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ON A MORE ACCURATE REVERSE HILBERT–TYPE

INEQUALITY IN THE WHOLE PLANE

MICHAEL TH. RASSIAS, BICHENG YANG AND ANDREI RAIGORODSKII

(Communicated by M. Krnić)

Abstract. In the present paper, using weight coefficients and applying Hermite-Hadamard’s in-
equality, we derive a new, more accurate reverse Hilbert-type inequality in the whole plane with
multi-parameters involving the cosine and natural logarithm functions. The corresponding con-
stant factor is proved to be the best possible. We additionally consider some equivalent forms
and a few particular inequalities. As an application, the obtained results are compared with some
previously known results and we show that these new results are more accurate than the earlier
ones.

1. Introduction

Let us consider p > 1, 1
p + 1

q = 1, am,bn � 0,a = {am}∞
m=1 ∈ l p, b = {bn}∞

n=1 ∈ lq,

||a||p =

(
∞

∑
m=1

ap
m

) 1
p

> 0, ||b||q > 0.

We have the following well known classical Hardy-Hilbert inequality:

∞

∑
n=1

∞

∑
m=1

ambn

m+n
<

π
sin(π

p )
||a||p||b||q, (1)

where the constant factor π
sin(π/p)

is the best possible (cf. [1]). Following the assumptions of (1), the following Hilbert-
type inequality (cf. [2], Theorem 342) holds true as well:

∞

∑
n=1

∞

∑
m=1

ln(m
n )ambn

m−n
<

[
π

sin(π
p )

]2

||a||p||b||q , (2)
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where the constant factor [
π

sin(π/p)

]2

is the best possible.
In 2009, by introducing parameters λ1,λ2 ∈ (0,1] (λ1 + λ2 = λ ), Yang [3] pro-

vided the following extension of (2) with its reverse (for 0 < p < 1, 1
p + 1

q = 1) :

∞

∑
n=1

∞

∑
m=1

ln(m
n )ambn

mλ −nλ

<

[
π

λ sin(πλ1
λ )

]2 { ∞

∑
m=1

mp(1−λ1)−1ap
m

} 1
p
{

∞

∑
n=1

nq(1−λ2)−1bq
n

} 1
q

, (3)

∞

∑
n=1

∞

∑
m=1

ln(m
n )ambn

mλ −nλ >

[
π

λ sin(πλ1
λ )

]2

×
{

∞

∑
m=1

(1−θλ (λ1,m))mp(1−λ1)−1ap
m

} 1
p
{

∞

∑
n=1

nq(1−λ2)−1bq
n

} 1
q

, (4)

where [
π

λ sin(πλ1
λ )

]2

is the best possible and

θλ (λ1,m) :=

[
λ sin(πλ1

λ )
π

]2 ∫ ∞

m

lnu

uλ −1
uλ1−1du = O

(
1

mλ1/2

)
∈ (0,1).

In 2011, Yang [4] established the following more accurate extension of (1):
If 0 < λ1,λ2 � 1, λ1 + λ2 = λ , am,bn � 0,

||a||p,ϕ = {
∞

∑
m=1

(m−α)p(1−λ1)−1ap
m}

1
p ∈ (0,∞),

||b||q,ψ = {
∞

∑
n=1

(n−α)q(1−λ2)−1bq
n}

1
q ∈ (0,∞),

then we have
∞

∑
n=1

∞

∑
m=1

ambn

(m+n−2α)λ < B(λ1,λ2)||a||p,ϕ ||b||q,ψ

(
0 � α � 1

2

)
, (5)

where the constant factor B(λ1,λ2) is the best possible and B(u,v) stands for the beta
function defined by (cf. [5])

B(u,v) :=
∫ ∞

0

1
(1+ t)u+v t

u−1dt (u,v > 0). (6)



ON A MORE ACCURATE REVERSE HILBERT-TYPE INEQUALITY 1361

For λ = 1, λ1 = 1
q , λ2 = 1

p ,α = 0, inequality (5) reduces to (1). Some further results
related to (1)–(5) are provided in [6]–[38].

In the present paper, using weight coefficients and applying Hermite-Hadamard’s
inequality, we derive the following more accurate extension of (4) with parameters in
the whole plane:

If ξ ,η ∈ [0, 1
2 ], 0 < λ1, λ2 < 1, λ1 + λ2 = λ � 1, am, bn � 0,

∞

∑
|m|=1

|m− ξ |p(1−λ1)−1ap
m ∈ (0,∞),

∞

∑
|n|=1

|n−η |q(1−λ2)−1bq
n ∈ (0,∞),

θ̃ (λ2,m) :=
1[

π
λ sin(πλ1/λ )

]2 ∫ ( 1+η
|m−ξ | )

λ

0

u(λ2/λ )−1 lnu
u−1

du

= O

(
1

|m− ξ |λ2/2

)
∈ (0,1), |m| ∈ N,

then we have

∞

∑
|n|=1

∞

∑
|m|=1

ln |m−ξ
n−η |

|m− ξ |λ −|n−η |λ ambn

> 2

[
π

λ sin(πλ1/λ )

]2
[

∞

∑
|m|=1

(1− θ̃(λ2,m))|m− ξ |p(1−λ1)−1ap
m

] 1
p

×
[

∞

∑
|n|=1

|n−η |q(1−λ2)−1bq
n

] 1
q

. (7)

Furthermore, we provide a generalization of (7) with multi-parameters and a best pos-
sible constant factor. Certain equivalent forms and a few particular inequalities are also
considered.

2. Some lemmas

In what follows, we shall assume that N ={1,2, · · ·}, 0 < p < 1 (q < 0), 1
p+ 1

q = 1,

α,β ∈ (0,π), ξ ,η ∈ [0, 1
2 ], 0 < λ1,λ2 < 1,λ1 + λ2 = λ � 1. For |x|, |y| > 1

2 we set

k(x,y) :=
ln[ |x−ξ |+(x−ξ )cosα

|y−η|+(y−η)cosβ ]

[|x− ξ |+(x− ξ )cosα]λ − [|y−η |+(y−η)cosβ ]λ
. (8)

In particular, for α = β = π
2 we set

h(x,y) :=
ln | x−ξ

y−η |
|x− ξ |λ −|y−η |λ , |x|, |y| > 1

2
. (9)
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DEFINITION 1. Define the following weight coefficients:

ω(λ2,m) :=
∞

∑
|n|=1

k(m,n)
[|m− ξ |+(m− ξ )cosα]λ1

[|n−η |+(n−η)cosβ ]1−λ2
, |m| ∈ N, (10)

ϖ(λ1,n) :=
∞

∑
|m|=1

k(m,n)
[|n−η |+(n−η)cosβ ]λ2

[|m− ξ |+(m− ξ )cosα]1−λ1
, |n| ∈ N, (11)

where
∞

∑
| j|=1

· · · =
−∞

∑
j=−1

· · ·+
∞

∑
j=1

· · · ( j = m,n).

LEMMA 1. For

kβ (λ1) := 2

[
π

λ sin(πλ1/λ )

]2
csc2 β ,

we have
kβ (λ1)(1−θ (λ2,m)) < ω(λ2,m) < kβ (λ1), |m| ∈ N, (12)

where θ (λ2,m) is defined by

θ (λ2,m) :=
1

[ π
λ sin(πλ1/λ ) ]

2

∫ [ (1+η)(1+cosβ)
|m−ξ |+(m−ξ )cosα ]λ

0

u(λ2/λ )−1 lnu
u−1

du

= O

(
1

[|m− ξ |+(m− ξ )cosα]λ2/2

)
∈ (0,1), |m| ∈ N. (13)

Proof. For |x| > 1
2 , we set

k(1)(x,y) :=
ln
[ |x−ξ |+(x−ξ )cosα

(y−η)(cosβ−1)

]
[|x− ξ |+(x− ξ )cosα]λ − [(y−η)(cosβ −1)]λ

, y < −1
2
,

k(2)(x,y) :=
ln
[ |x−ξ |+(x−ξ )cosα

(y−η)(cosβ+1)

]
[|x− ξ |+(x− ξ )cosα]λ − [(y−η)(cosβ +1)]λ

, y >
1
2
,

and then for y > 1
2 ,

k(1)(x,−y) =
ln
[ |x−ξ |+(x−ξ )cosα

(y+η)(1−cosβ )

]
[|x− ξ |+(x− ξ )cosα]λ − [(y+ η)(1− cosβ )]λ

.

We obtain that

ω(λ2,m) =
−∞

∑
n=−1

k(1)(m,n)
[|m− ξ |+(m− ξ )cosα]λ1

[(n−η)(cosβ −1)]1−λ2

+
∞

∑
n=1

k(2)(m,n)
[|m− ξ |+(m− ξ )cosα]λ1

[(n−η)(1+ cosβ )]1−λ2
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=
[|m− ξ |+(m− ξ )cosα]λ1

(1− cosβ )1−λ2

∞

∑
n=1

k(1)(m,−n)
(n+ η)1−λ2

+
[|m− ξ |+(m− ξ )cosα]λ1

(1+ cosβ )1−λ2

∞

∑
n=1

k(2)(m,n)
(n−η)1−λ2

. (14)

It is evident that for fixed m ∈ N , λ2 < 1 (0 < λ � 1), both

k(1)(m,−y)
(y+ η)1−λ2

and
k(2)(m,y)

(y−η)1−λ2

are strictly decreasing and strictly convex with respect to y∈ ( 1
2 ,∞), satisfying (cf. [4])

d
dy

k(i)(m,(−1)iy)
[y+(−1)iη ]1−λ2

< 0,
d2

dy2

k(i)(m,(−1)iy)
[y+(−1)iη ]1−λ2

> 0 (i = 1,2).

By Hermite-Hadamard’s inequality (cf. [39]), we derive that

ω(λ2,m) <
[|m− ξ |+(m− ξ )cosα]λ1

(1− cosβ )1−λ2

∫ ∞

1
2

k(1)(m,−y)
(y+ η)1−λ2

dy

+
[|m− ξ |+(m− ξ )cosα]λ1

(1+ cosβ )1−λ2

∫ ∞

1
2

k(2)(m,y)
(y−η)1−λ2

dy

<
[|m− ξ |+(m− ξ )cosα]λ1

(1− cosβ )1−λ2

∫ ∞

−η

k(1)(m,−y)
(y+ η)1−λ2

dy

+
[|m− ξ |+(m− ξ )cosα]λ1

(1+ cosβ )1−λ2

∫ ∞

η

k(2)(m,y)
(y−η)1−λ2

dy.

Setting

u =
[

(y+ η)(1− cosβ )
|m− ξ |+(m− ξ )cosα

]λ
(

resp.

[
(y−η)(1+ cosβ )

|m− ξ |+(m− ξ )cosα

]λ
)

in the above first (resp. second) integral, by simplification, we deduce that

ω(λ2,m) <

(
1

1− cosβ
+

1
1+ cosβ

)
1

λ 2

∫ ∞

0

u(λ2/λ )−1 lnu
u−1

du

= 2
[ π

λ sin(πλ2/λ )

]2
csc2 β

= 2
[ π

λ sin(πλ1/λ )

]2
csc2 β = kβ (λ1).

By (14), since both

k(1)(m,−y)
(y+ η)1−λ2

and
k(2)(m,y)

(y−η)1−λ2
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are strictly decreasing, we also obtain that

ω(λ2,m) >
[|m− ξ |+(m− ξ )cosα]λ1

(1− cosβ )1−λ2

∫ ∞

1

k(1)(m,−y)
(y+ η)1−λ2

dy

+
[|m− ξ |+(m− ξ )cosα]λ1

(1+ cosβ )1−λ2

∫ ∞

1

k(2)(m,y)
(y−η)1−λ2

dy

� 1
1− cosβ

∫ ∞

[ (1+η)(1+cosβ)
|m−ξ |+(m−ξ )cosα ]λ

u(λ2/λ )−1 lnu
u−1

du

+
1

1+ cosβ

∫ ∞

[ (1+η)(1+cosβ)
|m−ξ |+(m−ξ )cosα ]

u(λ2/λ )−1 lnu
u−1

du

= kβ (λ2)(1−θ (λ2,m)) > 0,

where θ (λ2,m) is as defined by (13).
Since

u(λ2/2λ )−1 lnu
u−1

→ 0 (u → 0+),

and
u(λ2/2λ )−1 lnu

u−1
→ 1 (u → 1),

there exists a constant M > 0, such that

0 <
u(λ2/2λ )−1 lnu

u−1
� M

(
u ∈
(

0,

[
(1+ η)(1+ cosβ )

|m− ξ |+(m− ξ )cosα

]λ
])

.

Then we derive that

0 < θ (λ2,m) =
1

[ π
λ sin(πλ1/λ ) ]

2

∫ [ (1+η)(1+cosβ)
|m−ξ |+(m−ξ )cosα ]λ

0

u(λ2/2λ )−1 lnu
u−1

u
λ2
2λ −1du

� M
[ π

λ sin(πλ1/λ ) ]
2

∫ [ (1+η)(1+cosβ)
|m−ξ |+(m−ξ )cosα ]λ

0
u(λ2/2λ )−1du

=
2λM

λ2[ π
λ sin(πλ1/λ ) ]

2

[
(1+ η)(1+ cosβ )

|m− ξ |+(m− ξ )cosα

]λ2/2

.

Hence, we obtain (12) and (13).
This completes the proof of lemma 1 (A. Raigorodskii). �
Similarly, we also obtain the following:

LEMMA 2. For

kα(λ1) = 2

[
π

λ sin(πλ1/λ )

]2

csc2 α,
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we have
kα(λ1)(1−ϑ(λ1,n)) < ϖ(λ1,n) < kα(λ1), |n| ∈ N, (15)

where

ϑ(λ1,n) :=
1

[ π
λ sin(πλ1/λ ) ]

2

∫ [ (1+ξ )(1+cosα)
|n−η|+(n−η)cosβ ]λ

0

u(λ1/λ )−1 lnu
u−1

du

= O

(
1

[|n−η |+(n−η)cosβ ]λ1/2

)
∈ (0,1), |n| ∈ N. (16)

LEMMA 3. If ζ ∈ [0, 1
2 ] , θ ∈ (0,π), then for ρ > 0, we have

Hρ(ζ ,θ ) :=
∞

∑
|n|=1

1
[|n− ζ |+(n− ζ )cosθ ]1+ρ

=
1+o(1)

ρ

[
1

(1+ cosθ )1+ρ +
1

(1− cosθ )1+ρ

]
(ρ → 0+). (17)

Proof. We find

Hρ(ζ ,θ ) =
−∞

∑
n=−1

1
[(n− ζ )(cosθ −1)]1+ρ +

∞

∑
n=1

1
[(n− ζ )(cosθ +1)]1+ρ

=
1

(1− cosθ )1+ρ

∞

∑
n=1

1
(n+ ζ )1+ρ +

1
(1+ cosθ )1+ρ

∞

∑
n=1

1
(n− ζ )1+ρ .

For a = 1
(1−ζ )1+ρ , we obtain

Hρ(ζ ,θ ) �
[

1
(1− cosθ )1+ρ +

1
(1+ cosθ )1+ρ

][
a+

∞

∑
n=2

1
(n− ζ )1+ρ

]

<

[
1

(1− cosθ )1+ρ +
1

(1+ cosθ )1+ρ

][
a+
∫ ∞

1

dy
(y− ζ )1+ρ

]
=

1
ρ

[
1

(1− cosθ )1+ρ +
1

(1+ cosθ )1+ρ

]
×
{

1+
[
aρ +

1
(1− ζ )ρ −1

]}
,

and

Hρ(ζ ,θ ) �
[

1
(1− cosθ )1+ρ +

1
(1+ cosθ )1+ρ

] ∞

∑
n=1

1
(n+ ζ )1+ρ

>

[
1

(1− cosθ )1+ρ +
1

(1+ cosθ )1+ρ

]∫ ∞

1

dy
(y+ ζ )1+ρ

=
1+[(1+ ζ )−ρ −1]

ρ

[
1

(1− cosθ )1+ρ +
1

(1+ cosθ )1+ρ

]
.

Hence, we get (17).
This completes the proof of lemma 3. �
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3. Main results and some particular inequalities

THEOREM 1. If am,bn � 0 (|m|, |n| ∈ N), for which the following inequalities
hold:

0 <
∞

∑
|m|=1

[|m− ξ |+(m− ξ )cosα]p(1−λ1)−1ap
m < ∞,

0 <
∞

∑
|n|=1

[|n−η |+(n−η)cosβ ]q(1−λ2)−1bq
n < ∞,

setting

K(λ1) := k
1
p

β (λ1)k
1
q
α (λ1) = 2

[ π
λ sin(πλ1/λ )

]2
csc

2
p β csc

2
q α, (18)

we have the following equivalent inequalities:

I :=
∞

∑
|n|=1

∞

∑
|m|=1

k(m,n)ambn

> K(λ1)

{
∞

∑
|m|=1

(1−θ (λ2,m))[|m− ξ |+(m− ξ )cosα]p(1−λ1)−1ap
m

} 1
p

×
{

∞

∑
|n|=1

[|n−η |+(n−η)cosβ ]q(1−λ2)−1bq
n

} 1
q

, (19)

J1 :=

{
∞

∑
|n|=1

[|n−η |+(n−η)cosβ ]pλ2−1

(
∞

∑
|m|=1

k(m,n)am

)p} 1
p

> K(λ1)

{
∞

∑
|m|=1

(1−θ (λ2,m))[|m− ξ |+(m− ξ )cosα]p(1−λ1)−1ap
m

} 1
p

. (20)

J2 :=

{
∞

∑
|m|=1

[|m− ξ |+(m− ξ )cosα]qλ1−1

(1−θ (λ2,m))1−q

(
∞

∑
|n|=1

k(m,n)bn

)q} 1
q

> K(λ1)

{
∞

∑
|n|=1

[|n−η |+(n−η)cosβ ]q(1−λ2)−1bq
n

} 1
q

. (21)

Proof. By the reverse Hölder inequality (cf. [39]) and (11), we get(
∞

∑
|m|=1

k(m,n)am

)p

=

{
∞

∑
|m|=1

k(m,n)
[|m− ξ |+(m− ξ )cosα](1−λ1)/q

[|n−η |+(n−η)cosβ ](1−λ2)/p
am

× [|n−η |+(n−η)cosβ ](1−λ2)/p

[|m− ξ |+(m− ξ )cosα](1−λ1)/q

}p
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�
∞

∑
|m|=1

k(m,n)
[|m− ξ |+(m− ξ )cosα](1−λ1)p/q

[|n−η |+(n−η)cosβ ]1−λ2
ap

m

×
{

∞

∑
|m|=1

k(m,n)
[|n−η |+(n−η)cosβ ](1−λ2)q/p

[|m− ξ |+(m− ξ )cosα]1−λ1

}p−1

=
(ϖ(λ1,n))p−1

[|n−η |+(n−η)cosβ ]pλ2−1

×
∞

∑
|m|=1

k(m,n)
[|m− ξ |+(m− ξ )cosα](1−λ1)p/q

[|n−η |+(n−η)cosβ ]1−λ2
ap

m.

By (15), we obtain

J1 > k
1
q
α (λ1)

{
∞

∑
|n|=1

∞

∑
|m|=1

k(m,n)
[|m− ξ |+(m− ξ )cosα](1−λ1)p/q

[|n−η |+(n−η)cosβ ]1−λ2
ap

m

} 1
p

= k
1
q
α (λ1)

{
∞

∑
|m|=1

∞

∑
|n|=1

k(m,n)
[|m− ξ |+(m− ξ )cosα](1−λ1)p/q

[|n−η |+(n−η)cosβ ]1−λ2
ap

m

} 1
p

= k
1
q
α (λ1)

{
∞

∑
|m|=1

ω(λ2,m)[|m− ξ |+(m− ξ )cosα]p(1−λ1)−1ap
m

} 1
p

. (22)

Then, by (12) for 0 < p < 1, we derive (20).
By the reverse Hölder inequality (cf. [39]), we get

I =
∞

∑
|n|=1

{
[|n−η |+(n−η)cosβ ]λ2− 1

p

∞

∑
|m|=1

k(m,n)am

}

×[|n−η |+(n−η)cosβ ]
1
p−λ2bn

� J1

{
∞

∑
|n|=1

[|n−η |+(n−η)cosβ ]q(1−λ2)−1bq
n

} 1
q

. (23)

Then by (20), we deduce (19).
On the other hand, assuming that (19) is valid and setting

bn := [|n−η |+(n−η)cosβ ]pλ2−1

(
∞

∑
|m|=1

k(m,n)am

)p−1

, |n| ∈ N,

it follows that

J1 =

{
∞

∑
|n|=1

[|n−η |+(n−η)cosβ ]q(1−λ2)−1bq
n

} 1
p

.
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By (22), we obtain that J1 > 0. If J1 = ∞, then (20) is evidently valid; if J1 < ∞, then
by (19), we have

∞ >
∞

∑
|n|=1

[|n−η |+(n−η)cosβ ]q(1−λ2)−1bq
n = Jp

1 = I

> K(λ1)

{
∞

∑
|m|=1

(1−θ (λ2,m))[|m− ξ |+(m− ξ )cosα]p(1−λ1)−1ap
m

} 1
p

×
{

∞

∑
|n|=1

[|n−η |+(n−η)cosβ ]q(1−λ2)−1bq
n

} 1
q

> 0,

J1 =

{
∞

∑
|n|=1

[|n−η |+(n−η)cosβ ]q(1−λ2)−1bq
n

} 1
p

> K(λ1)

{
∞

∑
|m|=1

(1−θ (λ2,m))[|m− ξ |+(m− ξ )cosα]p(1−λ1)−1ap
m

} 1
p

,

namely, (20) follows which is equivalent to (19).
Assuming that (21) is valid, by the reverse Hölder inequality (cf. [39]), we obtain

that

I =
∞

∑
|m|=1

{
(1−θ (λ2,m))

1
p [|m− ξ |+(m− ξ )cosα]

1
q−λ1am

}

×
{

[|m− ξ |+(m− ξ )cosα]
−1
q +λ1

(1−θ (λ2,m))
−1
p

∞

∑
|n|=1

k(m,n)bn

}

�
{

∞

∑
|m|=1

(1−θ (λ2,m))[|m− ξ |+(m− ξ )cosα]p(1−λ1)−1ap
m

} 1
p

J2. (24)

Then by (21), we deduce (19).
On the other hand, assuming that (19) is valid and setting

am :=
[|m− ξ |+(m− ξ )cosα]qλ1−1

(1−θ (λ2,m))1−q

(
∞

∑
|n|=1

k(m,n)bn

)q−1

, |m| ∈ N,

it follows that

J2 =

{
∞

∑
|m|=1

(1−θ (λ2,m))[|m− ξ |+(m− ξ )cosα]p(1−λ1)−1ap
m

} 1
q

.
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If J2 = 0, then it is impossible for (21) to be satisfied, namely J2 > 0; if J2 = ∞, then
(21) is evidently valid. Suppose that 0 < J2 < ∞. By (19), we have

∞ >
∞

∑
|m|=1

(1−θ (λ2,m))[|m− ξ |+(m− ξ )cosα]p(1−λ1)−1ap
m = Jq

2 = I

> K(λ1)

{
∞

∑
|m|=1

(1−θ (λ2,m))[|m− ξ |+(m− ξ )cosα]p(1−λ1)−1ap
m

} 1
p

×
{

∞

∑
|n|=1

[|n−η |+(n−η)cosβ ]q(1−λ2)−1bq
n

} 1
q

> 0,

J2 =

{
∞

∑
|m|=1

(1−θ (λ2,m))[|m− ξ |+(m− ξ )cosα]p(1−λ1)−1ap
m

} 1
q

> K(λ1)

{
∞

∑
|n|=1

[|n−η |+(n−η)cosβ ]q(1−λ2)−1bq
n

} 1
q

,

namely, (21) follows, which is equivalent to (19).
Hence, (19), (20) and (21) are equivalent.
This completes the proof of the theorem. �

THEOREM 2. Subject to the assumptions of Theorem 1, the constant factor K(λ1)
in (19) , (20) and (21) is the best possible.

Proof. For any ε ∈ (0, |q|(1−λ2)), we set

λ̃1 = λ1 +
ε
q
, λ̃2 = λ2− ε

q
(∈ (0,1)),

and

ãm := [|m− ξ |+(m− ξ )cosα](λ1− ε
p )−1

= [|m− ξ |+(m− ξ )cosα]λ̃1−ε−1 (|m| ∈ N),

b̃n := [|n−η |+(n−η)cosβ ](λ2− ε
q )−1

= [|n−η |+(n−η)cosβ ]λ̃2−1 (|n| ∈ N).

Then by (17) and (12), we derive that

Ĩ1 :=

{
∞

∑
|m|=1

(1−θ (λ2,m))[|m− ξ |+(m− ξ )cosα]p(1−λ1)−1ãp
m

} 1
p

×
{

∞

∑
|n|=1

[|n−η |+(n−η)cosβ ]q(1−λ2)−1b̃q
n

} 1
q
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=

{
∞

∑
|m|=1

1
[|m− ξ |+(m− ξ )cosα]1+ε

−
∞

∑
|m|=1

O(
1

[|m− ξ |+(m− ξ )cosα]1+ λ2
2 +ε

)

} 1
p

×
{

∞

∑
|n|=1

1
[|n−η |+(n−η)cosβ ]1+ε

} 1
q

=
1
ε

[
1

(1+ cosα)1+ε +
1

(1− cosα)1+ε − εO(1)
] 1

p

×
[

1
(1+ cosβ )1+ε +

1
(1− cosβ )1+ε

] 1
q

×(1+o1(1)− εO(1))
1
p (1+o2(1))

1
q ,

and

Ĩ :=
∞

∑
|n|=1

∞

∑
|m|=1

k(m,n)ãmb̃n

=
∞

∑
|m|=1

∞

∑
|m|=1

k(m,n)
[|m− ξ |+(m− ξ )cosα]λ̃1−ε−1

[|n−η |+(n−η)cosβ ]1−λ̃2

=
∞

∑
|m|=1

ω(λ̃2,m)
[|m− ξ |+(m− ξ )cosα]ε+1

� kβ (λ̃1)
∞

∑
|m|=1

1
[|m− ξ |+(m− ξ )cosα]ε+1

=
kβ (λ̃1)

ε

{[ 1
(1+ cosα)1+ε +

1
(1− cosα)1+ε

]
(1+o1(1))

}
.

If there exists a constant k � K(λ1), such that (19) is satisfied when replacing
K(λ1) by k, then in particular we have ε Ĩ > kĨ1, namely,

kβ (λ̃1)
{[ 1

(1+ cosα)1+ε +
1

(1− cosα)1+ε

]
(1+o1(1))

}
> k

[
1

(1+ cosα)1+ε +
1

(1− cosα)1+ε − εO(1)
] 1

p

(1+o1(1))
1
p

×
[

1
(1+ cosβ )1+ε +

1
(1− cosβ )1+ε

] 1
q

(1+o2(1))
1
q .

It follows that

4
[ π

λ sin(πλ1/λ )

]2
csc2 β csc2 α � 2k csc

2
p α csc

2
q β (ε → 0+),
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that is

K(λ1) = 2
[ π

λ sin(πλ1/λ )

]2
csc

2
p β csc

2
q α � k.

Hence, k = K(λ1) is the best possible constant factor of (19).
The constant factor K(λ1) in (20) (resp. (21)) is still the best possible. Otherwise,

we would reach a contradiction by (23) (resp. (24)) that the constant factor in (19) is
not the best possible.

This completes the proof of the theorem. �

REMARK 1. (i) For α = β = π
2 , the inequality (19) reduces to (7); inequalities

(20) and (21) reduce to the equivalent forms of (7) as follows:[
∞

∑
|n|=1

|n−η |pλ2−1

(
∞

∑
|m|=1

h(m,n)am

)p] 1
p

> 2

[
π

λ sin(πλ1/λ )

]2
[

∞

∑
|m|=1

(1− θ̃(λ2,m))|m− ξ |p(1−λ1)−1ap
m

] 1
p

, (25)

{
∞

∑
|m|=1

|m− ξ |qλ1−1

(1− θ̃(λ2,m))1−q

(
∞

∑
|n|=1

h(m,n)bn

)q} 1
q

> 2

[
π

λ sin(πλ1/λ )

]2
{

∞

∑
|n|=1

|n−η |q(1−λ2)−1bq
n

} 1
q

. (26)

Hence, (19) provides an extension of (7).

(ii) For ξ = η = 0,

θ̂ (λ2,m) :=
1

[ π
λ sin(πλ1/λ ) ]

2

∫ ( 1+cosβ
|m|+mcosα )λ

0

u(λ2/λ )−1 lnu
u−1

du

= O

(
1

(|m|+mcosα)λ2/2

)
∈ (0,1), |m| ∈ N.

the inequalities (19), (20) and (21) reduce to the following equivalent inequalities:

∞

∑
|n|=1

∞

∑
|m|=1

ln[ |m|+mcosα
|n|+ncosβ ]

(|m|+mcosα)λ − (|n|+ncosβ )λ ambns

> K(λ1)

[
∞

∑
|m|=1

(1− θ̂(λ2,m))(|m|+mcosα)p(1−λ1)−1ap
m

] 1
p

×
[

∞

∑
|n|=1

(|n|+ncosβ )q(1−λ2)−1bq
n

] 1
q

, (27)
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⎧⎨⎩ ∞

∑
|n|=1

[|n|+ncosβ ]pλ2−1

⎡⎣ ∞

∑
|m|=1

ln[ |m|+mcosα
|n|+ncosβ ]

(|m|+mcosα)λ − (|n|+ncosβ )λ am

⎤⎦p⎫⎬⎭
1
p

> K(λ1)

{
∞

∑
|m|=1

(1− θ̂(λ2,m))(|m|+mcosα)p(1−λ1)−1ap
m

} 1
p

. (28)

⎧⎨⎩ ∞

∑
|m|=1

(|m|+mcosα)qλ1−1

(1− θ̂(λ2,m))1−q

⎡⎣ ∞

∑
|n|=1

ln[ |m|+mcosα
|n|+ncosβ ]

(|m|+mcosα)λ − (|n|+ncosβ )λ bn

⎤⎦q⎫⎬⎭
1
q

> K(λ1)

{
∞

∑
|n|=1

(|n|+ncosβ )q(1−λ2)−1bq
n

} 1
q

. (29)

Hence, inequality (19) constitutes a more accurate extension of (27).
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