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HERMITE-HADAMARD INEQUALITIES FOR
CO-ORDINATED log—/#-CONVEX FUNCTIONS

TINGJING WANG, MENGIJIE FENG, JIANMIAO RUAN* AND BO SHAO

(Communicated by M. Krni¢)

Abstract. In this paper, we establish some Hermite-Hadamard type inequalities for co-ordinated
log —h-convex functions on rectangles from R”, which extend some known results. Some map-
pings connected with these inequalities and related results are also obtained.

1. Introduction

The concept of h-convexity was first introduced by Varosanec [19] in 2007, and
then has been studied extensively by many mathematicians, see e.g. [4, 10, 13, 16] and
the references therein.

DEFINITION 1.1. Let &:[0,1] — [0,0) be a given function. We say that f: 2 —
R, where 2 is a convex subset of R”, is h-convex if for any x,y € & and o € [0,1],

flox+(1—ay)) <h(a)f(x) +h(1 =) f(y). (L.1)

This notion unifies and generalizes the known classes of the usual convex func-
tions, s-convex functions (in the second sense) [5], P-functions [17] and Godunova-
Levin functions (or Q-functions) [9], which are obtained by putting in (1.1)

ha)=o, h(o)=0a’ (0<s< 1), h(ar) =1, (1.2)
and /
/o, 0< o<1,
h(a) = {07 o=0, (1.3)
respectively.

Convexity and its generalizations are very important both in pure mathematics and
in applications. One of the significant application involved in convex type functions is
the following well-known Hermite-Hadamard inequality.
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THEOREM A. Let f: [a,b] CR — R be a convex mapping. Then

(542) gt o 19320

In 1995, Dragomier, Pecari¢ and Persson [8] established similar results for P-
functions and Q-functions. About four years later, Dragomir and Fitzpatrick [7] ex-
tended an analogous inequality for s-convex functions (in the second sense). In 2008,
Sarikaya, Saglam and Yildririm obtained the following inequality for /-convex func-
tions.

THEOREM B. [18] Let f:[a,b] CR — R be an h-convex function on [a,b].

Then
1 a+b 1 b 1
Zh(%)f< 2 ) < b—a/a fx)dx < [f(a)“‘f(b)]/o h(t)dt

It is notable that Theorem B reduces to the results in [8] and [7] by taking h(a) =
I, h(ar) =1/ and h(or) = o, respectively.

In 2013, Noor, Qi and Awan [15] introduced the concept of the log —h-convex
function, that is

DEFINITION 1.2.  Let h:[0,1] — [0,0) be a given function. We say that f :
2 — (0,+e0), where Z is a convex subset of R”, is log —h-convex if for any x,y € &
and o € [0,1],

fox+(1—a)y) < [Fx)]" [f(y)]" . (1.4)

Particularly, if letting & be as in (1.2) and (1.3), then the log —/-convex function
reduces to the log-convex function, the log —s-convex function (in the second sense),
the log —P-convex function and the log—Q-convex function, respectively. Readers
interested in learning more about these functions are referred to the papers [14, 21, 22].

As an application, the authors [15] proved the following result.

THEOREM C. Let f :[a,b] CR — (0,+0c0) be a log—h-convex function. Then

1/(2h(1/2) .
((550) <ot [nsas] < i@

2

On the other hand, there is an extensive literature devoted to develop Hermite-
Hadamard’s type inequalities to higher-dimensions. In 2001, Dragomir [6] extended
Theorem A to co-ordinated convex functions on a rectangle from the plane R?.

THEOREM D. [6] If f: A= |ay,bi] X [as,by] C R?> — R is a co-ordinated convex
on A, then

a;+b; a2+b2> 1 /bz
, < X1,Xp)dxdx
f( 5 5 b —a) =) Jus Jun f( 1,%2) dx1dx;

< f(alaaZ) +f(al7b2)+f(blaa2)+f(blab2>
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The above inequalities are sharp. In 2008, Alomari and Darus proved similar
inequalities for co-ordinated s-convex functions (in the first sense [2], in the second
sense [1]) on a rectangle from the plane R2. In 2009, Latif and Alomari [12] introduced
the concept of co-ordinated /-convex functions on rectangles from the plane R?.

DEFINITION 1.3. Let h:[0,1] C R — R be a non-negative function. A function
f:A=[ay,b1] x [az,by] C R* — R is said to be a co-ordinated /-convex function on A,
if the partial mappings fi : [a1,b1] = R, fi(u) = f(u,x2) and f> : [az,b2] = R, fo(u) =
f(x1,u) are h-convex for all x; € [a;,b}], j=1,2.

The authors also proved the Hermite-Hadamard inequality for co-ordinated %-
convex functions as follows.

THEOREM E. [12] If f: A = [a1,b1] X |az,by] C R?* — R is a co-ordinated h-

convex on A, then
1 ¥ ay+by ar+by
4h%(1/2) 2 72
- 1
(b1 —ay)(by—a>

2
< [flarsas) + flar,ba) + f(brya) + f(b1,ba)] ( / lhmdr) .

by by
/ f(xl,XQ)dxldXQ
) a Jap

In particular, if setting (o) = a, Theorem E reduces to the results in [1].

In 2001, Dragomir [6] also studied some properties of mappings connected to the
Hermite-Hadamard type inequalities of co-ordinated convex functions on rectangles
from the plane R?.

THEOREM F. [6] Define the mapping H : [0,1]> C R> — R by

1 »
H(t,1) = (b1 —ay)(by —ap) /az

by aj+b
x/ f<t1x1+(1—t1) 12 17t2xz+(l—t2)
ay

ar+by

) dxidx;.

If f:A=[ay,b1] X [as,b2] C R?* — R is co-ordinated convex on A, then:
(i) The mapping H is co-ordinated convex on [0,1]>.

(i)

sup  H(r.n)=H(1,1), inf H(t17t2):f<a1+bl7m>:H(O,O).
(t1,2)€[0,1]2 (11,12)€[0,1]2 2 2

With these motivations, the main purpose in this paper is to establish analogues
of Hermite-Hadamard inequalities for co-ordinated log—#h-convex functions on n-
dimensional rectangles and study some related mappings.
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2. Main results

In the sequel, unless otherwise specified, R"” denotes the Euclidean space of di-
mension n and R! =R. [a,b] C R" denotes the usual Cartesian product by [a,b] =
[a1,b1] % [az,b] X -+ X [an,b,] and the Lebesgue measure of it by |[a,b]| =T, (bi —
a;). Denote L(E) by the set of Lebesgue integrable functions on the measurable set
E C R". Define the product of vectors by

tox = (11X1,00X2, ..., 1yXy) ,
and the linear combination of vectors by
at+bx = (at) + bxy,aty + bxy, ... ,at, + bxy) ,

where t = (t1,0,...,t,), X = (x1,%2,...,X;) ER", a,b € R.
Similar to Definition 1.2, one can give the notion of co-ordinated log —/-convex
functions on rectangles from R” (n >2).

DEFINITION 2.1. Let h:[0,1] C R — R be a non-negative function. A func-
tion f: [a,b] C R" — (0,+-o0) is said to be a co-ordinated log —/h-convex function on
[a,b], if for every i € {1,2,...,n} the partial mapping f; : [a;,bi] — (0,+e0), fi(u) =
Flen, . X1, U, X1, ..., Xp) is log—h-convex for all x;j € [a},bj], j#1i.

In particular, if f satisfies the conditions in the proceeding definition with / de-
fined by (1.2) and (1.3), then f is said to be the co-ordinated log-convex function, the
co-ordinated log —s-convex function (in the second sense), the co-ordinated log—P-
function and the co-ordinated log —Q function, respectively.

It is not difficult to check that every log —h-convex function f : [a,b] C R" —
(0,+eo) is co-ordinate log—h-convex on [a,b], but the converse is not generally true
(see the details in Appendix).

Throughout the paper, we assume that the function % in the above definitions is
always Lebesgue integrable on the interval [0, 1] and satisfies (1/2) > 0.

Now we are in a position to state our results.

THEOREM 2.1. Ler f:[a,b] C R" — (0,40) and Inf € L([a,b]). If the partial

mapping f; is a log—h;-convex function on |a;,b;| for i =1,2,...,n respectively, then
a_|_b 1/(2"1—[,"':1]11'(1/2)) 1
f ( )] < exp [— lnf(x)dx]
[ 2 [[a,b][ Jiab]

TI, Jo hi(e)dr
Sl 11 f(61,cz,~--,cn)]

Ccj=da; or hi

Proof. Tt follows from Theorem B that

1
|[a,b]| /[a,b] In f(x)dx 2.1)

1 /bn /b2 by ( )
= = Inf(x1,x2,...,%,)dx1dxs ...dx
H?:l (bj - a]) An a Jay ! !
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bn ) ay+ b
In dxy...d
Z W(1/2) / / " ( " ’x") et
S>> 1 Inf a1+b1 612+b27.”7an+bn .
P n(1/2) 2 2

On the other hand, the right part of Theorem B and Fubini’s theorem imply that

ab)] Ju b] In f(x)dx

h n h3 hZ
< f01 / // (0 f (1,52, 20) + 10 (b1, 32, . 0] 2 .

hy( dt hy (t)dt by rbs
S‘k i ﬁ)z / (/ / [Inf(ar,az,...,x:) +1Inf(ay,bz,...,x)
H j= 3 aq

—|—1nf(b1,a2,...,x,,) —|—11’1f(b1,b2,..., n)]dX3dX4...dxn.

Then, by induction, we have

1 no el
I[a,b]] [a7b]1nf(x)dxé (g/o hi(t)dt>< 2 lnf(cl,c2,...,cn)>

c,-=a,-0rb,-
n 1
_ ]‘[/ n@d )\ T flerca..en) | @2)
i=17/0 cj=a; or b;

Therefore we finish the proof of Theorem 2.1 by (2.1) and (2.2). U
If taking hy = hp = --- = h,, in Theorem 2.1, we have the following result.

COROLLARY 2.2. Let f:[a,b] CR" — (0,4-c0) be a co-ordinated log —h-convex
Sfunction and In f € L([a,b]). Then

atb\]/@01/2) {
[f< 2 )] gexp[l[a,bll [ab]lnf(x)dx]

(Jo n(yar)"
<l 11 f(Cl,Cz,---,Cn)] .

Ccj=da; or hi

Especially, if i(z) =t and n = 2, then Corollary 2.2 reduces to Corollary 3.1 in
[3].

Next we introduce a key lemma as follows.

LEMMA 2.3. Let f:[a,b] CR — (0,+) be a log — h-convex function on the
interval [a,b] and Inf € L([a,b]). Define the mapping £:[0,1] CR — R by

S(t):exp[ﬁ/ 1nf<tx—|—(1—t) ;b)dx].

Then:
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(i) £ isa log—h-convex function on [0,1].
(ii) Fort€[0,1], we have

a-+b m
(5)

Especially, if f is a log-convex function on |a,b], we have

sup £(r) = £(1), inf £(r) = £(0).
1€[0,1] 1€[0,1]

£(r) < L1240/,

N

Proof. (i) Let 11, ta, o, €[0,1] and o+ = 1. For any x € [a,b], by the
definition of log —/h-convexity, we have

In f ((atl + Bta) x+ [l — (at; + B1)] ﬂ)

2
=Inf [OC (tpc—l—(l —tl)azib) +p <t2x+(1 —1n) a;b>:|
< h(a)Inf <t1x+(1 ) “;b) +h(B)Inf <t2x+(l — 1) “;b> .
Therefore,
In £ (ot + Bry)

< %/ﬂblnf(zlﬁ(l—zl)"erb)dx+%/ablnf<t2x+(1—tz)“;b>dx
= h(a)In (1) +h(B)In (1)
That is

(ot + Bro) < £(0)" @ (1) P,
which completes the proof of (i).

(i1) A changing of variable shows that

(l—t)a;(lﬂ)h
S(Z) = exXp lm (l+t)a42»(lft)b lnf(é)d€‘| .

Since
(Ltat(=nb_(=tatUr0b_
(1+;)a42r(1—t)b+ (l—t)a—2|—(1+t)b —atb,
by Theorem B,
o) > [f (“;bﬂ e 2.3)

holds for all 7 € [0,1].



H-H INEQUALITIES FOR CO-ORDINATED lOg —h-CONVEX FUNCTIONS 37
On the other hand,
£(1) < exp [% /ablnf(x)dx—I—h(l —)inf (“TH’)]
= exp [h(t)lnz:(l) +h(1—1)Inf (“;b)]

= (g(1)"). (f (a;b))h(l,)

< £(l)h<t> .£(l)2h(1/2)h(171)
— g (1)M0+2H(1/2)h(1~1)

)

the last inequality is obtained by (2.3). Thus we finish the proof of Lemma 2.3. [

THEOREM 2.4. Let f:[a,b] C R" — (0,+e) and Inf € L([a,b]). Define the
mapping £:[0,1] CR" — R by

B 1 a+b
£(t)—exp{|[a,b]| [a7b]lnf<tox+(1—t)o 3 )dx} (2.4)

If the partial mapping fi is log—h;-convex on [a;,b;] for i = 1,2,...,n respectively,
then:

(i) The partial mapping £;(u) = £(t1,...,ti—1,U,ti+1,...,ty) is a log —h;-convex
Sunction on [0,1] for every i € {1,2,...,n}.

(ii) Forall t€[0,1] C R", we have

a+b) /(2T Ai(1/2)) n [hi(e;) +2hi(1/2)hi(1—17)]
< < i=1 ik i i i)l
(35°) < 8(0) < [2(1)

Proof. (i) Without loss of generality, we just prove that £;(-) is a log—h-convex
function on [0,1] C R, the others follow the same procedure. For any &,n, 0, €
[0,1] CR and ot + 3 = 1, Fubini’s theorem and the similar argument as in the proof of
Lemma 2.3 (i) tell us that

11121(0654-[377)
ay+ b

H b —a) /an / Inf a§+ﬂn)x1+[1—((x§+[3n)} e
lan+(l—tn)an+bn>dX1...dxn

b a+b

L In x;+(1— o

H“ // f(em+a-827,
tnxn-l-(l—tn)a"+b">dx1...dx,,

o h ap+by,
—1—7/ In x1+(1— otpXy+(1—t,) —— )dx;...dx,

Hzl aj) f i+ n) ( ) ) 1
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=h(a)InL(&,ta,....t0) + i (B)InL(N,12,....1,)
= hi(o)Ing; (&) +n(B)Ing (n),
which yields that
Si(ag+pn) < £ (&) e ()P
This proves Theorem 2.4 (i).

(i) Changes of variables tell us that

1 (I+tn)an+(1—tn)bn (I+1y)ay +(1—11 )by
2

2
E(t) - [m /(lfn)ﬂn;r(lﬂn)bn o /l'l)“l;(lﬂl)hl lnf(él T &n)dgl a d&n] ’

Since, for i =1,2,...,n,
(I—tai+(L+6)bi  (L+t)ai+ (1 —1:)bi

) ) =1 (bl — a,-) s
(I—t)ai+ (1+1)b; n (I1+t)ai+ (1 —1)b; 4t b
2 2
by induction, Fubini’s theorem and Lemma 2.3 show that
1 a1+b1 a+by an+ by
1 —1
N > S 1 2) f( 2 T 2 )

1 a+b
:WW(T)'

This completes the proof of the left part of Theorem 2.4 (ii).

Therefore

On the other hand, using Lemma 2.3 and Fubini’s theorem again, we derive that

lnﬂ( ) 1n£ 11,1‘2,

n b2 by b
= / / / Inf <t1)€1—|— 1—t1)a1+ !
a

b nt+ by
t2)€2—|—(1—1‘2)a2—; 2 .,tnxn+(1—tn)a + )dxld)Cg...dxn
o ) +2m (1/2)l (1 —1)
H?:l(bj_aj)
bn by by b
X/ / / lnf<x1,t2x2—|—(1—t2)a2+ 2,...,
an a ay 2
a, + by,

twxn+ (1 —1,) )dxldxz...dxn
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[ (21) + 2Ry (1/2) by (1 —11)] [h2(22) + 2ha (1/2) By (1 —12))]

< T
[T}, (bj —aj)
by by by b
X/ / / 1nf(x1,x2,t3x3+(1—tg)w,...,
an an ap 2
b
tnxn+(l—tn)an+ ")dxldxg...dxn
<
i (8) + 2h; 1 hi(1—1t bn by b
< ’_1[ (r)l (2) ( )]/ / / Inf(x1,x2,...,%;)dxidxy ...dxy,
Hj=1(bj_aj) an a Ja

n

IT [h,- (t;) +2h; (%) hi(1 —t,-)] In£(1),

i=1

which means that
£(t) < E(I)HLI [hilti)+2h; (3 )hi(1-17)]
holds for all t € [0,1]. Thus the proof is completed. [

As a consequence, if i =hy = --- = h, in Theorem 2.4, we derive that

COROLLARY 2.5. Let the mapping £ :[0,1] C R" — R be as in Theorem 2.4. If
f:[a,b] CR" — (0,+e0) is a co-ordinated log —h -convex function and In f € L([a,b]),
then:

(i) The mapping £ is a co-ordinated log —h-convex function on [0,1].

(ii) Forall t€[0,1], we have

a+ b /12T T [h(t)+2h(1/2)h(1—1;)]
< < i=1 1 i .
r(35°) <£() < [£(1)
Especially, if f is a co-ordinated log-convex function on [a,b], then

sup £(t) = £(1), inf £(t) = £(0).
te[0,1] t€[0,1]

Ifty =t =...=t, =t in the mapping (2.4), we have

COROLLARY 2.6. Let f:[a,b] CR" — (0,+e) and In f € L([a,b]). Define the
mapping £:[0,1] CR —R by

S(t) = exp [m /[a,b] Inf (tx—i— (1 —z)a;b> dx] .

(i) If the partial mapping fy, is a log—h;-convex function on [a;,b;] for i =
1,2,...,n respectively, then

at b\ /T ki(1/2))
(%)

~ i1 i (0)+2hi(1/2)hi(1-1)]
5 0]
holds for all t € [0,1] C R.



40 T. WANG, M. FENG, J. RUAN AND B. SHAO

In particular, if hy =hy = ... =h, = h and f is a co-ordinated log —h-convex
function on [a,b], then for all t € 0,1],
1/[2h(1/2)]"
¥ <a+b) < §(1) < B(1)HO260/2H0-0)"
2

Furthermore, if f is a co-ordinated log-convex function on [a,b], then

sup £(1) = £(1), inf £(r) = £(0).
1€[0,1] 1€[0,1]

(i) If f : [a,b] C R" — (0,4-o0) is a log —h-convex function on [a,b], then £ is
log —h-convex on [0,1] C R.

Corollary 2.5 and Corollary 2.6 are easily obtained by Theorem 2.4, we leave the
details to readers.

LEMMA 2.7. Let f :[a,b] CR — (0,+e0) be a log — h-convex function on the
interval [a,b] and In f € L([a,b]). Define the mapping £:[0,1] CR — R by

A1) = exp [(b_ila)z/ab/ablnf(tx—k(l—t)y)dxdy .

Then:
(i) R is symmetric about 1/2, i.e.

R<%+t) :.Fi(%—t), t€10,1/2],

K1 —1)=RK(@), t€]0,1].

(ii) R is a log—h-convex function on [0,1].

and

Proof. (i) For any t € [0,1/2], changes of variables and Fubini’s theorem yield
that

(L) = ! /b/bmf L et (L20)y) ana
2 ) T a2 s ) 2 )T\ ) )
—L/b/blnf LYyt (L) x) avan
T b-a?ls ) 27T Y

1

:1 —_ —

nﬁ(z t),
1 1
ﬁ<§+t)_ﬁ<§—t)

holds for all # € [0,1/2]. And, it follows from the same discussion that, for any ¢ €
[0,1],

which means that

R(1—1)=R(r).
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(ii) Let 1, 2, a,B €[0,1] and x+ = 1. For any x,y € [a,b], the definition of
log —h-convexity shows that
Inf ((oty + Bro)x+[1 — (aty + Bt2)] y)
=Inflo(fx+ (1 —1)y)+ B (tx+ (1 —12)y)]
h(a)Inf (tx+ (1 —10)y)+h(B)Inf (tx+ (1—1)y).
Therefore,

In& (o) + Pra)

(:( a7 / /lnf (tix+(1—11)y )dxdy+(bh(ﬁ 2/ab/ablnf(tzx—|—(1—tz)y)dxdy

h(a)InR (1) +h(B)InR(1),
which tells us that

R(at + Bra) < K(1)"Y & (1)"P).
This completes the proof of (ii). [

THEOREM 2.8. Let f:[a,b] C R" — (0,+c) and Inf € L(|a,b]). Define the
mapping R:[0,1] CR" — R by

1
.ﬁ(t) = exXp [W/[;b] /[;Lb] lnf(tOX+ (1 _t) Oy)dde] . (25)

If the partial mapping f; is log—h;-convex on [a;,b;] for i = 1,2,...,n respectively,
then:
(i) For every i € {1,2,...,n}, the partial mapping Ri(u) = K(t1,... ,ti1,U,tit1,
coylp) s symmetrzc about 1/2 ie.

1
ﬁ<tl7 i 17 +tlatl+l7 7t> = ﬁ(hw”vti17§_ti7ti+17'”7tn> ) [7NS [071/2]7

l‘], Gl 1,1 li7li+1,...,l‘n):ﬁ(ll,...,Zifl,li7li+17...,ln),liE[O,l].

(il) The partial mapping R;(u) is a log—h;-convex function on [0, 1] for every
ie{1,2,....n}.
(iii) Forall t€[0,1] C R”,

/(2" hi(1/2)
R (%) ( ! ) < R(t) < R(I)Zci:r,- or 1—t;5i=1.2,..., nhi(cr)-hi(ci)hn(cn)

— R(O)Zci:t,- or 1-ti=12,..n 1 (c1) hi(ci)hn(cn)
— S(I)Zci:ti or 1-tgzi=12,..n 1 (€1)hi(ci)--hn(cn)

Proof. Since the statements of (i) and (ii) are easy to achieved by a similar ar-
gument in Lemma 2.7, we will pay more attention to proving (iii). It follows from
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Definition 2.1 that

hl(l/Z)l f( l2X2+(1—lz)yz,...,tnxn—l—(l—tn)yn>

<Inf(hxr+ (0 —n)yn,nx+ (1 —0)ya,... twXn + (L —1,) yn)
+Inf((L—t)x1+ny,x0+ 1 —0)y2,.. . taxn + (1 — 1) yn),
which tells us that

by by
7/ / Inf(tixr + (1 —t1) y1, 0000+ (L= 12) y2, ... . IuX
(by —a))?

+ (1= t) yp)dxidy,

1 /bl/bl X1+
> lnf< Jhxo+(1—1)yo, ... thx
210(1/2) (b1 —ay)* Jay 2 (1-0) o

+(1 _tn)yn>dx1dyl~

By a similar argument, we infer from Fubini’s theorem and induction that

1 X+y
RO > w2 ] ab|2/[ab/[ab ( 2 )d"dy
1

1
=————InKk|( =
P h(1/2) (2)
holds for all t € [0,1]. Thus we complete the proof of the left part of (iii).

On the other hand, according to Definition 2.1 and Fubini’s theorem,

In &(t)
hi (1
< 2/ / x4+ (L=10)ya, ... taxn + (1 —1,) yu) dxdy
ab| [a,b] /[a,b]
hi(1—1
—2/ / I f (1,025 + (1= 12) ¥2,- -t + (1 — 1) y) dxly
|[a,b]|* Jiab) Jjanb)
_ hy (11)
([T, (bi — ai)]* (b1 — a1)
hz
/ / / Inf (x1,0000 + (1 —=12) y2,. .« s tuXyn + (1 = t3) yn) dXdys - - - dyy
hl(l_tl)
Lo (bi —a,)] (b1 —ay)
/[b/ lnf (i, +(L—=12) v, stuxn+ (1 — 1) yn) dxa - - - dxpdy.
a a,

Using Fubini’s theorem and induction again, we have

zci:[iorlfti;i:l,z,...,n hl (Cl) e hi(ci) e h"(cn> /
[a,b]] fa.b]

In&(t) < f(x)dx
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= Z hl(Cl)'"hi(Ci)"'hn(Cn)lnﬁ(o)

ci=tiorl—t;;i=1,2,....n

= 2 hl(cl)~~~h,-(c,-)---hn(cn)lnﬁ(l).

ci=tiorl—t;;i=12,....n

Thus we can finish the proof of Theorem 2.8. [

It is clearly that the statement (i) in the proceeding theorem is always true only if
the function In f is Lebesgue integrable on [a,b].

If hy = hy = ... = h;, we have the following results.

COROLLARY 2.9. Let 8 be as in Theorem 2.8. If f :[a,b] C R" — (0,+o0) isa
co-ordinated log —h-convex function and In f € L([a,b]), then:

(i) R is a co-ordinated log —h-convex function on [0,1] C R".
(ii) Forall t€[0,1] C R",

1/(2n(1/2))"
ﬁ <%> < ﬁ(t) < £(1)Zci:1i or lfli;i:LZ,...,nh(Cl)"'h(ci)"'h(cﬂ).

(iii) Especially, if f is a co-ordinated log-convex function on [a,b)], then

1
sup R(t) =£L£(1), inf K(t)=K| <= |.
te[og] () =£Q) te0,1] © <2>

Proof. Since (i) and (ii) are easily proved by Theorem 2.8, and infy g ) R(t) =
£(1/2) is directly calculated by (ii), we omit the details and turn to consider the first
case of (iii). Here we will provide two methods to prove the assertion.

Method 1. Let h(t) =1,0 <t < 1. It is not difficult to see that the value of
ity or 1—tsi=12,...n(c1) -~ h(ci) - -~ h(cy) is the volume of unit cubes, that is

Y hcy)---h(ci)---h(cy) = 1.
ci=tj or 1—t;;i=1,2,....n
This proves the corollary.
Compare with the above geometric method, the second one may be more general.

Method 2. Firstly, we will show that the partial mapping In£; is increasing on
the interval [1/2,1] for any given i € {1,2,...,n}. Without loss of generality, we just
consider the mapping In £ . In fact, by a similar discussion as in the proof of Theorem
2.8, we have

In&(t1)

1 /hn /bl /hn /bl
H?:l(bi_ai)z [ ay an ay

Inf(tix1 4+ (1—t1)y1, 000+ (L—12) o, stnxn+ (1 —1,) yn) dxy . . .dxndyy . .. dyy
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1 by, by by, by
. N
" '—aiz an ap an ap

In f( t2x2+(1—t2)y2, t,,xn—|—(1—tn)y,,) dxy ...dxpdyy ...dyy,
= In&;(1/2).
Therefore, for any 711,72 € (1/2,1] and 71, <12, it follows from the convexity of In &
(see Corollary 2.9 (ii)) that
lnﬁl (1‘12) — lnﬁl (1‘11) S lnﬁl (tll) — lnﬁl (1/2)
2 — 11 - 1 —1/2
which implies that &) is an increasing function on [1/2,1].
Secondly, we infer from the monotonicity of &; and Theorem 2.8 (i) that
In&(t) <InR(1)=mRK(0)=1nL(1),

20,

which implies that

sup A(t) = £(1).
t€[0,1]

Thus we finish the proof of Corollary 2.9. [
Taking t; =t, = ... =1, in the mapping (2.5), we conclude that

COROLLARY 2.10.  Let f:[a,b] C R" — (0,+c) and Inf € L([a,b]). Define
the mapping R:[0,1] CR — R by

Sx+(1—1)y)dydx| .
ab| /ab]/[‘ab )y) y

(i) If the partial mapping fy, is a log—h;-convex function on [a;,b;] for i =
1,2,...,n respectively, then

R(r) =

1\ V@ m(1/2) _
_ < < Zcizl or 1—1; i:l,Zvu,nhl (Cl)"'hi(ci)"'hn(cﬂ)
ﬁ(z) < A1) < £(1)

holds for all t € [0,1].
Particularly, if hy =hy =...=h, =h, that is if f is a co-ordinated log —h-convex
function on [a,b], then forall t € [0,1] C R,

1/(2n(1/2))"
:é (%) /( ( / )) < R(z) < E(I)Zri:t or 1—1; i:lA,Z,...,nh(cl)"'h(ci)'"h(cn)'

Furthermore, if f is a co-ordinated log-convex function on [a,b], then for all
€[0,1] CR,

~ ~ ~ ~ /(1
sup R(t) =£(1), inf R(t)=RK( =< ).
te[OF)l] ® M t€[0,1] ) (2)



H-H INEQUALITIES FOR CO-ORDINATED log —h-CONVEX FUNCTIONS 45

(ii) If f : [a,b] C R" — (0,4-o0) is a log —h-convex function on [a,b], then R is
log —h-convex on [0,1] C R.

Corollary 2.10 can be proved by a similar fashion to Corollary 2.6 and Corollary
2.9, we omit the details.

3. Appendix

Suppose that f: [a,b] = [a1,b1] X ... X [ay,by] — (0,0) is a log —h-convex func-
tion. Then every partial mapping fy : [a;,bi] — (0,00), fi; (1) = f(x1,...,xi—1, 1,
Xitly--%n),i =1,2,...,n satisfies that, for any 7 € [0,1] and v,w € [a;,b/],

fo@v+(L=t)w) = f(xr,...,xim1, v+ (L= )wyxisg, ..., Xn)
< f(xh...,x,-,hv,x,-ﬂ,...,xn)h(t) (X0 X W X1y e e ey X))
= fx,.(v)h(’) S (w)h=1),
which means that f : [a,b] — (0,e) is a co-ordinated log —h-convex function.
Conversely, let f (x1,x2,...,Xx,) = €12 We claim that ¢*1*2"* is a co-ordinated

log-convex function on [0,1] = [0, 1]", but it is not a log-convex function on [0,1]. In
fact, let (0,uz,u3,...,uy), (u1,0,us,...,u,) € (0,1)=(0,1)" and 7 € (0,1). We have

PO t2,5, o vt) (1 1) 1,0t 0y)) = O DTE18 5
On the other hand,
f(O,u27u3,...,un)h(t) -f(ul,O,ug,...,un)h(l_t) = () - () =1.

Therefore,

h(1-r)

F(t(0,up,usz, ... uy)+ (1 —1)(u1,0,us,...,u,))
> f(0,u2,u3, o) - flur, 0,03, 1)),

which yields that f (xy,x3,...,x,) = 12" is not a log-convex function on [0,1].

Acknowledgements. The authors would like to express their deep thanks to the
referees for many helpful comments and suggestions.

REFERENCES

[1] M. ALOMARI AND M. DARUS, The Hadamard’s inequality for s-convex function of 2-variables on
the co-ordinates, Int. J. Math. Anal., 2 (13) (2008), 629-638.

[2] M. ALOMARI AND M. DARUS, Co-ordinated s-convex function in the first sense with some
Hadamard-type inequalities, Int. J. Contemp. Math. Sciences, 3 (32) (2008), 1557-1567.

[3] M. ALOMARI AND M. DARUS, On the Hadamard’s inequality for log-convex functions on the co-
ordinates, J. Inequal. Appl., 2009, Article ID 283147, 13 pages.

[4] P. BURAI AND A. HAZY, On approximately h-convex functions, J. Convex Anal., 18 (2) (2011), 1-9.

[5] W. W. BRECKNER, Stetigkeitsaussagen fiir eine Klasse verallgemeinerter Konvexer funktionen in
topologischen linearen Raumen, Publ. Inst. Math., 23 (1978), 13-20.

[6] S.S. DRAGOMIR, On the Hadamard’s inequality for convex functions on the co-ordinates in a rect-
angle from the plane, Taiwanese J. Math., 5 (4) (2001), 775-788.



46

[7]
[8]
[9]

[10]
[11]
[12]
[13]
[14]
[15]

[16]
[17]

[18]

[19]
[20]

[21]

[22]

T. WANG, M. FENG, J. RUAN AND B. SHAO

S. S. DRAGOMIR AND S. FITZPATRICK, The Hadamard’s inequality for s-convex functions in the
second sense, Demonstratio Math., 32 (4) (1999), 687-696.

S. S. DRAGOMIR, J. PECARIC AND L. E. PERSSON, Some inequalities of Hadamard type, Soochow
J. Math., 21 (1995), 335-341.

E. K. GODUNOVA AND V. I. LEVIN, Neravenstva dlja funkcii sirokogo klassa soderzascego vypuklye
monotonnye i nekotorye drugie vidy funkii, Vycislitel, Mat. i. Fiz. Mezvuzov. Sb. Nauc. MGPI Moskva,
(1985), 138-142.

A.HAzY, Bernstein-Doetsch type results for h-convex functions, Math. Inequal. Appl., 14 (3) (2011),
499-508.

M. A. LATIF, On some inequaluties for h-convex functions, Int. J. Math. Anal., 4(30) (2010), 1473—
1482.

M. A. LATIF AND M. ALOMARI, On Hadamard-type inequalities for h-convex function on the coo-
ordinates, Int. J. Math. Anal., 3 (33) (2009), 1645-1656.

M. MATLOKA, On Hadamard’s inequality for h-convex function on a disk, Appl. Math. Comput., 235
(2014), 118-123.

C. P. NICULESCU, The Hermite-Hadamard inequality for log-convex functions, Nonlinear Analysis,
75 (2012), 662-669.

M. A.NOOR, F. QL AND M. U. AWAN, Some Hermite-Hadamard type inequalities for log —h -convex
functions, Analysis, 33 (2013), 1-9.

A. OLBRYS, Representation theorems for h-convexity, J. Math. Anal. Appl., 426 (2015), 986-994.
C. E. M. PEARCE AND A. M. RUBINOV, P-functions, quasi-convex functions and Hadamard-type
inequalities, J. Math. Anal. Appl., 240 (1999), 92-104.

M. Z. SARIKAYA, A. SAGLAM AND H. YILDRIM, On some Hadamard-Type inequalities for h-
convex functions, J. Math. Inequal., 2 (3) (2008), 335-341.

S. VAROSANEC, On h-convexity, J. Math. Anal. Appl., 326 (2007), 303-311.

D.Y. WANG, K. L. TSENG AND G. S. YANG, Some Hadamard’s inequalities for co-ordinated convex
functions in a rectangle from the plane, Taiwanese J. Math., 11 (2007), 63-73.

G. S. YANG, K. L. TSENG AND H. T. WANG, A note on integral inequalities of Hadamard type for
log -convex and log -concave functions, Taiwanese J. Math., 16 (2) (2012), 479-496.

X. ZHANG AND W. JIANG, Some properties of log-convex function and applications for the expo-
nential function, Comput. Math. Appl., 63 (2012), 1111-1116.

(Received October 24, 2018) Tingjing Wang

Department of Mathematics
Zhejiang International Studies University
Hangzhou 310014, China

Mengjie Feng

Department of Mathematics

Zhejiang International Studies University
Hangzhou 310014, China

Jianmiao Ruan

Department of Mathematics

Zhejiang International Studies University
Hangzhou 310014, China

e-mail: rjmath@163.com

Bo Shao

Department of Mathematics

Zhejiang International Studies University
Hangzhou 310014, China

Journal of Mathematical Inequalities

v.ele-math.com

jmi@ele-math.com



