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PARAMETRIC LITTLEWOOD–PALEY OPERATORS

ON VARIABLE HERZ–MORREY SPACES

WENHUA WANG AND QINGDONG GUO ∗

(Communicated by Y. Sawano)

Abstract. Let α(·) ∈ L∞(Rn) and p(·) : R
n → (0, ∞) be variable exponent functions satisfying

the globally log-Hölder continuous condition. In this paper, the authors obtain the boundedness
of parametric Littlewood-Paley operators and their commutators generated by BMO functions
on variable Herz-Morrey spaces. All these results are still new even when the exponent function
α(·) is α .

1. Introduction

Suppose that Sn−1 is the unit sphere in the n -dimensional Euclidean space R
n (n �

2) . Let Ω be a homogeneous function of degree zero on R
n which is locally integrable

and satisfies the cancellation condition∫
Sn−1

Ω(x′)dσ(x′) = 0, (1.1)

where dσ is the Lebesgue measure and x′ := x/|x| for any x �= 0 . For a function f
on R

n , the parametric area integrals μρ
Ω,S and Littlewood-Paley operators μρ ,∗

Ω,λ are,
respectively, defined by setting, for any x ∈ R

n ,

μρ
Ω,S( f )(x) :=

(∫ ∞

0

∫
|y−x|<t

∣∣∣∣
∫
|y−z|�t

Ω(y− z)
|y− z|n−ρ f (z)dz

∣∣∣∣
2 dydt

tn+2ρ+1

)1/2

,

and

μρ ,∗
Ω,λ f (x)

:=

[∫ ∞

0

∫
R

n+1
+

(
t

t + |x− y|
)λn ∣∣∣∣

∫
|y−z|�t

Ω(y− z)
|y− z|n−ρ ( f )(z)dz

∣∣∣∣
2 dydt

tn+2ρ+1

]1/2

,

where ρ ∈ (0, ∞) and λ ∈ (1, ∞) .
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In 1999, the operators μρ
Ω,S and μρ ,∗

Ω,λ were first studied by Sakamoto and Yabuta

[13]. They showed that if Ω ∈ Lipα(Sn−1) with α ∈ (0, 1) , then μρ
Ω,S and μρ ,∗

Ω,λ are
bounded on Lp(Rn) with p∈ (1, ∞) . In 2009, Xue and Ding [18] obtained a celebrated
result that μρ

Ω,S and μρ ,∗
Ω,λ are bounded on Lp

ω (Rn) with p ∈ (1, ∞) under weaker
smoothness condition of Ω , where ω ∈ Ap and Ap denotes the Muckenhoupt weight
class.

Now let us recall the definitions of corresponding m-order commutators of the
parameterized Littlewood-Paley operators. Let b ∈ L1

loc , m ∈ N , the commutators
[bm, μρ

Ω,S] and [bm, μρ ,∗
Ω,λ ] are, respectively, defined by setting, for any x ∈ R

n ,

[bm, μρ
Ω,S]( f )(x)

:=

(∫ ∞

0

∫
|y−x|<t

∣∣∣∣
∫
|y−z|�t

Ω(y− z)
|y− z|n−ρ [b(x)−b(z)]m f (z)dz

∣∣∣∣
2 dydt

tn+2ρ+1

)1/2

and

[bm, μρ ,∗
Ω,λ ]( f )(x)

:=

[∫ ∫
R

n+1
+

(
t

t + |x− y|
)λn ∣∣∣∣

∫
|y−z|�t

Ω(y− z)
|y− z|n−ρ [b(x)−b(z)]m f (z)dz

∣∣∣∣
2 dydt

tn+2ρ+1

]1/2

.

In recent years, the theory of function spaces with variable exponents has devel-
oped and applying in fluid dynamics, partial differential equations, variational calculus
and harmonic analysis (see [2, 3, 11, 12]). In 2010, Izuki [7] introduced the Herz-
Morrey spaces with variable exponents and obtained the boundedness of fractional in-
tegrals on those spaces. In 2012, Almeida and Drihem [1] introduced the Herz spaces
with two variable exponents and obtained the boundedness of some sublinear operators
on those spaces. In 2014, Lu et al. [10] introduced the Herz-Morrey spaces with vari-
able exponents and obtained the boundedness of some operators on those spaces. In
2015, Wang et al. [16] established the boundedness of parameterized Littlewood-Paley
operators and their commutators generated by BMO functions on variable Lebesgue
spaces Lp(·)(Rn) . In 2016, Wang et al. [17] obtained the boundedness of parameter-
ized Littlewood-Paley operators and their commutators generated by BMO functions
on variable Herz spaces. For more information about the variable function spaces and
Littlewood-Paley operators, see [3, 4, 8, 9, 14, 15].

Inspired by the previous papers, we would like to declare that the goal of this
paper is to obtain the boundedness of parameterized Littlewood-Paley operators and
their commutators generated by BMO functions on Herz-Morrey spaces with variable
exponents.

Precisely, this article is organized as follows.
In Section 2, we first recall some notations and definitions, the variable Lebesgue

space Lp(·)(Rn) and the variable Herz-Morrey spaces MK̇α(·),γ
q, p(·) (Rn) and MKα(·),γ

q, p(·) (Rn) .
Then, motivated by Lu et al. [10] and Wang et al. [16], we obtain the boundedness of
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parametric Littlewood-Paley operators and their commutators generated by BMO func-
tions on Herz-Morrey spaces with variable exponents (see Theorems 2.5–2.7 below for
more details). Section 3 is devoted to proving Theorems 2.5 and 2.7. In the process
of the proof of Theorems 2.5 and 2.7, it is worth pointing out that, establishing a more
subtle pointwise estimate plays an important role (see Theorems 2.5 and 2.7 below for
more details).

Finally, we make some conventions on notation. Let N := {1, 2, . . .} and Z+ :=
{0}∪N . Throughout the whole paper, we denote by C a positive constant which is
independent of the main parameters, but it may vary from line to line. The symbol
D � F means that D � CF . If D � F and F � D , we then write D ∼ F . For any
q ∈ [1, ∞] , we denote by q

′
its conjugate index, namely, 1/q + 1/q

′
= 1. If E is

a subset of R
n , we denote by χE its characteristic function. If there are no special

instructions, any space X (Rn) is denoted simply by X . For instance, L2(Rn) is
simply denoted by L2 . For any a ∈ R , 	a
 denotes the maximal integer not larger than
a .

2. Preliminaries

In this section, we first recall some notations and definitions. Now we recall that a
measurable function p(·) : R

n → (0, ∞) is called a variable exponent. For any variable
exponent p(·) , let

p− := ess inf
x∈Rn

p(x) and p+ := esssup
x∈Rn

p(x). (2.1)

Denote by P the set of all variable exponents p(·) satisfying p− > 1 and p+ < ∞ .
Let f be a measurable function on R

n and p(·) ∈ P . Then the modular function
(or, for simplicity, the modular) ρp(·) , associated with p(·) , is defined by setting

ρp(·)( f ) :=
∫

Rn
| f (x)|p(x) dx

and the Luxemburg (also called Luxemburg-Nakano) quasi-norm ‖ f‖Lp(·) by

‖ f‖Lp(·) := inf
{

λ ∈ (0, ∞) : ρp(·)( f/λ ) � 1
}

.

Moreover, the variable Lebesgue space Lp(·) is defined to the set of all measurable
functions f satisfying that ρp(·)( f ) < ∞ , equipped with the quasi-norm ‖ f‖Lp(·) .

We recall the definition of Hardy-Littlewood maximal function MHL( f ) . For any
f ∈ L1

loc and x ∈ R
n ,

MHL( f )(x) := sup
x∈B⊂Rn

1
|B|
∫

B
| f (z)|dz. (2.2)

Let B be the set of p(·) ∈ P satisfying the condition that MHL is bounded on
Lp(·) . It’s well known that if p(·) ∈ P and satisfies the following globally log-Hölder
continuous then p(·) ∈ B .
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DEFINITION 2.1. [1] Let g(·) be a real function on R
n .

(1) g(·) is locally log-Hölder continuous, if there exists a constant C > 0 such that

|g(x)−g(y)|� C
log(e+1/|x− y|)

for any x, y ∈ R
n and |x− y|< 1/2.

(2) g(·) is locally log-Hölder continuous at the origin(or has a log decay at the ori-
gin), if there exists a constant C > 0 such that

|g(x)−g(0)|� C
log(e+1/|x|)

for any x ∈ R
n .

(3) g(·) is locally log-Hölder continuous at the infinity(or has a log decay at the
infinity), if there exist g∞ ∈ R and a constant C > 0 such that

|g(x)−g∞| � C
log(e+ |x|)

for any x ∈ R
n .

We denote by P log
0 and P log

∞ the class of all variable exponents p(·)∈P , which
are log-Hölder continuous at the origin and at the infinity respectively. We call p

′
(·) the

conjugate exponent to p(·) , that is p
′
(·) = p(·)

p(·)−1 , we know that p(·) ∈B is equivalent

to p
′
(·) ∈ B .
In this paper, we denote Rk = Bk \Bk−1 and denote briefly the characteristic func-

tion χBk\Bk−1
by χk .

DEFINITION 2.2. [10] Let 0 < q � ∞ , p(·) ∈ P , 0 � γ < ∞ and α(·) ∈ L∞ .

The homogeneous Herz-Morrey space with variable exponents MK̇α(·),γ
q, p(·) and the non-

homogeneousHerz-Morrey space with variable exponents MKα(·),γ
q, p(·) are defined respec-

tively by setting,

MK̇α(·),γ
q, p(·) :=

{
f ∈ Lp(·)

loc (Rn \ 0) : ‖ f‖
MK̇

α(·), γ
q, p(·)

< ∞
}

and

MKα(·),γ
q, p(·) :=

{
f ∈ Lp(·)

loc (Rn) : ‖ f‖
MKα(·), γ

q, p(·)
< ∞

}
,

where

‖ f‖
MK̇

α(·), γ
q, p(·)

:= sup
L∈Z

2−Lγ

{
L

∑
k=−∞

∥∥∥2α(·)k f χk

∥∥∥q

Lp(·)

}1/q
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and

‖ f‖
MKα(·), γ

q, p(·)
:= sup

L∈Z+

2−Lγ

{
L

∑
k=0

∥∥∥2α(·)k f χk

∥∥∥q

Lp(·)

}1/q

.

Here, there is the usual modification when q = ∞ .

LEMMA 2.3. [5] Let p(·) ∈ B . Then there exist 0 < δ1, δ2 < 1 depending only
on p(·) and n such that for all B, S ⊂ R

n and S ⊂ B,

‖χS‖Lp(·)

‖χB‖Lp(·)
� C

( |S|
|B|
)δ1

and
‖χS‖Lp

′ (·)

‖χB‖
Lp

′ (·)
� C

( |S|
|B|
)δ2

.

Here and hereafter, we always assume that Ω is homogeneous of degree zero and
satisfies (1.1). To obtain the main results, we need follows condition:

∫ 1

0

ωq(δ )
δ

(1+ | logδ |)σ dδ < ∞, σ > 2. (2.3)

where ωq(δ ) is the integral modulus of continuity of order q of Ω defined by setting,
for any δ ∈ (0, 1] ,

ωq(δ ) := sup
‖γ‖<δ

(∫
Sn−1

|Ω(γx′)−Ω(x′)|q dσ(x′)
)1/q

and γ denotes a rotation on Sn−1 with ‖γ‖ := supy′∈Sn−1 |γy′ − y′| .
The main results of this paper are as follows.

THEOREM 2.4. Let α(·) ∈ L∞ ∩P log
0 ∩P log

∞ , p(·) ∈ P log
0 ∩P log

∞ , q ∈ (0, ∞) ,
0 < γ < n, and ρ > n/2 . Suppose that Ω ∈ L2(Sn−1) satisfies (2.3). If γ −nδ1 < α− �
α+ < nδ2 , where δ1, δ2 are the constant in Lemma 2.3, then there exists a positive
constant C independent of f such that∥∥∥μρ

Ω,S( f )
∥∥∥

MK̇
α(·), γ
q, p(·)

� C‖ f‖
MK̇

α(·), γ
q, p(·)

.

THEOREM 2.5. Let α(·) ∈ L∞ ∩P log
0 ∩P log

∞ , p(·) ∈ P log
0 ∩P log

∞ , q ∈ (0, ∞) ,
0 < γ < n, λ > 2 and ρ > n/2 . Suppose that Ω∈ L2(Sn−1) satisfies (2.3). If γ −nδ1 <
α− � α+ < nδ2 , where δ1, δ2 are the constant in Lemma 2.3, then there exists a positive
constant C independent of f such that∥∥∥μρ ,∗

Ω,λ ( f )
∥∥∥

MK̇α(·), γ
q, p(·)

� C‖ f‖
MK̇α(·), γ

q, p(·)
.
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THEOREM 2.6. Let α(·) ∈ L∞ ∩P log
0 ∩P log

∞ , p(·) ∈ P log
0 ∩P log

∞ , q ∈ (0, ∞) ,
ρ > n/2 , and m ∈ N . Suppose that b ∈ BMO and Ω ∈ L2(Sn−1) satisfies (2.3). If
γ − nδ1 < α− � α+ < nδ2 , where δ1, δ2 are the constant in Lemma 2.3, then there
exists a positive constant C independent of f such that∥∥∥[bm, μρ

Ω,S]( f )
∥∥∥

MK̇
α(·), γ
q, p(·)

� C‖b‖m
BMO‖ f‖

MK̇α(·), γ
q, p(·)

.

THEOREM 2.7. Let α(·) ∈ L∞ ∩P log
0 ∩P log

∞ , p(·) ∈ P log
0 ∩P log

∞ , q ∈ (0, ∞) ,
ρ > n/2 , 0 < γ < n, λ > 2 and m ∈ N . Suppose that b ∈ BMO and Ω ∈ L2(Sn−1)
satisfies (2.3). If γ − nδ1 < α− � α+ < nδ2 , where δ1, δ2 are the constant in Lemma
2.3, then there exists a positive constant C independent of f such that∥∥∥[bm, μρ ,∗

Ω,λ ]( f )
∥∥∥

MK̇α(·), γ
q, p(·)

� C‖b‖m
BMO‖‖ f‖

MK̇
α(·), γ
q, p(·)

.

REMARK 2.8. (i) It’s easy to see that, for any x ∈ R
n , m ∈ N ,

μρ
Ω,S( f )(x) � μρ ,∗

Ω,λ ( f )(x) and [bm, μρ
Ω,S]( f )(x) � [bm, μρ ,∗

Ω,λ ]( f )(x).

Therefore, we only need to prove Theorems 2.5 and 2.7.

(ii) All these results for non-homogeneous Herz-Morrey spaces with variable expo-
nents can also be proved. The arguments are similar, so the details are omitted
here.

3. Proofs of Theorems 2.5 and 2.7

To prove the main results, we need the following technical lemmas.

LEMMA 3.1. [8] Let p(·) ∈P . If f ∈ Lp(·) and g∈ Lp
′
(·) , then f g is integrable

on R
n and ∫

Rn
| f (x)g(x)|dx � Cp‖ f‖Lp(·)‖g‖

Lp
′ (·) ,

where Cp = 1+1/p−+1/p+ .

LEMMA 3.2. [5] Let p(·) ∈ B . Then there exists a positive constant C > 0 such
that for all B ⊂ R

n ,
1
|B|‖χB‖Lp(·)‖χB‖

Lp
′ (·) � C.

LEMMA 3.3. [16] Let p(·) ∈ B , ρ > n/2 , λ > 2 and Ω ∈ L2(Sn−1) satisfying
(2.3). Then there exists a positive constant C independent of f such that∥∥∥μρ

Ω,S( f )
∥∥∥

Lp(·) � C‖ f‖Lp(·) and
∥∥∥μρ ,∗

Ω,λ ( f )
∥∥∥

Lp(·) � C‖ f‖Lp(·) .
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LEMMA 3.4. [6] Let p(·) ∈ B , m be a positive integer and B be a ball in R
n .

Then we have that for any b ∈ BMO and any i, j ∈ Z with i < j ,

1
C
‖b‖m

BMO � sup
B

1
‖χB‖Lp(·)

‖(b−bB)mχB‖Lp(·) � C‖b‖m
BMO,

‖(b−bBi)
mχBj‖Lp(·) � C( j− i)m‖b‖m

BMO‖χBj‖Lp(·) ,

where Bi = {x ∈ R
n : |x| � 2i, i ∈ N}.

LEMMA 3.5. [16] Let b ∈ BMO and m ∈ N . Suppose that p(·) ∈ B , ρ > n/2 ,
λ > 2 and Ω ∈ L2(Sn−1) satisfying (2.3). Then there exists a positive constant C
independent of f such that∥∥∥[bm, μρ

Ω,S]( f )
∥∥∥

Lp(·) � C‖ f‖Lp(·) and
∥∥∥[bm, μρ ,∗

Ω,λ ]( f )
∥∥∥

Lp(·) � C‖ f‖Lp(·) .

LEMMA 3.6. [1] Let α ∈ L∞ and r1 > 0 . If α(x) is log-Hölder continuous both
at origin and at infinity, then

rα(x)
1 � rα(y)

2 ×

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(
r1
r2

)α+
, 0 < r2 � r1

2 ,

1, r1
2 < r2 � 2r1,

(
r1
r2

)α−
, r2 > 2r1,

for any x ∈ B(0, r1) \B(0, r1/2) and y ∈ B(0, r2) \B(0, r2/2) , with the implicit con-
stant not depending on x, y, r1 and r2 .

LEMMA 3.7. [10] Let q ∈ (0, ∞) , p(·) ∈ P , γ ∈ [0, ∞) and α(·) ∈ L∞ . If α(·)
is log-Hölder continuous both at origin and at infinity, then

‖ f‖q

MK̇α(·), γ
q, p(·)

= Cmax

{
sup

L<0,L∈Z

2−Lγq
L

∑
k=−∞

2kqα(0)‖ f χk‖q
Lp(·) ,

sup
L�0,L∈Z

[
2−Lγq

−1

∑
k=−∞

2kqα(0)‖ f χk‖q
Lp(·) +2−Lγq

L

∑
k=0

2kqα∞ ‖ f χk‖q
Lp(·)

]}
.

Now we prove Theorems 2.5 and 2.7.

Proof of Theorem 2.5. Let f ∈ MK̇α(·),γ
q, p(·) . We write

f = ∑
j∈Z

f (x)χ j(x) =:
k−2

∑
j=−∞

f j(x)+
k+1

∑
j=k−1

f j(x)+
∞

∑
j=k+2

f j(x).
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By Definition 2.2, we obtain

∥∥∥μρ ,∗
Ω,λ ( f )

∥∥∥q

MK̇
α(·), γ
q, p(·)

= sup
L∈Z

2−Lγq
L

∑
k=−∞

∥∥∥2kα(·)μρ ,∗
Ω,λ ( f )χk

∥∥∥q

Lp(·)

� C sup
L∈Z

2−Lγq
L

∑
k=−∞

∥∥∥∥∥2kα(·)
k−2

∑
j=−∞

μρ ,∗
Ω,λ ( f j)χk

∥∥∥∥∥
q

Lp(·)

+C sup
L∈Z

2−Lγq
L

∑
k=−∞

∥∥∥∥∥2kα(·)
k+1

∑
j=k−1

μρ ,∗
Ω,λ ( f j)χk

∥∥∥∥∥
q

Lp(·)

+C sup
L∈Z

2−Lγq
L

∑
k=−∞

∥∥∥∥∥2kα(·)
∞

∑
j=k+2

μρ ,∗
Ω,λ ( f j)χk

∥∥∥∥∥
q

Lp(·)

=: C(I1 + I2 + I3).

For I1 , we need to estimate 2α(x)μρ ,∗
Ω,λ ( f j)(x) with j � k− 2 and x ∈ Rk . By

Minkowski’s inequality, we get

2kα(x)μρ ,∗
Ω,λ ( f j)(x)

=2kα(x)

[∫ ∞

0

∫
R

n+1
+

(
t

t + |x− y|
)λn ∣∣∣∣

∫
|y−z|�t

Ω(y− z)
|y− z|n−ρ f j(z)dz

∣∣∣∣
2 dydt

tn+2ρ+1

]1/2

�2kα(x)
∫

Rj

| f j(z)|
[∫ |x|

0

(
t

t + |x− y|
)λn ∫

|y−z|�t

|Ω(y− z)|2
|y− z|2(n−ρ)

dydt
tn+2ρ+1

]1/2

dz

+2kα(x)
∫

Rj

| f j(z)|
(∫ ∞

|x|
· · ·
)1/2

dz.

If x ∈ Rk , z ∈ Rj and j +2 � k , we have

t + |x− y|� |y− z|+ |x− y|� |x|− |z| � 1
2
|x|.

By Lemmas 3.1, 3.6, the fact that ρ > n
2 and Ω ∈ L2(Sn−1) , we conclude that

2kα(x)
∫

Rj

| f j(z)|
[∫ |x|

0

(
t

t + |x− y|
)λn∫

|y−z|�t

|Ω(y− z)|2
|y− z|2(n−ρ)

dydt
tn+2ρ+1

]1/2

dz (3.1)

�2kα(x)
∫

Rj

| f j(z)|
(∫ |x|

0

1

|x|λn

∫
|y−z|�t

|Ω(y− z)|2
|y− z|2(n−ρ)

dydt

tn+2ρ+1−λn

)1/2

dz

∼2kα(x)
∫

Rj

| f j(z)|
(∫ |x|

0

1

|x|λn

∫
Sn−1

∫ t

0

un−1

u2(n−ρ) |Ω(u
′
)|2 dudσ(u

′
)

dt

tn+2ρ+1−λn

)1/2

dz

�2kα(x)‖Ω‖L2(Sn−1)

∫
Rj

| f j(z)|
(∫ |x|

0

1

|x|λn

∫ t

0

1
un−2ρ+1 du

dt

tn+2ρ+1−λn

)1/2

dz
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∼2kα(x)
∫

Rj

| f j(z)|
(∫ |x|

0

1

|x|λn

dt

t2n+1−λn

)1/2

dz

�2(k− j)α+
1
|x|n

∫
Rj

2 jα(z)| f j(z)|dz

� 1
|x|n 2(k− j)α+

∥∥∥2 jα(·) f j

∥∥∥
Lp(·) ‖χBj‖Lp

′ (·) .

By the fact that ρ > n
2 , Lemma 3.6 and a similar proof of the above inequality, we get

2kα(x)
∫

Rj

| f j(z)|
[∫ ∞

|x|

(
t

t + |x− y|
)λn∫

|y−z|�t

|Ω(y− z)|2
|y− z|2(n−ρ)

dydt
tn+2ρ+1

]1/2

dz (3.2)

�2kα(x)
∫

Rj

| f j(z)|
(∫ ∞

|x|

∫
|y−z|�t

|Ω(y− z)|2
|y− z|2(n−ρ)

dydt
tn+2ρ+1

)1/2

dz

�2kα(x)
∫

Rj

| f j(z)|
(∫ ∞

|x|
dt

t2n+1

)1/2

dz

� 1
|x|n 2(k− j)α+

∥∥∥2 jα(·) f j

∥∥∥
Lp(·) ‖χBj‖Lp

′ (·) .

By (3.1), (3.2), Lemmas 3.2 and 2.3, we get

∥∥∥2kα(·)μρ ,∗
Ω,λ ( f j)χk

∥∥∥
Lp(·) � 1

2kn 2(k− j)α+
∥∥∥2 jα(·) f j

∥∥∥
Lp(·) ‖χBj‖Lp

′ (·)‖χBk‖Lp(·)

� 1
2kn 2(k− j)α+

∥∥∥2 jα(·) f j

∥∥∥
Lp(·) ‖χBj‖Lp

′ (·)
|Bk|

‖χBk‖Lp
′ (·)

� 2( j−k)(nδ2−α+)
∥∥∥2 jα(·) f j

∥∥∥
Lp(·) .

To estimate I1 , below we consider two cases: 0 < q � 1 and 1 < q < ∞ .

Case 1. If 0 < q � 1, by the fact that nδ2−α+ > 0, we see that

I1 � sup
L∈Z

2−Lγq
L

∑
k=−∞

k−2

∑
j=−∞

∥∥∥2kα(·)μρ ,∗
Ω,λ ( f j)χk

∥∥∥q

Lp(·)

� sup
L∈Z

2−Lγq
L

∑
k=−∞

k−2

∑
j=−∞

2q( j−k)(nδ2−α+)
∥∥∥2 jα(·) f j

∥∥∥q

Lp(·)

� sup
L∈Z

2−Lγq
L−2

∑
j=−∞

∥∥∥2 jα(·) f j

∥∥∥q

Lp(·)

L

∑
k= j+2

2q( j−k)(nδ2−α+)

� ‖ f‖q

MK̇α(·), γ
q, p(·)

.
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Case 2. If 1 < q < ∞ , by Hölder’s inequality and the fact that nδ2 −α+ > 0, we
obtain

I1 � sup
L∈Z

2−Lγq
L

∑
k=−∞

(
k−2

∑
j=−∞

∥∥∥2kα(·)μρ ,∗
Ω,λ ( f j)χk

∥∥∥
Lp(·)

)q

� sup
L∈Z

2−Lγq
L

∑
k=−∞

(
k−2

∑
j=−∞

2q( j−k)(nδ2−α+)/2
∥∥∥2 jα(·) f j

∥∥∥q

Lp(·)

)(
k−2

∑
j=−∞

2( j−k)q
′
(nδ2−α+)/2

)q/q
′

� sup
L∈Z

2−Lγq
L−2

∑
j=−∞

∥∥∥2 jα(·) f j

∥∥∥q

Lp(·)

L

∑
k= j+2

2q( j−k)(nδ2−α+)/2

� sup
L∈Z

2−Lγq
L−2

∑
j=−∞

∥∥∥2 jα(·) f j

∥∥∥q

Lp(·) � ‖ f‖q

MK̇
α(·), γ
q, p(·)

.

For I2 , by Lemmas 3.7 and 3.3, we have

I2 ∼ max

{
sup

L<0,L∈Z

2−Lγq
L

∑
k=−∞

∥∥∥∥∥2kα(0)
k+1

∑
j=k−1

μρ ,∗
Ω,λ ( f j)χk

∥∥∥∥∥
q

Lp(·)
,

sup
L�0,L∈Z

[
2−Lγq

−1

∑
k=−∞

∥∥∥∥∥2kα(0)
k+1

∑
j=k−1

μρ ,∗
Ω,λ ( f j)χk

∥∥∥∥∥
q

Lp(·)

+2−Lγq
L

∑
k=0

∥∥∥∥∥2kα∞
k+1

∑
j=k−1

μρ ,∗
Ω,λ ( f j)χk

∥∥∥∥∥
q

Lp(·)

]}

� max

{
sup

L<0,L∈Z

2−Lγq
L

∑
k=−∞

∥∥∥2kα(0)| f j|χk

∥∥∥q

Lp(·) ,

sup
L�0,L∈Z

[
2−Lγq

−1

∑
k=−∞

∥∥∥2kα(0)| f j|χk

∥∥∥q

Lp(·) +2−Lγq
L

∑
k=0

∥∥∥2kα∞ | f j|χk

∥∥∥q

Lp(·)

]}

� ‖ f‖q

MK̇
α(·), γ
q, p(·)

.

For I3 , by Lemma 3.7, we get

I3 = Cmax

{
sup

L<0,L∈Z

2−Lγq
L

∑
k=−∞

∥∥∥∥∥2kα(0)
∞

∑
j=k+2

μρ ,∗
Ω,λ ( f j)χk

∥∥∥∥∥
q

Lp(·)
,

sup
L�0,L∈Z

[
2−Lγq

−1

∑
k=−∞

∥∥∥∥∥2kα(0)
∞

∑
j=k+2

μρ ,∗
Ω,λ ( f j)χk

∥∥∥∥∥
q

Lp(·)

+2−Lγq
L

∑
k=0

∥∥∥∥∥2kα∞
∞

∑
j=k+2

μρ ,∗
Ω,λ ( f j)χk

∥∥∥∥∥
q

Lp(·)

]}

=: Cmax(I31, I32).
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If x ∈ Rk , z ∈ Rj and j � k+2, we have

t + |x− y|� |y− z|+ |x− y|� |x− z| � |z|− |x|� 1
2
|z|.

By Minkowski’s inequality, Lemmas 2.3, 3.1 and a similar proof of I1 , we conclude
that, for any x ∈ Rk ,

μρ ,∗
Ω,λ ( f j)(x) =

[∫ ∞

0

∫
R

n+1
+

(
t

t + |x− y|
)λn ∣∣∣∣

∫
|y−z|�t

Ω(y− z)
|y− z|n−ρ f (z)dz

∣∣∣∣
2 dydt

tn+2ρ+1

]1/2

�
∫

Rj

| f j(z)|
[∫ 2 j

0

(
t

t + |x− y|
)λn∫

|y−z|�t

|Ω(y− z)|2
|y− z|2(n−ρ)

dydt
tn+2ρ+1

]1/2

dz

+
∫
Rj

| f j(z)|
(∫ ∞

2 j
· · ·
)1/2

dz

� 1
2 jn

∫
Rj

| f j(z)|dz � 1
2 jn ‖ f j‖Lp(·)‖χBj‖Lp

′ (·) .

From this, Lemmas 3.2 and 2.3, we deduce that∥∥∥∥∥
∞

∑
j=k+2

μρ ,∗
Ω,λ ( f j)χk

∥∥∥∥∥
Lp(·)

�
∞

∑
j=k+2

∥∥∥μρ ,∗
Ω,λ ( f j)χk

∥∥∥
Lp(·)

�
∞

∑
j=k+2

1
2 jn ‖ f j‖Lp(·)‖χBj‖Lp

′ (·)‖χBk‖Lp(·)

�
∞

∑
j=k+2

1
2 jn ‖ f j‖Lp(·)‖χBk‖Lp(·)

|Bj|
‖χBj‖Lp(·)

�
∞

∑
j=k+2

2(k− j)nδ1‖ f j‖Lp(·) .

To estimate I3 , below we consider two cases: 0 < q � 1 and 1 < q < ∞ .
Case 3. If 0 < q � 1, combining the above inequality, we have

I31 � C sup
L<0,L∈Z

2−Lγq
L

∑
k=−∞

2kqα(0)
∞

∑
j=k+2

2(k− j)qnδ1‖ f j‖q
Lp(·)

= C sup
L<0,L∈Z

2−Lγq
L

∑
k=−∞

2kqα(0)
L−1

∑
j=k+2

2(k− j)qnδ1‖ f j‖q
Lp(·)

+C sup
L<0,L∈Z

2−Lγq
L

∑
k=−∞

2kqα(0)
∞

∑
j=L

2(k− j)qnδ1‖ f j‖q
Lp(·)

=: C(I
′
31 + I

′′
31).



272 W. WANG AND Q. GUO

For I
′
31 , by the fact that nδ1 + α(0) � nδ1 + α− > 0, we get

I
′
31 � sup

L<0,L∈Z

2−Lγq
L−1

∑
j=−∞

2 jqα(0)‖ f j‖q
Lp(·)

j−2

∑
k=−∞

2(k− j)q(nδ1+α(0))

� sup
L<0,L∈Z

2−Lγq
L−1

∑
j=−∞

2 jqα(0)‖ f j‖q
Lp(·) � ‖ f‖q

MK̇α(·), γ
q, p(·)

.

Next, to deal with I
′′
31 , noticing that γ −nδ1−α(0) < γ −nδ1−α− < 0, hence we have

I
′′
31 � sup

L<0,L∈Z

2−Lγq
L

∑
k=−∞

2kqα(0)
∞

∑
j=L

2q(k− j)nδ12− jα(0)q2 jγq2− jγq
j

∑
s=−∞

2sα(0)q‖ fs‖q
Lp(·)

� sup
L<0,L∈Z

2−Lγq
L

∑
k=−∞

2kq(α(0)+nδ1)
∞

∑
j=L

2 jq(γ−nδ1−α(0))‖ f‖q

MK̇α(·), γ
q, p(·)

� ‖ f‖q

MK̇
α(·), γ
q, p(·)

.

Case 4. If q > 1, we have

I31 � C sup
L<0,L∈Z

2−Lγq
L

∑
k−∞

2kqα(0)

(
∞

∑
j=k+2

2(k− j)nδ1‖ f j‖Lp(·)

)q

= C sup
L<0,L∈Z

2−Lγq
L

∑
k=−∞

2kqα(0)

(
L

∑
j=k+2

2(k− j)qnδ1‖ f j‖Lp(·)

)q

+C sup
L<0,L∈Z

2−Lγq
L

∑
k=−∞

2kqα(0)

(
∞

∑
j=L+1

2(k− j)qnδ1‖ f j‖Lp(·)

)q

=: C(I1
31 + I2

31).

For I1
31 , by the fact that nδ1 + α(0) > 0 and Hölder’s inequality, we obtain

I1
31 � sup

L<0,L∈Z

2−Lγq
L

∑
k−∞

L

∑
j=k+2

2 jqα(0)‖ f j‖q
Lp(·)2

(k− j)q(nδ1+α(0))/2

×
(

L

∑
j=k+2

2(k− j)q
′
(nδ1+α(0))/2

)q/q
′

� sup
L<0,L∈Z

2−Lγq
L

∑
j=−∞

2 jqα(0)‖ f j‖q
Lp(·)

j−2

∑
k=−∞

2(k− j)q(nδ1+α(0))/2

� ‖ f‖q

MK̇
α(·), γ
q, p(·)

.

For I2
31 , by Hölder’s inequality and a similar proof of I

′′
31 , we obtain

I2
31 � ‖ f‖q

MK̇
α(·), γ
q, p(·)

.
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Combining the estimates of I
′
31 , I

′′
31 , I1

31 and I2
31 , we have

I31 � ‖ f‖q

MK̇α(·), γ
q, p(·)

.

By a similar estimate of I31 , it’s easy to obtain

I32 � ‖ f‖q

MK̇
α(·), γ
q, p(·)

.

Thus, we have ∥∥∥μρ ,∗
Ω,λ ( f )

∥∥∥
MK̇

α(·), γ
q, p(·)

� I1 + I2 + I3 � ‖ f‖
MK̇α(·), γ

q, p(·)
.

This finishes the proof of Theorem 2.5. �

Proof of Theorem 2.7. Let f ∈ MK̇α(·),γ
q, p(·) , b ∈ BMO . We write

f = ∑
j∈Z

f (x)χ j(x) =:
k−2

∑
j=−∞

f j(x)+
k+1

∑
j=k−1

f j(x)+
∞

∑
j=k+2

f j(x).

By Definition 2.2, we obtain∥∥∥[bm, μρ ,∗
Ω,λ ]( f )

∥∥∥q

MK̇
α(·), γ
q, p(·)

= sup
L∈Z

2−Lγq
L

∑
k=−∞

∥∥∥2kα(·)[bm, μρ ,∗
Ω,λ ]( f )χk

∥∥∥q

Lp(·)

�C sup
L∈Z

2−Lγq
L

∑
k=−∞

∥∥∥∥∥2kα(·)
k−2

∑
j=−∞

[bm, μρ ,∗
Ω,λ ]( f j)χk

∥∥∥∥∥
q

Lp(·)

+C sup
L∈Z

2−Lγq
L

∑
k=−∞

∥∥∥∥∥2kα(·)
k+1

∑
j=k−1

[bm, μρ ,∗
Ω,λ ]( f j)χk

∥∥∥∥∥
q

Lp(·)

+C sup
L∈Z

2−Lγq
L

∑
k=−∞

∥∥∥∥∥2kα(·)
∞

∑
j=k+2

[bm, μρ ,∗
Ω,λ ]( f j)χk

∥∥∥∥∥
q

Lp(·)

= : C(J1 + J2 + J3).

Now, we begin with estimating J1 , if z ∈ Rj and j+2 � k , by Lemma 3.1 and the
estimate of μρ ,∗

Ω,λ ( f j)(x) in the proof of Theorem 2.5, then for any x ∈ Rk , we have∣∣∣2kα(x)[bm, μρ ,∗
Ω,λ ]( f j)(x)

∣∣∣= ∣∣∣2kα(x)μρ ,∗
Ω,λ [(b(x)−b(z))m f j](x)

∣∣∣ (3.3)

�|x|−n2kα(x)‖(b(x)−b(·))m f j‖L1

�|x|−n2kα(x)|b(x)−bBj |m‖ f j‖L1 + |x|−n‖(bBj −b(·))m f j‖L1

�2−kn2(k− j)α+
∥∥∥2 jα(·) f j

∥∥∥
Lp(·)

(
|b(x)−bBj |m‖χBj‖Lp

′ (·) +‖(bBj −b)mχBj‖Lp
′ (·)

)
.

From this, the fact that γ −nδ1 < α− � α+ < nδ2 , Lemmas 3.2, 2.3 and 3.6, we con-
clude that
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∥∥∥2α(·)[bm, μρ ,∗
Ω,λ ]( f j)χk

∥∥∥
Lp(·)

�2−kn2(k− j)α+
∥∥∥2 jα(·) f j

∥∥∥
Lp(·)

×
[∥∥(b(·)−bBj)

mχk

∥∥
Lp(·) ‖χBj‖Lp

′ (·) +
∥∥(bBj −b(·))mχBj

∥∥
Lp

′ (·) ‖χk‖Lp(·)
]

�2−kn2(k− j)α+
∥∥∥2 jα(·) f j

∥∥∥
Lp(·)

×
[∥∥(b(·)−bBj)

mχk
∥∥

Lp(·) ‖χBj‖Lp
′ (·) +‖b‖m

BMO‖χBj‖Lp
′ (·)‖χk‖Lp(·)

]
�2−kn2(k− j)α+

∥∥∥2 jα(·) f j

∥∥∥
Lp(·) ‖b‖m

BMO

×
[
(k− j)m‖χBj‖Lp

′ (·)‖χk‖Lp(·) +‖χBj‖Lp
′ (·)‖χk‖Lp(·)

]
∼2−kn2(k− j)α+

∥∥∥2 jα(·) f j

∥∥∥
Lp(·) ‖b‖m

BMO(k− j)m‖χBj‖Lp
′ (·)‖χk‖Lp(·)

�2( j−k)(nδ2−α+)
∥∥∥2 jα(·) f j

∥∥∥
Lp(·) ‖b‖m

BMO(k− j)m.

Thus, combining the above estimate and a similar proof of I1 , we have

J1 �‖b‖m
BMO‖ f‖

MK̇
α(·), γ
q, p(·)

.

For J2 , by Lemma 3.2 and a similar proof of I2 , we see that

J2 � ‖ f‖
MK̇α(·), γ

q, p(·)
.

Finally, we deal with J3 , if x ∈ Rk , z ∈ Rj and j � k + 2, by a similar proof of
(3.3), we get∣∣∣[bm, μρ ,∗

Ω,λ ]( f j)(x)
∣∣∣� 2− jn‖ f j‖Lp(·)

(
|b(x)−bBk|m‖χBj‖Lp

′ (·) +‖(bBk −b)mχBj‖Lp
′ (·)

)
.

From this, Lemmas 3.4, 3.2, 2.3 and a similar estimate of I3 , we further conclude that∥∥∥[bm, μρ ,∗
Ω,λ ]( f j)χk

∥∥∥
Lp(·) � 2(k− j)nδ1‖ f j‖Lp(·)‖b‖m

BMO( j− k)m.

Combining the above inequality and a similar estimate of I3 in the proof of Theorem
2.5, we further conclude that

J3 � ‖b‖m
BMO‖ f‖

MK̇α(·), γ
q, p(·)

.

From the estimates of J1, J2 and J3 , we deduce that∥∥∥[bm, μρ ,∗
Ω,λ ]( f )

∥∥∥
MK̇

α(·), γ
q, p(·)

� J1 + J2 + J3 � ‖ f‖
MK̇α(·), γ

q, p(·)
.

This finishes the proof of Theorem 2.7. �

Acknowledgements. The authors would like to express their deep thanks to the
referees for their very careful reading and useful comments which do improve the pre-
sentation of this article.



PARAMETRIC LITTLEWOOD-PALEY OPERATORS 275

RE F ER EN C ES

[1] A. ALMEDIDA AND D. DRIHEM, Maximal, potential and singular type operators on Herz spaces
with variable exponents, J. Math. Anal. Appl. 394 (2012), 781–795.

[2] E. ACERBI AND G. MINGIONE, Regularity results for stationary electro-rheological fluids, Arch.
Ration. Mech. Anal. 164 (2002), 213–259.

[3] D. CRUZ-URIBE AND A. FIORENZA, Variable Lebesgue spaces, Foundations and harmonic analysis,
Applied and Numerical Harmonic Analysis. Birkhäuser/Springer, Heidelberg, 2013. x+312 pp.
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