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COMPLETE CONSISTENCY AND CONVERGENCE
RATE OF THE NEAREST NEIGHBOR ESTIMATOR OF
THE DENSITY FUNCTION BASED ON WOD SAMPLES

KAN CHEN*, XUFEI TANG AND JIANGFENG HAO

(Communicated by X. Wang)

Abstract. By using the exponential inequality of widely orthant dependent (WOD, for short)
random variables, we mainly investigate the complete consistency and convergence rate of the
nearest neighbor estimator of the density function based on WOD samples. The results obtained
in the paper generalize and improve some corresponding ones in the literature. In addition, the
restriction on the dominating coefficients g(n) is much weak, even if the geometric growth of
g(n), the consistency result and convergence rate still hold by using the results that we obtained.

1. Introduction

The estimation of probability density function has important applications in medi-
cine, engineering and economy. Therefore, the estimation of probability density func-
tion is still a hot research topic. There are many methods for its estimation, such as
kernel estimation, wavelet estimation, maximum likelihood estimation, and so on. Sup-
pose that the population X has an unknown density function f(x), X;,X,,--,X, are
the samples from the population X . Let {k,,n > 1} be a sequence of positive integers,
such that 1 <k, < n. For fixed x and n, denote

ay(x) = min{a : there exist at least ki such that X; € [x —a,x+a]}.

Loftsgarden and Quesenberry [1] proposed the following nearest neighbor estimator of
the density function f(x):

- 2nay(x)’

fu(x) (1.1)

Since Loftsgarden and Quesenberry [1] put forward the method of nearest neigh-
bor estimation of density function mentioned above, many scholars have studied the
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asymptotic properties for this estimator. Based on independent samples, Loftsgarden
and Quesenberry [1] established the weak consistency; Wagner [2] studied the strong
consistency; Moore and Henrichon [3], and Devroye and Wagner [4] obtained the uni-
form consistency and the uniformly strong consistency, respectively; Chen [5] derived
the convergence rate of the consistency, and so on. Under dependent samples, there
are also many interesting results obtained by many scholars. For example, Boente and
Fraiman [0] established the strong consistency for the nearest neighbor estimator based
on @-mixing and ¢ -mixing samples; Chai [7] obtained the weak consistency, strong
consistency, uniformly strong consistency and the convergence rate under stationary ¢ -
mixing samples; Liu and Zhang [8] established the asymptotic normality for the nearest
neighbor estimator based on ¢ -mixing samples; Yang [9] investigated the weak con-
sistency, strong consistency, uniformly strong consistency and the corresponding con-
vergence rate under negatively associated (NA, for short) samples; Wang and Hu [10]
extended the result of Yang [9] from NA samples to widely orthant dependent (WOD,
for short) samples.

In this paper, we will continue to study the strong consistency, uniformly strong
consistency and the corresponding convergence rate for the nearest neighbor density
estimator based on WOD samples. Let’s first review the concept of WOD random
variables proposed by Wang et al. [11] as follows:

DEFINITION 1.1. A sequence {X,,n > 1} of random variables is said to be widely
orthant dependent (WOD, for short), if there exist two positive sequences {gy(n),n >
1} and {gr(n),n > 1}, such that for each n > 1 and all real numbers xj,x,- -, Xy,
both

n
P(X) > x1,Xp > xp,+++, Xy > xn) < gU(n)HP(X,- > Xi)
i=1

1
and

n
P(Xl <x17X2 <x27"'7Xn gxn) < gL(n)HP(Xl gxi)
i=1

hold.

An array {X,;,i > 1,n > 1} of random variables is said to be rowwise WOD,
if for each n > 1, {X,;,i > 1} is WOD. gy(n), gr(n), n > 1 are called dominating
coefficients.

Denote g(n) =max{gy(n),gr(n)}. Itis easy to check that giy(n) > 1 and g (n) >
1, and thus g(n) > 1. If gy(n) = gr(n) =M forall n > 1, where M > 1 is a positive
constant, then WOD random variables are degenerated to extended negatively depen-
dent (END, for short) random variables, which were introduced by Liu [12] in the year
2009; If gy(n) = gr(n) =1, then WOD random variables are degenerated to nega-
tively orthant dependent (NOD, for short) random variables, which were introduced
by Lehmann [13] in the year 1966, and carefully studied by Joag-Dev and Proschan
[14]. It is well known that NA random variables are NOD, and thus are WOD. Hu [15]
pointed out negatively superadditive dependent (NSD, for short) random variables are
NOD, and thus are WOD. So, WOD is a kind of very broad dependent structure which
includes NA random variables, NSD random variables, NOD random variables, END
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random variables, and some positive dependent structures. The study of its limit prop-
erties is also of great theoretical and practical significance. For more details about the
‘WOD random variables, one can refer to [16]-[25].

In this work, we will use the exponential inequality of WOD random variables to
study the complete consistency, uniformly complete consistency and the corresponding
convergence rate of the nearest neighbor density estimator under the WOD samples,
and the condition on the dominating coefficients g(n) is very common. In addition, the
convergence rate obtained in the paper also improves the corresponding ones of Yang
[9] and Wang and Hu [10]. Throughout the paper, |x]| stands for the integer part of
x, C and c( represent positive constants whose values may vary in different places.
Denote logx = Inmax(x, e), where In represents the natural logarithm. Let I(A) be the
indicator function of the set A. ¢(f) denotes all the continuity points of the function
f»and X, — C a.c. stands for X;»_ | P(|X, —C| > €) < e for any € > 0, that is, the
sequence {X,,n > 1} of random variables converges completely to C.

2. Preliminary lemmas

To prove the main results of the paper, we need the following important lemmas.
The first one is a basic property for WOD random variables, which can be found
in Wang et al. [21].

LEMMA 2.1. Let {X,,n > 1} be a sequence of WOD random variables. If { fu(-),
n > 1} are all nondecreasing (or all nonincreasing), then {f,(X,),n > 1} are still
WOD.

The next one is the Bernstein type inequality for WOD random variables, which
has been proved by Xia et al. [26].

LEMMA 2.2. Let {X,,n > 1} be a sequence of WOD random variables with mean
zero and |X,| < dy a.s. for each n > 1, where {d,,n > 1} is a sequence of positive

n
numbers. Denote b, = maxi<i<,d; and Aﬁ =3 EXI-2 for each n > 1. Then for any
i=1

/|

n
X
i=1

>0,

82
>€ <Zg<">exp{‘m}~
n n

LEMMA 2.3. (cf. Yang [9]) Let F(x) be a continuous distribution function. For
n >3, assume that x,j's satisfy F(x,;) = j/n,j=1,2,...,n—1. Then

sup |Fp(x) —F(x)| < max |F,(x,j) — F(xnj)| +2/n, (2.1)

o x<oo 1<j<n—1

where F,(x) =n" Y| I(X; < x) is the empirical distribution function of X1, X2, -+, Xy.
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LEMMA 2.4. Let {X,,n > 1} be a sequence of WOD random variables with the
dominating coefficients g(n), unknown distribution function F(x) and bounded density
Sunction f(x). Let F,(x) be the empirical distribution function of X;,Xp,-++,X,, and
{Ky,n = 1} be a sequence of positive numbers such that K, — 0 and liminf,_... nK,%/
log(ng(n)) = co > 0. Then for any sufficiently large Dy > 0,

i (S“PF F(x)| > DoKn> < oo,

In particularly, we have

i (supF F(x)>Do<log<ng<n>>/n>1/2) <o,

Proof. Noting that nk, — e, we have 2/n < Dy, /2 for all sufficient large n and
any positive constant Dy, which together with (2.1) yields that

P (sgp IF(x) ~ F(3)| > Do Kn) <p ( max |Fa(g) — F(enf)| > Do Kn/z)

1<j<n—1

2 (|F(xnj) — F(xnj)| > Dok /2). (2.2)

Denote X;(x,;) =1(X; <xnj) — EI(X; < xpj). It follows by Lemma 2.1 that {X;(x,;),i >
1} is still a sequence of WOD random variables with EX;(x,;) =0, |Xi(x,;)| <1 and
E(Xi(x4;))? < 1. Hence, we have by Lemma 2.2 that for all sufficiently large n,

P(|Fy(xnj) — F (xaj)| > Dok, /2) = P ( Y Xi(xnj)| > DOnKn/2>
i=1
D3n’K?
<C S Ve |
§ (”)eXp{ 16A2+4D0n1<n}

D
< Cg(n)exp {—l—é)m( }

< Cg(n)lfcoD%/lsnfcoD%/lg. (23)

Take Dy sufficiently large such ¢oD3/18 > 2. It follows by g(n) > 1 that g(n)!~<0P5/18
< 1. Thus, we have by (2.2) and (2.3) that

o n—1

ZP(sup|Fn(x)—F(x)| >D0Kn> cy Z” D/18 _ o,

n=1 n=1 j=

This completes the proof of the lemma. [
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3. Main results and their proofs

In this section, we will provide the main results and their proofs. At first, we
present the complete consistency and the convergence rate for the nearest neighbor
density estimator fy(x) of f(x).

THEOREM 3.1. Ler {X;,n > 1} be a sequence of WOD random variables. Sup-
pose that k,/n — 0 and k2 /[nlog(ng(n)] — o as n — . Then for any x € c(f),

fn(x) - f(X) a.c., n — oo,

REMARK 3.1. If we take g(1n) = O(n®) in Theorem 3.1, where & is an arbitrary
nonnegative constant, then Theorem 3.1 is equivalent to Corollary 2.1 of Wang and Hu
[10]. Noticing that when g(n) grows geometrically, such as g(n) = O(¢"') for some
0 <t < 1, the result of Theorem 3.1 still holds.

Proof. For any € > 0, without loss of generality, assume that f(x) > €. For any
x € ¢(f), denote

kn

ky
bu(x) = I e and ¢, (x) = ) —e/2)"

It follows by (1.1) that

A= {fu(0) — ()] > e}
= {fux) > f(x) + e} J{fal0) < f(x) — &, f(x) > €}

C {fulx) > fl0) + e U x) < f(x) — /2, f(x) > €}

= {an(x) < by(x }U{an ) > cn(x), f(x) > e}

c {Fn(x—l-bn(x)) Fo(x— ba(x) > }
U{Fn(erc,,(x))—Fn(x—c,,( ) < % flx) > e}

= AleA2x~ G.D

=

> o
n
<

Noting that F'(x) = f(x), lim, .. b, = 0 and lim, ...c, = 0, we obtain

Frba) - Fa—bu(®) o Flrba() - F— )
im 2b,(x) = fx), Jim, 2ea(x) =S,

which imply that for all sufficiently large n,

F(x+bn(x)) = F(x = ba(x)) < 2b(x)(f(x) +€/2) =

and

Flaet o)) — Fle— ) > 200 (0 +¢/4) = 20020 33
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Let 8(x) = gy < +. We have by (3.1) and (3.3) that

Fu(x+bu(x)) — Fu(x — bu(x)) — F (x4 ba(x)) + F (x — bu(x))
ke  f(x)+¢€/2 }

mx={ﬂ@+mw»—a@—mu»>ﬁ}
{

- {|Fn(X+bn(x ) = F(x+ bn(x))| + [Fa(x = bn(x)) — F(x = bu(x))|

{1563 b))~ Pl 0] > 2280 |
=: A1 A1 (3.4)
Similarly, we have by (3.1) and (3.4) that
e = { B+~ Flr—a0) < 2,560 > ¢}
X+ cn(x)) +F(x—cp(x))

3| &

—

C {Fi(x+cn(x)) = Filx—cu(x))— F
o kn  kn f(x)—g/4 £ > €)

S nonf(x)—g/2’
- {\Fn(HCn(x))—F(X+Cn(x))|+|Fn(x—cn(x))—F(x—Cn(x))\

kn €
> e 0>}

- {\Fn(X+cn(X)) — Fx+cn(x))[ 4 |Fa(x = calx)) = F(x = ca(x))]

by
T 4nf(x)+eg/2
C {|F,,(x—|—cn(x)) —F(x+cp(x))| = %6()6)}

U{ s o) = Pl )| > 22500}

=: Aa1x| JAnax. 3.5)
Hence, by (3.1), (3.4) and (3.5), we can get that
Ay C A A A2 Az (3.6)
For fixed x, denote for 1 <i<n and n > 1 that
Xui = 1(X; < x+by(x)) — EI(X; < x+ by(x)).
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It follows by Lemma 2.1 again that X,,;, X2, -, Xn, are still WOD random variables,

with EX,; =0 and |X,;| < . Noting that k,/n — 0, 6(x) < %, and applying Lemma
2.2 with b, = 1 and A2 =3 | EX2 < n, we obtain that

Pl = P (1F (o000~ Flo+-, ) > 22600

:P( 3 X >kn5(x)>
i=1
k8% (x)
< Cg(n)exp{—m}
252 X
< Cg(n)e p{—%}
< Cg(n)exp{—2log(ng(n))} < Cn>. (3.7)

Similarly, we can verify that (3.7) still holds for A1y, Az and Azo,. Hence, we
have by (3.6) and (3.7) that

I
M
~

b
z

S P(lfu() — £

n=1

V
™

)

3
Il
—

A\
M

[P(A11x) + P(A12y) + P(A21x) + P(A2y)]

3
Il
—

N

o
- a
b

S

b

N

8

This completes the proof of the theorem. [

THEOREM 3.2. Let {X,,n > 1} be a sequence of WOD random variables, and
f(x) satisfy the local Lipschitz condition at x and f(x) > 0. If k, = O(n*/*log"/*(ng(n)))

and T, =: \/nlog(ng(n))/kn — 0 as n — o, then for any sufficiently large D > 0,

iP(|f,,(x) — f(x)| > DT,) < oo,

n=1

and thus,
|fu(x) — F(X)| < D1y a.s., n — oo,
Proof. Noting that f(x) >0 and 7, — 0, we have f(x) > Dt, for all sufficiently
large n. Denote

ki &
and v, (x) = 2n(f(x) - D7,/2)

W) = 5 e T Do)
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Similar to the proof of (3.1), we obtain

By = {|/u(x) = f(x)| > D5, }
= {fu(x) > f(x) + DT} J{fu(x) < f(x) = DT, f(x) > DT, }
C {fulx) > x)—l—DT,,}U{fn (x) < f(x)—D1,/2, f(x) > D1, }
= {0) < @ Hanl) > ), £() > Dr.}

c {Fn<x+un<x>> i }
k

U{Fn(x+v,,( ) = Fale = o)) < 2, £ () >Dr,,}

= leUB2x~ (3.8)

) -
)~

=|§

By Differential Mean Value Theorem, we can see that there exist some &, €
(x — Un(x),x+ s (x)) and &, € (x — Vi (x),x+ v, (x)) such that

F(x+ py(x)) = F (x — (%)) = 2 (x) f (E1n) (3.9)
and
F(x+vu(x) = F(x = v (x)) = 2vu(x) f(E20), (3.10)
and thus,
Fp (x4 pn(x)) = Fa(x =t (x)) = F (x+ pp (x)) + F (x — tn(x))
>0 o) = %f(x)f( )(i“g;m” (3.11)
and
Fa(x 4 va(x)) = Fa (= va(3)) — F (64 v () + F (x — va(x))
< I;—” —2Va(x).f (G2n) = b, f(x);(f)(fz'g;/gf"/z. (3.12)

Noting that k, = O(n3/*log'/*(ng(n))), we can see that there exists a positive constant
¢1 such that k, < c;n®/*log!'/*(ng(n)). Slnce f(x) satisfies the local Lipschitz condi-
tion at x and f(x) >0, 1, = v/nlog(ng(n))/k, — 0 as n — oo, we can get that there
exists a positive constant L(x) depending only on x such that for all sufficiently large
n,

[f(x) = f(&n)| < L(x)|x— &) < L(x)y (%)
Lk, _ L(x) ST ks C%L(x)
s 2nf(x) B 2f(x) K n3/210g1/2(ng(n)) < 21 (%) Tn (3.13)
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and

() = £(Gan) < L(x) b = Ean| < L(x)Va (%)

_ Lk Lk, _ L)
2n(f(x) =D, /2) s nf(x) S AF(n0) ™ (3.14)

2
Noting that f(x) is bounded, we define sup, f(x) =M < . Take D > leig) . It follows
by (3.11)—(3.14) that '

AL(x
ko f(x) = f(Ein) + DT, ke 21f((x))T”+DT” _ kT D 3.15)
f(x)+ D, “n fx)+Dt, T n 4M '
and
C%L(}C)
k_n.f(x)_f(§2n)_DTn/2<k_n. ¥ie) Tn_DTn/2<_kn_Tn.£ 3.16)
n f(x)-Dw/2 T n  f(x)-Dn/2 n 4AM’ '
Hence, we have by (3.11) and (3.15) that for all sufficiently large n
kot D
Bue © { Bt ) = Folo = ) = Flot o) + Fe— o) > 2222
kot D
F" n —F n 2 ors
e {1Rter o)~ Pl o) > 522 2

A\
bl
=
Sl
o0
gl
H,_/

U{|Fn<x—un<x>>—F(x—un<x>> >
=: BlleBl2x~ (3.17)

Similarly, we have by (3.12) and (3.16) that for all sufficiently large n,

By, C {|Fn(x—|— V(X)) = F(x+ v (x))| > k”nT” } %}

k., D
Fn — Vn —-F — Vn 2 ‘ors
U{ It vl = Pl o) > 222 2
=: B21xUB22x~ (3.13)
Therefore, we can get by (3.8), (3.17) and (3.18) that
B, C Biix|JBi2x| Bo1x | Baox- (3.19)

For fixed x, denote for 1 <i<n and n > 1 that
X = 1(X; < x+ (%)) — EI(X; < x+ in(x)).

It follows by Lemma 2.1 again that X, Xn27 -, X,,, are still WOD random variables

nl»

with EX,;Z- =0, and \X,;l| 1. Applying Lemma 2.2 with b, = 1, A2 =" 1E(X, )2 <
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n, and noting that k,/n — 0, 1, — 0 as n — oo, we have for all sufficiently large n that

P(Biix) =P (Fn(x-|-‘un(x)) CF(xt ()| = knTn 2)

n 8M
:P<§XL > knTu 8?/1)
< Cg(”)exp{_k%nﬁ '%12‘42}

2
— Caln)exp{ ~ 300 oetnslo)

p? D?

< Cg(n)' ™ 20w n” 20 . (3.20)

Similarly, we can obtain that (3.20) holds for Bysy, B21x and Bjy,. Taking D >
ch(x)
1

56 sufficiently large such that 32[3# > 1, we have by (3.19) that

iP(\fn(x) f(x)| > D1,) i P(Bi1x) + P(Biax) + P(Baiyx) + P(Baay)]

n=1
D2 _
C 2 n 322 < oo,

n=1

The proof is completed. []

Taking k, = [n3/*log!/*(ng(n))| in Theorem 3.2, we can get the following corol-
lary.
COROLLARY 3.1. Let {X,,n > 1} be a sequence of WOD random variables, and

f(x) satisfy the local Lipschitz condition at x and f(x) > 0. If k, = |n*/*1og"/*(ng(n))],
then for all sufficiently large D > 0,

3 P (16— £()] > Dn~log A ng(m))) <

n=1
and thus,

fu(x) — F(x)] < Dn*10g*(ng(n)) a.s., n — oo.

REMARK 3.2. Yang [9] and Wang and Hu [10] established the convergence rate
of o(n_l/ 4 logl/ 4nloglogn) a.s. for the nearest neighbor estimator based on NA sam-
ples and WOD samples, respectively. If we take g(n) = O(n®), where § is an arbitrary
nonnegative constant, then the convergence rate is of O(n’l/ 4 logl/ “n) a.s. in Corol-
lary 3.1, which still improves the corresponding ones of Yang [9] and Wang and Hu
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[10]. In addition, if g(n) grows geometrically, then the result of Wang and Hu [10] is
invalid; However, we can still obtain a certain rate of convergence by Corollary 3.1 in
this case. Hence, the result of Corollary 3.1 extends and improves the corresponding
ones of Yang [9] and Wang and Hu [10].

In the following, we will present the uniformly complete consistency and its con-
vergence rate for the nearest neighbor estimator.

THEOREM 3.3. Let {X,,n > 1} be a sequence of WOD random variables, and
f(x) be uniformly continuous. If k,/n — 0 and k2 /[nlog(ng(n))] — oo as n — oo, then
forany € >0,

niP (sgp o) = ()| > g> e

and thus,

sup|fu(x) — f(x)]| = 0 a.s., n — oo.

Proof. We use the same notations as those in Theorem 3.1. Since the density
function f(x) is uniformly continuous, for any € > 0, there exist a positive constant &
such that

F) — £(3)] < £

7 (3.21)

when |x —y| < 8. Noting that k,/n — 0 as n — e, we can get that for any x and all
sufficiently large n,

kn
2n(f(x)+¢€)

<&JMQ@=——£L——<% (3.22)

bn(x) = 2n(f(x) —€/2)

By Differential Mean Value Theorem, we can see that there exist 1y, € (x — by, (x),x+
by(x)) and M2, € (x — cn(x),x + ¢, (x)) such that

F(x+by(x)) — F(x — by(x)) = 2b,(x) f(N12), (3.23)
and
F(x+cu(x)) — F(x—cn(x)) = 2¢n(x) f(M2n)- (3.24)

Hence, it follows by (3.22) that |x — 11,| < & and |x — n2,| < 8, which together with
(3.21) yields that

709 = Fma)| < Z. and () = F(ma0)] < 5. (325)
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Denote sup, f(x) =M < oo, 6(M) = S(Mig) and A = {sup, |F,(x) — F(x)| >
§(M)%2} . By (3.23) and (3.25), we obtain

A = {Fn(x+bn(x)) — Fa(x = by(x)) = F (x + bu(x)) + F (x = bu(x))
> 2 20,0 ()}

= { B b)) = Falor = b)) = F(x-+ ba(x)) + F(x — ba(x)

k f() f(nln)+8}
fx)+e

\\/

kn —g/4+e
C {Fn X+ by( W(x—bp(x)) — F(x+by(x)) + F(x — by(x)) > n F0)te }
c {F (-4 b)) — Fa(x — b () — F(x+ ba(x)) + F(x — ba(x)) > I;—"~26(M)}
c{u%@+b4w>— (x4, > 2600 |

{1 ) = PG 0,001 > 220m b <. (3.26)

Similarly, we have by (3.24) and (3.25) that

Apy = {F,,(x—l—cn(x)) —Fy(x—cu(x)) = F(x+cu(x)) + F(x — cp(x))

< ];_n f(x) ( )(nZZ)/z 8/ ,f(x) > 8}
C {F,,(x—l—cn(x))—F,,(x—cn(x))—F(x—i—c,,(x))—I—F(x—c,,(x))

ky €/4—¢/2
<;~ f(x)—i—s}

- {\Fn(x+cn(x)) —Fx+cn(x)) [+ |[Fa(x = calx)) = F(x = ca(x))]

<—k—"-25(M)}

n

c {|Fn(x+cn(x)) CF (et ()] > %S(M)}
U{Itx o) - Fx— o) > Z800) | . (3.27)

Noting that k2/(nlog(ng(n))) — e as n — oo, we can obtained that for all suffi-
ciently large n, %S(M) > Dy (log(ng(n))/n)'/?. On the other hand, it follows from
(3.1), (3.26) and (3.27) that Ay C A for any x. Hence, applying Lemma 2.4 with
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)

P (sgpmx) R >

= (log(ng(n))/n)"/?, we can get

3P (sgp ) — £()

n=1

3
Il
—

M
()
S~
Il

DM
~
/N
(-
S

=

N
Nk

MMO

3
Il
—_

N
Nk

P (sgp Fa() — F()| > Doaog(ng(n))/n)l/z)

AN
1

This completes the proof of the theorem. [

THEOREM 3.4. Let {X,,n > 1} be a sequence of WOD random variables, and
f(x) satisfy the Lipschitz condition on R. If k, = O(n**log"?(ng(n))) and 1, =:

v/nlog(ng(n))/k, — 0 as n — oo, then for all sufficiently large D > 0,

e (su1£:0 701> 05, ) <

and thus,
sup|fu(x) — f(x)] < Dty a.s., n — oo.
x
Proof. We use the same notations as those in Theorem 3.2. Noting that k,, =
0(n*log'/(ng(n))), there exists a positive constant ¢, such that
kn < con**log!3 (ng(n)).
Since the density function f(x) satisfies the Lipschitz condition on R, and

= /nlog(ng(n))/kn —0 as n— oo,

there exists a positive constant L depending not on x such that for all sufficiently large
n 2

Lk,
1f(x) = £(En)| < Llx—Ep| < Lt (x) < < S
_ L /nlog(ng(n)) K3 AL
D) ky “n?log(ng(n)) S 2D (3.28)
and
1£(x) = f(Ean)| < Lix — &yl < Lvi(x)
Lk, Lk, c3L

< < < X1, 3.29
2n(Dt, —D1,/2) " Dnt, = D " (3:29)
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3
Denote sup, f(x) = M < . Taking sufficiently large D such that D > %TZL, we
have by (3.11), (3.12), (3.28) and (3.29) that

3L
kn f(x)_f(éln)""DTn > ky ) _CQZ_DTn + D1, knTw D

W f0+Dn  ~on JWiDu ~ n M 330
and
AL
ko )= f(E) =D/ _kn F&—D0/2 _ kuty D (3.31)

fx)=Dtw/2 S n fx)—-Dw/2 °  a 4M

Denote B = {sup, |F,(x) — F(x)| > % -4 }. It is easily checked that for all
sufficiently large n,

Bi c {Fn<x+un<x>> (et ()] >

v
S
o0
<

U{Fn(x—un(x»—F(x—un(x)) > ~3} CB. (332

Similarly, we can also obtain that for all sufficiently large #,

By, C {|Fn(x—|— V(X)) = F(x+ vy (x))]| = k"nT” %}

U{ it - 22 Blcs o

Hence, it follows from (3.8), (3.32) and (3.33) that B, C B for any x. Taking x, =
k"T" = (log(ng(n))/n)"/? in Lemma 2.4, and for all sufficiently large D such that % >
Do, we get

§P<sgpfn(X) (>Drn> Zf’(UB)

g

P (sgp Fx) — ()| > Do(logn/”)m)

VAN
M: T

7]
=1

g=
|

S0 F) > 22 oL

=

kT, D )

3
Il
_

N
DM

—

A
81

which implies the desired result immediately. The proof is completed. [J

Taking k, = [n*3log'/3(ng(n))| in Theorem 3.4, we can get the following result.

COROLLARY 3.2.. Let {X,,n > 1} be a sequence of WOD random variables, and
density function f(x) satisfy the Lipschitz condition on R. If k, = |n*/*log'/?(ng(n))],
then for any sufficiently large D > 0,

i P (supfn(x) —f(x)] > Dn1/6log1/6(ng(n))) < oo,
n=1 X
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and thus,

sup i (x) — f(x)| < Dn”"/%log"/®(ng(n)) a.s., n — o=.

REMARK 3.3. Yang [9] and Wang and Hu [10] established the uniformly strong

convergence rate of o(n’l/ 6 logl/ 6nloglogn) a.s. for the nearest neighbor estimator
based on NA and WOD samples, respectively. When g(n) grows polynomially, the
convergence rate obtained in Corollary 3.2 is slightly faster than their results; when g(n)
grows geometrically, our result is still valid. Hence, our result extends and improves
the corresponding ones of Yang [9] and Wang and Hu [10].
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