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THE PARTICULAR SOLUTION AND ULAM STABILITY
OF LINEAR RIEMANN-LIOUVILLE FRACTIONAL
DYNAMIC EQUATIONS ON ISOLATED TIME SCALES

YONGHONG SHEN* AND YONGIIN LI

(Communicated by J. Pecaric)

Abstract. By using the Laplace transform method on isolated time scales, this paper deals with
the particular solution and the Ulam stability of linear Riemann-Liouville fractional dynamic
equations with constant coefficients.

1. Introduction

The Ulam stability has been studied by a vast number of scientists for a few
decades now, tracing back to Hyers’ paper in 1941 [14]. This type of stability orig-
inated from a question about group homomorphism proposed by Ulam at university of
Wisconsin in 1940 [35]. Essentially, the Ulam stability problem can be summarized as
follows: “Under what conditions can a solution of a perturbed equation be close to a
solution of the original equation?” Soon after, Hyers [ 14] gave a first affirmative answer
to the previous question in Banach spaces. After many years, Rassias [28] further gen-
eralized the work of Hyers for linear mappings by considering an unbounded Cauchy
difference. In the ensuing two decades, almost all research related to such stability fo-
cused on different types of functional equations and different abstract spaces. For more
details, we refer to [10, 11, 16, 20, 21, 22, 29] and reference therein.

The Ulam stability of differential equations was initiated by Obloza [27] in 1993.
A few years later, Alsina and Ger [3] considered the Hyers-Ulam stability of the differ-
ential equation y'(x) = y(x). Afterward, Miura and Takahasi et al. [23, 25, 33] further
studied the Ulam stability of the differential equation y’(x) = Ay(x) in various abstract
spaces. By using the same method as in [3], Jung [17] considered the Hyers-Ulam
stability of the differential equation @(x)y'(x) = y(x). In particular, the Hyers-Ulam
stability of the linear differential equation was extensively investigated by many au-
thors [2, 18, 19, 24, 26, 34].

Fractional differential equations serve as an excellent tool for the description of
memory and hereditary properties of various materials and processes. The theory of
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fractional differential equations has gained considerable popularity and importance over
the past three decades. In 2012, Wang et al. [40] first studied the Ulam stability of the
fractional differential equation “D%*y(x) = f(x,y(x)) with the Caputo derivative by us-
ing the fixed point method in a generalized complete metric space. In the same year,
Wang et al. [41] also considered the Ulam stability of the previous equation with impul-
sive conditions. Afterwards, the Ulam stability problem of various types of fractional
differential equations were investigated by Wang et al. [36, 37, 38, 39]. In 2016, Jiang
et al. [15] studied the Ulam stability of the Caputo fractional differential equation
“D%u(t) = (Qu)(r) with the causal operator Q by a fixed point theorem for a class
of operators satisfying suitable conditions. Recently, Cuong [9] obtained a result of
Hyers-Ulam stability of Riemann-Liouville multi-order fractional differential equations
by using the Bielecki’s type norm and Banach fixed point theorem. By employing some
fixed point theorems in Banach spaces, Abbas et al. [1] established the existence and
Ulam stability of implicit Caputo fractional g-difference equations. At the same time,
Butt et al. [8] considered the Ulam stability of Caputo g-fractional delay difference
equations based on the g-fractional Gronwall inequality.

In 1988, Hilger [13] proposed the time scale and established the theory of time
scale calculus in order to unify discrete and continuous analysis. Accordingly, these
results provide an important basis for studying differential equations and difference
equations in a uniform way. In the past few decades, the time scale calculus and the
corresponding dynamic equations have been deeply and systematically studied (see
Bohner and Peterson [4, 6]). With the rapid development of the theory of fractional
differential equations, Georgiev [12] established the theory of fractional dynamic cal-
culus and considered the solution of fractional dynamic equations on time scales. The
Laplace transform method is a significant tool in solving linear differential equations
with constant coefficients. In 2013, Rezaei et al. [30] studied the Ulam stability of
linear differential equations with constant coefficients by using the Laplace transform.
Inspired by this paper, Shen and Chen [31] discussed the Ulam stability of Riemann-
Liouville fractional differential equations with general form by the Laplace transform
method. Recently, Shen and Li [32] also studied the Ulam stability of linear differ-
ence equations with constant coefficients by the z-transform method. More generally,
Bohner and Peterson [5] introduced the Laplace transform on time scales to solve lin-
ear dynamic equations. However, the inverse Laplace transform and the convolution of
two arbitrary regulated functions on time scales are not properly defined. Until 2010,
Bohner and Guseinov [7] proposed the inverse Laplace transform and the convolution
of two regulated functions on isolated time scales. Up to now, it is still an open question
to give an appropriate definition of the inverse Laplace transform and convolution on
an arbitrary time scale.

Similar to the idea of our previous paper [31], the aim of this paper is, using the
Laplace transform method, to discuss the particular solution and Ulam stability problem
of linear Riemman-Liouville fractional dynamic equations with constant coefficients on
isolated time scales. The general form of the fractional dynamic equation is as follows:

1
D AD y(6) + Aoy (1) = f(2), 1€ [t0,+o0)s,
k=1
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where [ e N, 0 < ) <--- < oy and Ag,Aq,---,A; € R. It should be pointed out that
the results obtain in this paper do not include the results in [31], which can be regarded
a proper supplement to the corresponding results.

2. Preliminaries

For the sake of completeness, in this section, we review some basic notions and
results associated with the Laplace transform, fractional derivative and fractional inte-
gral on isolated time scales. Let N, Ny denote the set of positive integers and the set
of nonnegative integers, respectively.

A time scale T is an arbitrary nonempty closed subset of R. Obviously, R and Z
are two typical examples of time scales.

Let T be a time scale. For ¢ € T, the forward jump operator ¢ : T — T and the
backward jump operator p : T — T can be defined, respectively, by

o(t):=inf{seT:s>1t},
p(t):=sup{seT:s<t}

forall + € T, where we put inf@ = supT and sup® = infT.

DEFINITION 2.1. (Bohner and Guseinov [7]) An isolated time scale T= {th:ne
Np} is a countable subset of the real line R with

lim 1, = oo, o := inf u(r,) >0,
n—soo neNy

where (t,) =0(t,) —th =tyr1 — 1y, n € Np.

From Definition 2.1, it is easy to see that the number sets No, N(z), hNo = {hn :
neNy} (h>0)and g™ ={g":n €Ny} (g > 1) are examples of isolated time scales,
while the number sets {y/n:n € No}, {Inn:n € N} and {3}_, +:n € N} are not
isolated time scales.

DEFINITION 2.2. (Bohner and Guseinov [7]) Let f: T — C be a function. Then
the Laplace transform of f is defined by

LU = Y, = ) )

_ 1
2T, (1 ()2) )

for all z € C satisfying 1+ zu(z,) # 0, n € Ny for which the series (1) converges (or
exists).

For an isolated time scale, we note that p(,) > o for all n € Ny. Then, we have
—ﬁ IS [—%,0). Given an arbitrary 6 > 0, we define

Ds =C\ | Dj,
n=0
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where Dy = {ZE(CI )z—i—m) < 6}, neNy.
Furthermore, we set

Fs = {fﬁrﬁ«:: i(aw)—ﬂf@n)\ <oo}.
n=0

DEFINITION 2.3. (Bohner and Guseinov [7]) Let f € Z5 and let .Z(f(¢))(z)
be its Laplace transform. Then the inverse Laplace transform f(z,) of £ (f(¢))(z) is
defined by

B 1 n—1
1) = 27 (LNE0) = 3 [ 2@ [T+, neNo.
k=0
where 7 is any positively oriented closed curve in the region Dy that encloses all the
points — ﬁ forall n e Np.

For given two functions f,g : T— R, the convolution f % g can be defined by
r ~
(fxg)t)= | f(t,0(s))g(s)As,  1€T, 1>10,
fo

where f is the shift or delay of f,i.e., f is the solution of the shifting problem

{MA’ (t,0(s)) = —u(t,s),

u(t7t0):f(t)? t,SEﬁf,t}S}l‘O.

Suppose that f,g: T — R are two functions such that Z(f)(z), -Z(g)(z) and
Z(f *g)(z) exist fora z € C. Then we have

Z(f*8)(z) = Z(f)(2)Z(8)(2)-
Using the inverse Laplace transform, the generalized A-power function hg/(z,1)
on T can be introduced as following:

_ 1
halt0) =27 (p ) (1), 1> 0,

forall z€ C\ {0} such that .Z~! exists for any ¢ > #o, where o € R.

DEFINITION 2.4. (Georgiev [12]) Let f: T — R be a function and let o > 0.
The Riemann-Liouville fractional A-integral of order « is defined in the following
form

I, () = (ho—1(-10) x ) (1)

- tha,l(t,c(f))f(f)m

fo

for ¢ > 4. In particular, Igtof(t) = f(¢) if 0 =0.
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DEFINITION 2.5. (Georgiev [12]) Let f: T — R be a function and let m =

—[—o] with @ > 0. The Riemann-Liouville fractional A-derivative of order o is

defined by
D§,, /(1) = DRIZ, *f (1)

provided that the right-hand side exists for z € T and £ > fo.

THEOREM 2.1. (Georgiev [12]) Let f :j‘ — R be locally A-integrable, i.e., f is
A-integrable on each compact subinterval of T, and let m = —[—a] with o > 0. Then

m

LD f)a0) = L) e0) ~ X2 DE o

forall t > 1.

The A-Mittage-Leffler function is defined by
AFOC,[3 (A‘at7t0) = z z’khak+/3—l (tato)
k=0

provided that the right-hand side converges, where o, 8 >0 and 4 € R.

LEMMA 2.2. Let g : [ty,+oo)5 = [to, +°) NT) be a function. Then the convolu-
tion of the A-Mittage-Leffler function aFy g and the function g is

(sFa 80 za [ b t.0(6)e(0)s.

Proof. By Theorem 3.4 in [12], we get
AFaﬁ A,I,S ZA hak+ﬁ 1 t S)

Furthmore, we have

aﬁ(kytac ZA‘ hak+[3 l(t G( ))
k=0

Then, we can infer that
t o~
(3P )0 = [ aficp(ho1,0(5)g(5)As

/0 S g1 (1,0(5))g(s)As

k=0

—za [ haroprt.06)s()s. O
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For the Laplace transform of the A-Mittage-Leffler function, we have the follow-
ing result.

THEOREM 2.3. (Georgiev [12]) Let aFypg(A,t,10) be A-Mittage-Leffler func-
tion. Then

o—p
L (aFap(A.1,10))(z2,00) = 5,
on nz® B
2 (S aFap(tiio) ) (z10) = @

where o, >0, n€ N and |L| < |z]*.

3. Particular solutions of inhomogeneous
Riemann-Liouville fractional dynamic equations

In [12], the explicit solutions to homogeneous Riemann-Liouville fractional dy-
namic equations with constant coefficients have derived by applying the Laplace trans-
form method. Here we apply this method to find particular solutions to the correspond-
ing inhomogeneous equations

> AD y(t) +Aoy(t) = f(2), 1 € [to, +e0)z, )
k=1

where 0 <oy <o <+ < Ogy, meN, Ag, A €R, k=1,2,--- ,m.
The Laplace fractional analogue of the Green function is introduced as follows

1

Poy0y,--,0m (z

Gan.arimn(®) =27 ) @), 1€l 4ol ©)

m
where Py, ;..o (2) = Ao+ Y, Arz%.
k=1

For a particular solution y,(¢) of (2) subject to the initial conditions DZ{};j (t0) =
0, j=1,2,--,mg, k=1,2,---,m, m = [og] + 1. By taking the Laplace transform of
both sides of (2), we get

Z(yp(1))(z.10) = %)S(tg))

Then, the particular solution y,(r) of (2) can be obtained by the convolution of f()
and Gy 0,00 (t),ie., yp(t) = (Ga1=a27"'70‘m * f)(t).

For convenience, we will use the A-Mittag-Lefler function to derive a particular
solution to (2).
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THEOREM 3.1. Let o« >0, A € R and let f(t) be a function defined on the iso-
lated time scale |f, —|—z>o) Then the particular solution to the fractional dynamic equa-
tion

Dy, y(t) = Ay(t) = f(1) )
has the form
= S [ a1 0(5) £ ©
k=0 ‘o

provided that the integral in the right-hand side of (5) is convergent.

Proof. From (3), we can obtain

1
_ o1
Galt) = & <z°‘ _/l)(t).
By Theorem 2.3 with § = o, we get
1
Z(aFoa(dt00))(@00) = G IAI<[I"

Then, we have
Go(t) = AFu,a(A,t,10).
Hence y(1) = (Gg * f)(¢) and thus (5) is valid from Lemma 2.2. O

THEOREM 3.2. Let oo > 3 >0, A,u € R with u #0 and let f(t) be a func-
tion defined on the isolated time scale [to, +°°)T‘ Then the particular solution to the
fractional dynamic equation

D, ¥(0) = ADL, y(0) = uy(t) = £(0) (6)
has the form
¥(1) = (Gop* f)(2) )
provided that the right-hand side of (7) exists, where

8n
Gavﬁ(t) Z l:| 81"A o— ﬁa+ﬁn(x’vt7t0)

Proof. From (3), we get

Gaplt) =2 g5 ) )

) < 1, we have

1 7P 1

AP — a-B _ ), 7B
Z .U Z 1— zaﬁ/l

= gt DB

2 70— B _ )L)n-&-l
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Then, we can obtain that
n,—(n+1)p
u'z
Goplr (2 @B ) n+l>(t)

By Theorem 2.3, for |A| < |z|*#, replacing ot by ot — B and B by o+ Bn, it follows
that
(1B B Z(o=B)—(o+PBn)
(Za—ﬁ _A)n+l - ( o—PB _A)n+l

"
- g(&A”AFO‘ B, 0‘+ﬁ"(x’vt7t0)> (z,10).

Then, we can infer that

o n 8}1
Ga,[}(t) 2 Py 8A”A o— ﬁa+/3n(7%f,to)

Hence y(t) = (Ggpx f)(¢) and thus (7) is valid. [

THEOREM 3.3. Let o0 >3 >0, A € R and let f(t) be a function defined on the
isolated time scale |fy, +<x>)ff. Then the particular solution to the fractional dynamic
equation

D, y(1)— ADR, y(t) = f(1)
has the form

= T [ ey g1 (6.0(9)£5)as
k=0 0

provided that the integral in the right-hand side of the forgoing equality is convergent.

Proof. Using the similar argument as in Theorem 3.3, by (3), we get

)0

1 _ P
% —AP B A7
According to Theorem 2.3, replacing o« and 8 by o — 8 and o, respectively. So we
can obtain

Gopt) =27

Moreover, we have

-B
Z
X(AFa,ﬁﬂ(x,lJ()))(ZJ()) 70— 13 A,

Taking the inverse Laplace transform and using the previous inequalities, we obtain
Gop(t) = aFu—p.a(hst,00).

Therefore, the conclusion is valid from Lemma 2.2. [
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THEOREM 3.4. Let o0 >3 > Oppp >+ >0y >0 =1, me N\ {1,2}, and let
AAo, -, Am—2 € R. Suppose that f(t) is a function defined on the isolated time scale
[0, +o0)5. Then the particular solution to the fractional dynamic equation

m—2
Dg,y(t) — ADR , y(1) —k_ZOAkDZ‘ﬁOy(I)=f(t) ®)

has the form
y(t) = (Ga,[},al,m,am,z * f)(t) )

provided that the right-hand side of (9) exists, where

> 1
G(xaﬁth""(xmfZ(t) = 2 2 ko!kl'...km

|
n=0k0+k1+~~+k 2=n -2
" (10)

X HAV aAnA o— ﬁOH’Zm Z(ﬁ OC (A«,t,t())

Proof. From (3), we get

_ 1
Gaaﬁ’alf"vamfZ (t) = g ! ( m—2 ) (t)
— Azﬁ — 2 AkZak
k=0
7%= B
For z € C with | 2 Ak T | <1, it follows that
1
m—2
— Azﬁ — 2 AkZak
k=0
P 1

B} m=2 70%—B
1-Na >
g{) Ko=B ),
- 7B i (ZZQ&AkzO‘k‘ﬁ >n
L i AT )
m—2

o Ziﬁ 7[3 n
:%7(20‘_/3 _)L)n+1 (%Akzak )

=2 7ﬁ Z (ﬁ O‘L v

< n! mL ez
D x| L e
n=0ko+kj+-+ky_2= _okotkile k! g (2% B2yt
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According to Theorem 2.3, for |A| < |z|* P, replacing o by oo — B and B by
m—2
a+ Y (B— o)k, we can obtain
1=0
BBk B (o (B-on)k)
(Za L e
1 d
= D‘Z(aanF -B, O(+Zm Z(ﬁ OC (A,t,to)) (Z,t())).

Then, we can infer that (10) is true and hence (9) holds. [

4. Ulam stability of Riemann-Liouville fractional dynamic equations

By employing the Laplace transform method, in this section, we shall deal with
the Ulam stability problem of linear Riemann-Liouville fractional dynamic equations
with constant coefficients on isolated time scales.

THEOREM 4.1. Let [ -1 <o <, l €N, n=—[—a] and let L € R. Assume
that @ : [to, +o°)5 — [0,+4c0) is a function such that the series

hd 1
> 121 [ e 1(t.0(s)lp()as
k=0 0

converges for all t € |ty, +e0)5. If a function y : [0, +o0)7 — R satisfies the inequality
DRy (1) = Ay(1) = f(1)] < (1) (1D

for all t € [ty,+oo)5, then there exists a solution y, : [ty,+o°)5 — R of the fractional
dynamic equation

DY, y(t) = Ay(t) = f(t) 12)
such that

(1) = o) < X Wk/ Pk 1)a—1(1,0(s)) | @(s)As
k=0 o
forall t € [ty,+o0)5.

Proof. Set g(t) =Dg, y(t)—Ay(t) = f(t). t € [to,+°°)5. In view of Theorem 2.1,
by using the Laplace transform to g(z), we can obtain

ZL(g())(z,10) =L (1)) (z,10) — i di !

—AZL((1))(z10) =L (f(1)(z10),

where dy = DY tok (fo). Then, it follows from the previous equality that

»‘
._

200 o) i & 2UOan) , ZEDEn) g
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Define
2 diyi(t) + (Gax f)(t),

where

yk(t) = AFOC.,OC—](-Q-I()LJ?IO)?
Ga( ) :AFa a()LJ»tO)

@ $)) = T2 [ cnucs:0(6) (985

According to Theorem 2.3, replacing § by o —k+ 1, we can obtain that

k—1
LO)(@0) = Z (Faa-rn (i) i) = o—. RI<E® (9
Again, we replace 3 by «, it follows that
1
L(Gal(t))(2,t0) = L (aAFa,a(A,1,10))(2,00) = e [A] < 2] (15)

From (14) and (15), we can infer that

ZL(y9(1))(z,10) Edki” (1) (z:10) +Z(Gox f)(1))(2:10)
(16)

By Theorem 3.1, we know that (G * f)() is a particular solution of Eq. (12). Then, it
follows from Lemma 2.1 that

L(f(0)(z10) = L (DR (Gax )(1))(2:10) = AL (Ga* f) (1) (2,10)

L (Gar ) t0) ~ S — AL (G F(O0)

k=1

17
=" =) L(Gax f)(t)(z,t0) — thzkl a7

= (“ _)L)W _ 2 et
= k=1

where h; = DZ‘I_O]‘ (to). From the previous equality, we can obtain ¥ 1 =0.
Moreover, by Theorem 6.2 in [12], we know that y,(7) is a solution of the associated
homogeneous equation of Eq. (12). So we have

DX,ZOAFOQOC*]H*I (A‘at7t0) = 2’AF'OC,O(f/H*l (A‘atyto)' (18)
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Since the operators .Z and Dg‘_m are linear, we can from (14) and (16)—(18) that
X(Dg,tqu) (t) = Ayg(?))(2,10)

= 2 (D% (3 divect DS, (G )~ Arg) )] 2.0
k=1

MN

AL (DR 1, yi(1)) (z:10) + Z (D 1 (Go* f) (1)) (2:10) = AL (yo (1)) (2, 10)
k:

M-~ ©

19)

=1 ) &L (1)) (2,10) + 2% L (Ga* £)(1))(2:10) — thz"l

k
oA Z0) (@)
_ﬂ,(kg‘ldkza_l—F O)

%=1
=2Z(f())(z ),

which implies that y, (7) is a solution of Eq. (12), since the Laplace transform operator
% is one-to-one on the isolated time scale.
Additionally, it follows from (13) and (16) that

L) (e0) ~ L0p0)(et0) = ZEDED) _ 4((Gyg) 1) 20)

Using the linearity and the inverse Laplace transform .#~!, we can obtain
¥(t) = yo(t) = (Gaxg)(t), teT.

From the inequality (11), we know that |g(r)| < () for all # € T. Therefore, we can
get

1

y(t) = yo(t) = |(Ga*8)( )l

Zlk hk+1)a 1(t,0(s))g(s)As

0 Vo

k=
i Mk/tt ks 1)0—1(2,0(s))g(s)|As
< S [ Wi 0D lots)as

for all 7 € T. The theorem is now completed. [J
As a direct consequence of Theorem 4.1, we can obtain the Hyers-Ulam stability
of Eq. (12).

COROLLARY 4.2. Let l—1< o<, 1 €N, n=—[—0o] andlet A € R. Assume
that the series Y |Mkf,; |h(k+1)0—1(t,0(s))|As converges for all t € [tg,+o0)5. For
a given € > 0, if a function y : |1, +oo)ff — R satisfies the inequality

DR, (1) —Ay(t) = f(r)| < e
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Jor all t € [ty,+eo)5, then there exists a solution ye : [to, +o°)7 — R of the fractional
dynamic equation ( 12) such that

(1) —ye(t)| < Ki€

forall t € [ty,+oo)5, where

!
K= sup ZIM/\h(kﬂ)afl(f»c(s))m&

1€[tg,+°0)5

REMARK 1. When K] is finite, the result shows that the fractional dynamic equa-
tion (12) is Hyers-Ulam stable. Otherwise, we can say that the equation (12) is gener-
alized Hyers-Ulam stable.

THEOREM 4.3. Letl—1<a<l,leN, a>B>0, n=—[-0a], A,u € R with
w #0. Let f(t) be a function defined on the isolated time scale [to, +o0)5. Assume that

¢ : [to, +0)5 — [0,+o0) is a function such that the integral fto |Ga7ﬁ (1,0(s5))|@(s)As
exists for all t € [ty, +0)5. If a function y : [ty, +o°)5 — R satisfies the inequality

D, (1) = ADR, y(1) — uy(t) — £(1)| < 9(1) (20)

Sforall t € |to, —|—°°) then there exists a solution yg : [to,—|—°°) — R of the fractional
dynamic equation

D, y(t) = ADR, y(t) — uy(t) = £(1) 1)
such that

b0 -rel0)] < | G (1.5(5)|0(s)As
forall t € [Io,—|—°°):ﬁ‘.
Proof. Define g(r) = D, y(t) — ADR, y(t) — uy(t) = f(1). 1 € [to,+o0)5. Set

— 1< B <m, meN. Clearly, we can see m <[ due to 0 < 8 < a. Applying the
Laplace transform . and using Lemma 2.1, we get

Z(g(1))(z,10) =% L (¥(1))(z,00) — EDA,O (t0) 1 = AP 2(v(1))(z.10)
+4 ZDAtO (t0)2/ ™! = L V(1)) (z,10) — L (f (1)) (2,10).- .
Combining the same items yields
LO0) (10) i 22U ) | L)) (23)

AP —-u AP —-pu - 2AF-u’
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where /3
d:{%” R A
Dgtok)’(o)’ k=m+1,--- 1.
Now we set
Edm (Gap < )(0)
where

ki .ul 97
yk(t)_ Z ‘32,JA o—B.a+jB+1- k(zﬂtato)

j=0

By Theorem 3.2, we get

1
L(Gap(1))(z:00) = o
Then, we can obtain
_Z(f@))(z10)
ZL(Gop*f)1)(z,00) = m (24)
) < 1, we have
iB
Z IJJZ -J (25)

Z —AZI} ,LL f:O OC 13 A, j+1

Furthermore, using Lemma 2.3, for |AzA~%| < 1, we can infer that

F—1-B—jB Z0—B—(a—jB+a—k)
Byt (0P k1
(= AY z { 8//1) (26)
:g( 1 5A,AF¢X B.a+jB+1— k(zwt»tO)) (z:t0)-
From (25) and (26), it follows that
o i 9
LN (et0) = 3, £ (5 Sa5aFap asspria(hot o)
J=0 ’
= ik 1B
- — Za*ﬁ —A)jt1
= v 27)
_ Zk_l Z ”Jz_ﬁ_fﬁ
fr) (Zafﬁ — )it
A1
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Therefore, it can be inferred from (24) and (27) that

2L (y9(1))(2,10) Edkif k() (z,10) + Z[(Gr g + ) (1)) (2,10)
k=1

! k—1
z Z(f(1))(z10)
= d .
kg‘l " AP~ - %= —p

(28)

In view of Theorem 3.2, we see that (G, g * f)(¢) is a particular solution of Eq. (21).
Then, it follows from Lemma 2.1 that

Z(f))(z10) = £ [ DL, (Gapx O] (20) = AL [ DR, (G g+ N)1)] 210)
~ 12 (3(0))(z:10)

:Zaz[( aﬁ*f (z,t0) — ZDAIO a,ﬁ*f)(to)zk_l
AP LG O e0) 4 S, DL (G (1)
=

—1Z[(Gopf)(1)](z:10)

= (2" =2 — W) ZL[(Gop )(0)](2:10) - thzk !

g(f )(z10)
— (% - AP — )T B!
(z z ,u) Y kgl
:z Zt() Ehkzk l’

where

5 DY H(Gop*f)(to) = ADY, (G p* f)(t0), k=1,--,m

k:

DY K(Gopx [)(t0), k—mt1. .

From the above equality, we can obtain Zf{: 1 hi*~1 = 0. According to Theorem 6.3 in
[12], we know that y,(¢) is a solution of the corresponding homogeneous equation of
Eq.(21). Thus, we have

D, yi(t) = ADR, yi(t) —tye(1) =0, k=1,2,--,1. (29)
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Using the linearity of the operators £, DZ‘JO and Dgto, we can infer from (24), (27)-
(29) that ' '

2 [, v0(0) = ADR, vo(6) — 1y (1) | (20)
~2[pg,( z di©)) + DS, (G ) 1)~ 208, z a0
— 208, (G £ ) (1) = yo()] (210)
i i 2 | D, 4(1) = AD (1) (2.0)

+ 2 (D%, (Gap ) )= 208, (Gap xS ) ()] (2.10) = L (o (1)) (2, 10)
l

=Y L Ou(1) o) + (& = 4P)2 ((Gap * D)) (2.0)

k=1

!
- Z ™! = L (9 (1)) (2 10)

k 1

—uzdk A2 ((Gapr O @ 0)

! Z(f(1))(z,10)
—H(Z k 27 P ,u+z°‘—7tzﬁ—;)1>

(AL (G 0)(e0) 2U0) 1)~ L)

( ] ﬁ)f(f( ))(Z tO) f(f(t))(z,to)
% — AP —p % — AP —u
=Z(f(1))(z,10).

Obviously, ye(f) is a solution of Eq. (21), since the Laplace transform operator is
one-to-one on the isolated time scale. From (23) and (28), it follows that

L)) = L 0p(0))00) = AL

Owing to the linearity of the Laplace transform operator and we apply the inverse
Laplace transform to both sides of the previous equality, we get

Y() =yo(1) = (Gop*g)t), 1€ lio,+oo)5.
By the condition (20), we have [g(¢)| < ¢(¢) forall 7 € [ty, +o0)5. Then, we can obtain

= Z((Gop*8)(1)(z00)-

(1) = ¥o(0)] = (Ga g x£)(1)| = | / ’@;(,,G(S))g(m‘
<[:|@(I7G(s))g(s)|As</t:|G/a;(;,g(s))‘(p(s)As



ULAM STABILITY OF LINEAR R-L FRACTIONAL DYNAMIC EQUATIONS 1405

for all ¢ € [y, +o0)5 . This completes the proof of the theorem. [J

From Theorem 4.3, we can establish the Hyers-Ulam stability of the inhomoge-
neous linear fractional dynamic equation (21) on an isolated time scale.

COROLLARY 4.4. Letl—1<a<l,leN,o>>0,n=—[-a], L,ueR
with L #0. Ler f(t ) be a function defined on the isolated time scale [ty,+o°)z. Assume

that the integral f,f) |Ga7ﬁ (t,0(s))|As exists for all t € [ty,+oo)5. For a given € >0, if
a function y : [ty, +oo)7 — R satisfies the inequality

D, y(t) = ADS, y(t) — uy(r) — ()| < e (30)

for all t € [tg,+o0)5, then there exists a solution ye : [ty, +o°)z — R of the fractional
dynamic equation ( 21 ) such that

v(#) = yo(t)| < K2
forall t € [ty,+o0)5, where
T~
K, = sup \Gaﬁ (t,0(5))|As.
tE[t0,+°<’)ﬁl. To

As a complement to Theorem 4.3, we further consider the Ulam stability of the
fractional dynamic equation (21) with the coefficient £t =0.

THEOREM 4.5. Let -1 <o <[, €N, a>p>0, n=—[-a], L €R.
Let f(t) be a function defined on the isolated time scale [ty,+)5. Assume that
@ : [to, +o0)5 — [0,4-00) is a function such that the series

3 [ cacspoie.(9)lp(s)as

converges for all t € |ry, —|—oo)ﬁ,. If a function y : 1y, +°o),f — R satisfies the inequality

D%, y(0) = D%, v(0) ~ £(0)| < 0(1)

Sorall t € |to, —|—°°)T, then there exists a solution yg : [to,—|—°°) — R of the fractional
dynamic equation

DS, y(t) = AD, y(1) = f(1) 31)
such that

0 =300 < 3 IAF [ Priesryaip1(1, 01 p(s)as
k=0 o

forall t € [Io,—|—°°):ﬁ‘.
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Proof. Define g(t) = DS, y(t) — ADR, y(t) = f(z). t € [to, +o0)5. Using the sim-
ilar argument as in Theorem 4.3, we can obtain

! -1 L LU ) | Z(e®)(0)
)(z,t0) g lzﬁ Za—lzﬁo + Za_)Lzﬁ07

Ly

where dy, k=1,2,---,1 are defined as in (23). Similar to Theorem 4.3, we define

Edkyk (Gapxf)(1),

where
yk(t) = AFD{*ﬁ,OC*/H’l(A’?tJO%
Ga,ﬁ(t) =aFy_p, a(A,t,10),

(Gap*f)(t ZA /hk+1a ip—1(t,0(s))f(s)As.

Furthermore, we can infer that

l 2! L ZU0)&0)
)(@:t0) g‘ Azﬁ @ — AP

Z (e

Similar to the proof of Theorem 4.1 and Theorem 4.3, we can obtain
() =ye(t)] = [(Gap*g)(t)]
had 1
<2 [ isa-ip10.0()l0(5)s
k=0 0

forall [rg, +-00)5. O

COROLLARY 4.6. Let [—1<oa<!l,leN, a>>0, n=—-[-0a], L €R.
Let f(t) be a function defined on the isolated time scale [ty,+oo)5. Assume that the

series Yo A fto \n(ks-1)a—kp—1(t,0(5))|As converges for all t € [tg,+oo)5. For a given
€ >0, ifafunction y : [10,+°°)f1~ — R satisfies the inequality

D ¥(0) DR, (1)~ 1) <

forall t € [to,—|—°°) then there exists a solution y; : [t(),—|—°o)fr — R of the fractional
dynamic equation ( 31) such that

ly(t) —ye(t)| < Kze

forall t € [ty,+o0)5, where

t
K= sup zwk / s i1 (1,0 (5))|As.
0

1€[tg,+o0) 5 k=
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More generally, we shall consider the Ulam stability problem of the linear Riemann-
Liouville fractional dynamic equation with general form on the isolate time scale.

THEOREM 4.7. Let me N\ {1,2}, A, Ao, -+ ,Ap—2 €ER, andlet a0 > 3 > 04— >
> >o=0withl—1l<a<l,leN, L, —1<B<l 1, [ —1<oy<
L, I, €N, ke {l,---;m—2}. Let f(t) be a function defined on the isolated time
scale [ty,+oo)5. Assume that @ : [ty,+o0)5 — [0,~+e0) is a function such that the

integral ftg ‘G(Lﬁ;l-:am—z (t,0(s))|@(s)As exists for all t € [ty,+oo)5. If a function
y: [to, +oo)5 — R satisfies the inequality

m—2
D, y(t) = ADR, y(t) = 3 D, y(t) — f(1)| < (1) (32)
k=0

for all t € [ty,+oo)5, then there exists a solution y : [to, +o°)5 — R of the fractional
dynamic equation

m—2
DY, y(t)— ADY (1) — 3 ADE y(1) = £(1) (33)
k=0

such that

30 =001 < [ G 105 0(5)As

forall t € [ty, +o0)5.
Proof. First, we define

m—2
g(t) = D%, y(t) ~ ADK, y(t) = 3, ADE y(1) — f(1), 1€ [to,+o0)z.

Applying the Laplace transform to g(¢) and using Lemma 2.1, we can obtain

Z(8(1))(z,0) = 2% L (y(t))(210) — ZDA,O (10)a ' = AP L (y(1)) (z10)
J=

2 "’z'D o)z zAkzakz( (1))(z.10))
(34)

S A3 D8 ) - 20 )
k=1 j=1

= (ZO‘ —2P - 2 Akza"> )(z,t0)) Ed,zf !
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where
DZ;OJy( ) A’Dﬁtoj ( ) ZZL 12AkDZAIOJ ( )7 j:l7"'7l17
DY Iy(t0) — ADR, Iy(t0) = SUF 4D Ty(to),  j=li+1, 0,
g
T DY Iv(0) — ADR Iy (t0) = AwaDR Y1), j=lus 1, o,
Dg,toj‘y(to) A’D[ztojy( )7 j:lm—2+1?“'alm—la
Dis o ¥(10) J=lni 41,1

From (34), we can obtain

L) e i ! LI+ 2600, o,
O = Zﬁ zkm 2Ak2ak Zﬁ zm 2A 20 .
Set
= Z dyyi(t) + (Ga,ﬁ,al,-~-,a,,,,2 *g)(1),

where

> 1

yi(t) = T —
I;) <k0+k1+§km 2=r> k()!k] e .km72!
(HA )3;Lr o—B,o—k+1+3" 2 (B—avky) (A51,10).
-2 ZOC;\ [3
7) <1, we get
a—f _ ) ’
1
AP — T2 Az
m—2 —/3 2 (/3 o)k
:Z Z ] 'V! |HAI‘§‘ a—PB _ 3 \r+1 -
r=0ko+k|+--+kp_o=r kO 'kl s 'k’”_z' v=0 (Z A)
Then, it follows from Lemma 2.3 that
Zj 1-— Zm (/3 ow)ky
(22— B _ )+l
b (o emG(B-ons) (36)
(z a—p _ A)r+1
1 0"

=2( oA a a2 o) o (ot.10) ) (2.10):
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Moreover, by Theorem 3.4, we can obtain
1

m—2 :
70 B — 2 Apz™
k=0

X(Ga,[},a17~'~7am,2 (Z))(th()) =

Thus, we get
LUO) ) -

m—2
70— Q7B — 2 Apz™
k=0

L((Gapoy o * 1) 1) (200) =

From (36), we can infer that

ZL (1)) (z:t0)
| m2 L 1-B-SG (B

_ A
Z(') <ko+k1+§-kn1z=r> kolky!--ki—2! (E) ' ) (2P —2)r+! (38)
i—1
O — AP — TG Az

By (37) and (38), we can obtain
ZL(yp(1))(z,10)
i
= 2. d;.Z(i(0)(z10) + ZL(Copay o * 1) 1))(2:00)
i=1

J; | 39)
R 2000
= J oo _ 5B _ ym—2 o m=2 .
-1 < A’Z zk:() AkZ * 7% — A,Zﬁ — 2 AkZak
k=0

In view of Theorem 3.4, it is easy to know that (G4 g g, ..., , *.f)(?) is a particular
solution of Eq. (33). From Lemma 2.1, it follows that

Z(30(0)) (z:10)
= 2[D8,,(Gapon oy o 1)) = ADR, (oo oty 2+ 1))

m—2
= 3 D (G o)1) (2:10)
k=0
m—2 1 )
= (%A = Y AH) L (G gy <N D)20) = X 12 ™
k=0 j=1

m—2 !
(B L) § o
k=0 Za _ A’Zﬁ _ Z AkZak j=1
k=0
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where
Dg’t_oj(Ga Boo e 0y *f)(tO) )LDA 1o ( o,fBop,
_221 l2AkDAt0 (G%ﬁ g, Otm 2 f)(t0)7
DZ’tOI(Ga,ﬁ,al,m,am,z *f)(IO) ADA 10 ( o,B,00q,
- 221:722AkDZf(to_j(Ga,ﬁ,aly",am,z *f) (lo),
hj=

_Am 2l)o‘m 2— ,(Ga,ﬁ .
o
DA,toj(G067ﬁ70¢17"'

o ,* ) (10),

0 * ) (00)

i
Dy (Gapa.-

Obviously, the preceding equality implies le= 1h ij -1

DY (Gopay oy o * ) (1) = ADR, ) (Gop a ..

o * ) (t0) = )LDA « Gapo.

oy * ) (00)

j:17"'7l17

0 * ) (00)

j:ll+17"'7l27

oy * ) (00)

j:lm73+ 17"'7lm727
oo * ) (10),
j:lm—2+ la"'alm—la

j:lm—1+1a"'7l'

= 0. According to Theorem 6.4

in [12], y;(z) is a solution of the corresponding homogeneous equation of Eq. (33).

Hence, we obtain

Dg,toyj( )— )LDA ,Oy, Z A DAt yit) =

Using the linearity of the operators .2, DY, Dﬁ_m and DZ’;O (j=12,--

infer that

2 [D%,vo(t) = AD, 3o (1) zADMw() (.10)

j=0

[
(1)) + D%, (G 2 ) (1)

= 2|08, (T

j:

D8

(Tt

m—2

!
- Z Ay, ( gldjhj (1

I
=24 2 |D%hs0) ~

+.$[D

m—2

DR, h(t

At (Ga,/},al,m,am,z *f) (t) -

m—2

Aoy;(t),

ADA.IO (Ga:ﬁval 55 Ol —

j=1,2,- 1.

,1), we can

) AD} 10 Gapo gy * ()
)> B Z‘ AkDZflo(Gavﬁaalw'ﬂmfz *f) (I)] (z,10)

2 ADR (e )} (z,10)

,*)(0)

= > ADE (Gopoy oy * f) (t)] (z,t0) —A0L ye(1)](z,10)
k=1
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m—2

[
=Ay Z djf(hj(l))(z,to) + <Za — AZﬁ - 2 Akzak>3((Ga,[3,a17m,am,2*f)(t))(zam)
i=1 =0

l
= X el = Al 0] (z.0)

m—2
Y Ac*) Z(f(1)) nsito)
70— Q7B — Z A

y i d; L (h;(1)) (2, 10) + (z“ — 2P -
j=1

402 yp(0)](z.10)
(2 agen) LU LU

m—2 m—2
k=1
= AP =Y A 20— AP =Y A
k=0 k=0

=Z(f())(z0)-

Since the Laplace transform operator .Z is one-to-one on the isolated time scale, the
previous equality implies that y,(¢) is a solution of the fractional dynamic equation
(33). From (35) and (39), we can infer that

L)) (zt0) =L (ye(t))(z,t0) = p _i(,f (_t);(rfitzof)\kzak
k=0

= g(Ga,[},al,m,am,z *g) (t)(Z,to).

Using the linearity of the Laplace transform operator and taking the inverse Laplace
transform to both sides of the preceding equality, we get

¥(0) = 3p(t) = (Gapay oy ¥, 1€ [f0,+o0).
Furthermore, using the condition (32), we can obtain
() =yo@)| = (Gap .oy *8) ()]
-|f Gaﬁﬁ%,xr,o(s))g(s)As

1 —_—

< [ 1Gapana »(0:0(6))g(s) s
0
4 —_—

< [ 1Guparan 2(1:0(5)|p()s
0

for all ¢ € [to, +oo) . This completes the proof. [

As a direct consequence of Theorem 4.7, we can obtain the Hyers-Ulam stability
of the linear fractional dynamic equation (33) with general form on the isolated time
scale.
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COROLLARY 4.8. Ler m € N\ {1,2}, A,Aq, -, A2 €R, and let o« > f§ >
Opo>>0>0=0withl—1<oa<[,leN, L, 1—1<B<l_1, —1<
o <y, L €N, ke{l,---,m—2}. Let f(t) be a function defined on the isolated time
scale [ty,+oo)5. Assume that the integral ftg |Ga,l3;1-tam72 (t,0(s))|As exists for all
t € [ty,+oo)5. Fora given € >0, if a function y : [tg, +o)5 — R satisfies the inequality

N

m—2
D, y(6) = ADS y(1)— 3 ADS, y(1) — f(1)| < e
k=0

forall t € [to,—l—oo)ﬁf, then there exists a solution yg : [to,—l—oo)ﬁf — R of the fractional
dynamic equation (35) such that

(1) = yo(r)| < Kag

forall t € [ty,+o0)5, where

' —
Ky= sup 1G oo, o (1,0(5))|As.

1€ty +o0)z 10
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