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A NOTE ON TWO WEIGHTED DISCRETE CARLEMAN INEQUALITIES

BAOFENG LAI*, RUNQIU WANG AND HAO LIU

(Communicated by A. Witkowski)

Abstract. In this paper, we re-examine two weighted discrete Carleman inequalities, discuss
their correctness and optimal constants in detail, and get some correct and relatively complete
conclusions.

1. Introduction

As we know, Carleman inequality was firstly established by T. Carleman in 1923
[1]. In fact, Carleman inequality is a derived result of Hardy inequality when the index
tends to infinity. The basic form of Carleman inequality is [2]:

==

M

(ar1ar---ap)" < ey, an,
n=1 n=1

oo

where {a,} is a non-negative sequence, Y, a, is convergent. The equality holds if and
=1

onlyif a, =0,n=1,2,---, and e is the best possible.
The corresponding integral form is [2]:

/Omexp{%/oxlnf(t)dt}dx < e/:f(x)dx,

where f(x) is positive and measurable in (0,e0), [;° f(x)dx is convergent, and e is the
best possible.

Carleman inequality has found much attention among several mathematicians, and
in many papers different proofs have been provided, such as [3-5].

There are a large number of results on the refinement of Carleman inequality, for
example, some results can be seen in [6—12]. On the other hand, some other authors
focused on the weighted forms of Carleman inequality, such as [13-16].

In the paper [17], G. Sunouchi and N. Takagi presented two weighted discrete
Carleman inequalities:
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LEMMA 1.1. [17] Let
207 A‘n>0a (n:1a2a3a)
and
An:x1+12+"'+xna

then
z%n(a%'agz--- ay") ™ < ez,lnan,

where the constant e is the best possible, provided that the right-hand side series is
convergent.

LEMMA 1.2. [17] There exists the inequality
< Ap, M
>, et — 1) (a2 gty eza an, (1.1)
n=1""

under the same condition as in Lemma 1.1, where the constant e is the best possible.

However, we have some different opinions about the above two conclusions.
Lemma 1.1 also can be seen in [2, 18], but there were no records on these two
monographs about the optimal constant of this inequality.
I,n=1
O,n>1"
is no such a restriction on the sequence {A,} .
There is another version of (1.1) in [18]:

If Lemma 1.2 is correct, let a,, = we have A, > e% . However, there

hnd An 1 >
2 ll (edn —1 (a’llla%2 calmyan ey Ana. (1.2)

In [18], the authors also pointed out that e is the best possible. But if the inequality
I,n=1
0O,n>1"
there is no such a restriction on the sequence {A,}.

It is worth mentioning that in the paper [19], J. Pecari¢ and K. B. Stolarsky also
pointed out that there were some flaws on Lemma 1.2.

In this paper, we re-examine Lemma 1.1 and 1.2, discuss their correctness and
optimal constants in detail, and get some correct and relatively complete conclusions.
Our conclusions are as follow:

. 1
(1.2) is correct, we also set a, = { then we have A; > (%)7 . However,

THEOREM 1.3. Suppose that {A,} is a positive sequence, Ay = A+ A+ -+
Ay n=1,2,3,---

Let {a,} be a non-negative sequence, and 'Y, Aya, be convergent. Then, we have
n=1
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(1) There exists the following inequality:

(2) The equality holds if and only if a, =0, n=1,2,3,---.

3)If Y ﬁ—" is convergent, then e is not the optimal constant.
n=1""

(4) If lim % =0, but Y, ﬁ—" is divergent, then e is the optimal constant.
n—oeo 3 n=1""

(5) If e is the optimal constant, then inf ﬁ—" =0.
neNt M

THEOREM 1.4. Suppose that {A,} is a positive sequence, Ay = A+ A+ -+
Ay n=1,2,3,---.

Let {a,} be a non-negative sequence, and Y. Aya, be convergent. Then, we have

n=1
(1) There exists the following inequality:
oo Z{n L oo
ZAn(@TH—1)(&%161%2"'61%")/\" <e Y Map. (1.4)
n=1 n=1

(2) The equality holds if and only if a, =0, n=1,2,3,---.

(3)If Y ﬁ—: is convergent, then e is not the optimal constant.
n=1

(4) If lim ﬁ—” =0, but Y, % is divergent, then e is the optimal constant.
N—so0 131 n—1 n

2. The proofs of main conclusions

Now we start to prove Theorem 1.1.

Proof. (1) Let {c,} be an arbitrary positive sequence. Based on weighted mean
inequality, for any n € N, we have

(@ d.

apay ---a

n I

n
1 S dicia;
oy _ l@lal)“(czaz)ﬂz~~.<cn“">bl]An A
n) pr— <

T
An(citlcgz B 'C,};") An
and the equality holds if and only if cja; = cay = -+ - = ¢,a, . Therefore,

) 1 n

Mo A A\ A A
Y Maytay - ay)™ < Y ———"—— 3 Ajcja
n=1 n=1 An(Cll .22,_,6’}1%)/\'1 j=1

(2.1)
= glﬁ,j le 2 #l] aj.

=j Al A An
jAn(Cllczz"'Cf)an) n
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Let’s select a proper sequence {c; }, such that

Y P <L =123,

— C
n=j A, (C%l c%z C%n)/\n J

Moreover, we demand that {c, } must be non-decreasing. Thus, {c,} has a generalized
limit, which is denoted as lim ¢, = ¢, then ¢ € (0,].
n—oo

If ¢ = oo, then ¥ (L — ):Cij,jzl,2,3,---.

}’1=j Cn+1
If ¢ < oo, then Z (—n—clﬂ):i__ j=1,2,3--
n=j n
Therefore, ¥ (- — 1) < Cij, j=1,2,3---. Base on the last inequality, we can
n=j

futher demand that {c,} satisfy the following inequality:

An <o Z<__

— 7 Cpil
n=j A, (C’lllcgz ..C%n)/\n Cn Cnt

)7 j:l72737"'

Moreover, we can let {c,} satisfy the following inequality:

A T
- <e(—— ) n=1,2,3,---. (22)
Ay (ci”c%z C;};")A" - Cnid

Now, let’s construct a positive and non-decreasing sequence {c,}, such that the
inequality (2.2) holds.

n
Letdi=0,d,>20,n=2,3,4,---, cn:exp{ Zd,}, n=1,2,3,---, then
i=1
c%lc;@... Hc Hexp{X,Zdj}: {Z%Zd}}-
i=1 =1 j=1 i

For any n € N*, we have

Z%Zd,,=2dj27tl=2(1\ —Aj1)dj= Ay Zd—ZA, 1d;
=1 j=1 J=1 ; i=j ; J=1 j=
:Anzdj_zA/ ldj7
Jj=2 Jj=2
where we supplementary agree that Ag = 0. Set d; = —, j=2,3,4,---, then

j—l

Ay
1Aj

n 2,‘, n
Ccp = €Xp 2 L = exp
j=2 -1 J

>
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n i noa. n n—1 A n—1 n—1 A
DAY A=A Y T = Y A=A Y = Y =AY T A
=1  j=1 j=2-1 =2 j=1"% j=1 j=1%J
Then
PR n i n—lz/
cile? c* = exp YAy dip=expsAn Y, LT —Ai1yp,
=1 j=1 j=14%
A A A A=A
(C%lcgz Cﬁ")/\ln:exp{ > _J‘_ Anl}:exp{g_/_ nAn n
J=1" j=1%
oA
_ 1 27
=e exp{zlAj}
=
Therefore,
A, _ /%’1 exp A—’} 1
A (M2 t _1 5o &%
nlcptey”ei™) e~ exp ,§1A_j exp E A
).

— 1 _ 1 1
=e n—1 )Lj n }‘j (Cn Cn+1
exp 'Zl R expy X Iy

j= j=1
Till now, we have obtained a sequence {c,}, which is positive and increasing and
satisfies the inequality (2.2).

Now, we set ¢, = exp Z ,n=1,2,3,---, then

>|>>

n(zt)

Therefore, if Z ZIEN convergent, then ¢ < oo, else if 2 A" is divergent, then ¢ = oo.

P
Base on (2 l) and (2.2), we have

n—lz/, —
c=lime, = limexp{ZA—J} :exp{lim Z
: n—oo —1

n—oo n—oo iy

- 1 - o
rMoA An n
S dnldftal? )™ < 5 4 l zk—] K
n=1 J=1 "= A, (cllc? )™ (2.3)
S Aile: s (L1
< ejél/lj [cjnzj(Cn C)1+l) j
If ¢ < oo, then
- 1 o 0
A A An
E i)™ <e Ea ) E (-l
n=1 j=1 n=Jj
=e X Aicj(E—Daj=e I 1;(1-L)a; (2:4)
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e o
then Z An (a’lllaé12 ca)™ < e S Aay.
n=1

Ifc—oo then
= 1 = oo =
A A )L,, An _
3 (a1l 2 ,[c,z(c__c )]a,_ezx,-a,-.
n=1 j=1 n n+1 j=1

In summary, we have 2 D (a%‘a%z ca )A" <e 2 Andiy.

(2) The sufficiency is 0bV10us we only need to prove the necessity.
The equality holds, so

- - An - - /1 1
jzz'lxj Cjz T aj:ezllj [Cjz-<a_cn+1>‘| aj.

n=j A, (C%IC%Z _.Cﬁn)/\n = n=j
But forany n€ N*, A, >0, ¢, >0, a, >0 and Ao <e(+ —-1) due
}‘l )LZ Any A Cn Cntl
An(e) g en™)

to the inequality (2.1), therefore, a, =0, n=1,2,3,---
I Y ﬁ—" is convergent, then ¢ < eo. According to (2.4), we have
1 n

Therefore, e is not the optimal constant.

4) cn—exp{ i l—j}, %6(0,1],n:1,2,3,---,thus,theconvergenceof > f—”
n n:l n

Jj=1

>

is the same as Y, A,exp

—f}. For any n > 1, we have
n=1 j

IIM:

<

1

g—’=1+§2—’,=+2 1+2J‘A,1A

i dx And_ 1
<1+Zfi— L+ [y ;_1+1nA—1.

T =

B
B

—_
~.

So 2 <1+lnA”,then

An

L A
Aexpl — Y L >7Lnexp{—l—ln—"}:e_lA1—.

>
ey

no, o
Y —’} is also divergent, namely Y, ?—” is di-
= n=1 n

> 1’1—” is divergent, so Y A,expl —
n=1"" n=1 j=1

vergent.
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1
-, n=1,2 N
For any positive integer N, take a, = { Cn’ 77 then
0,n>N
oo 1 N N
M g™ An _ An
D Aalay'ay® - ap)™ = I AAL_Z p J
n=1 n=1 (C11C22"'Cnn) n n=1 e—lexp s ﬁ
=1
o N A,
2 nttn = 3, =
n=1 n—=1Cn

=

N
{ S ?—"} is strictly increasing. Z is divergent, so hm Z 7“' — oo, Based on Stolz

n=1"
theorem, we have

N
A
Z 1
3 nfaay? ) =
lim = = lim L2
N—oco S Anan N—oo N n
1 n 1“"
AN N1
(M2 Ny A exp ]Elrj .
= lim L2 :hmiN—ehmexp{ N}
N—soo n N—soo expl ¥ A Ay
j=1%

Therefore, e is the optimal constant.
S)Let r= in’f+ ,’1\—” ,then r € 0, 1). If the conclusion is wrong, then r > 0.
neNt

Take an arbitrary non-negative sequence {a,}, based on (2.1), we have

oo 1 oo oo
M A A\ An A’”
D dalay ay® - -ay) ™ <D Aj e Y LY
n=1 J:l n=j A (C11C22 Cnn)/\n
F e Nt
orany j €
o oo A oo A M},l
cj X A =cj ¥ & =ec Ay exp{ 2
J e J l ZQ 7Ln t n—j 1 n 7L/- n=j exp{ Xn } n i
An(c 5% cp) e lexp ’217 n exp ZIA_
= =
& M 1 - o 1 1
_ An _ An
- ec} z n—1 ) noA - ecj 2 An (Cn Cn+1 )
n=j eXp J —jexp 1 +
J An expy X A; expy X A; n=j A
j=1 j=1

s is strictly decreasing in (0,0

A
An

,
exp{ﬁ—’,’l}—l er—1’

n=1,2,3.

N
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Then,
CE A —ec-i /)\L,:, (L_l)
j"=JA (c) A 12 kn)ﬁ jn=j exp{%}_l o Cppl
S 7196 2,($_cnlﬂ) e Jj=1,2,3,
n=j
Therefore,

n
n=1

I 1 I
+ r
Z?L (a’llla;12 . al")A" < o lez%aj.
-1 A

It follow from e,’ e <e, that e is not the optimal constant, which is a contradiction.

=0. O

Therefore, 1nf
Let’s start the proof of Theorem 1.2.
n—1 4.
(1) We still set ¢, =exp{ > i—’/ ,n=1,2,3---, ¢ = limc¢,. Still based on
j=1"" n—o0
weighted mean inequality, we have

noA:
Y Lcia
S fu Mo &2 I =
Y An(ed —1)(a)'ay-al)™ < T Ag(em —1)———p
n=1 n=1 (CT‘IC;Q _C%n)/\n
oo Jn Z )chj“j o0 o e/%"fl
=¥ (b —)——7r T =XA|¢ L ——=—T4q
= A = = A
n=1 (611622'~'C,,") n j=1 n j(cllCZZ, iy An
F e Nt
orany j € s
ehn —1 _ ehn —1
¢ A A L _Cj 2 no 2.
n=j( 1.2, Lﬁn)/\n n Je’lexp{Z%}
j=1"

o I e S 1
=ecj 2 n—1 . nop. =ec; zl(cn Cn+l).
n=j |expq ¥ 3L expq X 3 n=j
1 j=

If ¢ < oo, then

An
A —1 1 1 j 1
Ccj E e—izeci,'(———):e(l—ﬁ)<e<1—c—l>:e<l——><e.

(Cll C%Z C%ﬂ ) An Cj ¢

If ¢ = o0, then
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Therefore,

oo ln L
ZAn(eTn—l)(a%'agz . a%" A eZl ap.
n=1
(2) The sufficiency is obvious, we only need to prove the necessity. Let’s discuss
the condition of equality of inequality (1.4) by case.
(1) The case ¢ < eo.
Based on (2.5), we have

oo 1 1. &
2 (eAn _l> a%IaQZ ,.aﬁn)/\n <e(1__)zxjaj
c’ 4
n=1 j=1
The equality of (1.4) holds, so
I\ = oo
e(l — —) 2 Aa, =e 2 AnGp,
¢ n=1 n=1

then Y A,a,=0.ButA,>0,a,>0,n=1,2,3,---,80a,=0,n=1,2,3,---

n=1
(i1) The case ¢ = oo.

The equality of (1.4) holds, so

A
- . 1 - A Z A cjaj
2n A 2n =
$ At ey = 5 et
=1 n=1 (Cih C%z C%") An

Based on the condition of equality of weighted mean inequality, we have the following
equality
Clal zczazz...zcnan:...'

Let a = cya,, n=1,2,3,---, then a, = =, Aua, :aif—z, n=1,273,--. 2 Antty is

n=1

convergent, but as we know in the proof of Theorem 1.1, 2 AN divergent, so a =0,
namely a, =0, n=1,2,3,--

3)If Z M jg convergent, then ¢ < eo. Based on (2.5), we have

oo

T Auled —1)(@a2 ) < (1——)2161,

n=1
It follow from (1 — l)e < e, that e is not the optimal constant.
@) hm =0, but 2 g divergent. Based on Theorem 1.1, e is the optimal
constant of mequahty (1. 3) Set

A= {{an}

n=1

ap >0, n=1,2.3,---, 0< Z?L,,an<°o}7
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then .
> )Ln(aitlaétz . .a)L,,)H
1

n=

e = Ssup = )
{an}ed Y Anan
n=1
= An M J e
Y An(et —1)(ay'ay? - aym)™
n=1
sup - <e
{an}€A }Lnan
n=1

Ay
On the other hand, for any n € N*, 0 < A, < A,(eM — 1), then

1 1
et A A < A Mo An
;I?Ln(allazz---a%") ;IA,,(eAn — 1)(a1'a22--~aﬁ")

e= sup & — < sup E _ <e.
{an}ea Anay {an}eA > Anan
n=1 n=1
Therefore,
oo 4 1
an A A An
ZlAn(eA" —1)(a}"a5” - -a%")
sup = = =e,
{an}€A Afnan
n=1

namely e is the optimal constant. [J

Acknowledgements. We would like to express our sincere gratitude to Cheng Yao
of the Department of Mathematics, Suzhou University of Science and Technology for
the great support and assistance he provided for us.

REFERENCES

[1] T. CARLEMAN, Sur les fonctions quasi-analytiques, in “Conférences faites au cinquiéme congrés des
mathematiciens scandinaves,” Helsingfores, 1923, 181-196.
[2] G. H. HARDY, J. E. LITTLEWOOD, AND G. POLYA, Inequalities, Cambridge Univ. Press, London,
1952.
[3] G. H. HARDY, Notes on some points in the integral calculus, LXIV, Messenger Math. 57 (1928),
12-16.
[4] L. CARLESON, A proof of an inequality of Carleman, Proc. Amer. Math. Soc. 5 (1954), 932-933.
[5]1 R. REDHEFFER, Recurrent inequalities, Proc. London. Math. Soc. 17 (1967), 683-699.
[6] H. ALZER, A refinement of Carleman’s inequality, J. Approx. Theory. 95 (1998), 497-499.
[71 B.YANG, L. DEBNATH, Some inequalities involving the constant e, and an application to Carleman’s
inequality, J. Math. Anal. Appl. 223 (1998), 347-353.
[8] P. YAN, G. SUN, A strengthened Carleman’s inequality, J. Math. Anal. Appl. 240 (1999), 290-293.
[91 X. YANG, On Carleman’s inequality, J. Math. Anal. Appl. 253 (2001), 691-694.
[10] S. KAIISER, L.-E. PERSSON AND A. OBERG, On Carleman and Knopp’s inequalities, J. Approx.
Theory. 117 (2002), 140-151.
[11] G. PENG, A note on Hardy-type inequalities, Proc. Amer. Math. Soc. 133 (2005), 1977-1984.
[12] C. MorTICI, Y. HU, A Carleman’s inequality refinement note, Stud. Res. Ser. Math. Inform. 21
(2011), 41-44.



A NOTE ON TWO WEIGHTED DISCRETE CARLEMAN INEQUALITIES 1611

[13] B. YANG, On Hardy’s inequality, J. Math. Anal. Appl. 234 (1999), 717-722.
[14] P. YAN, On the extended Hardy’s inequality, Int. J. Math. Math. Sci. 27 (2001), 765-768.
[15] A. C1ZMESUA, J. PECARIC, On strengthened weighted Carleman’s inequality, Bull. Austral. Math.

Soc. 68 (2003), 481-490.

[16] C.-P. CHEN, W.-S. CHEUNG, AND F. QI, Note on weighted Carleman-type inequality, Int. J. Math.

Math. Sci. 3 (2005), 475-481.

[17] G. SuNoucHI, N. TAKAGI, A generalization of the Carleman’s inequality theorem, Proc. Phy-Math.

Soc. Japan. 16 (1934), 164—166.

[18] D. S. MITRINOVIC, J. E. PECARIC, AND A. M. FINK, Inequalities Involving Functions and Their
Integrals and Derivatives, Kluwer Academic Publishers, 1991.
[19] J. PECARIC, K. B. STOLARSKY, Carleman’s inequality: history and new generalizations, Aequa-

tiones Math. 61 (2001), 49-62.

(Received December 23, 2020)

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com

Baofeng Lai

Department of Mathematics

School of Mathematics and Computer Science
Quanzhou Normal University

Quanzhou, Fujian, 362000, China

e-mail: laibaofeng@sina.cn

Rungiu Wang

School of Mathematical Sciences
Jiangsu University

Zhenjiang, Jiangsu, 212013, China

Hao Liu

Department of Mathematics, College of Science
Nanjing University of Aeronautics and Astronautics
Nanjing, Jiangsu, 211106, China



