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SOME RESULTS ON BLOCK KRONECKER AND
BLOCK HADAMARD PRODUCT OF MATRICES
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(Communicated by M. Krni¢)

Abstract. In this paper, we first construct a relationship between a block Kronecker product and
a block Hadamard product of matrices. Then we give some power rules for the block Kronecker
product of matrices under commutation assumptions. We extend some inequalities for powers
of the block Hadamard product of a finite number of positive definite Hermitian matrices.

1. Introduction

In 1991, Horn, Mathias and Nakamura [3] defined a block Hadamard product and
gave some useful results for singular values and norms of the block Hadamard product
of two matrices. In 2012, Giinther and Klotz [1] generalized Kronecker product for
block matrices and extended their studies to the block Hadamard product of positive
semidefinite matrices. Additionally, Mond and Pecaric [6] investigated several inequal-
ities involving eigenvalues and powers of the Hadamard product of positive definite
Hermitian matrices.

Firstly, we will construct a relationship between the block Kronecker and the block
Hadamard product of matrices. Further, we will prove the property associated with
the block Kronecker product of the powers of matrices. Finally, we shall give some
inequalities related to the powers of the block Hadamard product of a finite number of
positive definite Hermitian matrices.

Now, let us give the notation and terminology we will use throughout our study.
Let M,,, be the linear space of m x n matrices with complex entries and Mp7q(Mm7n)
be the space of p x g block matrices, and write M, , :== M, ;,(M,,) and M, :=
M, p(Mp,,). The identity matrix in M, is denoted by I, = diag(ly,...,I,) where
I,eM,,.

A matrix A € M, is Hermitian if A* = A where A* is the conjugate transpose
of A. A Hermitian matrix A is said to be positive definite if x*Ax > 0 for all nonzero
xeC.

Let A€ M,,; and B = (B,;) € M,,;(M;,). Then the block Kronecker product of

A and B is defined by AXB = (AB; j){j"””, where AB;; is the usual matrix product

Mathematics subject classification (2020): 15A18, 15A45.
Keywords and phrases: Block Kronecker product, block Hadamard product, positive definite matrices,
matrix inequalities.

© depay, Zagreb 461

Paper IMI-15-34


http://dx.doi.org/10.7153/jmi-2021-15-34

462 M. OzEL

of A and B;;. For A = (A;;) € M, 4(M,,;), the block Kronecker product is given by
AXB = (A RB) 9 I A = (Ayj) € My ¢(My,,) and B = (Byj) € M 4(My,,) the
block Hadamard product of A and B is defined by AOB = (A;;B;). Two matrices A €
M, , and B € M, are called block commuting if every n x n block of A commutes
with every n x n block of B. It is denoted by A,.B. If A and B are both positive
definite and A, B then AKX B and AOB are positive definite matrices|[1].

These block products are related to each other for A, B € M, (M, ,) by a pPnx pn
selection matrix J such that

AOB=J"(AKB)J andJ'J=1,

where JT = [Ej1Ey; - -Epp] for which Ej; is the p x p block matrix of zero matrices
except an identity matrix I, in the ii th position.

2. Main results

Firstly, we shall give some properties of block commuting matrices which are
useful to establish our results. Let A € M, ,, B € M,, C € M, and D € M, for
p,q,s,t,u,veN.

LEMMA 1. (a)If ApcB and CpcB then AC, B.

(b) Let D be a block diagonal matrix such that D = diag (Dy,---,D,) with D; €
M, . I]‘Abcﬁ then Ahc}ﬁ)“' for a real number s.

(c)If A and B are Hermitian matrices and Ap B then A, B*.

Proof. (a)Forall i,j,l,m=1,... k, we have
A;iCijBiy = AijB1Cij = B1AijCij.

(b) It follows from the fact that is given in [2] pg.30 a matrix A;; commutes with
a diagonal matrix Dy if and only if every entry a;; of A;; is zero whenever d;; # d;; .
(c)Clear. [

LEMMA 2. [1] (a) (AXB)" = A*XB" if and only if Ap.B.
(b) If ByC then (ARB)(CKD) = ACKBD.

(c) ARB = (ARI,)(I, XB).

(d) ARB = (I, XB)(AXI,) if and only if Ap.B.

For a finite number of matrices A;, B; € M(,, i = 1,...,k, we write the following
results.

LEMMA 3. Let A; and B; be matrices such that B; block commutes with Ay ;
foralli=1,....k—1land j=1,....,k—1i. Then

k

(lei) X (_]f[lB,-) =TJAixB,). )

i=1
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Proof. Let k=3. For i =1, B; commutes with A, and A3. For i=2, B,
commutes with A3. Applying Lemma 1(a) and Lemma 2(b), we get

(A1 XB1) (A2 XB,) (A3 X B3) = (A1 A KB 1B;) (A3 X Bs3)
= (A1A2) Az X (B B,)B3.

The proof is completed by induction. [J

Let A € M, be a positive definite n x n Hermitian matrix. There exits a matrix U
such that
A=TU"A1,A,...,4,, U, UU=I,

where [A1,42,...,A,] is the diagonal matrix with A; eigenvalues of A[6]. Then for any
real number s, A® is defined by

A =TU*[A5 A, AN]U.

LEMMA 4. Let A, B € M, be positive definite matrices such that A = U*DU and
B = V*KV where D, K are diagonal matrices and s a nonzero real number. Suppose
that A block commutes with B, then

A'RB = (AXB)". )

Proof. First note that if A, B then Uy V, Up K, UpD, V, K, Vp,.D and D K
By Lemma 1, we get

ARB = (U'D'U) R (VK'V)

= ((UD*)U) B (V*(K*V))

= (U'D'RV*)(URK'V)

= (U'D*RV*I)(IURK'V)

= (U"RV*)(D'RI)(IRK*) (UK V)
= (URV)*(D'RK*)(UR V)

= (URV)*(DRK) (URKV)

= (ARBY'.

Since V; U, we have

(URV)*(URYV) = (U*RV*)(URV)
= U'URV*V
=Ly Ry =L, O

The block Hadamard and the block Kronecker product of matrices A;, i=1,...,k
will be denoted by D —14; and & —14;, respectively.

For a finite number of positive definite Hermitian matrices A; € M,, we can ex-
tend the equation (2) as follows.
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THEOREM 1. Let A; = U:D;U; be a positive definite Hermitian matrix with a
diagonal matrix D; and a matrix U; such that UfU; =1 for i =1,... k. Assume that
A; block commutes with A; forall i # j. Then we have

RE AL = (&ﬁ;lAi)s.

Proof. First we prove this for k = 3. By considering assumptions and (2), we
obtain

(AHAS)RAS = (A KA;) KA
= (A KA KA3) .

This can be extended from m to m+ 1 similarly. Thus, the proof is accomplished by
induction. [

We shall give a result that we use mainly in the proofs of Theorems 2 and 3.

LEMMA 5. Let A; € Ml,. Then there exists a pkn x pn selection matrix J such
that JT] =1 and

=7 ( =t Ai)J.
Proof. We prove for three block matrices. The extension from m to m+1 is
similar. Using the fact that J7 block commutes with A, we get

ADBOC = AO(JT(BRC)J)
=J"ARJITBRC)))I
=J"(TAD)R (JT(BRC)I))J
=J7(IRJT)(ARBRC)(IKJT))J
=JT(ARBXC)J

where J = (IKJ)J € M, , with
FI=1"I=RI")ARNDI=1"IRDI=1. O

LEMMA 6. [4] Let A € M, be a positive definite Hermitian matrix and V € M, ,,
matrix such that V¥V = 1. Then for all real r and s, r <'s,

(V*ASV)I/S > (V*Arv)l/r

where r¢ (—1,1) and s ¢ (—1,1) ors=>1>2r>

=

orr<—1<s<—

=
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THEOREM 2. Let A; and Aj be block commuting matrices for i # j. Suppose
that A; are positive definite matrices and r and s be real numbers such that r < s.

Then y y
N r
<D§:1Af> > <D§:1Az‘r> 3)
forré (—1,1)and s ¢ (—1,1) or s > 1>r>%0rr<—1<s<—%.

Proof. By using the selection matrix J instead of V in Lemma 6, we have

(o1a3) e (a7 (=ia0)3 "
= (1" (m0)'1) "
- (7(atn) )"
= (37 (=187)3
= (ok,a7) =

Similarly using (3) we obtain the following corollary.

)
)"

COROLLARY 1. Let A; and A be block commuting matrices for i # j. Then
(@) (B4 > (@A) or (3LA7Y) > (08,4
(b) (D’.‘_IAT)I/r > (0,A) or (DL A)l/r > ( 1Ai1/r> for r>1.
(c) (O, A2) P> (O A)  or  (Ok )7 > (Dj.;lA.W).

1

LEMMA 7. [5] Let A € M,, be a positive definite Hermitian matrix with eigenval-
ues in [m,M], m>0. Let V € My, such that V*V =1. If r < s real numbers such
that either r ¢ (—1,1) or s ¢ (—1,1), then

(V*ASV)I/.\' < A(V*ArV)l/r, 4)

{5 }/ (= }W ®

o =M/m, and M and m are the largest and smallest eigenvalues of A, respectively.

where

THEOREM 3. Let A; and A; be block commuting matrices for i # j. Suppose
that A; are positive definite matrices and r and s be nonzero real numbers such that
r¢ (—1,1) ors¢ (—1,1) and r <s. Then

(DLIA?)I/‘Y <A (Di-;lAf)l/r, ©6)
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where A is given by (5), M; and m; are the largest and smallest eigenvalues of &f-‘: 1A,
respectively.

Proof. By Lemma 3 and Lemma 7, we obtain

(o) "= (0 ot.))

In (6) setting s =2, r=1,and s =1, r = —1, respectively, we get the following

corollary.

COROLLARY 2. Let A; and A be block commuting matrices for i # j. Then

(@ (0,82)" < % (oh1a1).

0 (et < U et )
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