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MAPPING PROPERTIES OF MAXIMAL
OPERATORS ON INFINITE CONNECTED GRAPHS

XIAO ZHANG, FENG L1U* AND HUIYUN ZHANG

(Communicated by M. Krni¢)

Abstract. In this paper, we introduce Morrey, Holder, Lipschitz and Campanato spaces on infi-
nite connected graphs. We establish the boundedness of the Hardy-Littlewood maximal operator
and its fractional variants on the above function spaces under certain conditions on graphs. The
relations between Holder spaces and Campanato spaces will be also investigated.

1. Introduction

It is well known that the Hardy-Littlewood maximal function and fractional max-
imal functions play key roles in partial differential equations, potential theory and har-
monic analysis. For example, see [5, 20, 21, 32] for the Hardy-Littlewood maximal
function and [1, 2, 3] for fractional maximal functions. Over the last several years the
mapping properties for the fractional maximal operators on various of function spaces
have been studied by many authors in the Euclidean setting (see [11, 10, 16, 17, 19,
24, 25]) and in the metric setting (see [9, 13, 14, 15, 28, 29, 33]). The main motivation
of this paper is to introduce Morrey, Holder, Lipschitz and Campanato spaces on con-
nected graphs, as well as establish the boundedness for the Hardy-Littlewood maximal
operator on graphs and its fractional variants on the above function spaces.

Let G = (Vg,Eg) be an undirected combinatorial graph with the set of vertices Vg
and the set of edges Eg. Two vertices x, y € Vi are called neighbors if they are con-
nected by an edge x ~y € E. Forany v € V; we denote by Ng(v) the set of neighbors
of v. We say that G is locally finite if for any v € Vi, the cardinality |Ng(v)| < eo. The
graph G is called connected if for any distinct x, y € Vi, there is a finite sequence of
vertices {x;}*_,, k € N\ {0}, such that x=xg ~ x| ~ - ~x;, =y. Here N={0,1,...}.
We say that G is infinite if |Vg| = +oo.

In what follows, we always assume that the graph G = (V,Eg) is an infinite
connected graph. Let dg be the metric induced by the edges in Eg. That is, given
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u,v € Vg, the distance dg(u,v) is the number of edges in a shortest path connecting u
and v. Let Bg(v,r) be the ball centered at v, with radius r on the graph G, i.e.

Bo(v,r) ={u € Vg :dg(u,v) <r}.

For example,

[ {v} ifo<r<l1;
Ba(v.r) = { {V}UNg(v), if I <r<2.

For any subset A C Vi, we denote by |A| the cardinality of A.
We now introduce the definitions of fractional maximal operators on graphs.

DEFINITION 1.1. (Fractional maximal operators) (see [23]). Let 0 < o < 1. For
a function f: Vg — R, the (centered) fractional maximal operator on G is given by

Mef(v) = sup —— 31wl

2 Bl 2,

Another version is defined as

o

Mo f(v) = sup 2wl

>0 |BG(V’ r)l weBG(v,r)

Since the distance dg only takes natural numbers as values, the fractional maximal
operator My g can be redefined by

Ma,Gf(V>:SuPW > 1wl

reN weBg(v,r)

When o = 0, the operators My g and 1\71057(; reduce to the centered Hardy-Littlewood
maximal operator on G, which is denoted by M.

The operators Mg and My g have their roots in the discrete harmonic analysis
(see [6, 7, 8]). More precisely, let G| = (Vg,,Eg,), where Vi, =Z and Eg, = {i ~
i+1: i€Z}. The operator Mg, is just the classical one-dimensional discrete centered
Hardy-Littlewood maximal operator M, i.e.

r

Z |f(n+k)|, neZ.

=—r

Mf(n)=su
fim) N2,

Then the operator M, g, is the usual one-dimensional discrete centered fractional max-
imal operator My, i.e.

1 r
Mo f(n) Ziggmk;rmwrk)\» nez.

Over the last twenty years the Hardy-Littlewood maximal operator on graphs has
also been studied by many authors (see [4, 12, 18, 26, 30, 31]). This type of opera-
tor Mg was firstly introduced by Kordnyi and Picardello [18] who used this operator



MAPPING PROPERTIES OF MAXIMAL OPERATORS ON INFINITE CONNECTED GRAPHS 1615

to study the boundary behaviour of eigenfunctions of the Laplace operator on trees.
Subsequently, Cowling et al. [12] further studied the operator Mg with G being ho-
mogeneous trees. In 2010, Naor and Tao studied the weak L'(G) norm of Mg with G
being an infinite rooted regular tree. It would be worth noting that Naor and Tao’s result
was recently extended to the weighted setting in [27]. In 2012, Badr and Martell [4]
established the weighted norm inequalities for the Hardy-Littlewoood maximal opera-
tors on infinite graphs. In 2016, Soria and Tradacete [30] studied the best constants for
the L?-norm of the Hardy-Littlewood maximal operators on finite connected graphs.
Recently, Soria and Tradacete [31] further investigated some different geometric prop-
erties on infinite graphs, related to the weak-type boundedness of the Hardy-Littlewood
maximal operator. To be more precise, they illustrated the connections and differences
of the doubling condition, finite dilation and overlapping indices, uniformly bounded
degree, the equidistant comparison property of a infinite graph G and the weak type
(1,1) boundedness of Mg via some non-trivial examples.

Let us introduce some geometric conditions on graphs, which are useful for our
aim.

DEFINITION 1.2. ([31]). Let G = (Vg,Eq).
(1) (Doubling condition). We say that the graph G is doubling, if

|Ba(x,2r)|

2(G) =
( ) x€Vg, reN |BG(X7}’)‘

(1) (Overlapping index). The overlapping index of G is defined as

6(G) = min{m eN: V{Bj}cs, BjaballinG, 3 CJ,

B =B and ¥ m <m}.

jeJ icl icl

(>ii1) (Uniformly bounded degree). We say that the graph G satisfies the uniformly
bounded degree condition, if

A := sup |Ng(v)| < eo.

veVg

We remark that there is no relation between 2(G) and Ag for any infinite graph G
(see [31]). In order to establish our main results, we also introduce other conditions on
graph.

DEFINITION 1.3. Let G = (Vi,Eq)-
(1) (Lower bound condition). We say that the graph G satisfies a lower bound
condition, if there exists Q > 1 such that
B
QI.Q = inf 7‘ G(X7r)| > 0.
' xeVg.reN\{o} 1€
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(i1) (Upper bound condition). We say that the graph G satisfies a upper bound
condition, if there exists Q > 1 such that

B
PBroi=  sup Bxr)l < oo,

xeVg,reN\{0} r¢

(iii) (Annular decay properties). Let 0 < § < 1. We say that the graph G satisfies
the 0 -annular decay property, if

|BG(x,R)| — |BG(x,R—h)| (R\S
B 5= su —) < oo.
3,8 o BG(x,R)] (h)

h,REN\{0}, 0<h<R
(iv) (Inverse doubling condition). We say that the graph G is inverse doubling, if

~ . |Bg(x,2r)|
9(G) = R
( ) xe€Vg, reN\{0} |BG()C7 I")|

REMARK 1.4. There are some examples for infinite graphs satisfy the above prop-
erties appearing in Definitions 1.2 and 1.3. Let d € N\ {0} and G, = (V;,,Eg,), where
Ve, = Z4 and

G; = U{(al,...,a,-,17ai,a,-+17...,ad) ~ (al,...,a,-,l,ai—i— l,a,-H,...,ad) .
=1

aj €7, j=12,...,d.}.
It was pointed out in [22] that

max{1,cq(r—c1)*} < |Bg, (v.r)| < ca(r+c1)’,

for any 7 € Z¢ and r > 0, where ¢| = \/_/2andcd— (d/2) Leth—cl+cd1/d.

One can easily check that 1 < 2(Gy) < (Sd) 0(Gy) =29, 1< Ag, <3%—1. Taking
Q=d and § =1, we have min{cd, Lo, Y < Brg < cq2?d?? 1 < B g < cg2%d4)?
and 2/(cq(2 +cl) ) < B5 <2%d(1+2c +2¢,). Particularly, when d = 1, then
2(G)=1.

It should be pointed out that the fractional maximal operators My ; and 1\71,170
were first introduced by Liu and Zhang [23] who investigated the Lebesgue space
boundedness for the above maximal operators and the regularity properties for the
above maximal operators on the endpoint Sobolev spaces and Hajtasz-Sobolev spaces
on G under certain geometric conditions on G. In this paper we shall introduce Mor-
rey, Holder, Lipschitz and Campanato spaces on infinite connect graphs, and establish
the boundedness of My ¢ and My ¢ on the above function spaces, which is the main
motivation of this work.

This paper will be organized as follows. Section 2 will be devoted to introducing
the Morrey spaces on graphs and studying the boundedness of the Hardy-Littlewood
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maximal operator and its fractional variants on Morrey spaces. In Section 3, we in-
troduce the Holder spaces and Lipschitz spaces on graphs and study the action of the
above operators on the above function spaces. Finally, we introduce the Campanato
spaces on graphs and study the behaviors of the above operators on Campanato spaces
in Section 4. We would like to remark that the main ideas employed in the proofs of
main Theorems are motivated by [9, 13, 14], but our methods and techniques are more
refine and simple than those in [9, 13, 14]. Particularly, some new techniques will be
explored in the graph setting.

Throughout this paper, we use the symbol Cy g ... to denote positive constants
that depend on parameters o, 3,--- appeared in the statements of the theorems and
other conclusions, but they are independent of the essential variables. In what follows,
given a graph G = (Vi,Eg), we denote fp = “17‘ >.ep f(v) for any arbitrary function
f: Vg — R and any subset B of G.

2. Boundedness on Morrey spaces

This section is devoted to establishing the boundedness of the Hardy-Littlewood
maximal operator and its fractional variants on Morrey spaces. Let us introduce the
Morrey spaces on graphs.

DEFINITION 2.1. (Morrey spaces) Let 1 < p <o, B €R and G = (Vg,Eg). A
locally integrable function f: G — R belongs to the Morrey space LB (G),if

Ly o) <

s =_swp_Botenl (s
’ VGBG()C,}")

xeVg,reN

Another way to define Morrey space is the following

D(6) = {f eLiu(©): Iflpae <=}

where
1 1/p
5. = sup P——0 S|P , if B >0;
H ||UB(G) XEVG7I’>O (BG(.X7V)V€B§(XJ)| ()‘ >
Pl = s P 5 o) g <o
xeVg,r=1 ‘BG()Q }")‘ veBg(x,r)

REMARK 2.2. (i) It is clear that L"'/P(G) = LP(G) for all 1 < p < . Also,
L4B(G) c L7 (G) and L9B(G) c I"P(G) for 1 < p < g <o and B € R.

(ii) The definition of LPP (G) for the case B < 0 is reasonable. Actually, unlike
the definitions of classical Morrey spaces on the n-dimensional Euclidean spaces R”
and more general metric measure spaces, the supremum about r > 1 in the definition
of LB (G)-norm can’t replaced by r > 0. The reason is as follows:

1 1/
swp A T A0P) U= s Pl = e

x€Vg,0<r<1 (xar)| veBg(x,r) x€Vg,0<r<1
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when B <0 and [|f||;=G) > 0.
(iii) It is clear that

1£lli=(6) < Il ). for 1< p<oo, BER,

and
Hf”L"o Hf”LI’ , for 1<p<oo, B2

We shall establish the following result.

THEOREM 2.1. Let 1 < p < e and G = (Vg,Eg). Assume that 9(G) < e and
1 < Z(G) < eo. Then
(i) Let B > 0. Then the map Mg : LP"P(G) — LPB(G) is bounded. Moreover,

”MGf”LPﬁ( <C ».B.9(G).5 ”fHLﬁﬁ (G) vaLp’ﬁ(G)~

(i)Lert O< <1, B> o and q:pﬂ/(ﬂ — ). Then the map My G : LPP(G) —
LB=%(G) is bounded. Moreover,

1Mo6f 1| 0806y < Cp gy 56) W linbiay Y €LPP(G).

THEOREM 2.2. Let 1 < p < e and G = (Vg,Eg). Assume that 9(G) < e and
1<2(G)<eo. Let 0< o<1, B> and q=pB/(B— ). Then My ¢ is bounded
from LPB(G) 1o LIP~*(G). Moreover,

1Mo6f I 708-a(6) < Cppo26).56) 1 lins ey £ ELPP(G).

REMARK 2.3. The corresponding results in Theorems 2.1 and 2.2 hold for the
graph in {Gg}gem (01> Where {Gg}gen jo) are given as in Remark 1.4. Moreover, we
see that the conclusions in Theorems 2.1 and 2.2 also hold for the discrete centered
fractional maximal operator

1
af (i) = sup —————g— \f(ii+m)|, for ii € Z¢,
e (B(7,r))! a;ﬂeB(%)ﬂZd

where B(7i, r) is the open ball centered at 7 with radius r and N(B(7i,r)) is the number
of the lattice points in the set B(7i,r). The above claim follows from the following

Ma,Gdf(ﬁ) < Ma,df(ﬁ) < Ca7dMa,Gdf(ﬁ)7 Vi € Rd~
We now present the proofs of Theorems 2.1 and 2.2.

Proof of Theorem 2.1. Fix x € Vg and r € N\ {0}, let B| = Bg(x,4r) and S; =
Bg(x,27r) \ BG(x,2/71r) for j > 3. We can write f = f| +g, where fi = fxp,, § =

> fjand fj = fyxs; forall j > 3. By the sublinearity of M¢, one has
j=3

Y MefolP <27 (Y Mehb)IP+ Y IMegt)IF). @)

vEBG(x,r) vEBG(x,r) veBG(x,r)
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It was shown in [23] that M is bounded on L?(G) for 1 < p < eo. This together with
the fact that 1 < Z(G) < e implies

1
- Mg fi(v)[F <Cp g Ji(v
Bot] i, ) \Bc<xrlvezvc'l
1
<C, gig)—— fo)lr
p.2(G) |Bg(x,7)] VeBE)‘CA,)‘ Wl
|Bg(x,4r)] 1
~Cpy V)P
Vo > I
|BG('X? r)| |BG('X 4r)| v€BG()C,4V)
<Cpo(6) \BG(X 4r)|~ PﬁHfllu,ﬁG

On the other hand, let us fix j >3, v € Bg(x,r) and t € N. Note that ¢ € [(2/~! —
1)r, (27 + 1)r] when Bg(v,#)NS; # 0. Moreover, Bg(x,2/7?r) C Bg(x,(2/"1 = 1)r) C
Bg(v,2/71r). These facts together with the fact that 1 < Z(G) < o and Hélder’s in-
equality will imply

L 1 1/p
|BG(v,1)] 2 fiw)l < <|BG(V7Z)| 2 ‘f/(w)|p>

weEBG(v1) WwEBG(v1)
1

(et 2 o)

WwEBG(vt)NS;
1 1/p
sup ISyl lf(w)|P
(271 =1)r<s< (274 )r <|BG( )|W€lg'(v7) )

sup 1F 1l o8 ()| B (v, ) P
1)r<s<(2/ r

27 PN fll s
2/= 2r)| ﬁHf”Ll’ﬁ
(- 2)/3\Bc(x r)|” ﬁHf”LP

N

N
(SIS

>
QQ_
—
=

VANV/AN/A
=

il

7(G

It follows that

Mgg(v ZMGf; 2 Bo(x,r)| P 2(G)~U 2)ﬁ||fHLP~ﬁ(G) 2.3)
iz .

<C )Baxr)|” ﬁ”fHLﬁﬁ

Then we get from (2.1)—(2.3) that

Bo(,r)|7
Boton] 2, >' o/
<2 Bo(e )l (G X MahO)P
VEBG x,r)
b Y Mo >|P) 6136 1710,
|BG(x,r)] 2(6),2(G) !V LrB(G)

veBg(x,r)
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which shows
MG fl1rp 6y < Cpp.26)lflrs(c)

This proves part (i).
We now prove part (ii). Let x € Vi and r € N\ {0}. By Holder’s inequality, we
get

1 S 1)

‘BG (x’ r> | o vEBG(x,r)

1 a/B o 1
:(M > |f(v)\) |Bg(x,r)] (mez 1f)]

veBg(x,r) veBg(x,r)

D Y T100]0 Y (L ST

< -
<‘BG(X r)l veBG(x,r) [Ba (x,r)! P/ VEBG(x,r)
/B 1 1-o/B
S 4
<IAIEE, >(‘BG(W)| Bz() F0)1)

< IF1508 ) (Mo f (o))~

When r =0, by the fact that || f{| =) < [[fl[z»8(g) - one has

1

ot 2 )

= 7] = L@ <175 ) (Maf ()=,
Hence, we have
Maf (x) <|IFIFLR o (Maf (x)' =P, vx e V. (2.4)

Fix x € V5 and r € N. By (2.4) and part (i), we get

< ‘B : Z |Ma,Gf(V)|pﬁ/(l3_a)> et
G

(x,7)] VEBG(XJE (B—a)/(pB)
a/ﬁ » —a)/(p
Wi (B, 2, Mo/ )

G (x’ r> | veBg(x,r)
06/13 —(B- (B—a)/B
128, o 1Bt - ) B,

<
< Cp’a.’ﬁ’@(c)’é(c)‘BG('x7r>|7(ﬁia)Hf”U’ﬁ(G)

which gives
1Mo f Nl oo 16-a1.8-a(6) < Cpop a6).5(6) 1 lLrs o)
This yields the conclusion of part (ii) and finishes the proof of Theorem 2.1. [
Proof of Theorem 2.2. By the arguments similar to those used in deriving part (ii)

of Theorem 2.1, we can get the desired conclusion of Theorem 2.2. The details are
omitted. [l
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3. Boundedness on Holder and Lipschitz spaces

In this section, we investigate the boundedness of the Hardy-Littlewood maximal
operator and its fractional variants on Holder and Lipschitz spaces. Let us introduce
Holder spaces and Lipschitz spaces on graphs.

DEFINITION 3.1. (Hélder spaces) Let B > 0 and G = (Vg,Eg). A locally in-
tegrable function f : G — R belongs to the space of Holder continuous functions
OB (G), if

f(x) =)
< = sup ————— < oo
49.B(G) “21?6 dg(x,y)P
xX#y

1/

DEFINITION 3.2. (Lipschitz spaces) Let B € R and G = (Vg,Eg). A locally
integrable function f : G — R belongs to the space of Lipschitz continuous functions
Lipg(G), if

”fHLipﬁ(G) = fll=c) + Hf”fgﬂﬁ(c) < oo

REMARK 3.3.

(i) Itis clear that [ -[| 0 G, is a seminorm and Lipg (G) is a Banach space.

(i1) Note that
Lipg(G) = ¢"P(G), for B =0. (3.1)

To see (3.1), itis clear that Lipg (G) C ¢"B(G). It suffices to check that 9B (G) C
L=(G) when B =0. Let G = (Vg,Eg) and fix f € €%P(G) with B =0. There
exists a vertex v € Vg such that |f(v)| < e. It is clear that

f@)] < 1fw) = fWI+ 1W< IIF

006 TIfW)| <o, Vue V.
This yields f € L*(G) and gives the above claim.
(iii) We have that
Lips(G) € ¢"#(G), VB >0, (3.2)
which is a proper inclusion.

To see the above proper inclusion (3.2), let us consider the Graph G = (Vg,Eg)
with Vg =N and Eg = {i ~ i+ 1;i € N} and discuss the following two cases:

(a) When 8 > 1, letus take f(n) =n, n € N. Itis clear that

Hf”(gOﬁ(G) = sup M

<1
m,neN dG(man)ﬁ

)

which gives that f € €%P(G). However f ¢ L(G).



1622 X. ZHANG, F. LIU AND H. ZHANG

(b) When B € (0,1), let us consider the function f(n) =nP, n € N. It is clear
that f ¢ L”(G). However,

B |f(m)— f(n)]
1 lgos(6) = et dg(mm)P

m |
< Sup —— X
m,neN \m—n|/3

since B € (0,1).

Our main results of this section can be listed as follows:

THEOREM 3.1. Let 0< B <6<l and0<a<d—f. Let G= (Vg,Eg) satisfy
the &-annular decay property. Then the map Mg : €%P (G) — ¢OB (G) is bounded.
More precisely,

1¥afllgasnc) < 5(Zs5+ DI llgoa, (33)
holds for all f € €°F(G) with || fll508 ) > O-

Proof. The proof is motivated by the idea in the proof in [9, Theorem 1.1]. Let
fe€*B(G). It ||fH<@p()ﬂB(G) =0, then we have f(v) =C; for some constant C; € R and
all v € V. In this case we have Mg f(v) = 1 forall v € V; and then (3.3) is trivial since
M6 |0 () = 0. Hence, the boundedness of Mg : €98 (G) — €"B(G) follows from
(3.3). Without loss of generality we shall prove (3.3) under the restrictive conditions

1fllg08(G) =1 and f >0 since Mo gf = Mg | f] and 11/ 08 (G) < 1Flgos(c)-
Fix x,y € Vi with x # y and let a = dg(x,y). It suffices to show that

Mo f (x) = Mo f ()| < 5(%s 5+ 1)a**P. (3.4)

Without loss of generality we may assume that My, . f(x) > My G f(y). By the defini-
tion of My G f(x), there exists r > 0 such that

Ma,Gf(x) < rafBg(x,r) + aOH_ﬁ'
It follows that

|M06,Gf(x) _MOC,Gf(y)| < rafB(;(x,r) - (7‘+ a)afBG(y,r+a) +a0‘+l3
< r® (fBg(x,r) - fBg(y,rJru)) + anrﬁ'

Therefore, inequality (3.4) reduces to the following

* (fag(er) — f3o0ria) < 4(B 5+ 1)a*tP. (3.5

We consider the following two cases:
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(1) (r < a). In this case we have
£ ) = F0)] < dg(u,v)P < (dg(w,y) +d6(v.7))P < (4a)P, Vu,v € Bo(y,r+a).

This together with the fact that Bg(x,r) C Bg(y,r+ a) implies

fBg(x,r) _fBg(y,rJru) < f(wl) _f(a)Z) < (4a)ﬁ’

where f(w;) = max f(u) and f(@;)= min  f(u). Therefore,
u€BG(y,r+a) u€Bg(y,r+a)

* (fag(or) = fao(ria) < r*(4a)P < 4a*P.

This proves (3.5) in this case.

(ii) (r > a). Without loss of generality we may assume that r € N\ {0}. Set m =
min,ep; (x) f(w). One can easily check that 0 < f(z) —m < (2r)B forall z € Bs(x,r).
By the §-annular decay property of G and B < 6 < 1, we have

f m)BG (x,r) (f m)B(;(y r+a)

(
< (= —1) T (w-m
<(

TBo(er) = fBg(nria) =

BG o }" |BG(y7r+a u€Bg(x,r)
B y»r+a ~ B, ,
|BG y,r+a)| )(f m)BG(x,r) (3.6)
< (Zr)ﬁ ( [Bg(y,r+a)| — |BG(y,r—a)|>
|BG(y,r+a)|

< B 5(2r)P (riaa>8~

Combining (3.6) with the fact that oc+ 3 < 0 implies that

)
r® (fBg(x,r) - fBG(Yvr+“)) @3 52ﬁ+6 P <r+ a)
+B—6
< 4%; 5a1P <£>a
< 4%375610‘4_[3.

This proves (3.5) in this case. Theorem 3.1 is proved. [

THEOREM 3.2. Let Q> 1,0<B <6<l and 0 <o < (60— B)/Q. Assume that
the graph G = (V,Eg) has & -annular decay property and a upper bound Q condition.
Then

1Mo fllg00ap () < (4B59(H36+1)+1)

%08 (G) (3.7

holds for all f € €°P(G) with || fll.y0 ) > O-
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Proof. The proof is similar as the proof of Theorem 3.1. It suffices to prove (3.7)
forall f € €%P(G) with || f ¢0B(G) >0 and f > 0. Let us fix a nonnegative function
f:G— R with Hf||(goﬁ(G) = 1. Fix x,y € Vg with x # y and let a = dg(x,y). We
want to show that

IMo,Gf (x) = Mo ()| < (459(B3 5 +1) + 1)a®* P (3.8)

We may assume, without loss of generality that My, f(x) > My ¢ f(y). By the defini-
tion of My G f(x), there exists r € N such that

Mo f(x) < |BG(x,r)|* fog ) +a%* .

This together with the fact B (x,r) C Bg(y,r +a) and the upper bound condition im-
plies

Ma6f (x) = Ma.cf () < 1Bo(x. )| Figer) = 1BGO:r+a)| Figyria + a7
< IB6(6, )| * (fagx) — Foolyrra) + a2 P
< B8 o1 (fag(er) — fogtrra) +a? P,
Therefore, to prove (3.8), it is enough to prove that
P (foger) = FBa(ra) < 4(H3 5+ 1)a* P, (3.9)

When r < a. It was shown in the proof of Theorem 3.1 that

fBg(x,r) _fBg(y,rJra) < (451)[37

which together with r < a gives (3.9) in this case.
When r > a, we get from (3.6) that

2a \9
roe (ch(x,r) - fBG(yJ+a)) < Zﬁ‘%l‘eraH} <r+ a)

<araet (0 ()’

< 4'%3,5aga+ﬁ )

since B + Qo < 6. This proves (3.9) in this case. [
It is clear that the map M ¢ : Lipg(G) — Lipg(G) is unbounded because of the
lack of the boundedness of My : L”(G) — L*(G) when a € (0,1). However, the

boundedness for Mg : €% (G) — ¢*P(G) and the fact that | Mcf]|1-(c) < | fll1=(c)
yields the following result.

COROLLARY 3.3. Let 0 < B < 8 <1 and the graph G = (Vg,Eg) has the &-
annular decay property. Then the map Mg : Lipg(G) — Lipg(G) is bounded.

REMARK 3.4. The corresponding results in Theorems 3.1 and 3.2 and Corollary
3.3 hold for the graph in {Gg}zen (0} - Here {Ga}aen joy are given as in Remark 1.4.



MAPPING PROPERTIES OF MAXIMAL OPERATORS ON INFINITE CONNECTED GRAPHS 1625

4. Boundedness on Campanato spaces

In this section we study the behaviors of the Hardy-Littlewood maximal operator
and its fractional variants on Campanato spaces.

4.1. Some definitions and lemmas

Let us introduce the Campanato spaces on graphs.

DEFINITION 4.1. (Campanato spaces) Let G = (Vg,Eg), 1 < p <o and B € R.
A locally integrable function f : G — R belongs to the Campanato space P8 (G),if

1

1/p
Bl 2 O fagenl?) <o

vEBG(x,r)

||fogpﬁ(G) = sup ‘BG(X»V)V}(
xeVg,reN\{0}

Another way to define the Campanato spaces is the following
ZrP(G) = {f € LiaelG) s Ifll 7y () <=

where
1/p

1
Il zm@ = s (s 3 1F0)~fagtunl”)

xeVg,r=1 (x,r)| VEBg(x,r)

REMARK 4.2. In contrast to what happens in for Euclidean spaces and more gen-
eral metric measure spaces it suffices to give the definitions for .Z”#(G) and £7P(G)
for » > 1. The reason is the fact that

1
(W > 1) = fogenl?

1/p
) —0, VxeVg, 1<p<oo, 0<r<1.
vEBG(x,r)

Applying Minkowski’s inequality and Holder’s inequality, one finds
1l z0s6) < 2 lsy 1 goag) <2y Y1<p<w= BER. @1

LEMMA 4.1. Let BeR andfeg”ﬁ(G)for I<p<e. Letr>0,x,yeVg,
x#y and R > max{r,dg(x,y)}. Then we have

R .
\fBe(x.r) — fBovm) | < Ca (1117 + 1) 1A Zop () 1B =05

|fBg(x,r) _fBg(y,R)‘ < CGriﬁ Hf”ﬁ/}(G)a lfﬁ > 0;

|fBg(x,r) _fBg(y,R)‘ < CGR7[3 ||fH“(g~p/3(G)7 lfﬁ <0.

Here
Cs(2(G)* +Ag), if0<r<1;
CG: 4 .
Cp.@(G) , ifr>1,

where Cg > 0 depends only on B.
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Proof. Note that R/r > 1. There exists an integer kg € N such that 2k R/r<
2kt Clearly, Bg(y,R) C BG(x,2R) C Bg(x,2%0%2r). By Holder’s inequality, one has

|fBG(x,r) - fBg(y,R) ‘
< ‘ch(x,r) - fBG(x,2k0+2r) |+ ‘fBG(x,2k0+2r) - ch(y,R)|

ko—+2 |
< & Usgteain ~ oot + S 1)~ Fyggeiors
i=1 6lx, ) G(x.2'r) ‘BG(y,R)| WEBo(yR) Bg(x,2k072r)
ko+2 1
S X B 1£(0) = Fogoim)|
& T s, T
B Dko+2 1
|Bg(x,2%07%r)| Y W)~ fayator]

|BG(y7R)| ‘BG(x,zko-‘rzr)‘

kd2 1B (x,2'r)| 1

: 1/p
) gi \BG(X,Z"*lr)|<\BG(x,2ir)‘ > \f(u)—fBG(m,-,)V’)

u€BG(x,2'r)
|Bg(x,2k0+2p)| 1 S\ U/P
|BG(y,R)| <\BG(x,2k0+2r)\ 2 F(0) = Fige o2y )

ueBg(x,2k0127)

Bo(x,250020)| 41y
ey TGN L P

ueBg(x,2k0+2p)

ko+2 i )
< < ‘BG()C,Z r)| (er),ﬁ

i=1 |BG(X72i_1’")‘
Note that R > dg(x,y) > 1. Then

B (x,20"2r)| _ [Bo(v,5R)| _ |Bo(v.[5R])| _ |BG(,10[R])| _ 2(G)*
|

Bc,R)  ~ [BcO0,R)  [BcO[RD B (3 [R))|
and 1 ifs € (0,1/2)

Here [x] = max{k € Z;k < x} for any x € R. Therefore,

k0+2

|fBg(xr fBgyR <22 ﬁ) 4 7[5”ij1,/3 ) ifr>1.

ko+2
‘fBG(xr fBG yR < Z 2 ﬁ) +AG)F_I3Hf”§/~p.ﬁ(G)7 ifre (071)

When 8 =0, one has

ko+2
Y 2hio k0+2<2<1n +1).
i=1

When f3 > 0, one gets
ko+2

7[51 Bi _
ZI 2 22 2,3_1
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When 8 < 0, we have
_ ko3 8P /R\-B
2-Pig / 27Bydx < —— 2 Blho+3) ¢ —(—> .
> . @)rs _mz B2\
Then the conclusions of Lemma 4.1 follow from the above estimates. [
Applying Lemma 4.1, we have some relationships between Holder’s spaces and

Campanato spaces.

LEMMA 4.2. Let G = (Ve,Eg), B<0and 1 < p<eco. Then
(i) For any f € LPP(G), there exists a constant Cp > 0 depending only on 3 such
that

1 g0y < Cs(2(G)* + Al s ) (4.2)
(ii) For any f € €% B(G), we have
Hf”;/mpﬁ((;) < Hf”%@*ﬁ(G)' 4.3)

Proof. First we prove (i). Let f € ﬁ’ﬁ(G) and fix x,y € Vg with x #Zy. Itis
clear that dg(x,y) > 1. Let r € (1/2,1). Then we have

|f(x ) (y)|
< |fBG (2x,7) fBG de x,y)) | + |fBG (v,dg(x,y)) fBG(x,r-‘rdg(x,y))' )
+|fBG »r fBG x.,r+dg(x.,y))|

Invoking Lemma 4.1, we obtain

() = Fratvdatson| < Cp(2(G)* +86)ds &) P ISl gy 45)

‘fBG (v,dg(x,y)) fBG (x,r4+dg(x,y)) | < Cﬁ-@( ) (r+dG(x7y))7ﬁ”fH,?pA,,B(G)
<C2(G )4dG(x7Y)_ﬁHf”_erﬁ(G)»

‘fBg(y,r) - fB4G(x,r+dG(x,y)) |
<Cp(2(G) +AG)(r+dc(x,y))’ﬁ||f\\g,ﬁ(c> (4.7
< Cp(Z2(G)* +Ag)dg(x,y) P ||foZJp‘/3(G)

Inequality (4.4) together with (4.5)—(4.7) implies
£(x) = F0) < Cp(2(G)* +86)da(x.3) Pl Zop

(4.6)

which gives (4.2).
Now we prove (ii). Let f € <50’_/3(G). Fix r > 1 and x € V, one has
1
FO) = feoen| € 577 Jv)—f(u
| ( ) Bg(x, )| |BG(.X r)|u63§(xr)| ( ) ( )|
< sup da(u) Pl fllgompig) < Plfllgos o)

u€Bg(x,r)
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for all v € B(x,r). It follows that

rﬁ 1 § 1/p
Bg(x Bg(x,r S £0,— s
<‘ G( ’r>| veBg(x,r) ‘f( ) f 6 )| ) Hf“%o BG)

which leads to (4.3) and completes the proof. [

As an application of Lemma 4.2, we have

COROLLARY 4.3. Let G= (Vg,Eg), 0> 1, B<0and 1 < p < oo,
(1) If G has a lower bound Q condition, then

1A z8(6) < C.o.2, oI flg0-poc)-

(1) If G has a upper bound Q condition, then

1

#0006y < CB.0.2,0(22(G)* +86) | f | o )

4.2. Main results and proofs

The main results of this section can be stated as follows:

THEOREM 4.4. Let G = (Vg,Eg) and & € (0,1]. Let 2(G) < o0, Ag < oo,
O(G) < o and G satisfy the & -annular decay property. Assume that one of the follow-
ing conditions holds:

H0<a<dand Bp=0;

(i0<a<d,0<a—B<dand B#0.

Then the map My G : 2 (G) — €% B(G) is bounded. More precisely,

1Mo llg0.a-8 () < Cp.2(G).6(G) 6.5 5 1Al Zo8(c)» VI € 2PP(G).

Proof. Let f € rB (G). Fix x, y € Vi with x # y and let a = dg(x,y) . It suffices
to show that

Mo/ (x) = Ma.cf )| < Cp 2(0)86.2,,58" P 70 “8)

Without loss of generality we may assume that My, .f(x) > My G f(y). By the defini-
tion of My G f(x), there exists » > O such that

M&,Gf(x) < rafBg(x,r) +aa7ﬁ ||fH,?p,B (G)
It follows that

|MO¢,Gf(X) — Ma,Gf(yﬂ < rafBg(x,r) - (r+ a)afBg(y,rJra) +aa7ﬁ Hf”v@ﬁ((;)
< r® (fBG(x,r) - fBg(y,r+a)) + aaiﬁ ”inZpﬁ G)’
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Therefore, inequality (4.8) reduces to the following

r*(feger) = fBo(vrta)) < Cﬁ,@(c)ﬁ(c),AG,%,gaa_ﬁ||fH;27pﬁ )’ (4.9)

‘We consider the different cases:
Case 1: (r < a). By Lemma 4.1, we have

|fBg(xr fBG (y,r+a) | < Cﬁ 2(G) ﬁ”ijpﬁ ) lfﬁ > 0;

|fBg(x,r) _fB(;(y,rJra)' < Cﬁ,@(G),Ag(r+a)7ﬁ Hf”jpﬁ((;)
< C/s.,@(c),AGa_ﬁHf||§p,ﬁ(G), if B <0;

r+a .
|fB6(er) = [Bovrta)| < CB,2(6) A6 (111 —+ 1) 171l Zo.8(y» 1B =0

It follows that

Cp.a)as"" P 171l 2o )
Cﬁ,_@(G),AGaaiﬁHf”ﬁ,ﬁ(c)? lfﬁ > Oa

(oo (xr) = fBo(yrta)) <
<

since o — 3 > 0 and r < a. Moreover,

r® (fBG(x,r) - fBG(y,r+u)) < Cﬁ,@(G),AGraa_ﬁ Hf||;2pﬁ((;)
< Cﬁ,@(G),AGaaiﬁHf”ﬁ,ﬁ((;)a if B <05

r+a

Ffagten) ~ Sionrea) < Cocragr™ (N ==+ 1) I/l zos o)

2a\ %  2a
OC —
< Co(a)aud ((7) In 7+1)Hf||ﬂﬁ(c)
< Cy(), Hfllﬂﬁ , if p=0.
Here we used the fact that the function r~*Inz < o forall # > 1. This proves (4.9) in
this case.
Case 2: (r > a). We write
fB(;(x,r)l_ fBG(y.,r+a) |B ( )|
X, r
== flu) — = fv)
|BG(;C,7‘)| <MEB§(X,V) |BG(y’r+a)| veBG%r+a) )
== X fw- Y [l
|B|G(x£r)| <uefg( |) ( )|ueBg(y,r+a)
Bg(y,r+a)|— |Bg(x,r
|BG(y7r+a)| veBg (y,r+a)
1
=Gool(— X f+(Bobirta) = Balnn)) o)

1 u€Bg(y,r+a)\Bg(x,r)
= Bool 2 Usetrra ).

u€Bg(y,r+a)\Bg(x,r)
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It follows that

1
‘fBG(Xa") _fBG(y,r+a)| < |BG(—x ] Z |f (u) _fBg(y,r-&-a)"

u€Bg(y,r+a)\Bg(x,r)

Note that « € N\ {0}. Without loss of generality we may assume that » € N\ {0} . By
the 0 -annular decay property of G,

BG(y,r+a)\ Bg(x,r)| = [BG(y,r+a)| — |Bg(x,r)|
< |Bg(x,r+2a)| — |Bg(x,7)]

- 2a \9o
<P <r+2a> |Bg (x,r+2a)|.

When 8 < 0, by Lemma 4.2 (i), we have

|f(l/t) - ff?G(y,rJra)|

= fv)—=f(u
Bobr v a2, )

< sup [f0)—f)|< sup d(uy) PlIflgop (g
veBg (yr+a) veBg(y,r+a)

<Cp(2(G)* +Ag)(r+a)~P ”ijZizﬁ(G)’ Vu € Bg(y,r+a).
Hence, we get

| fBo(er) = fBo(yrta)
< Cp.9(G)ag 525 T+ @) P (

2a )fs\BG()c,r—|—251)|”fH N
r+2a |Bg(x,7)] 2rh(G)
§2a) 1Al Zoso

Cp.2(G).06.; 54 _ﬁ<a) e
<CI3,9( )AG }35 ﬁ“fH“(zJPﬁ(GV

< Cp.o(6)86.2,57" (r+a)” (

N

/

since o — B — 6 < 0. This proves (4.9) in this case.

When 8 > 0. Let F := Bg(y,r+a)\ Bg(x,r). Itis clear that F C U,cr Bc(v,a).
Since the graph G satisfies &(G) < oo, then there exists a set E C F suchthat Y . x5 G(va)
< 0(G) and U,er Bo(v,a) = U,eg Bo(v,a) . We write

|fBG (1) — fBG(y,r+u) |

< — z ‘f(u) - fBg(y.,r+a)‘

|BG ()C r) | u€Bg(y,r+a)\Bg(x,r)

Z Z |f(1/t) - fBG(y,r+a)| (4.10)

VEE ueBg(v,a)
1

Z\BGM 1Bg(v,a)| D W)~ fogiria)l-

vEE u€Bg(v,a)

|B(;(x r)]

|Ber
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One can easily check that

U Bg(v,a) C Bg(y,r+2a)\ Bg(x,r —a) C Bg(x,r+3a) \ Bg(x,r —a).
veE

This together with the §-annular decay property of G gives that

(|IBg(x,r+3a)| — |Bg(x,r —a)|)

4a o
B
=) 1Ba(x.r+3a)|

a
<40(G)%55(%) Bolr.r+3a).

(4.11)

On the other hand, for a fixed v € E, we have

1
Bowa)| > | fsotrta) = fW)]

u€Bg(v.a)

1
S Bobval o - .
B |BG(V,a)| Z |f(1/l) fBG(v,a) + ‘fBG(v,a) fBG(y,r+a)|

u€Bg(v.a)
Since v € Bg(y,r+a) \ Bg(x,r), invoking Lemma 4.1, we get
|fBg(v,a) - fBg(y.,r+a)‘ < Cﬁ-@(G)AtCFﬁ Hf”ﬁﬁ((;): ifﬂ > 0;

r+a
\fBG(v,a) — IB(yr+a) | < Cp 9<G>4 <1n 2a

+ 1)1/ g gy 1B =0.
By Holder’s inequality, we get

1
T 2 )= fagal

u€Bg(va)
1

1/p
- _ p -B _
<(Bowan 2, 0 frual’) <l goo ey

Bg(v,a)
It follows that

1 _ .
Bo(va)| Y |f () = fBg(rta) <C/39(G)4a ﬁ||fH§,xﬁ(G), if B >0; (4.12)

u€Bg(va)

1
m 2 [F(w) = fogyrta)l

ueBg(v,a)+ (4.13)
r—a .
<26 (=24 1) Il sy 1 B=0.
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When 8 > 0, we get from (4.10)—(4.12) that
| B (er) = SBor+a)| S
< Cp.9(6).0(6).2;,5"0 P (%) W 17Nl 2o )
< Cp,@(c),ﬁ(c),%aaa_ﬁ(g) 76||fog7x,,B((;) SCﬁ,@(c)ﬁ(c),%,;aa_ﬁHf||§p,ﬁ(c)~

since o < 6. This proves (4.9) in this case.
When 8 =0, it follows from (4.10), (4.11) and (4.13) that

r® ‘fBG(x.’r) - fB(;(y,r+a)|

rta a o B x7r+3a
<Cpaaro@m, (N5 +1) (%) |Bg(x,r+3a)|

261 ‘BG(.X,T)| ||fH“(ZP/3(G)
r\ —(6—a) r

< Cﬁ,@(c)ﬁ(c),@ﬂ“(g) <1n5+1>\\f||§p,ﬁ((;)

< C8.9(6),06).%5,,9° If |l 708 ()

since o/ < 0 and the function g(r) = ¢t (6-a) logt < m for all ¢ > 1. This proves

(4.9) in this case and completes the proof of Theorem 4.4. [

THEOREM 4.5. Let G = (Vg,Eg) and & € (0,1]. Let Z(G) < oo, O(G) < oo,
A < oo and G satisfy the d -annular decay property. Assume that one of the following
conditions holds:

(1) G satisfies the upper bound condition, 0 < o« < 6/Q and 3 =0;

(ii) G satisfies the upper bound condition, 0 < o0 < 8/Q+  and B < 0;

(ii) G satisfies the lower and upper bound conditions, 0 < B < o0 < §/0.

Then the map My G : LPP(G) — €*(@P)O(G) is bounded. More precisely,

1Mo.Gflg0a-proG) < C,2(6),0(G) A, 520,55 5 1. | 208Gy, Vf € 27 (G).

Proof. We assume that ||fH$,,ﬁ(G) =1. Fix x,y € Vg with x # y and let a =
dg(x,y). We want to show that

Mo, G f(xX) = Mo, f )| < CB,0(G), 06,2 0585 58 P2, (4.14)

Without loss of generality we may assume that My f(x) > My cf(y). By the defini-
tion of My G f(x), there exists r € N such that

MOC,Gf(x) < |BG(x7r)|afBg(x,r) +a(0€*ﬁ)Q.
By the upper bound condition on G,
Mo f(x) —Mocf(y)]
< |BG(xvr)|afB(;(x,r) - ‘BG(yvr'f' a)|afBg(y,r+a) + a(a_ﬁ)Q

< |BG()C, r) |a(fBG(x7r) - fBG(yJJrll)) + a(aiﬁ)Q
S ‘@%QrQQ(fBG(W) — fBo(vr+a)) +a(a7ﬁ)Q,

(4.15)
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||fH;27z‘/3Q(G) < Cﬁ,%z‘Q”nynB(G)» if B <0. (4.16)
By the lower bound condition on G,
”fH“'(ZiLﬁQ(G) < Cﬁ,%g”f”gpﬁ(c)» ifﬁ > 0. (4.17)

It is clear that
171l 2006y = 1F1l 200 (G- (4.18)

Similar arguments to those in getting (4.9) will imply that
aQ(fBG(x,r) — IBo(yrta) < C/;,Q,@(G)ﬁ(c),AG,L@ma(“*ﬁ)QHf||§,,ﬁQ(G), 4.19)
provided that one of the following conditions holds:
H0<o<d/Qand f=0;

(i) 0< < 8/Q,0<a—B<8/Qand B#0.
Then (4.14) follows from (4.15)—(4.19). Theorem 4.5 is proved.

4.3. Some applications

As applications of Theorems 2.1 and 2.2 and (4.1), the following theorem is valid.

COROLLARY 4.6. Let 1 < p < and G = (Vg,Eg). Assume that 9(G) < e
and 1 < Z(G) < oo. Then
(i) Let B > 0. Then the map Mg : LPP(G) — £PPB(G) is bounded. Moreover,

IM6£1l r8(6) < C, g oic).56) 1 sy Vf €ELPP(G).

(i) Let 0< o< 1, B> and g= pB/(B— ). Then the map My G : LPP(G) —
L1B=%(G) is bounded. Moreover;

1Mo/l pas-e(6) < Cp p a6y, 56) W lrsicy Vf € L7P(G).

(iiiyLet 0< <1, B>o and q=pB /(B — ). Then the map ]\Zx@ LPB(G) —
LB=%(G) is bounded. Moreover;

W6 0561 < €y o516 Flinaiye ¥ € IPP ().
Applying Theorem 4.4 and Lemma 4.2, we have
COROLLARY 4.7. Let G = (Vg,Eg), 6 € (0,1] and B € [-8,0). Let 2(G) <
oo, O(G) < oo, Ag < oo and G satisfy the §-annular decay property. Then the map

Mg : £PP (G) — R (G) is bounded. More precisely,

1M £l 706 () < CB.2(6).0(6).86.%3 51/ | v ) T € 2PB(G).
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COROLLARY 4.8. Let G= (Vg,Eg) and § € (0,1]. Let 2(G) < o0, O(G) < oo,
Ag < oo and G satisfy the & -annular decay property. Assume that one of the following
conditions holds:

H0<a<dand f=0;

i)0<a<d,0<a—PB<band B #0.

Then the map My G : 2 (G) — .,é;p'p_“(G) is bounded. More precisely,

”Moc,GfH;ch.ﬁ—a(G) < CB.9(6).0(6).86.%5 5 11| 208 () VS € 27P(G).
Applying Theorem 4.5 and Corollary 4.3, we have

COROLLARY 4.9. Let G = (Vg,Eg), 6 €(0,1], 0> 1 and B € [-8/0,0). Let
2(G) < oo, O(G) < oo, Ag < oo and G satisfy the &-annular decay property and the
lower and upper bound Q conditions. Then the map Mg : PP (G) — £PP(G) is
bounded. More precisely,

IMGfl #r8(G) < CB.2(G),0(G) A %1.0.%1.0.% 5 | f | 208(G)> T € 2rF(G).

COROLLARY 4.10. Let G= (Vg,Eg) and 6 € (0,1]. Let 2(G) < oo, O(G) < oo,
A < oo and G satisfy the § -annular decay property. Assume that the graph G satisfies
the lower and upper bound Q conditions. B < o. Suppose that one of the following
conditions holds:

H0<o<d8/Qand B=0;

(i)0<o<6/Q+B and B <0;

i) 0<B<a<d/o.

Then the map My G : LPP(G) — £PB~%(G) is bounded. More precisely,

1Mo 6 || or8-a(G) < CB,9(G),0(G),86,%1.0,%2.0,%5 5 |/ | 208Gy VS € 2k G).

REMARK 4.3. The corresponding results in Theorems 4.4 and 4.5 and Corollaries
4.7-4.10 hold for the graph in {Gg}4en {0} - Here {Gg}qem o) are given as in Remark
1.4.
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