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ON A MORE ACCURATE REVERSE HILBERT-TYPE
INEQUALITY IN THE WHOLE PLANE

MICHAEL TH. RASSIAS, BICHENG YANG AND ANDREI RAIGORODSKII

(Communicated by M. Krni¢)

Abstract. In the present paper, using weight coefficients and applying Hermite-Hadamard’s in-
equality, we derive a new, more accurate reverse Hilbert-type inequality in the whole plane with
multi-parameters involving the cosine and natural logarithm functions. The corresponding con-
stant factor is proved to be the best possible. We additionally consider some equivalent forms
and a few particular inequalities. As an application, the obtained results are compared with some
previously known results and we show that these new results are more accurate than the earlier
ones.

1. Introduction

Let us consider p > 1711—?—1—5 =1, ap,bp =2 0,a={an};_,€l?, b={b,}; €4,

1

oo P

lallp={ X ah] >0, llbllg>0.
m=1
We have the following well known classical Hardy-Hilbert inequality:

- ~ ambp Vi
— b 1
Z Z < Sln(%)HaHpH th ( )

n=1m=1 m+n

where the constant factor -

sin(7/p)

is the best possible (cf. [1]). Following the assumptions of (1), the following Hilbert-
type inequality (cf. [2], Theorem 342) holds true as well:

2
[lal[p[[Pllg, 2)

m—n sin(7)
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where the constant factor

T 2
[Sin(ﬂ/ p)}
is the best possible.
In 2009, by introducing parameters A;,A, € (0,1] (4; + 24, = A), Yang [3] pro-
vided the following extension of (2) with its reverse (for 0 < p < 1, % + é =1):

oo ooln

)

7L_7L
n=lm=1 ™M n

1

2 5w 0
.~ p(1=21)— q(1-22)—1pq , 3
< l/lsm(Tl)] {mzlm } {ngln n} &

where

is the best possible and

2
A sin(ZAL) = Inu 1
0, (A1, m) := [ po A /m ul—l WM du —0< 7L/2> € (0,1).

In 2011, Yang [4] established the following more accurate extension of (1):
If0< AlaxQ <1, A'l +2'2 :Aw am7bn = 07

\|a\|pq>—{2m a)PI=4)=1gP 3o € (0,00),

Hb\lqw—{Z 901045 € (0,00),
then we have

33 ey < )

where the constant factor B(A;,A;) is the best possible and B(u,v) stands for the beta
function defined by (cf. [5])

vy (0<a<y),  ©

— ~ 1 u—1
B(u,v) .—/O (1—|—t)”+vt dr (u,v>0). (6)
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For A=1, A4 =1 A =1 a=0, inequality (5) reduces to (1). Some further results
related to (1)—(5) are provided in [6]-[38].

In the present paper, using weight coefficients and applying Hermite-Hadamard’s
inequality, we derive the following more accurate extension of (4) with parameters in
the whole plane:

If€7n€[07 %},0<zfl,2,2<1, A‘l"'sz:A‘gl;ama bn>o7

oo

Y m—gPMTal € (0,00), Y [n—n R TbE € (0,00),
[m|=1 [n]=1

~ e/ 2’2/)" llnu
9(2,2,7’") = / 5 ?du
[lsm(ﬂ?ll/l)

0<m gkz/2> (0,1),|m| €N,

then we have

o ot
DI I T

In|=1

=3

2 s
-2 {m} l 2 (1 _5(12,m))\m ‘g’\ﬁl Ar)— al)

|m|=1

1

oo q
X [2 n—n|‘f<”2“bz] : (7

|n|=1

Furthermore, we provide a generalization of (7) with multi-parameters and a best pos-
sible constant factor. Certain equivalent forms and a few particular inequalities are also
considered.

2. Some lemmas

In what follows, we shall assume that N ={1,2,---}, 0<p <1 (¢<0), Il—?—% =1,
a,Be0,m), Enef0,3], 0<A, A <1, A4+ =A< 1. For |x],|y| > 1 we set

[x=&|+(x—=&) cos o
In[ = n)cosp )

kxy (8)
)= G =By o=l G el
In particular, for o = B = £ we set
In| 2| 1
h(x,y) = Sl x| > <. 9)
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DEFINITION 1. Define the following weight coefficients:

oo

. [lm = &|+ (m— &) cosa]M

o(Ay,m) = Mz:,lk(mm) I 0Lt () cosp]1 7" lm| €N, (10)
o [In—n|+ (n—n)cosB]*

w(ll,l’l) - Im‘ZZIk(m?n) [|m_§|+ (m—é)COS(X]l_M ’ ‘n| € N7 (11)

where

Y oo=3 z (j =m,n).
LEMMA 1. For

2
._ T 2
kp(Aa) =2 [Asm(nxl/x)] csc”p,
we have
kg(A1)(1—0(A2,m)) < @(Az,m) < kg(A1), |m| €N, (12)
where 0(Ay,m) is defined by

(14-17)(14-cos B) ]l (lz/l)

1 [\mfﬁH(mfﬁ)cosa u -1 Inu
O(XQ,m) = m/o ?du
Asm(na/A)

1
B O<[m_é+(m—§)cosa}lz/2) €(0,1), |m[€N. (13)

Proof. For |x| > %, we set

In |:|xfé|+(x7 )cosa]

(1) o (y—n)(cosB—1) _l
E) = g Beosal [0 meosp O S 2
) In [mﬁ] 1
) = e = Beosal — [-mcosB+ D 7 2

and then for y > %7

[x=&]+(x—&)cosax
In [7@%)(1—00#3) }

(. —y) — :
=) = T o Deosal [+ M1 cosB)T

‘We obtain that

pylm =&l (m—&)cosal®

oam) = 3 K )
*<amnﬂm—ﬂ+@%fkmﬂh

cxk [(n=m) {1+ cos B 17
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[Im—&[+ (m—&)cosaltt & kM) (m, —n)
(1—cosB)l~% S (n+n)Hh

[m—E&|+ (m—&E)cosalM & kP (m,n)
(1+cosB)l—% ,Z‘l (n—m)l-%’ (14)

+

It is evident that for fixed m € N, A, <1 (0 <A < 1), both

k(l)(m7 _y) a k(z)(mvy)
(y+m)i-2 (y—m)i-2

are strictly decreasing and strictly convex with respect to y € (%,oo), satisfying (cf. [4])

d Km0y K (1))
ay b CmR S @ e (Cm) R

By Hermite-Hadamard’s inequality (cf. [39]), we derive that

0 (i=1,2).

[lm—&| + (m— &) cosa]h /°° k) (m, —y)
(I—cosB)! % L e ®
[|m—&| + (m— &) cosa™ /°° KD (my)
(1+cosB)l-*% L o(y—n)l-h
[Im —&| + (m— &) cosal I KD(m,—y) |
(I=cosB)l = Jon ()
[Im—&[+ (m— &) cosa]h /°° k@) (m, y)
(1+cosB)l-*% n (y—n)i-* Y-

w(?Lz,m) <

_|_

<

_|_

Setting

SR R (resp.h ) D

|m—E&|+ (m—&)cosa m—E&|+ (m—&)cosa

in the above first (resp. second) integral, by simplification, we deduce that

1 1 1= u®/M)ny
©(Az,m) < <1—cosﬁ+l+cosﬁ)ﬁ/o u—1 du

= 2[Asin(:rrxz/x)rcs‘:2ﬁ

By (14), since both

k(l)(ma_y) a k(Z)(m,y)
Grme M GomiR
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are strictly decreasing, we also obtain that

[lm— &| + (m — &) cosa]™ /°° kD (m, —y)
(1=cosp) 7 h Gy
Hm—éH%m—éﬁan{/wk@Omw
(1+cosf)!—* 1 (y—m)'R

W2/
[
1 _ COSﬁ (1+n)(14cos ) k u— 1

[m—&[+(m— ﬁj)c.osa
M(AZ/)L)fllnu

l+cos[5/M] u—1

\m El+(m—&)cosax

= kp(A2)(1—6(42,m)) >0,

o(Ay,m) > dy

+

u

where 6(A,,m) is as defined by (13).

Since

uh2/22) =1y

— —0 (u—07),

and

u(}bz/2}t,)—1 Inu

— —1 (u—1),

there exists a constant M > 0, such that

0< u(lz/ﬂ)—lllnu <M (ue (0’[ (14+1n)(1+cosP) r])

u— |m—E&|+ (m—&)cosa

Then we derive that

(14+7)(1-+cos B) _
[Tsmnml)” /o u—1
(I4m)(14cosB) 1
< f\r/l 2/[\m E+(m—E cosa] (12/21),10,“
Hmmmﬂ]o
B 2AM (1+n)(14cosf) 1%/
B jm — &+ (m—&)cosar '

2’2[lsin(777:r7tl/l)]2

Hence, we obtain (12) and (13).
This completes the proof of lemma 1 (A. Raigorodskii). [

Similarly, we also obtain the following:

LEMMA 2. For

2
ka(A1) =2 [Asm(mm] s
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we have
ko (M)(1 =8 (A1,n)) < @(A1,n) < kq(A1), |n| €N, (15)
where
1 [l resa 4 (A /A) =11
¥(A,n) = ﬂ72/\ et M g
[Asm(nxl/xﬂ 0 u

1
B 1 N. 16
0<[n—n|+(n—n)cosﬁ]ll/2) E(O, ), |n‘ c (16)
LEMMA 3. If € €0, %} 0 € (0,7), then for p >0, we have
< 1
e o= Inlzzil [[n—¢|+ (n—C&)coso]l+r
RETOI 1 N
= p [(1+C059)l+p + (1—c0s9)1+P} (p—07). (17

Proof. We find

SN 1 had 1
HP(Cve) = nzz_l [(n— &) (cos6 — 1)]1+p +n§41 [(n—{C)(cos O+ 1)]1+p
1 o1 ! v |

= T=oos0) 77 2 0507 " (150030)77 & (n=O)77"

For a = W, we obtain
Hp((.0) < | o +3
PR = (1 —cosO)1+P ' (1+cos@)1+p “ —CHP
_ 1 N 1 a+/ dy
(1—cos0)!*P ~ (1+cosB)!+r 1 (=9t
1 1 . 1
~ p [(1—cos®)+P (1 +cos@)l+r
1
.
S el It
and

oo

1
(1—cos@)!+p * (1+cos(9 1+P] 2 n—l—C I+p

Hy(£,0) > {

~ {(l—cos@)”l’ +(1+cos(9 1+P]/1 y—|—C (y+&)1+r

[+ 0) P 1] 1 1
B p [(l—cose)lﬂ’ * (l+cos6)1+l’}

Hence, we get (17).
This completes the proof of lemma 3. [
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3. Main results and some particular inequalities
THEOREM 1. If ay,b, = 0 (|m|,|n| € N), for which the following inequalities
hold:

(b=l + (m— &) cosef? 14 1gf < oo,

(
[ln—mn|+ (n—n)cosB]?1 )~ 1p < co,

.
|m|=1
0< >
[n|=1

1t
setting , . . . )
K() =k (xl)kg(xl)zz[m] csc? Besci a, (18)

we have the following equivalent inequalities:

k(m,n)anb,
1

M
M s

I :=

1|m

X
[n|=1

- - Py 3
{|Z [In—n[+ (n—n)cos ]! ( 2 k(mm)am) }

n|=1 [m|=1

n

1
P

i 6 (A2, m )[|m—€|+(m—§)c0sa}1’(1ll)la%}

\/
/—/H

1

[ln—mn|+ (n—n)cosmq(””‘bz} : (19)

M

111

K(M){ i (1—9(7L27M))[Im—§|+(m—€)00804”“‘11)_1a5,} - (20)

[m|=1

[m—E&|+(m—&E)cosa)tm=! [ & ay 1
(1—6(Ay,m))l—4 <|r;1k(m’n)bn> }

J2 = { 2
|m|=1
1

{i [ln—n|+ (n— )cosm‘f(”ﬂlbg} . 1)

Proof. By the reverse Holder inequality (cf. [39]) and (11), we get
)” { : [Im—&|+ (m— &) cosar] 14/

m

2 k(m,n) [|n_n‘+(n_n)COSB](1—7Lz)/p

m[=1

( i k(m,n)a

m|=1

[In—n|+ (n—1n)cosp]1-*)/p |
[[m—&|+ (m—&)cosa]-4)/a
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5 [|m—E&|+ (m— &) cosa] =M/
2 ko [[n—n|+ (n—n)cosf]'~* Kt

3 [ln— 1|+ (n—n)cosp)t-ap | "
X{E k(m,n) [lm—E&[+ (m— &) cosa]l 4 }

1
= (w(kl’n))IFl
[[n—n|+ (n—n)cosp]rra~1
S " [|m—§\+(m—§)cosoc}(1—7“1)17/qa
< & K [[n—mn|+ (n—n)cosp]' % -

|m|=1

By (15), we obtain

==

oS g [ &l m = §)cosa] A
Jl >ka(ﬁ,l){ 2 ‘2:1](( ) ) Hn_n|+(n_n)cosﬁ]1_kz 111?1}

bl B % o Im 8l g cosa]i-hna )7
‘““”{2 & K T = oS %}

:kéw){ > w<x27m>[|m—é|+<m—é>cosa]f’““laf,;}" @)

|m|=1
Then, by (12) for 0 < p < 1, we derive (20).
By the reverse Holder inequality (cf. [39]), we get
oo o=
I=73 {[In—nJr(n—n)cosmA2 DY k(m,n)‘”"}
[n|=1 |m|=1
1
x[|n— 11|+ (n—1)cosp]r b,
oo q
> { D [ln=nl+(m-n) cosmq(l‘h)‘lbﬁ} :

|n|=1

(23)

Then by (20), we deduce (19).
On the other hand, assuming that (19) is valid and setting

- p-1
=[ln—nl+ (n—n)cosp]r’2""! ( > k(mm)am) , [n] €N,

[m|=1

it follows that
1

{2 [In—n]+(n— >cosmq<1—lz>—1bz}
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By (22), we obtain that J; > 0. If J; = o, then (20) is evidently valid; if J; < o, then
by (19), we have

w3 ]+ (nm)cosBl D b = g = 1
[n|=1
1

{ i 6(22,m )[|m—§|+(m—§)005a}p(1_ll)_laﬁl}
|m|=1

{Z (ln—nl+(n— )Cosmq(l_m_lbﬁ} >0,
X

n
1

{2 [In—n]+(n— >cosmq“-@-1bz}

1

K(41) { i (1—60(Aa,m))[|m— E| + (m — g)cosay’“—ll)—la;;} ,

|m|=1

namely, (20) follows which is equivalent to (19).

Assuming that (21) is valid, by the reverse Holder inequality (cf. [39]), we obtain
that

oo

1= 3 {(1-00k,m) 5 [In—&|+(m—&)cosa]i May }
|m|=1

1
X{nm—aﬂm—&)cosg] S k(m’n)bn}
(1—6(Ay,m)) 7 A1

> { i (1—e(kz,m))[lm—él+(m—&)cosa]”““laf;}PJz. (24)

|m|=1

Then by (21), we deduce (19).
On the other hand, assuming that (19) is valid and setting

_[m=&|+(m—&)cosa)thl [ & g1
ap = (1—6(A,m))1—4 (Inlzlk(m,n)bn> . |m| €N,

it follows that

1

{ i 0(A2,m )[m—é+(m—§)00804”“_11)_1a£’n}
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If J, = 0, then it is impossible for (21) to be satisfied, namely J, > 0; if J, = o, then
(21) is evidently valid. Suppose that 0 < J, < . By (19), we have

o> 3 (1= 00k2,m)lm—&|+(m—E)cosa? !4 ap =1 =1

m|=1

>K@»{i0—ﬂbmmw—a+w—®wwW1m1%}”
|m|=1

oo q
x { > [In—n|+(n—n>cosm‘1(””lbz} >0,

|n|=1

J = { i (1 —0(12,m))[|m—§|+(m_fg’)cosa]p(lll)1a£;}q
|m|=1
i K(M){ > ”""7|+("—n>cosm‘f(”2>lbﬁ}q,

[n|=1

namely, (21) follows, which is equivalent to (19).
Hence, (19), (20) and (21) are equivalent.
This completes the proof of the theorem. [

THEOREM 2. Subject to the assumptions of Theorem 1, the constant factor K(A;)
in (19), (20) and (21) is the best possible.

Proof. Forany € € (0,|q|(1 —A2)), we set
= € = €
M=A+—-, L=k—--(€(0,1)),
1=ht o b=k q( (0,1))

and

= llm |+ (m— E)cosol

= [Im—&|+(m—&)cosa) ¢! (Im| € N),
[ cos[ﬂ%*%)*1

=

cosB2! (jn| €N).

Ay .
m
b, :

n—mnl|+(n

n

(
(n—m

~—  ~—

= [ln—n|+(n

Then by (17) and (12), we derive that

Eﬁa{i<uwm@mmm—a+w—énmﬂmkm*%}p
|m|=1

x{ i [|n—n|+(n_n)cosmq(l—12)_lzz}

|n|=1
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S 1
= {Im 1 [|m—§|+(m—€)c()sa]l+£

— 3 19) 1 § )}p
=1 [m—&|+ (m—&)cosa] ' TTHE
3 1 i
) {Inlzl [ln—n|+ (n—mn)cosP]i+¢ }

1 1 1 F
-t —£0(1
e |:(1_|_cosa)l+g + (I—COS(X)1+8 ( )]
1

1 1 q
% [(1+cosﬁ)1+e + (l—cosB)HE}
x(1+01(1) = £0(1))7 (1 +0a(1))7,

and

F= Y Y komn)inb,

S S [|m_§|+(m—€)cosa]7bl—€—l

= km7n ¢
|’"‘2:1|”"2=1 ) [[n—n|+ (n—n)cosf]!~*
3 o(Aa,m)

[[m—&|+ (m—&)cosarfet!

S 1

|m\2=1 [[m—&[+ (m—&)cosaet!

kﬁ(zl) 1 1
B {{(H‘COSO‘)HE—'—(l—cosa)lﬂ](l—kol(l))}.

If there exists a constant k > K(A;), such that (19) is satisfied when replacing

)

K(A1) by k, then in particular we have eI > kI;, namely,

kp(h) { {(1 +cosor)!+€ + (1 —cosa)l+e

|m|=1

< kg(Mr)

}(1+01(1))}

1 1 ! )
-k [(H—cosoc)“rfS + (1—cosa)l+e _30(1)} (I4+o1(1))?

1
q

1 1 f
. [(l+cosﬁ)1+€ + (1_Cosﬁ)1+e] (14+0a(1))7.

It follows that

2
4[@] csczﬁcscza > 2kcsc% acsc% B (e —0"),
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that is

2 2 2
K(A) = Z[W] csc? Bescd o > k.
Hence, k = K(A,) is the best possible constant factor of (19).

The constant factor K(A;) in (20) (resp. (21)) is still the best possible. Otherwise,
we would reach a contradiction by (23) (resp. (24)) that the constant factor in (19) is
not the best possible.

This completes the proof of the theorem. [

REMARK 1. (i) For o = f3 = 2 , the inequality (19) reduces to (7); inequalities
(20) and (21) reduce to the equivalent forms of (7) as follows:

1

00 oo Py
lE ‘n_mp/lz*l ( 2 h(m7n)am> ]

[n|=1 [m|=1
2{Lr S (1 8(A0,m))|m — EPIA) a2 ’ 25)
Tsin(ma /A {2, ! ml
{i m—gJoh! (Zh )’1}%
o1 (1= 0(h,m))1=a \ 1=,

. z
A wpaiape L %
{lsm(nll/l)} {nzl| u } (20)

Hence, (19) provides an extension of (7).

(i) For E =n =0,

0(A,m) :=

L R WA
/ -, au
T o

[Asin(gkl/l : u—1

1
=0 <(|m —|—mc05a)12/2) € (071>7 |m| €N.

the inequalities (19), (20) and (21) reduce to the following equivalent inequalities:

ln[|m\+mcosa}

i i [n|+ncosB

In[=1|m=1 (|m| +mcosa)* — (|n| +ncosf)*

aybys

1
P

3 (1—8(,m))(|m] +mcosa)1’<1—ll>—1a§1]
|m|=1

1

X li (\n|+ncos[3) (1-%) lbz , 27)
[n|=1
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1
oy L
oo o ln[|m\+mcosa} P
n| +ncos BJPr2! [n[+ncos B @
eI 2 Tl mensayt (s meosp
> K(h) 2(1—5(12,7"))(\174+mcosa)”(1*’ll)*1a{,’1 . (28)
|m|=1
m|+mcos qy ¢
S (Im|+meosa)ii=1 | & ln[i‘lnllincosg‘] a
|| =1 (1—8(Aa,m))1-a |n|=1(\m|—|—mcosoc)7L—(\n|—|—ncosﬁ)7L "
1
> K(A) 2(|n\+nc0s[3)‘1(1*12)*1bg . (29)

[n|=1

Hence, inequality (19) constitutes a more accurate extension of (27).
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