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ON THE COMPLETE MOMENT CONVERGENCE
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RANDOM VARIABLES
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Abstract. The authors investigate the complete moment convergence for weighted sums of iden-
tically distributed p* -mixing random variables. The obtained results improve the corresponding
ones in Li et al. [Li, W., Chen, P. Y., Sung, S. H., 2017. Remark on convergence rate for
weighted sums of p*-mixing random variables. Rev. R. Acad. Cienc. Exactas Fs. Nat., Ser.
A Mat. (RACSAM), 111: 507-513] and Wu and Peng [Wu, Y. F, Peng, J. Y., 2014. Strong
convergence for weighted sums of p*-mixing random variables. Glas. Mat., 49, 221-234]. The
authors establish some much stronger conclusions under the same conditions of Li et al. (2017)
and Wu and Peng (2014).

1. Introduction

Let {X,,n > 1} be a sequence of random variables defined on a probability space
(Q, .Z, P) and the o -algebras are denoted as

Fl=0Xp,n<k<m), n<m< oo,

Moore (1963) introduced the following concept of p*-mixing random variables.

DEFINITION 1.1. A sequence of random variables {X,,n > 1} is called p*-
mixing if for some integer k£ > 1 the mixing coefficient

p* (k) = supsup{Corr(X,Y) : X € L*(Fs),Y € L*(Fr)} < 1,

where Fs = 6{X;,i € S}, L*(F) is the class of all . -measurable random variables
with the finite second moment, and the outside sup is taken over all pairs of nonempty
finite sets S, T of integers, such that min{|s —z|,s € S, € T} > k.

As far as we know, Bradley (1990) was the first who studied the limit theorems
for p*-mixing random variables. From then on, many authors investigated the limit
theory for sequences p*-mixing random variables, such as Bryc and Smoleriski (1993),
Peligrad and Gut (1999), Utev and Peligrad (2003), Cai (2006, 2008), Kuczmaszewska
(2007), An and Yuan (2008), Wu and Jiang (2008), Zhou et al. (2011), Sung (2013),
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Wu et al. (2012), Wang et al. (2012), Guo and Zhu (2013), Wu et al. (2014), Wu and
Peng (2014) and Li et al. (2017).
A sequence of random variables {U,,n > 1} converges completely to the constant
aif .
Y P(lUy—a| >€) <o for all €>0.
n=1
This concept of complete convergence was given firstly by Hsu and Robbins (1947).
By the Borel-Cantelli lemma, we know that the above result implies that U, — a
almost surely. Therefore, many authors applied the complete convergence to establish
almost sure convergence of summation of random variables.
Let {Z,,n > 1} be a sequence of random variables and a, >0, b, >0, ¢ > 0. If

Y ayE{b,'|Z,| — €}© < oo for some orall € >0,
n=1
then the above result was called the complete moment convergence by Chow (1988).
It will be shown that the complete moment convergence is the more general version of
the complete convergence (see Remark 2.1 and 2.2).
A sequence of random variables {X,,n > 1} is said to be stochastically dominated
by a random variable X (write {X, } < X) if there exists a constant C > 0 such that

supP(|X,| > x) < CP(|X| > x), Vx> 0.
n>1
Obviously stochastic dominance of {X,,n > 1} by the random variable X implies
E|X,|? < CE|X|?P if the p-moment of |X| exists, i. e., if E|X|? < oo.
We first state the following complete convergence result for weighted sums of
identically distributed p*-mixing random variables.

THEOREM A. Let {X,,n > 1} be a sequence of identically distributed p* -mixing
random variables with EX; =0, and let {a,;,1 <i<n,n > 1} be an array of constants

satisfying

n

D lani|* = O(n) (1.1)
i=1
for some 1 < o < 2. If for some y >0,
E‘Xl‘a<°°a f()r o>,
EX)|*log|X| < e, for a=7, (1.2)
EX [V < oo, Jor a <y,

then

Zam i

1<j<n| =

Zn 1P(max

> bn8> <o for all €>0, (1.3)

where b, = nl/o‘(logn)l/y.

Zhou et al. (2011) proved the above theorem for the case o > y. Sung (2013)
pointed out that Zhou et al. (2011) left an open problem whether the case oo = y of
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Theorem A remains true. Sung (2013) solved the open problem but he also presented
an new open problem, that is, whether the case o < y of Theorem A remains true?
Wu et al. (2014) applied some new methods to solve the open problem posed by Sung
(2013).

Li et al. (2017) extended the result of Chen and Sung (2014) from negatively as-
sociated random variables to p*-mixing random variables, and obtained the following
theorem.

THEOREM B. Let {X;,n > 1} be a sequence of identically distributed p*-mixing
random variables with EX; =0, and let {ay;,1 <i<n,n> 1} be an array of constants
satisfying (1.1) for some 1 < a0 < 2. Set b, = nl/o‘(logn)l/y, where 0 <y < a. If
E|X|%/(log|X;|)*/7~! < oo, then (1.3) holds.

Wu and Peng (2014) presented the following complete convergence theorem, which
extended and improve the corresponding one in Bai and Cheng (2000).

THEOREM C. Suppose 1/p = 1/a+ /B for l <o, <ooand 1 <p<2.
Let {X,,n > 1} be a sequence of p -mixing random variables with EX,, = 0 and
{Xu} < X, and let {ani,1 <i<n,n>1} be an array of constants satisfying (1.1).
Then the following statements hold:
(i) If oo < B, then E|X|P < oo implies

Z P( max
1</<n

Zam l’ >n1/p£) <o for all € >0. (1.4)

(ii) If o = B, then E|X|Plog® |X| < oo implies (1.4).
(iii) If a > B, then E|X|* < oo implies (1.4).

In this paper, the authors study the complete moment convergence for weighted
sums of p*-mixing random variables. The obtained results improve Theorem B and
Theorem C in two directions, namely:

(i) Under the same conditions of Theorem B, we get (2.2) which is much stronger than
(1.3).

(ii) Under the same conditions of Theorem C for o > 3, we get (2.3) and (2.4) which
are also much stronger than (1.4).

Throughout this paper, the symbol C always stands for a generic positive constant
which may differ from one place to another. logx = max{1, Inx}. The symbol 1(A)
denotes the indicator function of the event A.

2. Preliminaries and main results

To prove our main results, we need the following lemmas.

LEMMA 2.1. (Utev and Peligrad, 2003) Suppose N is a positive integer, 0 <
r <1, and q > 2. Then there exists a positive constant C = C(N,r,q) such that the
following statement holds:
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If {Xy,k > 1} is a sequence of random variables such that py < r, and such that
EXy =0 and E|X;|? < oo forevery k > 1, then forall n > 1,

Zxk‘} < c{kilEXku (lilEX,z)q/z}.

k=

E{ max
1<j<n

By means of Lemma 2.1, Chen and Sung (2016) presented the following Marcin-
kiewicz-Zygmund inequality with exponent p (1 < p < 2) for p*-mixing random vari-
ables.

LEMMA 2.2. Suppose N is a positive integer, 0 <r <1, and 1 < p <2. Then
there exists a positive constant C = C(N,r, p) such that the following statement holds:
If {Xy,k > 1} is a sequence of random variables such that py < r, and such that

Xy =0 and E|X;|P < oo for every k > 1, then forall n > 1,

P n
E X| <CS EX|’.
{1‘3%2 k} < kg,l | X

LEMMA 2.3. Let {X,,n > 1} be a sequence of random variables with {X,} < X.
Then there exists a constant C such that, for all ¢ > 0 and x > 0,
(i) EX9I(1%] < x) < CLE|X|91(X| < %) +20P(X] > x)},
(ii) E|Xe|U(|Xe| > x) < CE|X|I(|X| > x).

This lemma can be easily proved by using integration by parts. Therefore, we

omit the details. Now we state our main results and the proofs will be presented in next
section.

THEOREM 2.1. Let {X,,n > 1} be a sequence of identically distributed p*-
mixing random variables with EX; = 0, and let {an,1 <i<n,n> 1} be an array
of constants satisfying (1.1) for some 1 < o« < 2. Set b, = nl/a(logn)l/y, where
O<y<oa. If

E|X,|*/(log X, [)*/77! < oo, (2.1)
then for 0 < 0 < «,
0
—1 1
n "E<b, max aniXi| — € <o for all € >0. 2.2
3 { an | }+ r (2)

REMARK 2.1. Noting that the conditions of Theorem 2.1 are the same as those of
Theorem B and

)
- 1 1 B
> Zn E{b lrgjaé(n Zam ,’ 8}
n=1 +
-5 1 _ 1/6
g / (b 11252(" Zam ,’ E>t )dt
:/ Zn_lP<b max Zam ; >8+t1/9)dt
0 n—1 l<J<n

Hence Theorem 2.2 improves Theorem B.
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THEOREM 2.2. Suppose 1/p = l/OH—l/ﬁ Jorl<fB<oa<eand1<p<2.
Let {X,,n > 1} be a sequence of p -mixing random variables with EX,, = 0 and
{Xu} <X, and let {an,1 <i<n,n=>=1} be an array of constants satisfying (1.1).
Then E|X|* < oo implies

o
—nl/pe} <o for all € >0, (2.3)
+

Eam i

where 0 < 1 < o/ — 1. Moreover, we have

J
Y aniX;
i=1

2 nH=%PE{ max
1<j<n

oo

2 n*P|( max
1<j<n

n=1

> nl/ps) <oo for all € >0. (2.4)

REMARK 2.2. Similar to Remark 2.1, we know that

Zam l' —nl/pe}

o

oo > Zn“ O‘/pE{ max

l<j<n

n=1 +
= Zn“/ P(n VP max Zam A —e>l/o)ar
=1 0 l<j<n
oo 80!
> Zn“/ P( 1P max Zam ; >£+tl/°‘>dt
=1 0 l<j<n

> 2n1/p£>.

zam i

Therefore, Theorem 2.2 improves Theorem C for the case o > 3 under the same con-
ditions.

> Z n“P( max

1\]\71

3. Proofs of main results

Proof of Theorem 2.1. For any given € > 0, we have
-1
E b niAi| —
S s [Soux| e}
Nl 1 _ 1/6
= En /0 (b 1@?2(";’%' ,’ >t )dt
Zam-X,-’ > bn8)

max
<1<f<n-_
Zam f >bnt1/6>dt

+2n71/ max
1 l<J<n

0

N
DM
=\
2l
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From Theorem B, we get directly /; < e. To prove (2.2), we need only to show I, < oo.
Forall t > 1, let

Yoi = anXid (1X:| < h(n)t'/®), Zyi = aniX; — Vi = auiXil (|Xi| > h(n)e"/?),

where %(x) is an increasing function defined on [0, ) such that #(0) =0 and &(n) =
n'/®(logn)!/1=1/% Then

L < zn—lz/lmp(\x,-| > n(n)"/®)dr
n=1

i=1

< -1 [ 1/6
+>n /P max Yui| > byt )
ng‘l 1 <I<J<n Z
=L+

Observe that

and ,
> (h(n))~® < Cm'~ 0% (logm)~0/r-1/)
n=1
Hence
I < Y, n (h(n) =0 Y EIX(PI(1Xi] > h(n))
n=1 i=1
= > (h(m)"PEIxi|°1(1%,| > h(n))
n=1
=Y (h(n))~® Y E|Xi|°1(h(m) < |Xi| < h(m+ 1))
n=1 m=n
= Y EX,[°I(h(m) < |Xi| < h(m+1)) 2
m=1 n=1
<C Y m % (ogm) W VDE X, 1P 1(h(m) < |X1| < h(m+1)).
m=1
Obviously x*~? /(logx)®/?~! is an increasing function on [T, eo] for some large 7 > 0.

So if h(m) < |X1|, we can obtain

(h(m)*® x|
(logh(m))*/7=1 = (log|X,|)*/1-1’

that is
logh(m))*/"™" x| )
(h(m))*=0  (log|X;[)*/ =1 '
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Then

= 001 /y-1joo) (logh(m)) /7!
< 1-0/a o(1/y l/a)( g
L < sz::lm (logm) —(h(m))a—9
XE|X1|%/(log|X1[)*/"" 1(h(m) < |X1| < h(m+1))

CZ logm + (o/y— 1)loglogm]*/7~!
alogm

XE|X1|*/(log|Xi)*/"" " 1(h(m) < [X1| < h(m+1))

< €'Y EIX,|%/(log X )%/ " 1(h(m) < %] < hm-+ 1))

m=1

< CE[X,|°/(log|[X,[)*/7" < .

Next we prove that I < co. We first show

J
bl 1/e EY,i| —0 oo, 3.2
pupb T | 2 Y] =0 s 52
Without loss of generality, we assume that Y7 | |a,;|* < n. Then by the Holder in-

equality, one can easily obtain that Y | |a,;| < n. From EX; =0, Y | |an| <n,and
(3.1) for 6 =1, we have

ZEYm

=1

= supb ~1/6 max

supb, 1171 /8 max
>1 1</<n

>1 l<J<n

2 EZ,;

=1

< supb; 1t1/0 Z |ani|E|Xi| (1] > h(n)t'/9)

121 i=1
< nb, 'E|X 11X | > h(n))
| (logh(n ))“/7‘

<ty R 1 g ) (X1 > ()
_ logn+ (0t/y— 1)loglogn %/~ _
— (g /o EELA TOEOER T g 3, /Y13, > o)

— 0 as n— oo,

Hence while 7 is sufficiently large,

J
max 2 EY,i| <

Isjsn|im

bat'/? )2 (3.3)

holds uniformly for # > 1. Therefore, by (3.3), Lemma 2.2 and C, inequality, we have
< _1
PR E):

J
Z ni EYm
1

< CEn’lb;"‘z/l 1~ OE || %ds
n=1 i=1

>b t1/9/2>dt
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oo n oo
= CX Yl [ BRI < b))
n=1 i=1 1

oo n 00
+C Y n b,y |am-|°‘/ 1~ OE|X;|%1(h(n) < |Xi| < h(n)t"/®)ds
n=1 i=1 1
=:1Is+1.

From o > 6 and (1.1), we have

Is <CY b, “E|Xi|*1(|X:] < h(n))

n=1

HMS IIMX IIM

“(logn)~ 7 Y. EIXy|I(h(m— 1) < [Xi] < h(m))

m=1

=3

BRI (hon—1) < Xi] < hm) 3, 0 (logn) "

n=m

(Jogm)"““VEX,|“I(him ~ 1) < Xi] < h(m)

As stated in the proof of I3 < o, x*~1/(logx)®/Y~! is an increasing function on
[T, o] for some large T > 0. Hence, while m is sufficiently large, we have m*~! >
(logm)®/Y=1 | thatis m > h(m). Therefore,

I5 < C'Y EIXi|*/(log X1 )%/7 (h(m — 1) < |X1 < h(m))

m=1

< CE|Xi|*/(log| X1 )*/ 7! < .

Finally we will show that Is < eo. Observe that ¥=°_ m~ %% < a/(o0 — 6)s' /0
and (s+1)/s <2 for o > 6 and all s > 1. Then

&
N
a

Ms

n

bo / OB X, %I (h(n) < |X1| < h(n)i"/)dr

3
Il
—_

1~ %OE X |*I(h(n) < |X,| < h(n)t"/®)ds

I

aQ
Nk
=)

]
DM =
S

3
I
—_
3
I
—_

m= OB |X, |1 (h(n) < Xi| < h(n) (m+1)"/9)

VA
@)
DM
>
=)
Q
MX

3
I
—_
3
I
—_

/0 iE‘Xl‘al(h(n)S <X < h(n)(s+1)"/9)

s=1

E[Xy[“1(h(n)s < |X1| < h(n)(s+1)!/0) Y m~/9

m=s

Il
A
DM
S
=

Q
MX

3
Il
-
3
I
-

Il
a
Ms
Ms

=
—

Il
L -

Mg o

by s OEIX % I(h(n)s < [Xi| < h(n)(s+1)"/9)

n=1 s=1

C—
a—0

N
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<O 0 S b )™ 3 (S B Path(a)s < Il < s+ 1))
n=1 s=1

20(/671 oo oo
< € 3 b, ()0 X EIX T (h(n)s < Xi] < h(n)(s+ 1))
o n=1 s=1

— €Y n %% (logn) ' ~OWTNE X, P1(|X,| > h(n)).

n=1

Therefore, by some similar arguments as in the proof of I3 < oo, we can obtain

Ie <CY n %%(logn) /7 VAIE X, 1°1(1X;| > h(n))
n=1

< CE|X1|%/(log| X1 [)*/ 7! < co.

The proof is completed. []

Proof of Theorem 2.2. We first prove (2.4). From assumption (1.1), without loss
of generality, we may assume that Y ; |a,;|* < n. Then we may obtain that

N lanil” <n, V1<y<o and Z\am-P’gn%, Vy>o. (3.4)
i=1 i=1

For fixed n > 1, let Y, = auiXil (|aniX;| <n'/P), Z'; = @, X; — Y!,. Then

oo

J
En“P max Eam-X,-
1<j<n| &

n=1
n“P(max |aniX;| > nl/p> + Zn“P< max
n=1 Sjsn

1<i<n 1<

k.

>n1/1’8)

J

2V

i=1

>n1/1’8>

M

<

J’_'—‘

O

Obviously Y, |a,i|* < n implies |a,;| <n'/*. Hneceby 1/p=1/0+1/B,0< u<
o/B —1 and E|X|* < oo, we have

) n
I < Zn“ZPﬂamX\ >nl/p)
-1 =1

oo n
<CY nh PN |ay|*E X |1 (|anX | > n'/P)
n=1

=

i=1

= C Y P Ja| “EIX|*1(1X] > n'/Play| ")
n=1

i=1

<C i n = PEIX|T(1X| > n'/P) < oo,
n=1
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Then we will show Iz < eo. We first prove that
z EY,
By EX, =0,Lemma2.3 and 1/p=1/a+ 1/, we obtain

2 EY,; ZE

< n_l/pZE\aniX,-\Iﬂam-Xi\ > nl/p)

i=1

n~YP max
1</<n

;| —0 as n— oo (3.5)

= n VP max
l<j<n

nYP max
1<j<n

n
n= Y |ay|*E(X|*I(|anX| > n"/P)
=1

< Cn~BEIX|*I(|X| > n'/B) -0 as n— oo.
Hence while 7 is sufficiently large, maXlgjgn}Z,j:l EY,:i| < nl/pS/Z.

Take ¢ > max{o,2,2p(u+1)/(2—p)}. So it follows by the Markov inequality
and Lemma 2.1 that

J
< u / ! 1/p
I E n P(lrgjai(nlgl(Y —EY,;)| >n'Pg/2
/ / / 1
< H—q/p .
ang n Ellgjaign E (Y, — EY,))

q/2
< CZn” q/PZE\Y’ |q+CZn“ W(ZE(Y,;Y)

n=1 i=1 n=1 i=1
=: Iy + 1.

By Lemma 2.3, we have

o n
Iy < CY nh 9Py |ayE|X | (|auX | < n'/P)
n=1 i=1

3 n
+C Y n* Y P(lanX| > n'/P)
n=1 i=1
=: I+
The proof of Ij < oo is the same as I7 < e=. Hence we will prove I < . By ¢ > o,
we have

1L <CY n* P |ay|“E[X|*1(|JawX | < n'/P)
n=1 i=1

<Y PEX|" <o

n=1
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By Lemma 2.3 and C, inequality, we have

n q/2
Iip < CZn” W(Ea EX(|anX| < l/p)—|—n2/1’2P(|am-X|>n1/17)>

n=1

q/2
< CZn” ‘1/1’<2a EX?I(|auX| < 1/1’))

n=1 i=1

i=1 i=1

+C i nt (ZP(am-X| > nl/p)> "

n=1 i=1
ByO<u<o/B—1and g>2,wehave

n q/2
Iy < CE ”“( "‘/”Z |ani| “E|X|*I(|anX | > nl/p)>
i=1

oo ag q/2

<cynt® (EX"‘I(X > nl/ﬁ)) < oo,

n=1
From 1/p=1/0+1/B and 1 < p <2, we know that o < 2 and 8 < 2 can not hold
simultaneously. Since it is assumed that o« > f3, we have a > 2. Hence

o n q/2
Iy <y ntar (Z a,%iExz)
n=1 i=1

<C Y kil a2 (Ex3) 2 < (by g > 2p(u+1)/(2 - p)

n=1

The proof of (2.4) is completed. [l

Next we present the proof of (2.3). For any given € > 0, we have

o
Zn“ O‘/I’E{ max Zam g —nl/ps}
n—1 1</<n +
= Zn“/ n~YP max Zam d—e >/ ) ar
n—1 0 l<J<n

< Hp( max S X;| > n'/Pe
w " max > pl/ret/e ) g
cxo <1<J<n2am, .
=:1+1.

From the proof of (2.4), we can obtain /1] < eo. Hence we need only to prove I < oo.
For all r > 1, define

Y = anXil (|aniXi| <n'/PY%), 7' = apuXi— Y

ni»
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then

am-X,-’ > nl/ptl/a>dt

I, < En“/ P(max
—1 1 I<j<n
+2n“/ (max

=1 1 1<j<n| =

=: 113+ 114.

2 Y//

> nwtw)

From Y | |ani|* < n, |an| < nt/e, l/p=1/a+1/B and
/ P(|anX| > n'/PeV%)dr < n=P|ay|“E|X|*1(JanX| > n'/P),
1

we have

I3 < inﬂi/wP(|aniX| >n1/pt1/°‘)dt
n=1 =171

< Y nh Y |ay|*E X |*1(|JawX| > n'/P)
n=1 i=1

< Yt BEIX|1(|1X| > n'/B) <
n=1

It follows from EX,, = 0 that

= supn~ /Pr71/% max

J
supn /Pt V/% max | EY;)
>1 l<J<n

=1 I<jsn i=1

2 E Z//i

< supn™ V2V S | EX | (janiXs] > /1)

=1 i=1

n=o/p 2 |ani| “E X |*I(|anX| > n'/P)
=1

nBEIX|%I(|1X| >n'/B) -0 as n— co.

Therefore while n is sufficiently large,

J
n < p1/pgl/e 2 )
1?,% Z{EYm <n/Pr%) (3.6)

holds uniformly for # > 1. Hence by (3.6), Lemma 2.1 and C, inequality, we have

Iy < n“/ P| max
4= 2 1 l<J<n

n=1

< CEn“*q/p/ t~9"E max
1

1<j<n

j
2 (Vi—EY)

>n1/1’t1/°‘/2>dt
i=1

J q
D (Vi—EY)| di

i=1

n=1
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oo oo n oo oo n q/2
< cgaar [T piyaec St [Troe(SemE) e
n=1 i=1 n=1 i=1

=:1i5+1.

By Lemma 2.3, a >2 amd g > 2p(u+1)/(2—p), we have

oo oo n
L <CY ntalp / 1~/ <2a3i5|x|21(am-x < nl/Pl/e)
1

n=1 i=1

n q/2
+n?/ P2/ %Y P(|aniX | > nl/ptl/“)> dr
i=1

oo oo n q/2
<cy n“*‘i/l’/ 19/ <2aﬁiE|X|2) dr
1

n=1 i=1

<C i nﬂ—q/P+q/2(E|X|2)q/2< oo,

n=1

By Lemma 2.3, we also get

N n oo
hs < CYE Iy / 19y E|X [ (] X| < 121 %)ds
i=171

n=1

+Cy 2/ P(lawX| > n'/P¢"/%)ds
i=171

n=1

< CZn“*q/PE/ 179 % qi|9E X |91 (|anX | < n'/P)ds
n=1 =171

oo n 0o
+C n“*‘f/l’z,/ 179 %4 [TE X | (VP < |anX| < n'/Pet/*)de
n=1 =171
S n oo
+Cy 2/ P(lawX| > n'/Pe"/%)ds
n=1 =171
=: s+ 1s+15.

Similar to the proof of /;3 < eo, we can obtain I{% < eo. Similar to the proof of I < oo,

we have
o n
Is <CY n* P Y |ay|E|X | (|awX | < n'/P) < o.
n=1 i=1

Finally, we will show I{s < eo. Following the similar method in the proof of
Is < oo, we get

m

g no e m+1
fs=cYynary 3 / 179 a | 9E|X |9 (VP < |aX| < n'/PtV/*)de
n=1

i=1m=1

<C 2 nu*q/pE 2 m*q/a\ani\‘fE|X|qI(nl/1’ < JaniX| < nl/p(m+ 1)1/06)
n=1

i=1m=1
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2.2.

Y. WU AND Y. WANG
oo n
<CY nh P |ay|*EX|*1(JanX | > n'/P)
n=1 =1

<CY U PEX|*I(1X] > n'/P) < co.

n=1

The proof of (2.3) is completed. To sum up, we complete the proof of Theorem
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