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THE APPLICATIONS OF SOME BASIC MATHEMATICAL
INEQUALITIES ON THE CONVERGENCE OF THE
PRIMITIVE EQUATIONS OF MOIST ATMOSPHERE

L1 YUANFEI*, XIAO SHENGZHONG AND ZENG PENG

(Communicated by J. Pecari¢)

Abstract. In this paper, we show the applications of some basic mathematical inequalities in
partial differential equations. By using the differential inequality technique, the convergence of
the primitive equations of moist atmosphere is obtained

1. Introduction

Inequalities played a very important role in various fields and solved many prac-
tical problems. It is well known that the following Sobolev inequality holds. Letting
Q C R? is a bounded domain with smooth boundary dQ and supposing ® € C}(Q),

we have
2
/|w\4dx<A1</ Voldr) (1)
Q Q

where A; is a positive constant. The proof of inequality (1) can be found in [1, 2]).
However, if @ does not vanish on dQ, the inequality (1) can not hold. Lin and Payne
[3] assumed that @ satisfied nonhomogeneous condition on dQ. They obtained a
slightly more complicated result.

LEMMA 1. [3] (B17) Assuming that Q is a bounded, simply connected domain
with boundary 0Q of bounded curvature. Then

1
(/ ofdx)’ <A2[(1+§)/ |w\2dx+§5—%/ Vo, @)
Q 47 Ja 4 Q

where Ay is a positive constant and 8 > 0.
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Lemma 1 played a key role in many problems. The purpose of this paper is to
apply some basic mathematical inequalities to the primitive equations of moist atmo-
sphere. Besides lemma 1, we will also use the Young inequality, the Holder inequality,
the arithmetic geometric mean inequality, the Cauchy-Schwarz inequality and the fol-
lowing well-known inequality.

LEMMA 2. ([4,5]) If o(z) € C}(0,1) and w(1) = @ (0) =0, then

1 1 1l /dw\?2

2

dz < — — | dz. 3
/owz 77:2/0<dz>2 )

In the next section, we give a brief introduction and preparation of the primitive
equations of moist atmosphere. In the third section, we show how to use Sobolev
inequalities to prove the convergence of the primitive equations of moist atmosphere.
In section 4, we use Sobolev inequalities to derive a priori bounds of the solutions.
Finally, we make a conclusion in section 5.

2. The primitive equations of large-scale moist atmosphere

The primitive equations are mathematical models which are used to understand the
mechanism of long-term weather prediction and climate changes. It was Lions, Teman
and Wang (see [6, 7, 8, 9]) who first started the mathematical study of the primitive
equations. Then a large number of scholars began to pay attention to the primitive
equations, but their results mostly focused on the well-posedness of the solutions (see
[10, 11, 12, 13, 14, 15]). At that time, the primitive equations were too complicated to
be studied theoretically or to be solved numerically. To overcome this difficulty, one
began to simplify equations by various means. However, errors were inevitable in the
process of simplification. It is necessary to know whether a small change in a coefficient
in an equation, or in the boundary data, or in the equations themselves, will induce a
dramatic change in the solutions. This type of study has earned the name structural
stability, and is different from continuous dependence on the initial data (see [16]).

Recently, we began to study the structural stability of large-scale primitive equa-
tions. [17] obtained the continuous dependence on the viscosity coefficient of the so-
lutions of the three-dimensional viscous primitive equations of the ocean. By using
the energy analysis methods, [18] proved that the primitive equations of the coupled
atmosphere-ocean continuously dependent on the boundary parameters. In the present
paper we consider the following three dimensional viscous primitive equations of large-
scale moist atmosphere in the pressure coordinate system system (see [19, 20])

v dv L pp 1 B
E—F(V-Vz)v—i—W(V)a—Z—f—VgCDS—k/Z sz[(l—kaq)T]dC—i—R—Ofv —Av=0, 4)

oT oT bP

E—kv-VgT—l—W(V)a—z—?(I-Fatl)W(V)—AT—Ql, )
94
0z

99

5 +v-Vog+W(v)

—AC]: Q27 (6)
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1
/0 Yy v(x,y.§.)dE =0, )

where the horizontal velocity field v = (vi,v;), the temperature T, the mixing ratio of
water vapor in the air g, the geopotential ® and the pressure p are the unknowns. Here
W(v) = le Vo -v(x,y,§,0)dE, vt = (—va,v1), f =2cos6y is the Coriolis parameter,
Ry is the Rossby number, P is an approximate value of pressure at the surface of the
earth, po represents the pressure of the upper atmosphere and py > 0, the variable z
satisfies p = (P — Py)z+Py(0 < Py < p < P), 01,0, are given functions, a ~ 0.618.
V3 = (dy,dy) is the horizontal gradient operator and A = 92 + 8y2 +92.
The region of (4)—(7) is defined as

Q=Mx(0,1),

where M is a smooth bounded domain in R? with sufficiently smooth boundary M.
The boundary value conditions are

v - 7’ _ 9 7‘ _
dzl=01 aMx(0,1)  On IMx(0,1)
aT dq aT dq
- = |\ = = _ = — = 8
(81 _HXT> =1 (81 +ﬁq> =1 T dzlz=0 dzlz=0 0, ®
oT _ 99 _
o lomx0,1) 97 lamx@1)

where 7" is the normal vector of dM x (0, 1). The initial conditions are

v(x,9,2,0) = vo(x,3,2), T(x,%2,0) = To(x,y,2), q(x,5,2,0) = qo(x,y,2).  (9)

In order to establish continuous dependence on the given functions Q; and Q»,
we assume that (v, T*,g*,®}) are solutions of (4)—(8), but with Q; = 0, = 0. If we
let

V=v—V,T=T—-T" §=q—q*, 1y =D, — D, (10)

then (v,T,q,7,) satisfy

» +(V-Vo)v+ W(\Af)& + (- Vo)v+ w(v*)& + Vg
ot dz 0z

L abP —
+ / oy Ve E0T (e L (11)

L bP * T ~ frgi
4 / o Vel +ag") (o ST oy, g o+ 7 = a7 =0,

or +v-VoT +W(\7)8—T +v- V2T+W(v*)a—T - Ea?;W(v)
ot 0z dz  p (12)

- %(H—aq*)W(ﬂ—AT:QI,
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aq ~ J -
25Vt w@ 2L v Vg w() 2L ag= 0,

/0 Vo -v(x,y,8,1)df = 0.

The boundary conditions can be written as

P o5 77’ _ 9 77‘ _
dzl=01 omMx(01) On IMx(0,1)
oT ~ aq oT
] T> = (— ) = 07 B = — = 07
(8z ta =1 0z +ha =1 0z lz=0  dzlz=0
ﬁ‘ 94 _
a7 lamx(0.1) O lomx0.1)
and the initial conditions
v=T=g=0.

To get the main result, we firstly give a usefull lemma.

(13)

(14)

15)

(16)

LEMMA 3. If yi x 7|50 =0, W(y2)|,—0.1 =0 and ¢ = ¢(x,y,t) € C*(M), then

/Q[V/ZVZV/I + W(‘Vz)g—}l/hdxdydz =0,

/ V2¢ ylzdxdydz =0.
Q

By using the divergence theorem, the lemma 3 can be easily proved.

3. The main result and its proof

Based on previous preparations, we give the main results and the proof in this

section.

THEOREM 1. (Main) Let (u,T,q) be solutions of (4)—(10) and (u*,T*,q") be
solutions of (4)—(10) with Q1 = Qy = 0. If Ty, qo,vo € L*(Q), Q1,0> € H'(Q), then

(u,T,q) — (u*,T*,q%),when Q1, Qs — 0.

The differences of the two solutions satisfy

7)

~ " t t s
B+ + 138 < 201() [ exp{2 ["ai(myan} [ [101]+ 1zl Bldnds

! 2 2
+ [ Qi3 + izl Ban,
0

which demonstrates convergence on the water vapor source and the given heat source.

Here ay(t) is a positive function.
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Proof. We take the inner product of (11) with ¥ in L?(Q) and use lemma 3 to
obtain

ST+ [ 11991Ban
_/Of/Q:({I.Vz)v—kW(ﬂg—:}dedydzdn
_/t/ /Z %V [qT}dC]deddedn as)
// _/Zl %Vz[(l+a61*>ﬂdc]’v‘dxdydzdn

i'

'Mw

i=1

We take the inner product of Eq. (12) with 7 in L?(Q x (0,7)) and use lemma 3 to find
1, ~ AN r
SITIB+ [ IVTIBan o [ 1T (= 1)z pan
1 .
- / / 0, T dxdydzdn
0 Jo
. 0T ~
- / / (7927 + W (5) | Tdxdydzan
0 Ja dz (19
4 bP ~
—|—/ / a—EjW(v)dedydzdn

/ / (1+aq")W (¥)Tdxdydzdn

Il
‘M‘*

1

We take the inner product of Eq. (13) with g in L?>(Q x (0,7)) and use lemma 3 to find

! !
Slak+ [ 1va)Ban-+a [ ae = DIEdn = [ [ xasyazan

t
- / / (V-V2q+W(a)@)¢7dxdydzdn (20)
0 Jo dz

=C+G.

Using the Holder inequality, the Cauchy-Schwarz inequality, lemma 1, lemma 2
and the Young inequality, we have

< ([ 1wstizan)* ([ 15iam)
([ 1w ([ iman) ([ 120an)
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! 2 % 1 ! 2 3 -3 ! 2
A / 9avlan ) [(1+ 58 [ 71an -+ 387 [ 19513an]

L ; 1
IR (12 gan)* ([ 19:713an)’
0

3 ! 3
-[<1+—51> [ iman+3a [ \|Vﬂ|%dn]2 e
;| 2A A
< [ [ Iv2riBan)” + 22 ([ 15 kan)

1
Jawgan [ I\ﬂlzdn+15f [ 1v1Ban) +—/ V273,
0 0 8 .Jo

1 t 1 1 t 3 t
Bz<—Az(/ VaT|an) [(1+38) Hﬂ\%dn+—5 3/0 1V 3dn]

2
T 2A oT
[3h( [ varipan) + 222 ([ 1idan) 22)
-[(1 )/I\T\I%dnJr &° [ IVT|Ban] + /Hw%dn,
1 _
Gyl Vqlfin)’ 4380 [ |\ﬂ|%dn+—6 : /0 V51 3]

1 ;| 2A J
+[gma( [ 192aliban)” + 232 ([ 152 ) (3)

(38 [ ligiBan+ 35 /HVqH%dn /HVﬂ\zdn,

where &, (i = 1,2,...,5) are positive constants to be determined later.
For A, and B3, we integrate by parts and use the Holder inequality, lemma 1,
lemma 2 and the Young inequality, we have

bP
/ / ¢ ST (P
Qp
abP t i i
< /vazdn) (/ falan)" ([ 1rian)’

abP 4
<EP Paa( [ 1)

J0+300 [ 1@Ban+ 36 [ 1¥alan] + g [ 19:71an,

1

5y < @8 ( [ 19astpan)* ([ vaittan)” ([ 17 an)

athA2 t 5 \2 1 T 3.5 /, 12
< _ e
ST /\IVzVI\zdn) [(1+457)/0 lgll2dn + 7 6; A I\Vq\lzdn}

abPA2

(24)

2 1 "HFIR 3c3 [ hvFR
2 ([ 192viBan)* [0+ 58 [T Ban+ 367 [/ VT |Ban].
(25)
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where 8,07 and Og are positive constants to be determined later.
Using the Holder inequality and the Young inequality, we have

L = L
Bi< 5 [ IT1Ban+5 [ llQilBan.
2 Jo 2Jo

| L |
¢ <5 [ laBan -+ [ lialBan.
2 Jo 2 Jo

Based on integration by parts, we can easily obtain Az + B4 =
(i=1,2,...,8) such that

(26)

27)

0. Choosing suitable &;,

1

% 2A2 7 ;1 t 5 N33 .3
[As / IV2uiBan) + 252 ([1%0108am) |8+ o[ 72T 1Ban)” S5

1 23 .
+§A2 /|\vzq|\%dn)2—643<5,

1 1
2 7 21\2/ 7 = abPA; 3 3 ¢
Az /HVzTszn n2< ”azH 63 TR 3%
1 L2 % .
[gpe( [ 1m2alfian)” + 252 ([ 2 dan) )35,
abP\? L % _3 | abhPA; N33 s
" — <
() ([ Ilan)* 6+ R ([ 9aviBan) 80 <,

and combining (18)—(27), we have

1B+ T3+ 113113 <2a1(t)/ UFmM)IB + 1T ()3 + [|a(n)]3)dn
0 (28)

! 2 2
+ [ l11[3+ 1zl Blan,

where
1

5 2A2 1
ar(r) = max { [ A ( /\|V2v|\§dn>2+ /H& lian) |+ (1+761)

l

+am( [ ([ 19:71Ban)* (1+16) + s ([ uvzquzdn) (1+38)},

1 % 2A aT 4
L [ [ 1waiBan) 2B ([ iam) ] (14 L)

2
() Hvzvu%dn)%(u—esg)f+ oo [ IV2alBan)
2B 5Etan) ] (1 505+ () na( [ Iiam) (1434,

With Gronwall inequality in (28), the proof of Theorem 1 is completed. []
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REMARK 1. Since the definition of @; () involves [} ||Vav|[3dn, [ |IV2T|3dn,
I \!ngH%.dn,fé.H.THﬁdn and [; Hg—;”idn, to make our result meaningful, we must
derive their explicit upper bounds. This process is somewhat complicated, so we will
give the derivations in the next section.

4. Bounds for [} ||Vav||3dn, [¢]|V2T|13dn, J31|Vaqll3dn, o ||T|[4dn and
Jo 1192 4dn

In this section, we use the Sobolev inequalities to derive the bounds for [§ ||V2v|[3dn.,
JolIV2T3dn, [ [Vagl3dn, [5 |1 T|[§dn and [5||9%][4dn.

1. Bounds for [}||V2v||3dn and [}||V2T||3dn

Taking the inner product of Eq. (6) with ¢ in L?(Q), by lemma 3 we obtain

1d

> llal3+ 1113+ Bllatz = Ul xy) = | Qaadrdyz. (29)

By the Young inequality we have

d
= lalB+2119413+2Bllatz = DIy < lIQ21B+ a3 (30)

Integrating (30) from O to 7, we have

1 1
lal3+2 [ 11Val3dn+28 [ llg(z= 1y dn
0 0 (31)

1
< /0 ¢ 3dn + [|g0l 3 = Fi(0).

Taking the inner product of Eq. (4) with v in L?(Q2), by lemma 3 we obtain

1d, , ) .y
EEHVHﬁ [Vv]|3 = —/Q (/Z sz[(l +aq)T}dC> vdxdydz.  (32)

Taking the inner product of Eq. (5) with 7 in L?(Q), by lemma 3 we obtain

3 G TV TR + 7= Dl = [ =1+ aa) W) Ty

(33)
—|—/ 01 Tdxdydz,
Q

By integrating by parts, we have

</Z1 b—Pvz[(l +aq)T]dC) vdxdydz = 0.

bpP
o raawTaaa— [ ([

Q
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From (32) and (33), by the Young inequality we have
d
B+ ITIB] 4209+ [IVTIR] + 20T (2 = D[y < [ITIE+ 11213 G4)

Integrating (34) from O to 7, we have

1 1
B+ ITIB+2 [ 11VMB+[IVTIBldn +2er [ |IT(:= 1)Ii3

0 0
' (35)

< [ miilan + ol 3+ 1ol = F2(e).
Noting that [{||V2v|Bdn < f2||Vv[Bdn and f¢|[V2T|Bdn < Ji[|VT|Bdn., from 31)
and (35) we can conclude that [;||Vav|[3dn and [{||V2T||3dn can be bounded by
known data.

2. Bound for [} ||T||dn

Using lemma 1(with § = 1), (35) and (31), we obtain
t 5 rt 3t 2
[ uitian < s[5 [iiBan +3 [ 19 7|an]
0 4 Jo 4 Jo (36)
5 3 2,
<no[3 [ Rman+ZR0] =R,
4 Jo 8

and

t 5 gt 3 2
[ alizan < a3 [ Rman+ZR0] = R, G

3. Bound for [§||2¢|[4dn

We began from
dv |
/ /Qaz V Vz)V+W( )aZ +V2®_Y+Efv

bP dv
+/Z oAl [(1+aq)T}d§—Av}a—dedydzdn —0.

Integrating by parts and using lemma 3 we have

1 8\/ dv 1, 0v
SI5EIB+ /HV Ban = 315218

—// TVZ dxdydzdn +// qTVza dxdydzdn (38)
Qp oplz Jz

vy v
/ / ov v2 —(Vav) 8;] 8—dedydzdn.
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Using the Holder inequality, the Young inequality and (35), we have

/ / TV2 dxdydzdn
Qp
2 7 8\/ 2 %
o /OHTszn) ([ 19255 13am) (39)

bP\2 (! 8\) 2
<2(25)" ["Bmn+ g [[1v257 1Ban.

Using the Holder inequality, the Young inequality, (36) and (37), we have

/ / abp quv2 dxdydzdn
Qp

abP
/ lalkan) ' ([ 1rian) ' ([19:2008an)* o0
abP v
<2{— F5(t)Fy(t) + < Vo=—||3d
(po) SOR0 + g [ V25 B
Using the Holder inequality, the Young inequality, (35) and lemma 3, we have

/ / 5 Va)v— (V2 v)gﬂ ?dxdydzdn
< ([ 1wstian)* ([ 1213am)*

0 1 Vi R -
< B2[(1+38) [15hBan -+ 367 [ 7SI an]
1
4

<P (14 15) 20 25 /HV—szn

(41)

where 8 > 0. Choosing & such that FZT(’)%S‘3 = ‘l‘, and then inserting (39)—(41)
into (38), we have

3\) 2 4 3\) 2
15218+ [ 1955 IR

<2[ Fz—(t)r(ul )+\|av°\|2

2 42)
abP\?2 abP\?2
+4(5) VRORD +4(5-) VBORG)
Po Po
=Fs(1)
Finally, using lemma 3(with 6 = 1) again and (42) we have
3 5 ,0v,,
TS | I1E 3 / V—
([ 1% <nal3 [1200Ban-+3 [ 19 22)3an] .

<A [%/Ot Fs(m)dn + S Fs(0)].
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Using a similar method, we also can bound [§ ||%L|[$dn and [ Hg—z |[3dn

5. Conclusion

Obviously, lemma 1 plays a key role in this paper. If Q C R?, Payne [1] and Serrin

[2] have also proved the following result. For Dirichlet integrable function w & C(l) (Q),
the Poincaré inequality holds, namely

1
/ w'dA < - / w’dA / Va0%dA. (44)
Q 2 Ja Q

Also, if @ does not vanish on the boundary of €, (44) can not hold. But it may be
interesting and meaningful. We will study this problem and its applications in another

paper.
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