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A FAMILY OF WILKER’S INEQUALITIES IN
TWO PARAMETERS AND ITS APPLICATIONS

XI1A0-DI1AO CHEN*, KANG YANG, SIJIE GONG AND LING ZHU

(Communicated by J. Pecari¢)

Abstract. Based on the reparameterization technique, this paper presents a family of Wilker’s
Inequalities with an extra parameter o. By using Pade approximation, the optimal value of
o within a local interval is given. And simple proofs are provided based on the bounds of
the functions sin(cx) and cos(ox). With the constraint & = 1, the new method can recover
several previous results. In principle, the idea can be extended to more other forms of bounding
functions, or even more other inequality types. The comparison results show that the results in
this paper are much better than those of prevailing methods.

1. Introduction

The Wilker inequality, which involves the trigonometric function

sinx) 2 tanx

fo = (=5) + ==, M
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has caused wide interests of many researchers, see also [4, 5, 2, 19, 3, 24, 26, 12, 29,
28,11, 25,13, 27,9, 18, 14, 22, 1, 15, 16, 30, 20, 10, 17, 32, 34, 35, %6 33, 31, 23, 8]
and the references therein. Let
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Li(x 187 tanx, Ry (x) =2+ 7527 tanx,
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Ly(x) =2+ (35 — a(x))x> tanx, Ry (x) = 2+ (& — by (x))x° tanx,
(x) =

L3(x + (28 + c(x))x* tanx, R3 (x) = 2+ (1% 4 d(x))’ tan x.
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Summer and Mortici [19, 25] had provided the following two-sided bounds such as

Li(x) < f(x) <R (x), 0<x<m/2, 3)
2+ (% —a(x))x3 tanx < f(x) <2+ (% —b(x))x3 tanx, 0 <x < 1. 4)

Later, Nenezi¢, MaleSevi¢ and Mortici [24] had presented the following improved
two-sided bounds such as

Ly(x) < f(x) < Ra(x), O0<x<m/2. ®)
Li(x) < f(x) < R3(x), O0<x<m/2. 6)
Let
Di(x) = L) -cos(x), D) = AL cos(x),
D3(x) = 2200 cos(2), D) = L5 - cos(v), %
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Ds(x) = % -cos(x), Dg(x) = m -cos(x).

As shown in Fig. 1, for all 0 < x < /2, one obtains that
0.00434 ~ 320-37 D (x) < 0.010303,
T

—8.465¢ — 3~ — s < Dy(x) < “HELI00 34880 3,
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6__ 4_ 2
—1.06e — 4 ~ 25671 430087194;1213(?4071 +8709120 < D4(x) ()

327896070 +806407* —7257600
1750 ~ —5.16e—35,

4 2 2
1. 14e — 3 ~ RtH144082 17280 Ds(x) < —1927°41920 -, g 98, 3,
457 T

<

~8.7165¢ — 3 < Dg(x) < HFHISNL_12090 7 56, 3,

Chen, Ma, Jin and Wang [6] have provided an improved bounds for all 0 < x <
7 /2, by using the bounding functions in form of
Ly(x) = qa(x) + g5(x) tan(x) < f(x) < pa(x) + ps(x) tan(x) = R4 (x),

which obtains much tighter bounds, where ¢;(x) and p;(x) are polynomials of degree
i and j, respectively.
This paper provides a family of bounding functions in form of

Gi(x,0) = 2cos(ax) + ((—1+02) + (— % + L + 112

6 4 2 .
(g — % + 1% — A sin(), ®

W)

8 6 4 31 2 3 .
Go(x,a) = Gy (x, &) + (— 385 + 355 — 255 + 1a%5 + Toaeas )X sin(x),
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Figure 1: Error plots of Di(t) inEq. (7), i=1,2,---,6.

for bounding
F(x) = f(x) - cos(x) (10)

with a much better approximation effect. It can be verified that

Ei(xv (X) = F(.X) - G,’()C, (X), i= 1525

20, ),

N~

Ei(0,a) =E;(0,a) =---=E\"(0,a), E2(0,a) =E|(0,0)=---=E

Efg)(O,oc) — 208+ 563_(16 o 192(14 + 242(12 + %7

E{"(0, ) = 2010 — 3008 + 19600 — 620at* + 7620 — 8152

330
where El-(j ) (x, o) denotes the derivatives of E;(x, o) in x.

The main results are as follows.
THEOREM 1. Forall 0 < x < 1t/2, we have that

Ls(x) - cos(x)
Le(x) - cos(x)

Gy (x, Ocl) < F(x) < Gy (x, OCQ) 4 Rs (x) -COS()C),
Gz(x, OC3) < F(x) < Gz(x, OC4) 4 Re(x) -COS()C),

L
L

(1)
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where o =~ 1.81168, op ~ 1.87682, a3 =~ 1.29481 and a4 ~ 1.36071 are the roots of

the following equations such that
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Figure 2: Error plots of (a)Ey (%, ) ; (b) E\Y(0,a); (¢) ES'”(0,a) and (d) Ey(%, ) in Eq.
(12).

As shown in Fig. 2, combining Theorem 1 with Eq. (12), for Vx € (0,7/2) and
a € [1,2], oy is the minimum constant such that E1(F,a) > 0 and G;(x,a) < F(x),

0 is the minimum constant such that E{S) (0,) <0 and G| (x,00) > F(x), a3 is

the minimum constant such that E2(10) (0,a) >0 and Gy(x,0) < F(x), and oy is the
minimum constant such that E»(F,a) <0 and Gy (x, &) > F(x).

Let
Do) = LEGRISD o), ) - LG o),

Comparing the results of Eq. (7) as shown in Fig. 1, the results of Eq. (13) achieve
much better approximation effect, as shown in Fig. 3.
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Figure 3: Error plots of D;(t) in Eq. (13), i=17,8,9,10.

2. Proof of Theorem 1

In principle, the idea of the method in [21] may be applied for the proof of The-
orem 1. In this section, we provide the following method for proving Theorem 1. For
the sake of convenience, we introduce Theorem 3.5.1 in Page 67, Chapter 3.5 of [7] as
follows.

THEOREM 2. Let wy, wy, -+, w, be r+ 1 distinct points in [a,b], and ngy, ---,
ny be r+1 integers > 0. Let N = no+ -+ n,+r. Suppose that g(t) is a polynomial
of degree N such that g(‘)(wj) = {0 (wj), i=0,---,nj, j=0,---,r. Then there exists

(N+1) ;
E1(2) € [a,b] such that f(t) —g(t) = Wﬂo(;_ i)t

We have the following lemmas.

LEMMA 3. For a € (0,2), x€ (0,7/2), n> 1, we have that

C,(x,a) < cos(ox) < Cy(x, ),

S 14
S, (x, &) < sin(ox) < Su(x, @), (14)
where
2n—1 1) (o)2 | 2itl
Gl ) = i§0 %’ Sin((x, @) = Z = )21(+1)> ’
C,(x, 00) = Cy(x, ) + <2 7( %*)f:(%-ﬂ)x@’
Calx, @) = Gy, o) + LT in, (15)
H ar 2
S,(x,0) = Sp(x, o) + S‘“(7E));fi(2,a)x4n+z
S _cart
Sn(x, ) = Sp(x, 0t) + Sm(?g))t‘figz ’a>x4"+3
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Proof. Let Hy(x,a) = cos(ax) —C,(x, ), Hy(x, &) = cos(ax) — Cp(x, &), Hz(x, )
= sin(ox) — S, (x, &) and Hy(x, o) = sin(ox) — S, (x, ). It can be verified that

Hi(0)=H,(0)=---=H" "V =H (%) =0,
Hy(0) = Hy(0) = - = Hy" 2 = Hy(3) =0,
_ (4n+1) T (16)
H3(0) = Hy(0) = - = Hy """ = Hy(%) =0,
Hy(0) = Hy(0) =+ = H""?) = Hy(%) =0,

Combining Eq. (16) with Theorem 2, for @ € (0,2), x € (0,7/2), n > 1, there exists
&i(x) € (0,%) such that

(4n+1) Antl s
H (&i1(x) 4 —a*" Lsin(ag (x)
| n(y__ T\ _ 1 dn(, T
Hi(x) = ErEs I (x=%)= @) xM(x—%)>0,
(4n)
_ Hy (&) an—1 xy _ o¥cos(adi(v) an—1 T
Hz(.x)— (4}1)! X (X—E)— T.}C (x—7)<0 (17)
4n+3
Hy(x) = B @00 ni2 gy _ e eosaBi) nia (1 5
3 (@n13)! 2 (@nt3)! 0,
(4n+4) Antd -
_H (64(®) ant3 my _ o sin(ads(x) 4nt3 T
Hy(x) = ey (x=3) = Gnrdy)  * (x—7) <0,
which leads to Eq. (14), and the proof of the lemma is completed. [
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we have the following lemma.
LEMMA 4. For Vx € (0,7/2), we have that

19

01(x) = E(M iB19,i(x)) >0,

i=0

Ox(x) = Z (A2,iB20,i(x)) <0,

05(x) = l_fma Biei(x) >0
0 = ¥ (RaiBo,() <0,

(18)

Proof. For ¥x € (0,7/2), note that A; 4; >0, Aj 411 >0, A14i42 <0 and A 443
<0,i=0,1,2,3, 11,16 >0, 11’17 >0, 11’19 >0 and 11’13 < 0, it can be verified that

01 (x) > ZO(M ait A ainx+ A aina(5)F 4 Aaiea(5) 20
=
+ (A7 + A11s(2))x'7 2 0.00008 + 0.00005x + (5.5 x 10~ 7x*
+3.4x1077%) 4 (4.9 x 1071%8 +2.57 x 1071%)

F(1.1x 107 Bx12 £ 3.4 x 107 %13) 9.7 x 107 1%!7 > 0.

19)

Similarly, note that A,; >0, i =2,3,5,6,7,9,10,14,18, A, =0, j=1,11,13,15,17,
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19,and A4, <0, [=0,1,---,4, it can be verified that

2 )
O (x) < ¥ (haai+Aoain 5+ Aaia(5) + 24i3(5))x¥ + (M2

i=0

+/’Ll714(%)2)xlz + (/11716-1-11,18(%)2))616 ~—44x10°-33x10x*

—3.32x 107198 —7.25 x 107 14x12 —4.39 x 10~ 18x16 < 0.
(20)
Again, note that 13,4141 <0 and13,4,-+2 <0,i=0,1,2,3, 13,4.143 >0 and13,4j+4 >0,
7=0,1,2, 2315 >0 and A3 15 < 0, it can be verified that

2 .
Os(x) > _);0(1374i+3+7t3,4i+4x + A3.4i45(5)% + M3 4ire(5)2x)xHH
+(A30+23.1(5) + 232(3)%) + (A3,15+ A3,16(5) )22

~ (9.3 x 107194 1.0 x 1078%)x® + (3.0 + 3.6x) x 1012

21

+(6.5+2.4x) x 1071 2.5 x 1070 4-3.4 x 1072% > 0,

Finally, note that 14,4141 <0, 14,4,42 <0, 14,4143 >0 and 13,4144 >0,i=0,1,---,4,
it can be verified that

4 .
O4(x) < 120(14741' + A gii1 X+ Agair2(F)? + Aaain3(Z)%x)x*
=

~—3.7x107°-23x107% — (1.7 x 1078+ 1.0 x 10~ 8x)x* @)

—(8.5x1071245.3 x 107 2x)x® — (1.0 x 107 + 6.4 x 10~ 10x)x!?

—(3.3x 10720421 x 10~ Xx)x'% < 0.

Combining Eq. (19), Eq. (20), Eq. (21) with Eq. (22), we obtain Eq. (18), and the
proof is completed.

Let

1-+cos(2x)
2

¢o(x, @) = cos(x) — cos(x) —2cos(ax)x?,

_ x(105a*x04127x0+630a* x* +7560x2+7560)
91 (x, @) = 7560 ;

21053 (702 +x* a0 +-600 2% +34x2 +3600%)
¢ (x,00) = — 7560 ,

— x((98a* +3a%)x8+ (8400 +1016)x0+50400*x* +-60480x> +60480)
3 (x, 0) = 60480 ;

_ 2((259+18600%+42000)x0+ (1764002 +252000)x* + (85680+1512000%)x%+90720002)
a(x,0) = — 907200 '
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For x € (0,%), a € (0,2), combining with Lemma 3, it can be verified that
Ri(x,a) = Ei(x,a) - x> = ¢o(x, &) 4 ¢o; 1 (x, &) sin(x) + ¢o;(x, &) sin(x),
Rix,@) < Ca(x, 1) — Cy(x, 1) 5552 _ o, (v, )2
+¢2i71 (-x7 a)§3 (xu 1) + ¢2i(x7 O‘)S3(xa 1) = Ri(xa (X), (23)
Ri(x, @) > Cy(x,1) — Calx, 1) 48D 5, (x, )2

+¢2i71 (.X, (X)S3()C, 1) + ¢2i(x7 (X)>§3(X, 1) = Bi(xa a)a

where i= 1,2, R;(x,&) and R;(x, o) are polynomialsin x and . Combining Eq. (23)
with Lemma 4, for x € (0, %) , by using the Maple software, it can be verified that

19
Ri(x,00) =Ry (x,00) =x"°(5 —x) 'go(ll,iBwJ(x)) >0,

_ 20
Ri(x,00) < Ri(x,00) = xlzZ (A2,iB2o,i(x)) <0,

% 24

Ra(x,03) = Ry(x, 03) = x14_§0(l3,i316,i(x)) >0,

_ 19
Ry(x,04) < Ra(x,04) = x'*(5 —x) ,);0(1471'319,1‘()6)) <0.

From Eq. (24), we obtain Eq. (11), and the proof of Theorem 1 is completed. [

3. Applications and discussions

By using suitable values of & in Eq. (9), one can recover some previous results.
Let o = 1, one obtains that

Gp(x,1
A — 2 4 (& —a(x) tanx,
Ga(x,1
2D — 2 4 (& — b)) tanx,

and recovers the left and right sides of Eq. (4), which is a result in [24, 19, 25]. Fig. 4
shows the error plots of (f(x) —L;(¢))-cos(x) and (f(x) —R;(¢))-cos(x) in Eq. (2) and
Eq. (11) from different methods. It shows that the results from Eq. (11) in Theorem 1
can achieve much better approximation effect than those of the results in Eq. (2).

As for future work, there is still plenty of room for further development. Firstly,
one can recover or improve more other results by using more other bounding functions.
For example, the bounding function

Grew(x,0) = 2cos(ax) + ((a? — 1)x+ (’1—“2‘4 + %2 + %)f

8 4 2
—a o’ o 3la 37 N .
+(35160 T 2160 — 7320 T 15120 T T29600) ) Sin(¥)
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0,002 N
/
// \\ 0.025 |
L 1(,\‘ )/ \\ :
/ ;
0.0011 / \ 00207 :
// \ :
\ ;
// y_\\ 00151
s R
-~ .
: = \/ 05 IR Rﬁ(jxll\ 00101 LZ(X)
N Ra(x) 7
\\ / 0.005 |
-0.0014 R;(x) \\ // . L(w(.\’)
\ / [ . ———— .
\ / 0.5 1 15
N__/ Rs(x)
(@) (b)

Figure 4: Error plots of (f(x) — L;(t)) - cos(x) and (f(x) — Ri(t)) - cos(x) in Eq. (2) and Eq.

(11),

i=2,3,---,6.

can be used for recovering Ry(x) in Eq. (2). Secondly, more parameters can be in-
troduced for much better approximation effect. Finally, in principle, the idea can be
extended to more other inequalities for much better approximation effect.
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