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BERNSTEIN AND TURAN TYPES OF INEQUALITIES
FOR THE POLAR DERIVATIVE OF A POLYNOMIAL
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(Communicated by P. Mercer)

Abstract. Let p(z) be a polynomial of degree n. The polar derivative of p(z) with respect to a
complex number « is defined by

Do p(z) =np(z) + (o —2)p(2).

If p(z) has all its zeros in |z| <k, k > 1, then for |a| > k, Aziz and Rather [Math. Inequal.
Appl., 1, (1998), 231-238] proved

max (o) > (1 ) mal).

1+k"

In this paper, we first improve as well as generalize the above inequality. Besides, we are able to
prove an improvement of a result due to Govil and Mctume [Acta Math. Hungar., 104, (2004),

115-126] and also prove an inequality for a subclass of polynomials having all its zeros in
lz] >k, k< 1.

1. Introduction

n

Let p(z 2 c sz be a polynomial of degree n over the set of complex numbers.
j=0
We will use Q(z) to represent the polynomial z"p (%) .
According to the famous Bernstein’s inequality [6],

ﬂgX\ ()I<nﬂaX\p( 2)|- (1
Inequality (1) is sharp and equality holds for p(z) = oz, 0t # 0.
The above inequality can be sharpened, if the zeros of p(z) are restricted. In this

direction, Erdds conjectured and later Lax [18] proved that if p(z) has all its zeros in
lz| > 1, then

ﬁax| 9| <5 ﬁax\ p()l. )
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Inequality (2) is best possible for p(z) = a+ B2", where |a| = |B].

On the other hand, in 1939, Turan [19] provided a lower bound estimate of the
derivative to the size of the polynomial by restricting its zeros, and proved that if p(z)
has all its zeros in |z| < 1, then

n
max |p’(z)| > 5 max|p(z)|. 3)
l2l=1 2 Jzf=1

Aziz and Dawood [2] further refined inequality (3) by involving ‘n|111} Ip(2)]
=

! n .
max|p'(2)| = 5 {Elgilp(z)l + oin |p(z)|} : @)

Both these inequalities (3) and (4) are best possible and equality holds if p(z) has all
its zeros on |z| = 1.

Inequalities (3) and (4) have been extended and generalized in different directions
(see [4], [5], [8], [10], [16]). For polynomial p(z) having all its zeros in |z| <k, k> 1,
Govil [8] proved that

n
max |p’(z)] >

: 5
max o p(2)] (5)

Govil [10] further improved inequality (5) for the same class of polynomials which also
is a generalization of (4) by proving

max |p'(z)| > " max +—"  min . 6
max|p'(2)] 2 o7 max|p(@)| + 7 min|p(2)| (6)

Inequalities (5) and (6) are sharp and equality holds for p(z) = 7"+ k".
Govil [9] proved a generalization of (2) to a subclass of polynomials having all its

zeros in |z| >k, k < 1, by proving that if |p’(z)| and |Q'(z)| attain maximum at the
same point on |z| = 1, then

n
max [p'(z)| <

max [p(z)|. 7
lz|=1 1+K" z=1 P )

It is easy to see that Dy p(z) is a polynomial of degree at most n — 1 and it generalizes
the ordinary derivative in the sense that

lim [M] =7p'(2).

O —00 o

In 1998, Aziz and Rather [3] extended inequality (5) to polar derivative by proving that
if p(z) is a polynomial of degree n having all its zeros in |z| <k, k > 1, then for every
real or complex number o with |a| >k,

lo| — k
max |D >n m . 8
|z\a1| aP(Z)| (1 i |z\a)1§|p(z)| ()
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Govil and Mctume [12] established the polar derivative extension of inequality (6) and
proved

lo - lof — (L+k+ &)
ﬁi§|DaP(z)| >n< 1+k">l?|i)fp(z)|+n< T >z| inlp(2),  (©)

for any complex number o with || > 1+ k+k".

In literature there exist some recent results which improve inequality (8) by in-
volving certain coefficients, for example: Govil and Kumar [1 1], Kumar [14], Kumar
and Dhankhar [15] and Rather et al. [17]. We can improve inequality (8) by a method
different from those adopted by these authors.

2. Main results

In this paper, we get some results concerning polar derivative of a polynomial by
using a lemma of Dubinin [7]. We begin, by presenting the following generalization
and refinement of inequality (8) due to Aziz and Rather [3].

THEOREM 1. If p(z) =z Z cjz , 0 < s < n, is a polynomial of degree n having
Jj=0
all its zeros in |z| <k, k > 1, then for any complex number o with || > k

+s5s kT \/|ens]— 1/
max|Dap(2)| > (Ja] k) ( 152 AV VI o) 10
l2l=1 L+E" (14K T \/|ens| ) =

n—s
REMARK 1. Since the polynomial 4(z) = 2 Z(f ) = Y ¢jz/ has all its zeros in || <

=0

k, k>1 and
co

< k"*.\',

Cn—s

which is equivalent to
kT Vlen—s| = /el

Dividing both sides of (10) by || and taking limit as |¢| — e, we get the follow-
ing generalization and refinement of inequality (5) due to Govil [8].

COROLLARY 1. If p(z) =7 z c,z , 0 < s < n, is apolynomial of degree n hav-

ing all its zeros in |z) <k, k> 1, then

n+s k7 \/len \|— lcol
max > + max |p(z)|- (11)
jel= sl <1+k" (14 &0k /len—| e
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When s = 0, Theorem 1 in particular gives an improvement of inequality (8)
proved by Aziz and Rather [3].

COROLLARY 2. If p(z) 2 chJ is a polynomial of degree n having all its zeros
j=0
in |z| <k, k> 1, then for any complex number |ct| with |ot| >

<|a—k>< n Bl Vel

l‘nlan\Dap(Z)I >
zZl=

12
1_|_kn+ (l—l—k”)kg\/a)d— p(2)]- (12)

Dividing both sides of (12) by || and taking limit as |ot| — oo, we get

n
COROLLARY 3. If p(z) Z cjzf is a polynomial of degree n having all its zeros
j=0
inl|z| <k, k=1, then

max |p( ’>< " \/_)_%\/\/|;>maxp (2)]. (13)

lz2|=1 1+ k" |z]=1

Inequality (13) is best possible for p(z) = 2" +k".

REMARK 2. Taking k = 1 in Corollary 3, inequality (13) provides a refinement
of inequality (3) due to Turan.

EXAMPLE 1. Consider the polynomial p(z) = z2(z> —9). Then p(z) is a poly-
nomial of degree 4 having all its zeros in |z| < 3. For this polynomial, we have
nTax| p(z)| =10 and |1‘1‘1in |p(z)| = 0. Then it can be easily seen that by inequalities (5)

= z|=3
, 40 60
and (6), we have ﬂa)f‘p (@) > = TR while our inequality (11) gives TI“laX|p (2)] > o
Z|l=
an improvement of 50% over the bounds obtained from (5) and (6). Also, the inequality

5
(13) gives 1‘n|a>1§ P’ (2)] = g improvement of 25% over the bounds obtained from
z|=

(5) and (6).

As an application of Theorem 1, we get the following refinement of inequality (9)
due to Govil and Mctume [12].

THEOREM 2. If p(z 2 chJ is a polynomial of degree n having all its zeros
J=0
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in |z| <k, k> 1, then for any complex number o with |ot| > 1+k+k"

max [Dap(2)]

(Joo| =) k2 \/Jea] = \/]co + e®om|
> n+ = max |p(z)|
1+k" k3 \/leal jel=1
lot| — (14+k+ k") +|a|—k k2 \/]cal — \/Ico + e®m| . (1)
1+ k" 1+ k" k2\/|cnl ’

where mz‘nllil]:‘p( z)| and 6y = arg {p(e'®)} such that |p(e'®)| —1|n‘ax|p( 2)|.
2= 1

+ |n

REMARK 3. If p(z 2 c jz is a polynomial of degree n having all its zeros in

Jj=0
|z| <k, k> 1, then for any complex number |A|e!% with |A| < 1, by Rouche’s theorem
it follows that the polynomial p(z) + |A|e’®m = (co + |A|e®m) +c1z+ -+ ¢,2" has

all its zeros in |z| < k, where m = |n‘nn |p(z)], then

co+|Aleom
Cn

k3+/Jenl = 1/ |co+ |Aleom|.
k2+/ len| = 1/|co + et%ml.

REMARK 4. Diving both sides of (14) by || and taking limit as |o;| — <, we
have the following refinement of inequality (6) due to Govil [10].

K>

)

which implies that

Taking |A]| — 1, we get

n
COROLLARY 4. If p(z) Z cjzf is a polynomial of degree n having all its zeros
j=0
inl|z| <k, k=1, then

1 k3 \/Jen] = \/Ico + eom
max |p'(z)| > n+ cx P | max |p(z)|
lz]=1 1+ k" k2+/|cul lz|=1
k2 \cn - |c0+ei90m\
15

where m:‘nllir]l{\p( 2)| and 0y = arg{p(e'®)} such that |p(e'®)| —Ha>1(|p( 2)|.
zl=

Inequality (15) is best possible for p(z) = 7" +k".
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REMARK 5. Taking k£ =1 in Corollary 4, inequality (15) reduces to a refinement
of inequality (4) due to Aziz and Dawood [2].

n
COROLLARY 5. If p(z) Z cjzf is a polynomial of degree n having all its zeros
Jj=0
in |z| <1, then

max [p'(z
|z]=1

)| 2 1( v@f v}£+d%m> x|p(z)
2 |cnl Bt

SToT— ./ 0
+l n+< [n] lcote Om>] m, (16)
2 V ‘Cn‘

where m = ‘nlm}|p(z)| and 0y = arg { p(¢'®)} such that |p(e'®)| = ‘Hlla)li p(2)].
2= 2=

Further, we are able to prove an improvement of inequality (7) due to Govil [9].
n
THEOREM 3. If p(z) chz/ is a polynomial of degree n having all its zeros in
Jj=0
lz| =k, k< 1. If |p'(z)| and |Q'(z)| attain their maxima at the same point on |z| =1,

then
V()] < | — (Va4 o) x|p(2)]. (17)
max < —
Jz|=1 Pl 1+ k" (L+K)+/]col |z\ el

The result is sharp and equality in (17) holds for p(z) = 7" +k".

REMARK 6. Taking k = 1 in Theorem 3, we get the following improvement of
(2) due to Erdds and Lax for a subclass of polynomials having all its zeros in |z| > 1.

n
COROLLARY 6. If p(z) chz/ is a polynomial of degree n having all its zeros
j=0
in|z| = 1. If |p'(2)| and |Q'(2)| attain their maxima at the same point on |z| = 1, then

1 Vieol = v/len|
max [p’ MSEG———7ﬁ5—>3%p@L (18)

|z[=1
3. Lemmas
We need the following lemmas to prove our theorems.

LEMMA 1. If0<x<1 and 0 <y <1, then

—21 — . 1
I+x VYV (19)
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Proof of Lemma 1. The inequality is trivially true if x = 1. So, let us assume that

x <1, then
14/
——>1=y
I+x vy
which implies
1—x 1—x
1+x>\/;l+\/)_c_\/;_ VAY:

and hence it follows that

2
— > 1+y—xy. O

1+x

LEMMA 2. If p(z) = Z cjzj is a polynomial of degree n > 1 having all its zeros

J=0
in |z| <1, then forall z on |z| =1 with p(z) #0
/
p (Z)) n+1 1+/|col
% (z >l v 0)
p(z) 2 2/l

The above result was first proved by Dubinin [7]. Here we present an alternative
proof which we think is new by the principle of mathematical induction.

Proof of Lemma 2. Without loss of generality, let us assume ¢, = 1. We use the
principle of mathematical induction on the degree of p(z).
If n=1, then p(z) =z—2z0 with |zo] < 1, and for |z| =1 and z# 2o

9{<ZIIZ/((ZZ))) :%<Zj20) g 1+1|ZO\’

and with some simple calculations it is easy to obtain that, for |zg| < 1

>3 (- V).

So,

R (zp/(z)) > % (2— M) : @1)

which is nothing but (20) for n = 1.

Let us assume that (20) is true for all polynomials with degree < N.
N
Let p(z) = (z—w)Q(z) with |w| <1, where Q(z) = ) ¢z’ is a polynomial of
j=0
degree N having all its zeros in |z| < 1, then

() () 2 (48)

“(N+1— )
1+|w|+2< + o

=
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forall z on |z =1 with p(z) #0.
We need to show that

/
P'(@) 1
iR(z ) “(N+2- wco) on |o|=1. (22)
o)zl wiical) on I
Clearly, inequality (22) holds if
Lol 1
T T WV 2 5 (V2= Vi)

which is equivalent to

> 14+ +/|col — V|wl|col- (23)

Since all the zeros of p(z) lies on |z| < 1, therefore 0 < |co| < 1 and 0 < |w| < 1, the
inequality (23) follows from Lemma 1.
This completes the proof of Lemma 2 by using induction principle. [

I—HW\

LEMMA 3. If p(z) =z Z cjz/ 0 < s < n is a polynomial of degree n having all

its zeros in |z| < 1, with s fold zeros at the origin, then on |z| = 1 with p(z) #0

/ 1 1
EK(Zp (Z)) >n—|—s—|— 1 |col ' (24)
2 2 /len—s|

n—s

Proof of Lemma 3. Let p(z) = 2°0(z) where Q(z) = Y, ¢ ;7 is a polynomial of
j=0
degree n— s having all its zeros in |z| < 1. Then for any complex number z with

p(z) #0 / /
*(:55) =+ (:5) &

Applying Lemma 2 to Q(z), it follows from (25) that

g{(zp/(z))>s+n_s+l—l |col _nts+1 v |eol 0

1
p(Z> 2 2 |Cn—s‘ B 2 2 V4 ‘Cn—s| .

LEMMA 4. Let p(z) be a polynomial of degree n having all its zeros in |z| < k
k> 1, then

max |p(z)| > ax|p(z)]. (26)

|z]=k 1+k"\| 1

The above result appears in Aziz [1].
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LEMMA 5. If p(z) =z Z cjz/ 0 < s < n is a polynomial of degree n having all

its zeros in |z| < 1, with s fold zeros at the origin, then for any complex number o with
|| > 1 andon |z| =1

Dap(2)] = (o — 1) (”“ v ‘C” ! ﬁ) p(2)] 27)

2 |cn—sl

Proof of Lemma 5. If ¢(z) = 7" p(%)7 then it is easy to verify that for |z| =1

|d'(2)| = |np(z) — 2P (2)]-

Also, p(z) has all its zeros in |z| < 1, and it is a well-known fact that on |z| = 1

1P'(2)] > |d'(2)]. (28)
We have for |or| > 1 and |z| =1
IDap(2)| = |np(2) + (e —2)p'(2)]
/|a||p )| = [np(2) =20’ (2)|-
This gives with (28)
Dap(z)] = (|l = 1) |P'(2)] (29)

on |z| =1, and using Lemma 3, we geton |z] =1

p'(2)] > ("“ Vien| m) p()]. (30)

2 2 ‘Cn s|

Combining (29) and (30) gives inequality (27). U

LEMMA 6. If p(z) is a polynomial of degree n, then on |z| = 1

1P (@) +]0 ()] < nI‘naX|p( 2). 31)
The above result is due to Govil and Rahman [13].

4. Proofs of the theorems

n—s
Proof of Theorem 1. Since p(z) =2z° Y, ¢z’ has all its zeros in |z| <k, k > 1, the
=0
polynomial p(kz) = z* (k'co+k""lejz+ -+ k"c,2" %) hasallits zerosin |z[ < 1. Using
Lemma 5 to p(kz), we get for |%] > 1

max\aapk@) jod =k (ns WH VIOl ) x| p(k2)]
|z|=1 k 2 2k T \/\cn | |z]=1
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which is

ﬁi)f np(kz) + (% — Z) kp’(kz)’

(le|—k) [ n+s k"?\/|cn_5 —/]col
2 + n—s maX‘p(Z” N (32)
k 2 2kT /ens lel=k

Using Lemma 4 and the fact that ﬂax )np(kz) + (% - z) kp' (kz)) = l|n\a)1§ |De.p(z)|, the
z|=1 z|=

inequality (32) gives

(la|=k) (n+s k7T /leas|—/lco] | 2k
maX‘Dap(Z” 2 + n—s
2 267 /Jen—s|

|z|=k k
As we can see Dgp(z) is a polynomial of degree at most n— 1 and k > 1, it is well-
known that

. (33
o ip@l G3)

max IDap(z)] <K' max 1Dap(2)]-
z|= 4=

By using this fact, the inequality (33) gives

Kt max |Dap(3)
o

>(a—k)< kmmﬂ/?> k!

max
14+ k" |z]=1

(@), (34)

this gives the desired inequality (10), and thus the proof of Theorem 1 is complete. []

Proof of Theorem 2. If p(z) has a zero on |z| =k, then m = 0 and the result
follows trivially from Theorem 1. So, without loss of generality, let us assume that
p(z) has all its zeros in |z| < k, k > 1, then it follows by Rouche’s theorem that for
any complex number A with |A| < 1, the polynomial p(z) +Am = (co +Am) +c1z+
-+++ ¢, 7" also has all its zeros in |z] < k, k > 1. Therefore, applying Theorem 1 to
p(z) + Am with s =0, we get for |a| > 1+ k+ k"

max |Dg [p(z) + Am]]|

|z]=1

> (ja| - k) n +k%\/\cn\—\/\co+lm|
- LHkn o (12 /e

Let 0 < ¢ < 27, be such that | p(e"%)} = ﬁa)lc |p(z)|. Then, the above inequality (35)
zZl=

\HTa)f |p(z) + Aml|. (35)
7l=

gives

1‘n|a>1g |Dop(z) +nAm|
z|=

><a—k>< " +"”C”"V'C“”m>|p<e"¢°>+m. (36)

1+ (1 + kK2 \/Ten|
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Now,
|p(ei¢°) +Am| = ‘|p(ei¢0)|ei90 + \Mei‘pm‘

= ‘|p(ei¢°)| + \Me"(d’fef’)m‘ .

Setting the argument ¢ such that ¢ = 6y, then |p(e®)+ Am| = |p(e®)|+|A|m, and
then it follows from inequality (36) that

max|Dap(2)| +nlAm

n k3\/|ca] ¢ et%m| -
><a—k>< Evlol=vie 1] ><|p<e‘¢°>!+zm),

T et el

which is equivalent to

max [Dgp(z)|
=1
N A 6
> (Jof = et k2y/lel n\/ICOH [e%m| max |p(2)|
1+k" k2 /eyl l2l=1

+|A] |n

o] = (L k+R) | ol —k (K2 /eal = VIeo +[ATe®m]
14k 14k k2 \/]cal

Taking |A| — 1, the above inequality reduces to (14). This completes the proof of
Theorem 2. [J

Proof of Theorem 3. Since p(z) has all its zeros in |z| >k, k < 1, O(z) has all its
zeros in 7] < 4 <o k > 1. Then applying Corollary 3 to Q(z) with s =0, we have

l )
max|0/(2)] > n1+(k) Vcol E\/Cn
l|=1 |t (1+4) %2\m|m1
[ (Ve kel ) K

= + max 37
1+k (1+ k") /_‘CO‘ e 1|P( 2)|. (37)

By Lemma 6 we have on |z] =1,

1P ()| +|0'(2)] < nﬁglp(Z)l- (38)

Since |p'(z)| and |Q'(z)] attain their maxima at the same point, then

max {|p'(z)| +Q'(2)]} = max|p' ()| + max|Q'(2)]. (39)
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Combining (37), (38) and (39), we have

nk" (\/ |CO|_k% vV |Cn|> K"
e | max |p(z)| < nmax|p(z)],

k )\/|C0 lz]=1 lz]=1

/
max @+ | et

which is equivalent to

/
max P @] < | T

n (M—k%m>k"
50Tl 133§IP(ZH-

This completes the proof of Theorem 3. [
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