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Abstract. By using the Laplace transform method on isolated time scales, this paper deals with
the particular solution and the Ulam stability of linear Riemann-Liouville fractional dynamic
equations with constant coefficients.

1. Introduction

The Ulam stability has been studied by a vast number of scientists for a few
decades now, tracing back to Hyers’ paper in 1941 [14]. This type of stability orig-
inated from a question about group homomorphism proposed by Ulam at university of
Wisconsin in 1940 [35]. Essentially, the Ulam stability problem can be summarized as
follows: “Under what conditions can a solution of a perturbed equation be close to a
solution of the original equation?” Soon after, Hyers [14] gave a first affirmative answer
to the previous question in Banach spaces. After many years, Rassias [28] further gen-
eralized the work of Hyers for linear mappings by considering an unbounded Cauchy
difference. In the ensuing two decades, almost all research related to such stability fo-
cused on different types of functional equations and different abstract spaces. For more
details, we refer to [10, 11, 16, 20, 21, 22, 29] and reference therein.

The Ulam stability of differential equations was initiated by Obloza [27] in 1993.
A few years later, Alsina and Ger [3] considered the Hyers-Ulam stability of the differ-
ential equation y′(x) = y(x) . Afterward, Miura and Takahasi et al. [23, 25, 33] further
studied the Ulam stability of the differential equation y′(x) = λy(x) in various abstract
spaces. By using the same method as in [3], Jung [17] considered the Hyers-Ulam
stability of the differential equation ϕ(x)y′(x) = y(x) . In particular, the Hyers-Ulam
stability of the linear differential equation was extensively investigated by many au-
thors [2, 18, 19, 24, 26, 34].

Fractional differential equations serve as an excellent tool for the description of
memory and hereditary properties of various materials and processes. The theory of
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fractional differential equations has gained considerable popularity and importance over
the past three decades. In 2012, Wang et al. [40] first studied the Ulam stability of the
fractional differential equation cDαy(x) = f (x,y(x)) with the Caputo derivative by us-
ing the fixed point method in a generalized complete metric space. In the same year,
Wang et al. [41] also considered the Ulam stability of the previous equation with impul-
sive conditions. Afterwards, the Ulam stability problem of various types of fractional
differential equations were investigated by Wang et al. [36, 37, 38, 39]. In 2016, Jiang
et al. [15] studied the Ulam stability of the Caputo fractional differential equation
cDαu(t) = (Qu)(t) with the causal operator Q by a fixed point theorem for a class
of operators satisfying suitable conditions. Recently, Cuong [9] obtained a result of
Hyers-Ulam stability of Riemann-Liouville multi-order fractional differential equations
by using the Bielecki’s type norm and Banach fixed point theorem. By employing some
fixed point theorems in Banach spaces, Abbas et al. [1] established the existence and
Ulam stability of implicit Caputo fractional q -difference equations. At the same time,
Butt et al. [8] considered the Ulam stability of Caputo q -fractional delay difference
equations based on the q -fractional Gronwall inequality.

In 1988, Hilger [13] proposed the time scale and established the theory of time
scale calculus in order to unify discrete and continuous analysis. Accordingly, these
results provide an important basis for studying differential equations and difference
equations in a uniform way. In the past few decades, the time scale calculus and the
corresponding dynamic equations have been deeply and systematically studied (see
Bohner and Peterson [4, 6]). With the rapid development of the theory of fractional
differential equations, Georgiev [12] established the theory of fractional dynamic cal-
culus and considered the solution of fractional dynamic equations on time scales. The
Laplace transform method is a significant tool in solving linear differential equations
with constant coefficients. In 2013, Rezaei et al. [30] studied the Ulam stability of
linear differential equations with constant coefficients by using the Laplace transform.
Inspired by this paper, Shen and Chen [31] discussed the Ulam stability of Riemann-
Liouville fractional differential equations with general form by the Laplace transform
method. Recently, Shen and Li [32] also studied the Ulam stability of linear differ-
ence equations with constant coefficients by the z-transform method. More generally,
Bohner and Peterson [5] introduced the Laplace transform on time scales to solve lin-
ear dynamic equations. However, the inverse Laplace transform and the convolution of
two arbitrary regulated functions on time scales are not properly defined. Until 2010,
Bohner and Guseinov [7] proposed the inverse Laplace transform and the convolution
of two regulated functions on isolated time scales. Up to now, it is still an open question
to give an appropriate definition of the inverse Laplace transform and convolution on
an arbitrary time scale.

Similar to the idea of our previous paper [31], the aim of this paper is, using the
Laplace transform method, to discuss the particular solution and Ulam stability problem
of linear Riemman-Liouville fractional dynamic equations with constant coefficients on
isolated time scales. The general form of the fractional dynamic equation is as follows:

l

∑
k=1

AkD
αk
Δ,t0

y(t)+A0y(t) = f (t), t ∈ [t0,+∞)
T̃
,
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where l ∈ N , 0 < α1 < · · · < αl and A0,A1, · · · ,Al ∈ R . It should be pointed out that
the results obtain in this paper do not include the results in [31], which can be regarded
a proper supplement to the corresponding results.

2. Preliminaries

For the sake of completeness, in this section, we review some basic notions and
results associated with the Laplace transform, fractional derivative and fractional inte-
gral on isolated time scales. Let N , N0 denote the set of positive integers and the set
of nonnegative integers, respectively.

A time scale T is an arbitrary nonempty closed subset of R . Obviously, R and Z

are two typical examples of time scales.
Let T be a time scale. For t ∈ T , the forward jump operator σ : T → T and the

backward jump operator ρ : T → T can be defined, respectively, by

σ(t) := inf{s ∈ T : s > t},
ρ(t) := sup{s ∈ T : s < t}

for all t ∈ T , where we put inf /0 = supT and sup /0 = infT .

DEFINITION 2.1. (Bohner and Guseinov [7]) An isolated time scale T̃ = {tn : n∈
N0} is a countable subset of the real line R with

lim
n→∞

tn = ∞, ω := inf
n∈N0

μ(tn) > 0,

where μ(tn) = σ(tn)− tn = tn+1− tn, n ∈ N0 .

From Definition 2.1, it is easy to see that the number sets N0 , N2
0 , hN0 = {hn :

n∈ N0} (h > 0) and qN0 = {qn : n∈N0} (q > 1) are examples of isolated time scales,
while the number sets {√n : n ∈ N0} , {lnn : n ∈ N} and {∑n

k=1
1
k : n ∈ N} are not

isolated time scales.

DEFINITION 2.2. (Bohner and Guseinov [7]) Let f : T̃ → C be a function. Then
the Laplace transform of f is defined by

L ( f (t))(z) :=
∞

∑
n=0

μ(tn) f (tn)
∏n

k=0(1+ μ(tk)z)
(1)

for all z ∈ C satisfying 1+ zμ(tn) �= 0, n ∈ N0 for which the series (1) converges (or
exists).

For an isolated time scale, we note that μ(tn) � ω for all n ∈ N0 . Then, we have
− 1

μ(tn)
∈ [− 1

ω ,0) . Given an arbitrary δ > 0, we define

Dδ = C\
∞⋃

n=0

Dn
δ ,
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where Dn
δ =

{
z ∈ C :

∣∣∣z+ 1
μ(tn)

∣∣∣< δ
}
, n ∈ N0 .

Furthermore, we set

Fδ =
{

f : T̃ → C :
∞

∑
n=0

(δω)−n| f (tn)| < ∞
}

.

DEFINITION 2.3. (Bohner and Guseinov [7]) Let f ∈ Fδ and let L ( f (t))(z)
be its Laplace transform. Then the inverse Laplace transform f (tn) of L ( f (t))(z) is
defined by

f (tn) = L −1(L ( f )(z))(tn) =
1

2π i

∫
γ
L ( f )(z)

n−1

∏
k=0

(1+ μ(tk)z)dz, n ∈ N0,

where γ is any positively oriented closed curve in the region Dδ that encloses all the
points − 1

μ(tn)
for all n ∈ N0 .

For given two functions f ,g : T̃ → R , the convolution f � g can be defined by

( f � g)(t) =
∫ t

t0
f̂ (t,σ(s))g(s)Δs, t ∈ T̃, t � t0,

where f̂ is the shift or delay of f , i.e., f is the solution of the shifting problem{
uΔt (t,σ(s)) = −uΔs(t,s),
u(t,t0) = f (t), t,s ∈ T̃, t � s � t0.

Suppose that f ,g : T̃ → R are two functions such that L ( f )(z) , L (g)(z) and
L ( f � g)(z) exist for a z ∈ C . Then we have

L ( f � g)(z) = L ( f )(z)L (g)(z).

Using the inverse Laplace transform, the generalized Δ-power function hα(t,t0)
on T̃ can be introduced as following:

hα(t,t0) = L −1
( 1

zα+1

)
(t), t � t0,

for all z ∈ C\ {0} such that L −1 exists for any t � t0 , where α ∈ R .

DEFINITION 2.4. (Georgiev [12]) Let f : T̃ → R be a function and let α � 0.
The Riemann-Liouville fractional Δ-integral of order α is defined in the following
form

Iα
Δ,t0

f (t) := (hα−1(·,t0)� f )(t)

=
∫ t

t0
hα−1(t,σ(τ)) f (τ)Δτ

for t > t0 . In particular, I0
Δ,t0

f (t) = f (t) if α = 0.
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DEFINITION 2.5. (Georgiev [12]) Let f : T̃ → R be a function and let m =
−[−α] with α � 0. The Riemann-Liouville fractional Δ-derivative of order α is
defined by

Dα
Δ,t0

f (t) = Dm
Δ Im−α

Δ,t0
f (t)

provided that the right-hand side exists for t ∈ T̃ and t > t0 .

THEOREM 2.1. (Georgiev [12]) Let f : T̃ → R be locally Δ-integrable, i.e., f is
Δ-integrable on each compact subinterval of T̃ , and let m = −[−α] with α > 0 . Then

L (Dα
Δ,t0

f (t))(z,t0) = zαL ( f (t))(z,t0)−
m

∑
k=1

zk−1Dα−k
Δ,t0

f (t0)

for all t � t0 .

The Δ-Mittage-Leffler function is defined by

ΔFα ,β (λ ,t,t0) =
∞

∑
k=0

λ khαk+β−1(t, t0)

provided that the right-hand side converges, where α,β > 0 and λ ∈ R .

LEMMA 2.2. Let g : [t0,+∞)
T̃

= [t0,+∞)
⋂

T̃) be a function. Then the convolu-
tion of the Δ-Mittage-Leffler function ΔFα ,β and the function g is

(ΔFα ,β � g)(t) =
∞

∑
k=0

λ k
∫ t

t0
hαk+β−1(t,σ(s))g(s)Δs.

Proof. By Theorem 3.4 in [12], we get

ΔF̂α ,β (λ ,t,s) =
∞

∑
k=0

λ khαk+β−1(t,s).

Furthmore, we have

ΔF̂α ,β (λ ,t,σ(s)) =
∞

∑
k=0

λ khαk+β−1(t,σ(s)).

Then, we can infer that

(ΔFα ,β � g)(t) =
∫ t

t0
ΔF̂α ,β (λ ,t,σ(s))g(s)Δs

=
∫ t

t0

∞

∑
k=0

λ khαk+β−1(t,σ(s))g(s)Δs

=
∞

∑
k=0

λ k
∫ t

t0
hαk+β−1(t,σ(s))g(s)Δs. �
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For the Laplace transform of the Δ-Mittage-Leffler function, we have the follow-
ing result.

THEOREM 2.3. (Georgiev [12]) Let ΔFα ,β (λ ,t, t0) be Δ-Mittage-Leffler func-
tion. Then

L (ΔFα ,β (λ ,t,t0))(z,t0) =
zα−β

zα −λ
,

L
( ∂ n

∂λ n ΔFα ,β (λ ,t,t0)
)
(z,t0) =

n!zα−β

(zα −λ )n+1 ,

where α,β > 0 , n ∈ N and |λ | < |z|α .

3. Particular solutions of inhomogeneous
Riemann-Liouville fractional dynamic equations

In [12], the explicit solutions to homogeneous Riemann-Liouville fractional dy-
namic equations with constant coefficients have derived by applying the Laplace trans-
form method. Here we apply this method to find particular solutions to the correspond-
ing inhomogeneous equations

m

∑
k=1

AkD
αk
Δ,t0

y(t)+A0y(t) = f (t), t ∈ [t0,+∞)
T̃
, (2)

where 0 < α1 < α2 < · · · < αm , m ∈ N , A0,Ak ∈ R , k = 1,2, · · · ,m .
The Laplace fractional analogue of the Green function is introduced as follows

Gα1,α2,···,αm(t) = L −1
( 1

Pα1,α2,···,αm(z)

)
(t), t ∈ [t0,+∞)

T̃
, (3)

where Pα1,α2,···,αm(z) = A0 +
m

∑
k=1

Akz
αk .

For a particular solution yp(t) of (2) subject to the initial conditions Dαk− j
Δ,t0

(t0) =
0, j = 1,2, · · · ,mk , k = 1,2, · · · ,m , mk = [αk]+1. By taking the Laplace transform of
both sides of (2), we get

L (yp(t))(z,t0) =
L ( f (t))(z, t0)
Pα1,α2,···,αm(z)

.

Then, the particular solution yp(t) of (2) can be obtained by the convolution of f (t)
and Gα1,α2,···,αm(t) , i.e., yp(t) = (Gα1,α2,···,αm � f )(t) .

For convenience, we will use the Δ-Mittag-Lefler function to derive a particular
solution to (2).
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THEOREM 3.1. Let α > 0 , λ ∈ R and let f (t) be a function defined on the iso-
lated time scale [t0,+∞)

T̃
. Then the particular solution to the fractional dynamic equa-

tion
Dα

Δ,t0
y(t)−λy(t) = f (t) (4)

has the form

y(t) =
∞

∑
k=0

λ k
∫ t

t0
h(k+1)α−1(t,σ(s)) f (s)Δs (5)

provided that the integral in the right-hand side of (5) is convergent.

Proof. From (3), we can obtain

Gα(t) = L −1
( 1

zα −λ

)
(t).

By Theorem 2.3 with β = α , we get

L (ΔFα ,α(λ ,t,t0))(z,t0) =
1

zα −λ
, |λ | < |z|α .

Then, we have
Gα(t) = ΔFα ,α(λ ,t,t0).

Hence y(t) = (Gα � f )(t) and thus (5) is valid from Lemma 2.2. �

THEOREM 3.2. Let α > β > 0 , λ ,μ ∈ R with μ �= 0 and let f (t) be a func-
tion defined on the isolated time scale [t0,+∞)

T̃
. Then the particular solution to the

fractional dynamic equation

Dα
Δ,t0

y(t)−λDβ
Δ,t0

y(t)− μy(t) = f (t) (6)

has the form
y(t) = (Gα ,β � f )(t) (7)

provided that the right-hand side of (7) exists, where

Gα ,β (t) =
∞

∑
n=0

μn

n!
∂ n

∂λ n ΔFα−β ,α+βn(λ ,t,t0).

Proof. From (3), we get

Gα ,β (t) = L −1
( 1

zα −λ zβ − μ

)
(t).

For z ∈ C with
∣∣∣ μz−β

zα−β−λ

∣∣∣< 1, we have

1

zα −λ zβ − μ
=

z−β

zα−β −λ
1

1− μz−β

zα−β−λ

=
∞

∑
n=0

μnz−(n+1)β

(zα−β −λ )n+1
.
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Then, we can obtain that

Gα ,β (t) = L −1
( ∞

∑
n=0

μnz−(n+1)β

(zα−β −λ )n+1

)
(t).

By Theorem 2.3, for |λ |< |z|α−β , replacing α by α −β and β by α +βn , it follows
that

z−(n+1)β

(zα−β −λ )n+1
=

z(α−β )−(α+βn)

(zα−β −λ )n+1

=
1
n!

L
( ∂ n

∂λ n ΔFα−β ,α+βn(λ ,t,t0)
)
(z,t0).

Then, we can infer that

Gα ,β (t) =
∞

∑
n=0

μn

n!
∂ n

∂λ n ΔFα−β ,α+βn(λ ,t,t0).

Hence y(t) = (Gα ,β � f )(t) and thus (7) is valid. �

THEOREM 3.3. Let α > β > 0 , λ ∈ R and let f (t) be a function defined on the
isolated time scale [t0,+∞)

T̃
. Then the particular solution to the fractional dynamic

equation
Dα

Δ,t0
y(t)−λDβ

Δ,t0
y(t) = f (t)

has the form

y(t) =
∞

∑
k=0

λ k
∫ t

t0
h(k+1)α−kβ−1(t,σ(s)) f (s)Δs

provided that the integral in the right-hand side of the forgoing equality is convergent.

Proof. Using the similar argument as in Theorem 3.3, by (3), we get

Gα ,β (t) = L −1
( 1

zα −λ zβ

)
(t)

Moreover, we have
1

zα −λ zβ =
z−β

zα−β −λ
.

According to Theorem 2.3, replacing α and β by α −β and α , respectively. So we
can obtain

L (ΔFα−β ,α(λ ,t,t0))(z,t0) =
z−β

zα−β −λ
.

Taking the inverse Laplace transform and using the previous inequalities, we obtain

Gα ,β (t) = ΔFα−β ,α(λ ,t,t0).

Therefore, the conclusion is valid from Lemma 2.2. �
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THEOREM 3.4. Let α > β > αm−2 > · · · > α1 > α0 = 1 , m ∈ N\{1,2} , and let
λ ,A0, · · · ,Am−2 ∈ R . Suppose that f (t) is a function defined on the isolated time scale
[t0,+∞)

T̃
. Then the particular solution to the fractional dynamic equation

Dα
Δ,t0

y(t)−λDβ
Δ,t0

y(t)−
m−2

∑
k=0

AkD
αk
Δ,t0

y(t) = f (t) (8)

has the form

y(t) = (Gα ,β ,α1,···,αm−2
� f )(t) (9)

provided that the right-hand side of (9) exists, where

Gα ,β ,α1,···,αm−2
(t) =

∞

∑
n=0

∑
k0+k1+···+km−2=n

1
k0!k1! · · ·km−2!

×
m−2

∏
v=0

Akv
v

∂
∂λ n ΔFα−β ,α+∑m−2

v=0 (β−αv)kv
(λ ,t,t0)

(10)

Proof. From (3), we get

Gα ,β ,α1,···,αm−2
(t) = L −1

(
1

zα −λ zβ −
m−2

∑
k=0

Akz
αk

)
(t).

For z ∈ C with
∣∣m−2

∑
k=0

Ak
zαk−β

zα−β −λ
∣∣< 1, it follows that

1

zα −λ zβ −
m−2

∑
k=0

Akz
αk

=
z−β

zα−β −λ
1

1−
m−2

∑
k=0

Ak
zαk−β

zα−β −λ

=
z−β

zα−β −λ

∞

∑
n=0

(∑m−2
k=0 Akzαk−β

zα−β −λ

)n

=
∞

∑
n=0

z−β

(zα−β −λ )n+1

(m−2

∑
k=0

Akz
αk−β

)n

=
∞

∑
n=0

∑
k0+k1+···+km−2=n

n!
k0!k1! · · ·km−2!

m−2

∏
v=0

Akv
v

z−β−∑m−2
v=0 (β−αv)kv

(zα−β −λ )n+1
.
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According to Theorem 2.3, for |λ | < |z|α−β , replacing α by α − β and β by

α +
m−2

∑
l=0

(β −αl)kl , we can obtain

z−β−∑m−2
l=0 (β−αl)kl

(zα−β −λ )n+1
=

zα−β−(α+∑m−2
l=0 (β−αl)kl)

(zα−β −λ )n+1

=
1
n!

L
( ∂

∂λ n ΔFα−β ,α+∑m−2
v=0 (β−αv)kv

(λ ,t,t0)
)
(z,t0)

)
.

Then, we can infer that (10) is true and hence (9) holds. �

4. Ulam stability of Riemann-Liouville fractional dynamic equations

By employing the Laplace transform method, in this section, we shall deal with
the Ulam stability problem of linear Riemann-Liouville fractional dynamic equations
with constant coefficients on isolated time scales.

THEOREM 4.1. Let l − 1 < α � l , l ∈ N , n = −[−α] and let λ ∈ R . Assume
that ϕ : [t0,+∞)

T̃
→ [0,+∞) is a function such that the series

∞

∑
k=0

|λ |k
∫ t

t0
|h(k+1)α−1(t,σ(s))|ϕ(s)Δs

converges for all t ∈ [t0,+∞)
T̃
. If a function y : [t0,+∞)

T̃
→ R satisfies the inequality

|Dα
Δ,t0

y(t)−λy(t)− f (t)|� ϕ(t) (11)

for all t ∈ [t0,+∞)
T̃
, then there exists a solution yϕ : [t0,+∞)

T̃
→ R of the fractional

dynamic equation
Dα

Δ,t0
y(t)−λy(t) = f (t) (12)

such that

|y(t)− yϕ(t)| �
∞

∑
k=0

|λ |k
∫ t

t0
|h(k+1)α−1(t,σ(s))|ϕ(s)Δs

for all t ∈ [t0,+∞)
T̃
.

Proof. Set g(t) = Dα
Δ,t0

y(t)−λy(t)− f (t) , t ∈ [t0,+∞)
T̃
. In view of Theorem 2.1,

by using the Laplace transform to g(t) , we can obtain

L (g(t))(z,t0) = zαL (y(t))(z,t0)−
m

∑
k=1

dkz
k−1

−λL (y(t))(z,t0)−L ( f (t))(z,t0),

where dk = Dα−k
Δ,t0

f (t0) . Then, it follows from the previous equality that

L (y(t))(z,t0) =
l

∑
k=1

dk
zk−1

zα −λ
+

L ( f (t))(z,t0)
zα −λ

+
L (g(t))(z,t0)

zα −λ
. (13)
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Define

yϕ(t) =
l

∑
k=1

dkyk(t)+ (Gα � f )(t),

where

yk(t) = ΔFα ,α−k+1(λ ,t,t0),
Gα(t) = ΔFα ,α(λ ,t,t0),

(Gα � f )(t) =
∞

∑
k=0

λ k
∫ t

t0
h(k+1)α−1(t,σ(s)) f (s)Δs.

According to Theorem 2.3, replacing β by α − k+1, we can obtain that

L (yk(t))(z, t0) = L (ΔFα ,α−k+1(λ ,t,t0))(z,t0) =
zk−1

zα −λ
, |λ | < |z|α . (14)

Again, we replace β by α , it follows that

L (Gα(t))(z, t0) = L (ΔFα ,α(λ ,t,t0))(z,t0) =
1

zα −λ
, |λ | < |z|α . (15)

From (14) and (15), we can infer that

L (yϕ (t))(z,t0) =
l

∑
k=1

dkL (yk(t))(z,t0)+L ((Gα � f )(t))(z, t0)

=
l

∑
k=1

dk
zk−1

zα −λ
+

L ( f (t))(z,t0)
zα −λ

.

(16)

By Theorem 3.1, we know that (Gα � f )(t) is a particular solution of Eq. (12). Then, it
follows from Lemma 2.1 that

L ( f (t))(z, t0) = L (Dα
Δ,t0

(Gα � f )(t))(z,t0)−λL (Gα � f )(t)(z,t0)

= zαL (Gα � f )(t)(z,t0)−
l

∑
k=1

hkz
k−1 −λL (Gα � f )(t)(z,t0)

= (zα −λ )L (Gα � f )(t)(z,t0)−
l

∑
k=1

hkz
k−1

= (zα −λ )
L ( f (t))(z,t0)

zα −λ
−

l

∑
k=1

hkz
k−1,

(17)

where hk = Dα−k
Δ,t0

f (t0) . From the previous equality, we can obtain ∑m
k=1 hkzk−1 = 0.

Moreover, by Theorem 6.2 in [12], we know that yk(t) is a solution of the associated
homogeneous equation of Eq. (12). So we have

Dα
Δ,t0 ΔFα ,α−k+1(λ ,t,t0) = λ ΔFα ,α−k+1(λ ,t,t0). (18)
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Since the operators L and Dα
Δ,t0

are linear, we can from (14) and (16)–(18) that

L (Dα
Δ,t0

yϕ(t)−λyϕ(t))(z,t0)

= L
[(

Dα
Δ,t0

( m

∑
k=1

dkyk +Dα
Δ,t0

(Gα � f )−λyϕ
)
(t)
]
(z,t0)

=
l

∑
k=1

dkL (Dα
Δ,t0

yk(t))(z,t0)+L (Dα
Δ,t0

(Gα � f )(t))(z, t0)−λL (yϕ (t))(z,t0)

= λ
l

∑
k=1

dkL (yk(t))(z,t0)+ zαL (Gα � f )(t))(z,t0)−
l

∑
k=1

hkz
k−1

−λ
( l

∑
k=1

dk
zk−1

zα −λ
+

L ( f (t))(z,t0)
zα −λ

)
= L ( f (t))(z, t0),

(19)

which implies that yϕ(t) is a solution of Eq. (12), since the Laplace transform operator
L is one-to-one on the isolated time scale.

Additionally, it follows from (13) and (16) that

L (y(t))(z, t0)−L (yϕ (t))(z,t0) =
L (g(t))(z,t0)

zα −λ
= L ((Gα � g)(t))(z,t0).

Using the linearity and the inverse Laplace transform L −1 , we can obtain

y(t)− yϕ(t) = (Gα � g)(t), t ∈ T̃.

From the inequality (11), we know that |g(t)| � ϕ(t) for all t ∈ T̃ . Therefore, we can
get

|y(t)− yϕ(t)| = |(Gα � g)(t)|

=
∣∣∣ ∞

∑
k=0

λ k
∫ t

t0
h(k+1)α−1(t,σ(s))g(s)Δs

∣∣∣
�

∞

∑
k=0

|λ |k
∫ t

t0
|h(k+1)α−1(t,σ(s))g(s)|Δs

�
∞

∑
k=0

|λ |k
∫ t

t0
|h(k+1)α−1(t,σ(s))|ϕ(s)Δs

for all t ∈ T̃ . The theorem is now completed. �
As a direct consequence of Theorem 4.1, we can obtain the Hyers-Ulam stability

of Eq. (12).

COROLLARY 4.2. Let l−1 < α � l , l ∈ N , n = −[−α] and let λ ∈ R . Assume
that the series ∑∞

k=0 |λ |k
∫ t
t0
|h(k+1)α−1(t,σ(s))|Δs converges for all t ∈ [t0,+∞)

T̃
. For

a given ε > 0 , if a function y : [t0,+∞)
T̃
→ R satisfies the inequality

|Dα
Δ,t0

y(t)−λy(t)− f (t)|� ε
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for all t ∈ [t0,+∞)
T̃
, then there exists a solution yε : [t0,+∞)

T̃
→ R of the fractional

dynamic equation (12) such that

|y(t)− yϕ(t)| � K1ε

for all t ∈ [t0,+∞)
T̃
, where

K1 = sup
t∈[t0,+∞)

T̃

∞

∑
k=0

|λ |k
∫ t

t0
|h(k+1)α−1(t,σ(s))|Δs.

REMARK 1. When K1 is finite, the result shows that the fractional dynamic equa-
tion (12) is Hyers-Ulam stable. Otherwise, we can say that the equation (12) is gener-
alized Hyers-Ulam stable.

THEOREM 4.3. Let l−1 < α � l , l ∈ N , α > β > 0 , n =−[−α] , λ ,μ ∈R with
μ �= 0 . Let f (t) be a function defined on the isolated time scale [t0,+∞)

T̃
. Assume that

ϕ : [t0,+∞)
T̃
→ [0,+∞) is a function such that the integral

∫ t
t0
|Ĝα ,β (t,σ(s))|ϕ(s)Δs

exists for all t ∈ [t0,+∞)
T̃
. If a function y : [t0,+∞)

T̃
→ R satisfies the inequality∣∣∣Dα

Δ,t0
y(t)−λDβ

Δ,t0
y(t)− μy(t)− f (t)

∣∣∣� ϕ(t) (20)

for all t ∈ [t0,+∞)
T̃
, then there exists a solution yϕ : [t0,+∞)

T̃
→ R of the fractional

dynamic equation

Dα
Δ,t0

y(t)−λDβ
Δ,t0

y(t)− μy(t) = f (t) (21)

such that

|y(t)− yϕ(t)| �
∫ t

t0
|Ĝα ,β (t,σ(s))|ϕ(s)Δs

for all t ∈ [t0,+∞)
T̃
.

Proof. Define g(t) = Dα
Δ,t0

y(t)− λDβ
Δ,t0

y(t)− μy(t)− f (t) , t ∈ [t0,+∞)
T̃
. Set

m− 1 < β � m , m ∈ N . Clearly, we can see m � l due to 0 < β < α . Applying the
Laplace transform L and using Lemma 2.1, we get

L (g(t))(z, t0) = zαL (y(t))(z,t0)−
l

∑
k=1

Dα−k
Δ,t0

y(t0)zk−1 −λ zβL (y(t))(z, t0)

+ λ
m

∑
j=1

Dβ− j
Δ,t0

y(t0)z j−1− μL (y(t))(z,t0)−L ( f (t))(z, t0).
(22)

Combining the same items yields

L (y(t))(z, t0) =
l

∑
k=1

dk
zk−1

zα −λ zβ − μ
+

L ( f (t))(z,t0)
zα −λ zβ − μ

+
L (g(t))(z,t0)
zα −λ zβ − μ

, (23)
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where

dk =

⎧⎨⎩Dα−k
Δ,t0

y(t0)−λDβ−k
Δ,t0

y(t0), k = 1, · · · ,m,

Dα−k
Δ,t0

y(t0), k = m+1, · · · , l.
Now we set

yϕ(t) =
l

∑
k=1

dkyk(t)+ (Gα ,β � f )(t),

where

yk(t) =
∞

∑
j=0

μ j

j!
∂ j

∂λ j ΔFα−β ,α+ jβ+1−k(λ ,t,t0).

By Theorem 3.2, we get

L (Gα ,β (t))(z,t0) =
1

zα −λ zβ − μ
.

Then, we can obtain

L [(Gα ,β � f )(t)](z,t0) =
L ( f (t))(z,t0)
zα −λ zβ − μ

. (24)

According to the proof of Theorem 3.2, for z ∈ C and
∣∣∣ μz−β

zα−β−λ

∣∣∣< 1, we have

1

zα −λ zβ − μ
=

∞

∑
j=0

μ jz−β− jβ

(zα−β −λ ) j+1
. (25)

Furthermore, using Lemma 2.3, for |λ zβ−α | < 1, we can infer that

zk−1−β− jβ

(zα−β −λ ) j+1
=

zα−β−(α− jβ+a−k)

(zα−β −λ )k+1

= L
( 1

j!
∂ j

∂λ j ΔFα−β ,α+ jβ+1−k(λ ,t,t0)
)
(z, t0).

(26)

From (25) and (26), it follows that

L (yk(t))(z,t0) =
∞

∑
j=0

L
(μ j

j!
∂ j

∂λ j ΔFα−β ,α+ jβ+1−k(λ ,t,t0)
)

=
∞

∑
j=0

μ jzk−1−β− jβ

(zα−β −λ ) j+1

= zk−1
∞

∑
j=0

μ jz−β− jβ

(zα−β −λ ) j+1

=
zk−1

zα −λ zβ − μ
.

(27)
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Therefore, it can be inferred from (24) and (27) that

L (yϕ (t))(z,t0) =
l

∑
k=1

dkL (yk(t))(z,t0)+L [(Gα ,β � f )(t)](z,t0)

=
l

∑
k=1

dk
zk−1

zα −λ zβ − μ
+

L ( f (t))(z,t0)
zα −λ zβ − μ

.

(28)

In view of Theorem 3.2, we see that (Gα ,β � f )(t) is a particular solution of Eq. (21).
Then, it follows from Lemma 2.1 that

L ( f (t))(z, t0) = L
[
Dα

Δ,t0
(Gα ,β � f )(t)

]
(z,t0)−λL

[
Dβ

Δ,t0
(Gα ,β � f )(t)

]
(z,t0)

− μL (y(t))(z,t0)

= zαL [(Gα ,β � f )(t)](z,t0)−
l

∑
k=1

Dα−k
Δ,t0

(Gα ,β � f )(t0)zk−1

−λ zβL [(Gα ,β � f )(t)](z,t0)+ λ
m

∑
j=1

Dα− j
Δ,t0

(Gα ,β � f )(t0)z j−1

− μL [(Gα ,β � f )(t)](z,t0)

= (zα −λ zβ − μ)L [(Gα ,β � f )(t)](z, t0)−
l

∑
k=1

hkz
k−1

= (zα −λ zβ − μ)
L ( f (t))(z,t0)
zα −λ zβ − μ

−
l

∑
k=1

hkz
k−1

= L ( f (t))(z,t0)−
l

∑
k=1

hkz
k−1,

where

hk =

⎧⎨⎩Dα−k
Δ,t0

(Gα ,β � f )(t0)−λDα−k
Δ,t0

(Gα ,β � f )(t0), k = 1, · · · ,m,

Dα−k
Δ,t0

(Gα ,β � f )(t0), k = m+1, · · · , l.

From the above equality, we can obtain ∑l
k=1 hkzk−1 = 0. According to Theorem 6.3 in

[12], we know that yk(t) is a solution of the corresponding homogeneous equation of
Eq.(21). Thus, we have

Dα
Δ,t0

yk(t)−λDβ
Δ,t0

yk(t)− μyk(t) = 0, k = 1,2, · · · , l. (29)
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Using the linearity of the operators L , Dα
Δ,t0

and Dβ
Δ,t0

, we can infer from (24), (27)–
(29) that

L
[
Dα

Δ,t0
yϕ (t)−λDβ

Δ,t0
yϕ(t)− μyϕ(t)

]
(z,t0)

= L
[
Dα

Δ,t0

( l

∑
k=1

dkyk(t)
)

+Dα
Δ,t0

(
Gα ,β � f

)
(t)−λDβ

Δ,t0

( l

∑
k=1

dkyk(t)
)

−λDβ
Δ,t0

(
Gα ,β � f

)
(t)− μyϕ(t)

]
(z,t0)

=
l

∑
k=1

dkL
[
Dα

Δ,t0
yk(t)−λDβ

Δ,t0
yk(t)

]
(z,t0)

+L
[
Dα

Δ,t0

(
Gα ,β � f

)
(t)−λDβ

Δ,t0

(
Gα ,β � f

)
(t)
]
(z,t0)− μL (yϕ(t))(z,t0)

= μ
l

∑
k=1

dkL (yk(t))(z,t0)+ (zα −λ zβ )L
(
(Gα ,β � f )(t)

)
(z,t0)

−
l

∑
k=1

hkz
k−1 − μL (yϕ(t))(z,t0)

= μ
l

∑
k=1

dk
zk−1

zα −λ zβ − μ
+(zα −λ zβ )L

(
(Gα ,β � f )(t)

)
(z,t0)

− μ
( l

∑
k=1

dk
zk−1

zα −λ zβ − μ
+

L ( f (t))(z,t0)
zα −λ zβ − μ

)
= (zα −λ zβ )L ((Gα ,β (t))(z,t0)L ( f (t))(z,t0)− μ

L ( f (t))(z,t0)
zα −λ zβ − μ

= (zα −λ zβ )
L ( f (t))(z,t0)
zα −λ zβ − μ

− μ
L ( f (t))(z,t0)
zα −λ zβ − μ

= L ( f (t))(z, t0).

Obviously, yϕ(t) is a solution of Eq. (21), since the Laplace transform operator is
one-to-one on the isolated time scale. From (23) and (28), it follows that

L (y(t))(z, t0)−L (yϕ (t))(z,t0) =
L (g(t))(z,t0)
zα −λ zβ − μ

= L ((Gα ,β � g)(t))(z,t0).

Owing to the linearity of the Laplace transform operator and we apply the inverse
Laplace transform to both sides of the previous equality, we get

y(t)− yϕ(t) = (Gα ,β � g)(t), t ∈ [t0,+∞)
T̃
.

By the condition (20), we have |g(t)|� ϕ(t) for all t ∈ [t0,+∞)
T̃
. Then, we can obtain

|y(t)− yϕ(t)| = |(Gα ,β � g)(t)|=
∣∣∣∫ t

t0
Ĝα ,β (t,σ(s))g(s)Δs

∣∣∣
�
∫ t

t0
|Ĝα ,β (t,σ(s))g(s)|Δs �

∫ t

t0
|Ĝα ,β (t,σ(s))|ϕ(s)Δs
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for all t ∈ [t0,+∞)
T̃
. This completes the proof of the theorem. �

From Theorem 4.3, we can establish the Hyers-Ulam stability of the inhomoge-
neous linear fractional dynamic equation (21) on an isolated time scale.

COROLLARY 4.4. Let l−1 < α � l , l ∈ N , α > β > 0 , n = −[−α] , λ ,μ ∈ R

with μ �= 0 . Let f (t) be a function defined on the isolated time scale [t0,+∞)
T̃
. Assume

that the integral
∫ t
t0
|Ĝα ,β (t,σ(s))|Δs exists for all t ∈ [t0,+∞)

T̃
. For a given ε > 0 , if

a function y : [t0,+∞)
T̃
→ R satisfies the inequality∣∣∣Dα
Δ,t0

y(t)−λDβ
Δ,t0

y(t)− μy(t)− f (t)
∣∣∣� ε (30)

for all t ∈ [t0,+∞)
T̃
, then there exists a solution yε : [t0,+∞)

T̃
→ R of the fractional

dynamic equation (21) such that

|y(t)− yϕ(t)| � K2ε

for all t ∈ [t0,+∞)
T̃
, where

K2 = sup
t∈[t0,+∞)

T̃

∫ t

t0
|Ĝα ,β (t,σ(s))|Δs.

As a complement to Theorem 4.3, we further consider the Ulam stability of the
fractional dynamic equation (21) with the coefficient μ = 0.

THEOREM 4.5. Let l − 1 < α � l , l ∈ N , α > β > 0 , n = −[−α] , λ ∈ R .
Let f (t) be a function defined on the isolated time scale [t0,+∞)

T̃
. Assume that

ϕ : [t0,+∞)
T̃
→ [0,+∞) is a function such that the series

∞

∑
k=0

|λ |k
∫ t

t0
|h(k+1)α−kβ−1(t,σ(s))|ϕ(s)Δs

converges for all t ∈ [t0,+∞)
T̃
. If a function y : [t0,+∞)

T̃
→ R satisfies the inequality∣∣∣Dα

Δ,t0
y(t)−λDβ

Δ,t0
y(t)− f (t)

∣∣∣� ϕ(t)

for all t ∈ [t0,+∞)
T̃
, then there exists a solution yϕ : [t0,+∞)

T̃
→ R of the fractional

dynamic equation

Dα
Δ,t0

y(t)−λDβ
Δ,t0

y(t) = f (t) (31)

such that

|y(t)− yϕ(t)| �
∞

∑
k=0

|λ |k
∫ t

t0
|h(k+1)α−kβ−1(t,σ(s))|ϕ(s)Δs

for all t ∈ [t0,+∞)
T̃
.
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Proof. Define g(t) = Dα
Δ,t0

y(t)−λDβ
Δ,t0

y(t)− f (t) , t ∈ [t0,+∞)
T̃
. Using the sim-

ilar argument as in Theorem 4.3, we can obtain

L (y(t))(z, t0) =
l

∑
k=1

dk
zk−1

zα −λ zβ +
L ( f (t))(z,t0)

zα −λ zβ +
L (g(t))(z,t0)

zα −λ zβ ,

where dk, k = 1,2, · · · , l are defined as in (23). Similar to Theorem 4.3, we define

yϕ(t) =
l

∑
k=1

dkyk(t)+ (Gα ,β � f )(t),

where

yk(t) = ΔFα−β ,α−k+1(λ ,t,t0),

Gα ,β (t) = ΔFα−β ,α(λ ,t,t0),

(Gα ,β � f )(t) =
∞

∑
k=0

λ k
∫ t

t0
h(k+1)α−kβ−1(t,σ(s)) f (s)Δs.

Furthermore, we can infer that

L (yϕ(t))(z,t0) =
l

∑
k=1

dk
zk−1

zα −λ zβ +
L ( f (t))(z,t0)

zα −λ zβ .

Similar to the proof of Theorem 4.1 and Theorem 4.3, we can obtain

|y(t)− yϕ(t)| = |(Gα ,β � g)(t)|

�
∞

∑
k=0

|λ |k
∫ t

t0
|h(k+1)α−kβ−1(t,σ(s))|ϕ(s)Δs

for all [t0,+∞)
T̃
. �

COROLLARY 4.6. Let l − 1 < α � l , l ∈ N , α > β > 0 , n = −[−α] , λ ∈ R .
Let f (t) be a function defined on the isolated time scale [t0,+∞)

T̃
. Assume that the

series ∑∞
k=0 λ k ∫ t

t0
|h(k+1)α−kβ−1(t,σ(s))|Δs converges for all t ∈ [t0,+∞)

T̃
. For a given

ε > 0 , if a function y : [t0,+∞)
T̃
→ R satisfies the inequality∣∣∣Dα

Δ,t0
y(t)−λDβ

Δ,t0
y(t)− f (t)

∣∣∣� ε

for all t ∈ [t0,+∞)
T̃
, then there exists a solution yε : [t0,+∞)

T̃
→ R of the fractional

dynamic equation (31) such that

|y(t)− yε(t)| � K3ε

for all t ∈ [t0,+∞)
T̃
, where

K3 = sup
t∈[t0,+∞)

T̃

∞

∑
k=0

|λ |k
∫ t

t0
|h(k+1)α−kβ−1(t,σ(s))|Δs.
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More generally, we shall consider the Ulam stability problemof the linear Riemann-
Liouville fractional dynamic equation with general form on the isolate time scale.

THEOREM 4.7. Let m∈N\{1,2} , λ ,A0, · · · ,Am−2 ∈R , and let α > β > αm−2 >
· · · > α1 > α0 = 0 with l − 1 < α � l , l ∈ N , lm−1 − 1 < β � lm−1 , lk − 1 < αk �
lk , lk ∈ N , k ∈ {1, · · · ,m− 2} . Let f (t) be a function defined on the isolated time
scale [t0,+∞)

T̃
. Assume that ϕ : [t0,+∞)

T̃
→ [0,+∞) is a function such that the

integral
∫ t
t0
| ̂Gα ,β ,α1,···,αm−2

(t,σ(s))|ϕ(s)Δs exists for all t ∈ [t0,+∞)
T̃
. If a function

y : [t0,+∞)
T̃
→ R satisfies the inequality

∣∣∣Dα
Δ,t0

y(t)−λDβ
Δ,t0

y(t)−
m−2

∑
k=0

AkD
αk
Δ,t0

y(t)− f (t)
∣∣∣� ϕ(t) (32)

for all t ∈ [t0,+∞)
T̃
, then there exists a solution yϕ : [t0,+∞)

T̃
→ R of the fractional

dynamic equation

Dα
Δ,t0

y(t)−λDβ
Δ,t0

y(t)−
m−2

∑
k=0

AkD
αk
Δ,t0

y(t) = f (t) (33)

such that

|y(t)− yϕ(t)| �
∫ t

t0
| ̂Gα ,β ,α1,···,αm−2

(t,σ(s))|ϕ(s)Δs

for all t ∈ [t0,+∞)
T̃
.

Proof. First, we define

g(t) = Dα
Δ,t0

y(t)−λDβ
Δ,t0

y(t)−
m−2

∑
k=0

AkD
αk
Δ,t0

y(t)− f (t), t ∈ [t0,+∞)
T̃
.

Applying the Laplace transform to g(t) and using Lemma 2.1, we can obtain

L (g(t))(z, t0) = zαL (y(t))(z,t0)−
l

∑
j=1

Dα− j
Δ,t0

y(t0)z j−1 −λ zβ L (y(t))(z,t0)

+ λ
lm−1

∑
j=1

Dβ− j
Δ,t0

y(t0)z j−1 −
m−2

∑
k=0

Akz
αkL (y(t))(z,t0))

+
m−2

∑
k=1

Ak

( lk

∑
j=1

Dαk− j
Δ,t0

y(t0)z j−1
)
−L ( f (t))(z,t0)

=
(
zα −λ zβ −

m−2

∑
k=0

Akz
αk

)
L (y(t))(z, t0))−

l

∑
j=1

d jz
j−1,

(34)
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where

d j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Dα− j
Δ,t0

y(t0)−λDβ− j
Δ,t0

y(t0)−∑m−2
k=1 AkD

αk− j
Δ,t0

y(t0), j = 1, · · · , l1,
Dα− j

Δ,t0
y(t0)−λDβ− j

Δ,t0
y(t0)−∑m−2

k=2 AkD
αk− j
Δ,t0

y(t0), j = l1 +1, · · · , l2,
· · ·

Dα− j
Δ,t0

y(t0)−λDβ− j
Δ,t0

y(t0)−Am−2D
αm−2− j
Δ,t0

y(t0), j = lm−3 +1, · · · , lm−2,

Dα− j
Δ,t0

y(t0)−λDβ− j
Δ,t0

y(t0), j = lm−2 +1, · · · , lm−1,

Dα− j
Δ,t0

y(t0) j = lm−1 +1, · · · , l.

From (34), we can obtain

L (y(t))(z, t0) =
l

∑
j=1

z j−1

zα −λ zβ −∑m−2
k=0 Akzαk

+
L ( f (t))(z,t0)+L (g(t))(z,t0)

zα −λ zβ −∑m−2
k=0 Akzαk

. (35)

Set

yϕ (t) =
l

∑
k=1

dkyk(t)+ (Gα ,β ,α1,···,αm−2
� g)(t),

where

yk(t) =
∞

∑
r=0

(
∑

k0+k1+···+km−2=r

) 1
k0!k1! · · ·km−2!

·
(m−2

∏
v=0

Av
kv
) ∂ r

∂λ r ΔFα−β ,α−k+1+∑m−2
v=0 (β−αvkv)

(λ ,t, t0).

By the proof of Theorem 3.4, for z ∈ C with
∣∣∣m−2

∑
k=0

Ak
zαk−β

zα−β −λ

∣∣∣< 1, we get

1

zα −λ zβ −∑m−2
k=0 Akzαk

=
∞

∑
r=0

∑
k0+k1+···+km−2=r

r!
k0!k1! · · ·km−2!

m−2

∏
v=0

Akv
v

z−β−∑m−2
v=0 (β−αv)kv

(zα−β −λ )r+1
.

Then, it follows from Lemma 2.3 that

z j−1−β−∑m−2
v=0 (β−αv)kv

(zα−β −λ )r+1

=
zα−β−

(
α− j+1+∑m−2

v=0 (β−αv)kv

)
(zα−β −λ )r+1

= L
( 1

r!
∂ r

∂λ r ΔFα−β ,α− j+1+∑m−2
v=0 (β−αv)kv

(λ ,t,t0)
)
(z,t0).

(36)
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Moreover, by Theorem 3.4, we can obtain

L (Gα ,β ,α1,···,αm−2
(t))(z,t0) =

1

zα −λ zβ −
m−2

∑
k=0

Akz
αk

.

Thus, we get

L ((Gα ,β ,α1,···,αm−2
� f )(t))(z,t0) =

L ( f (t))(z,t0)

zα −λ zβ −
m−2

∑
k=0

Akz
αk

. (37)

From (36), we can infer that

L (yk(t))(z, t0)

=
∞

∑
r=0

(
∑

k0+k1+···+km−2=r

) 1
k0!k1! · · ·km−2!

(m−2

∏
v=0

Av
kv
)z j−1−β−∑m−2

v=0 (β−αv)kv

(zα−β −λ )r+1

=
j−1

zα −λ zβ −∑m−2
k=0 Akzαk

.

(38)

By (37) and (38), we can obtain

L (yϕ(t))(z,t0)

=
l

∑
j=1

d jL (y j(t))(z,t0)+L ((Gα ,β ,α1,···,αm−2
� f )(t))(z, t0)

=
l

∑
j=1

d j
j−1

zα −λ zβ −∑m−2
k=0 Akzαk

+
L ( f (t))(z,t0)

zα −λ zβ −
m−2

∑
k=0

Akz
αk

.

(39)

In view of Theorem 3.4, it is easy to know that (Gα ,β ,α1,···,αm−2
� f )(t) is a particular

solution of Eq. (33). From Lemma 2.1, it follows that

L (yϕ(t))(z, t0)

= L
[
Dα

Δ,t0
(Gα ,β ,α1,···,αm−2

� f )(t)−λDβ
Δ,t0

(Gα ,β ,α1,···,αm−2
� f )(t)

−
m−2

∑
k=0

AkD
αk
Δ,t0

(Gα ,β ,α1,···,αm−2
� f )(t)

]
(z,t0)

=
(
zα −λ zβ −

m−2

∑
k=0

Akz
αk

)
L ((Gα ,β ,α1,···,αm−2

� f )(t))(z,t0))−
l

∑
j=1

h jz
j−1

=
(
zα −λ zβ −

m−2

∑
k=0

Akz
αk

) L ( f (t))(z,t0)

zα −λ zβ −
m−2

∑
k=0

Akz
αk

−
l

∑
j=1

h jz
j−1,
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where

h j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Dα− j
Δ,t0

(Gα ,β ,α1,···,αm−2
� f )(t0)−λDβ− j

Δ,t0
(Gα ,β ,α1,···,αm−2

� f )(t0)
−∑m−2

k=1 AkD
αk− j
Δ,t0

(Gα ,β ,α1,···,αm−2
� f )(t0), j = 1, · · · , l1,

Dα− j
Δ,t0

(Gα ,β ,α1,···,αm−2
� f )(t0)−λDβ− j

Δ,t0
(Gα ,β ,α1,···,αm−2

� f )(t0)
−∑m−2

k=2 AkD
αk− j
Δ,t0

(Gα ,β ,α1,···,αm−2
� f )(t0), j = l1 +1, · · · , l2,

· · ·
Dα− j

Δ,t0
(Gα ,β ,α1,···,αm−2

� f )(t0)−λDβ− j
Δ,t0

(Gα ,β ,α1,···,αm−2
� f )(t0)

−Am−2D
αm−2− j
Δ,t0

(Gα ,β ,α1,···,αm−2
� f )(t0), j = lm−3 +1, · · · , lm−2,

Dα− j
Δ,t0

(Gα ,β ,α1,···,αm−2
� f )(t0)−λDβ− j

Δ,t0
(Gα ,β ,α1,···,αm−2

� f )(t0),
j = lm−2 +1, · · · , lm−1,

Dα− j
Δ,t0

(Gα ,β ,α1,···,αm−2
� f )(t0) j = lm−1 +1, · · · , l.

Obviously, the preceding equality implies ∑l
j=1 h jz j−1 = 0. According to Theorem 6.4

in [12], y j(t) is a solution of the corresponding homogeneous equation of Eq. (33).
Hence, we obtain

Dα
Δ,t0

y j(t)−λDβ
Δ,t0

y j(t)−
m−2

∑
j=1

AjD
α j
Δ,t0

y j(t) = A0y j(t), j = 1,2, · · · , l.

Using the linearity of the operators L , Dα
Δ,t0

, Dβ
Δ,t0

and D
α j
Δ,t0

( j = 1,2, · · · , l) , we can
infer that

L
[
Dα

Δ,t0
yϕ (t)−λDβ

Δ,t0
yϕ (t)−

m−2

∑
j=0

AjD
α j
Δ,t0

yϕ(t)
]
(z,t0)

= L
[
Dα

Δ,t0

( l

∑
j=1

d jh j(t)
)

+Dα
Δ,t0

(Gα ,β ,α1,···,αm−2
� f )(t)

−λDβ
Δ,t0

( l

∑
j=1

d jh j(t)
)
−λDβ

Δ,t0
(Gα ,β ,α1,···,αm−2

� f )(t)

−
m−2

∑
k=0

AkD
αk
Δ,t0

( l

∑
j=1

d jh j(t)
)
−

m−2

∑
k=0

AkD
αk
Δ,t0

(Gα ,β ,α1,···,αm−2
� f )(t)

]
(z,t0)

=
l

∑
j=1

d jL
[
Dα

Δ,t0
h j(t)−λDβ

Δ,t0
h j(t)−

m−2

∑
k=1

AkD
αk
Δ,t0

h j(t)
]
(z, t0)

+L
[
Dβ

Δ,t0
(Gα ,β ,α1,···,αm−2

� f )(t)−λDβ
Δ,t0

(Gα ,β ,α1,···,αm−2
� f )(t)

−
m−2

∑
k=1

AkD
αk
Δ,t0

(Gα ,β ,α1,···,αm−2
� f )(t)

]
(z,t0)−A0L [yϕ(t)](z,t0)
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= A0

l

∑
j=1

d jL (h j(t))(z,t0)+
(
zα −λ zβ −

m−2

∑
k=0

Akz
αk

)
L ((Gα ,β ,α1,···,αm−2

� f )(t))(z, t0)

−
l

∑
j=1

h jz
j−1−A0L [yϕ (t)](z,t0)

= A0

l

∑
j=1

d jL (h j(t))(z,t0)+
(
zα −λ zβ −

m−2

∑
k=1

Akz
αk

) L ( f (t))(z,t0)

zα −λ zβ −
m−2

∑
k=0

Akz
αk

−A0L [yϕ(t)](z,t0)

=
(
zα −λ zβ −

m−2

∑
k=1

Akz
αk

) L ( f (t))(z,t0)

zα −λ zβ −
m−2

∑
k=0

Akz
αk

−A0
L ( f (t))(z, t0)

zα −λ zβ −
m−2

∑
k=0

Akz
αk

= L ( f (t))(z, t0).

Since the Laplace transform operator L is one-to-one on the isolated time scale, the
previous equality implies that yϕ(t) is a solution of the fractional dynamic equation
(33). From (35) and (39), we can infer that

L (y(t))(z,t0)−L (yϕ(t))(z,t0) =
L (g(t))(z,t0)

zα −λ zβ −∑m−2
k=0 Akzαk

= L (Gα ,β ,α1,···,αm−2
� g)(t)(z,t0).

Using the linearity of the Laplace transform operator and taking the inverse Laplace
transform to both sides of the preceding equality, we get

y(t)− yϕ(t) = (Gα ,β ,α1,···,αm−2
� g)(t), t ∈ [t0,+∞)

T̃
.

Furthermore, using the condition (32), we can obtain

|y(t)− yϕ(t)| = |(Gα ,β ,α1,···,αm−2
� g)(t)|

=
∣∣∣∫ t

t0

̂Gα ,β ,α1,···,αm−2
(t,σ(s))g(s)Δs

∣∣∣
�
∫ t

t0
| ̂Gα ,β ,α1,···,αm−2

(t,σ(s))g(s)|Δs

�
∫ t

t0
| ̂Gα ,β ,α1,···,αm−2

(t,σ(s))|ϕ(s)Δs

for all t ∈ [t0,+∞)
T̃
. This completes the proof. �

As a direct consequence of Theorem 4.7, we can obtain the Hyers-Ulam stability
of the linear fractional dynamic equation (33) with general form on the isolated time
scale.
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COROLLARY 4.8. Let m ∈ N \ {1,2} , λ ,A0, · · · ,Am−2 ∈ R , and let α > β >
αm−2 > · · · > α1 > α0 = 0 with l−1 < α � l , l ∈ N , lm−1 −1 < β � lm−1 , lk −1 <
αk � lk , lk ∈ N , k ∈ {1, · · · ,m−2} . Let f (t) be a function defined on the isolated time

scale [t0,+∞)
T̃
. Assume that the integral

∫ t
t0
| ̂Gα ,β ,α1,···,αm−2

(t,σ(s))|Δs exists for all
t ∈ [t0,+∞)

T̃
. For a given ε > 0 , if a function y : [t0,+∞)

T̃
→R satisfies the inequality

∣∣∣Dα
Δ,t0

y(t)−λDβ
Δ,t0

y(t)−
m−2

∑
k=0

AkD
αk
Δ,t0

y(t)− f (t)
∣∣∣� ε

for all t ∈ [t0,+∞)
T̃
, then there exists a solution yε : [t0,+∞)

T̃
→ R of the fractional

dynamic equation (35) such that

|y(t)− yϕ(t)| � K4ε

for all t ∈ [t0,+∞)
T̃
, where

K4 = sup
t∈[t0 ,+∞)

T̃

∫ t

t0
| ̂Gα ,β ,α1,···,αm−2

(t,σ(s))|Δs.
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