (x).

THEOREM 3. Let a, B, v> 0. Then for all x € [0,1] we have

1)1l [eXp (7(1 _x>ﬁ> - 1] (2.4)
< fa,ﬁ,y(x) -1
lexp (1)~ 1] [exp (7(1—20) ~ 1] 4 7 (7~ D)2 (1 ).

Proof. We use the weighted Chebyshev’s inequality for sequences ay, bp, k €
{1,...,n} that have the same monotonicity

mkakbk7 (25)

n n
=1

Z myay Z mibg <Y my
k= k=1 &
where my >0, ke {l,...,n}.
Consider the sequences a; := x™, by := (1 —x)ﬁk, ke{l,...,n}, forx€[0,1].
We observe that both sequences are monotonic nonincreasing and by applying Cheby-
shev’s inequality for the positive weights my, := %y’" we get

1

nl nl
i akzkﬂ“‘ Xt Egteta-ot e

I M=

1 k!

forall x € [0,1] and n > 1
Since the series Y7 | LYx%, ¥7 LA (1 —x)PX and 37, L7* are convergent
and

S = 3 6 = exp () -
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and Y7, %y’" = ¢” — 1, then by taking the limit over n — o in (2.6), we get the first
inequality in (2.4).

Further, we use the weighted Griiss inequality for the bounded sequences a < a; <
A,b < b <B, ke {l,...,n} and nonnegative weights my >0, k € {1,...,n}, see for
instance [2],

n

2 my 2 myaiby, — 2 myay 2 myby 2.7
k=1 k=1 k=1

k=1

2
< % <ka> (A—a)(B—D).

Now, if we consider the sequences a; := x% (1-x)P* ke {1,...,n}, for x €

[0,1], then we observe that 0 < a; < x% and0<b <( —Xx

~—

)ﬁ for all positive integer k.
So, by utilising the inequality (2.7) fora=b=0, A=x*, B= (1 —x)ﬁ and my, = %yk
we get
o Lpg Lopa ¢ L pan g Ly
— — Y — —y(1— 2.8
,;Mk;k'fx §k §k (28)

N‘|H

1 [ ?
“i(Ear) oo

that holds for all x € [0,1] and n > 1
Since all the series involved in (2.8) are convergent, then by taking the limit over
n — oo in this inequality, we get the second part of (2.4). [

THEOREM 4. Let o, B > 0. Then for all x € (0,1) we have

(e —1) {x“(l —x)ﬁ} o < fupy(X)—1 (2.9)
and
0<In (%) —1n{[x°‘(1—x)5] f‘} (2.10)
< ﬁ {exp [yx*a (1 —x)fﬁ} — 1} {exp [yx“ (1 —x)ﬁ} — 1} —1.

Proof. Since In is a concave function, then by Jensen’s discrete inequality for
concave functions g, namely

(zz=lpkxk> S zz=1pk8 (xk)
ZZ:1 Pk - 22:1 Pk
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where py >0, k€ {1,...,n}, we have for x; = x* (1—x)P* and p; = LY ke
{1,...,n} that

o n 1 ok (1 _ \Bk
In (2" Bt Ut ﬁk) >zk:1 k!Ykl: [xl i } (2.11)
P 17’kk| St
S b e -y
B i av
o Zkl yk
=In|x¥(1—x
{ ( ) ]zk=l k!?’k
Zzzlﬁ?’k
:1 o 1_ ﬁ ( ) ,
"0 T

forall x€ (0,1) and n > 1
Since the series Y5, ﬁyk =y3r, ﬁy’“l =ye’ and 37 | LY =" —1,
then by taking the limit over n — oo in (2.11) and using representation (1.1) we get

In <fa’ﬁ’y(x)_ 1) P> re? In [xa(l —x)ﬁ]

e’ —1 e’ —1

= ln{ [xa(l—x)ﬁ} fyl}

that is equivalent to the first inequality in (2.9).
Further, we use Dragomir-lonescu’s reverse of Jensen’s inequality [5] for concave
functions

n n
o< ( ijlpkxk> _Ziame (%) (2.12)
k1P =1 Pk

1 ! 1 - /
P8 ( PrXk — g (%) s
zk 1 2 zzzlpk 2 ZZ=1pkk§1

k=1

which gives for g (x) = Inx, x; = x* (1 —x)ﬁk and py = 475, k€ {l,...,n} that

n 102 ﬁk
0<in iy "1(1—X)’3k i lk'%ln[ 1 =) } (2.13)
i mr Ticim?
vk oy B L Lopag ek
Zk 1k17’k2k')/( Yi—1 kll kg’lk!)/(x =

for x€ (0,1) and n > 1
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Since the series X7, & 7% (1 —x) P* is convergent and
.- —ock —Bk o | —a -B K
Z —x) Pt = ;;1 FJ/( [x (I—x) ]

= exp [yx_“ (1 —x)_ﬁ} -1

>-|_

then by letting n — oo in (2.13) and using representation (1.1), we get

0<In (%) —ln{[xa(l_x)ﬁ] J'eyl}
{GXP [Yx*a(l —x)_ﬁ} — 1} {exp [yxa(l —x)ﬁ} _ 1} _y

which is equivalent to (2.10). [

< -
(er—1)?

REMARK 1. As a simple consequence of the inequality (2.10) we note that
2
(" =1)" < [frapy () = 1] [fapy (x) 1] (2.14)
for all positive ¢, B, y>0 and x € (0,1).

In 1984, S. S. Dragomir obtained in [ 1] the following Cauchy-Bunyakovsky-Schwarz
related weighted inequality, see also [3, Theorem 2.20]

Y1 My Xy My Y myagby

k;mka,%k;mkb,% > ST (2.15)
where ai, by are real numbers and my >0 for k € {1,...,n} and ¥}_, my > 0.
THEOREM 5. Let o, B, v> 0. Then for all x € (0,1) we have
[exp (yx2%) — 1] [exp <y(l —x)2ﬁ> - 1}
0< fopy(x)—1< (" =1) . (2106)

fexp (ya) — 1] [exp (v (1 0 ) — 1]
Proof. By taking ay := x% by := (1 —x)P* and my := L7F in (2.15) we get

< o 2 k
2 k,?*xz "2 k,f P 2.17)

k=
zk lklykxakzk lklyk ﬁkzk lklykxak 1— )ﬁ .
py 1k'7k

Since all the series involved in (2.17) are convergent, then by taking the limit over n —
oo in this inequality and using representation (1.1), we get the desired result (2.16). [
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3. Convexity of f, 5,

Now, recall the well known inequality between the weighted arithmetic mean and

weighted geometric mean
a7y < (1—t)a+1b (3.1)

that holds for all a, » > 0 and 7 € [0,1]. This inequality is also known in the literature
as Young'’s inequality.

We have the following global convexity result for the function f;, g , (x) as a map-
ping of the positive parameters (a, 3,7) . More precisely, we have

THEOREM 6. For any (051,[31’71)’ (a27ﬁ2a72) € (0’00) X (0’00) X (O7°°) and t €
[0,1] we have

Sa-nentron.(1-0)B 1B, (- +1 (¥) 32)
< (U =1) fou oy (0 + (1= 1)t fo p, 3, (%)
1 (1=1) foy . () + 1 f oy s (%)

Sforall xe (0,1).

Proof. Fix x € (0, 1) Let ((Xlaﬂlayl)7 (aZaBZa/JQ) € (O7°°) X (O7°°) X (0’00) and
t €[0,1]. Then

(1—1)(ou,B1,m) +1t (2, B2,7)
=((1=t)ou+to,(1—1)B1+1P2, (1 1)1 +17) € (0,00) X (0,00) X (0,20)

and

f(1—t)a1+ta2,(1—t)[31+t/32,(1—t)y1+ty2 (x)—1

L (1= )y )l a0l (101 Bl

T
I

Il
Ms
x|

| —

' (1=0p _|_ty2)kx(17t)a1k+ta2k (1 _x)k(lft)ﬁﬁrtﬁzk

~
Il
—

I
M s

| =

‘ ((1 _t) ’y] +t,y2)kx(l—t)061kxt062k (l _x)k(lfl)ﬁl (1 _x)tﬁzk

T
I

Il
Ms

((1 _t),yl _|_ty2)kx(l—t)061k (1 _x)k(l—t)ﬁl xtotzk (1 _x)tﬁzk

I
DM
| —

!

T
I

1—¢

| —

! (1—0)p + 1)k |[x®k (1 —x)kﬁ'}( : [xazk(l —x)ﬁzk}t =:A.

~
Il
—

I
M

By the convexity of the power function, we have

(I=t)n+p) <A -0 +17h
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forall k > 1 and 7 € [0,1].
Therefore

il[l—t —HJ/(] [ ark( kﬁl]( )[azk(l_x)ﬁzk]t

k!

1—t2 yk[alk kﬁl:|( [xazk(l_x)ﬁzk}t
g b ] ]

By Young’s inequality (3.1) we have
[t (1] [k (1 ey
< (1= 1) X8k (1 — x)*Pr g px0k (1 — )Pk
—(1—1) [xo‘l (1 —x)ﬁl]k+z [xaz (1 —x)ﬁZ]k

for all k£ > 1, and by taking the sum in this inequality we get

A< (l—t)]i%)/f{(l 1) [xal (l—x)ﬁl]k—i—t [xaz(l—x)ﬁzr}

imi k!
B S Y
+t(1—t)i%)/([x (1- )ﬁl] +z2z ;/‘[0‘2 (1- )ﬁZ]

= _t)z [fal Bin (x) — 1] (1—1)t [fa27l32:yl (x) — 1]
+1(1- )[fal ﬁle(x)_l]+t2 [fazaﬁzﬂz(x)_lL

which implies that

f(l—t)a1+ta2,(1—t)[31+t[32 1=+t (x) =1

<=1 [fay g @) = 1]+ (=01 [fo oy () = 1]
+1(1— )[fal By (%) — ]"Hz [fazﬁzﬁ'z (x)—l]
= (1=1)? foy gy o (X) + (1= 1)1 fopy (%)
1 (1=1) for prp () + 0 fory py 35 (%)
(1=t ==ty —t(1—1)—1>
=(1—1)*fy By () + (L =1)tfo, g, 5 (%)
1 (1=1) foy prpy () + 1 fory py () = 1
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and the claim is thus proved. [J

COROLLARY 2. The function
(0,90) X (0,20) 3 (e, B) = farp.y (x) € [1,2)
is globally convex on (0,e0) x (0,e0) for any x € (0,1) and y > 0.

Proof. Fix x € (0,1) and y> 0. Let (o, 1), (02,B2) € (0,00) x (0,00) and t €
[0,1]. Then by (3.2) for y; =75 = y we get

F-t)on +00,(1-0)Br+1B2y (X)
= J-t)oy+0n,(1-0) By +1Ba.(1-1)y+17 (X)
<1 =1) fo .y (@) + (1 =1)1 o p, 5 (%)
1 (1=1) fo 1y () + 17 fo gy (%)
= [0 11 =0)] Fay gy 0+ [ =01 1] o 0 ()
=(1=1) foy 1.y (X) +1fon By (%)

which proves the global convexity for the variables (¢, ) € (0,00) x (0,00). [

We also have:

COROLLARY 3. The function
(0,00) 3 7= fopy(x) €[1,00)
is convex on (0,e0) for any x € (0,1) and a, B > 0.

Proof. Fix x€ (0,1) and o, B >0. Let y3, %» > 0 and 7 € [0,1]. Then by (3.2)
for oy = 0p = and B = B, = B we get

JoB.(1-t)yp+1p (X)

= fl—t)atra,(1—1)B+1B,(1—)y 15 (X)

S (U= forpiy () + (L =101 fapy (0)+1(1=1) for gy (X) +7°for p i (¥)
= [P+ (U= 0)1] o )+ [ (1= 1) 1) forpp ()

= =1)fapn @) +1fapmp ),

which proves the desired convexity. [
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4. Inequalities and convexity properties for F (¢, 3;7)
We have:
THEOREM 7. Let o, B, y> 0. Forany p, q > 1 with 11—7—1—}1 =1, we have
0<F(0,B:y)— 1< [F(pa,0:7) = 1]/ [F (0,gs7) —1]"/7. (4.
In particular, we have
[F (e, B37) — 1) < [F (2¢,057) = 1][F (0,2B57) — 1]. 4.2)

Proof. Using Holder’s integral inequality

[ rwstars (/Olfm)dx)l/p (/Olg%x)dx)l/q

for any p, ¢ > 1 with I%—ké =1 and (2.1), we have

0<F (0B~ 1< [ lexp ()~ 1177 [exp (v(1 ) 1]

< [£ Govrem-y'al [ (ooto-m) 1)) o
_ [/01 lexp (797 — l]dx] v Uol [exp (v(1-x)) ~1] dx] v

= [F (pa,0:7) — 1]"/7[F (0,qB:7) — 1]/,
which proves (4.1). O

From a different view point we also have:

1/q

THEOREM 8. Let a, B, v>0. Then
0<F(o,B:y)—1 (4.3)

<
Ter—1

[ (e,0:7) — 1][F (0,B57)] + § (67~ DB(a+ 1B +1).

Proof. 1f we take the integral in the second inequality of (2.4) we get
0<F(a,Bs7)—1 (4.4)
1 1
< oy —x)P) =
S5 /0 [exp (yx%) — 1] {exp (y(l X) ) 1} dx

1

+%(e7’— 1)/0 A% (1— )P

! /01 [exp (yx%) —1] {exp (y(l —x)ﬁ> - 1} dx

e’ —1

+%(6Y—I)B(a+l,ﬁ+l).
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We use the Chebyshev’s inequality for functions of opposite monotonicities f, g :
[0,1] - R

1 1 1
| rwsmar< [ wax [ swar
for the increasing function f (x) =exp (yx*)— I and decreasing function g(x) =exp(y(l —
x)B) =1 to get
1
/ [exp (yx*) —1] [exp (y(l —x)ﬁ> — 1} dx
0

1 1
< / [exp (yx%) — l]dx/ {exp (y(l —x)ﬁ> — 1} dx
0 0
=[F (,0:7) = 1][F (0, :7)].
By utilizing (4.4) we obtain the desired result (4.3). O

We have:

THEOREM 9. For any (051,[31’71)’ (a27ﬁ2a72) € (0’00) X (0’00) X (O7°°) andt €
[0,1] we have

F((1—1)(ou,Br,n)+1t(02,B2,7)) (4.5)
< (1=t F (ou,Bi,n) + (1 —1)tF (a2, B2, 1)
+1(1=1)F (0, B1, %) +1°F (0, B2, 12) -

Proof. Let (ay,B1,71), (02,B2,%) € (0,00) X (0,00) x (0,00) and 7 € [0,1]. From
(3.2) we have by integration over x on [0, 1] that

F((1—1) (o1, Br,m) +1 (02, B2, 1))
ZF((I —t)OCl—FtOCz,(l —t)ﬁl—Ftﬁz;(l—l‘))/l—Fl’)/z)

1
:/0 Sa=nar-+100,(1-0) B +1a. 1ty +o7 (%) A
1 1
U= [ fa o e+ (1=t [ oy ()

1 1
-l-t(l—t)/o ForBim (x)dx+t2/0 For oy () dx

= (1—1)*F (o1, B1, 1) + (1 —1)tF (e, B2, 1)
+l(1 —Z)F(Oll,ﬁl,']/Q)-f—le (0627[32,’)/2),

which proves (4.5). U

COROLLARY 4. The function F (-,-;7) is globally convex on (0,0) x (0,e0) for
any v > 0. Also, the function F (o, 3;-) is convex on (0,e0) for any a., 3 > 0.

Finally we have the following logarithmic convexity property:
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THEOREM 10. For each y > 0, the function F (-,-;y) is globally logarithmically
convex on (0,00) x (0,e0).

Proof. Fix y> 0. Let (a1, 1), (02,B2) € (0,00) X (0,00) and ¢ € [0,1]. Then by
the representation (1.2) we have

F((1=t)aq+tan,(1—1)Br+1Byy) — 1

= 5 LAB( e+ tal 1[0+ Bk + )
k=1""

= 3 S PBI0 = 0) okt 1)+ (ok+ 1), (1—1) (Bik+ 1) +1 (Bok+ 1)
k=1""

_ i%)/‘B[(l—t)(a1k+1,B1k+1)+t(a2k+l7[32k+l)} _—
k=1""

By the global logarithmic convexity of the beta function that was proved in [4], we have

Bl(1—1t)(ouk+1,B1k+1)+1(0nk+1,Brk+1)]
< [B(ouk+1,Bik+1)]" " [B(onk+1,Bk+1)]'

for (aq,B1), (02,B2) € (0,) x (0,0) and ¢ € [0, 1].
This implies that

T's Zkl%[ (cnk+1,Brk+ 1)]' " [B(ank+ 1, Bk + 1)]'

o
1

S [i o (1B (ouk+1, B+ 1)) " [i %V‘([B(aszr L okt 1)],)%]
k=1""

1—¢ t

)

= li kl!ﬂ (ouk+ 1, Bik+1)]

k=1

li %%[B(azkﬂ,ﬁzkﬂ)}
k=1""

where for the last inequality we used the weighted Holder’s inequality with p = %

—t
and g = % for which we have Il—?+$ =1 with p, g> 1.

Therefore, we have
F((1=t)ou+ton,(1—1)Bi+1By) -1 (4.6)
<[F (o, Brzy) — 1] [F (0, Bazy) — 1f

for (aq,B1), (02,B2) € (0,) x (0,o0) and ¢ € [0, 1].
Now, by utilising (4.6) and Holder’s discrete inequality we have

F((1=t)oy+rton,(1—1)B1+1B7)
<[F(on.Brzy)— 1] [F (00, Baiy) — 1] +1
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=[F (au,Br:y) — 1] " [F (0, Bozy) — 1] + 111
1—t
1
<|(Fenpin-117) 7 1] [0 (e - 1)

= [F (o, Bisy)) ™" [F (0, Bo: )]

1 !
T—t

for (aq,B1), (02,B2) € (0,00) x (0,00) and ¢ € [0,1], which proves the logarithmically
convexity of F (-,-;¥) on (0,00) X (0,00). [
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