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APPROXIMATION PROPERTIES OF MODIFIED

KANTOROVICH TYPE (p,q)–BERNSTEIN OPERATORS

KAN YU, WENTAO CHENG ∗ , LIGANG FAN AND XIAOLING ZHOU

(Communicated by V. Gupta)

Abstract. In the present paper, we construct modified Bernstein-Kantorovich operators by adding
a parameter α and using new method and idea based on (p,q) -calculus. We establish the mo-
ments and the central moments of the operators. Then, we obtain a Korovkin type approximation
theorem and discuss two local approximation theorems using Steklov mean and K -functional in
terms of modulus of smoothness. Next, the rate of convergence on continuous function space,
differentiable function space and Lipschitz function space are studied. Finally, Voronovskaja
type theorem is also investigated.

1. Introduction

As we known, the classical Bernstein-Kantorovich operators were introduced as
follows: (see [10])

Kn( f ;x) =
n

∑
k=0

bn,k(x)
∫ 1

0
f

(
k+u
n+1

)
du. (1)

where f ∈ C[0,1] , x ∈ [0,1] . In [15], M. A. Özarslan et al. generalized the operators
(1) by adding a parameter α as follows:

Kn,α( f ;x) =
n

∑
k=0

bn,k(x)
∫ 1

0
f

(
k+uα

n+1

)
du (2)

and obtained simultaneous approximation results and order of approximation. In [11],
N. I. Mahmudov et al. introduced q -analogue of the operators (1) as follows:

K∗
n,q( f ;x) =

n

∑
k=0

bq
n,k(x)

∫ 1

0
f

(
[k]q +qku

[n+1]q

)
dqu.
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and studied local and global approximation properties. In [3], A. M. Acu et al. defined
q -analogue of the operators (2) as follows:

Kα
n,q( f ;x) =

n

∑
k=0

bq
n,k(x)

∫ 1

0
f

(
[k]q +uα

[n+1]q

)
dqu.

and established the shape preserving properties of these operators e.g. monotonicity and
convexity. In [14], Mursaleen et al. first used (p,q)-calculus to construct the classical
Bernstein operators as follows:

Bp,q
n ( f ;x) =

n

∑
k=0

bp,q
n,k (x) f

(
pn−k[k]p,q

[n]p,q

)
, x ∈ [0,1],

where 0 < q < p � 1 and bp,q
n,k (x) =

(n
k

)
p,qp[k(k−1)−n(n−1)]/2xk(1−x)n−k

p,q , k = 0,1, · · · ,n .
Later, many Kantorovich-type modifications of (p,q) positive linear operators were
constructed and studied, we refer to the articles[1, 2, 7, 12, 13]. There are many books
about the research and application about q -calculus and (p,q)-calculus, we mention
some of them [4, 8, 9].

Motivated by the abovework, we construct modified (p,q)-Bernstein-Kantorovich
operators as follows:

DEFINITION 1. Let f ∈C[0,1] , 0 < q < p � 1, α > 0 and n ∈ N , the modified
(p,q)-Bernstein-Kantorovich operators can be defined by

K
p,q
n,α( f ;x) =

n

∑
k=0

bp,q
n,k (x)

∫ 1

0
f

(
pn−k[k]p,q +uα

[n+1]p,q

)
dp,qu (3)

2. Moment estimation

In this section, we will discuss some auxiliary results about moments estimates
and central moments estimates, which are necessary to establish the approximation
properties about the operators K

p,q
n,α .

LEMMA 1. [6, Lemma 2] Let 0 < q < p � 1 , n = 1,2, · · · and x ∈ [0,1] , we have

(1) . Bp,q
n (1;x) = 1 , Bp,q

n (u;x) = x , Bp,q
n (u2;x) =

q[n−1]p,q

[n]p,q
x2 +

pn−1

[n]p,q
x;

(2) . [n]p,qB
p,q
n (um+1; px) = pnx(1− px)Dp,q[B

p,q
n (um;x)] + [n]p,qpxBp,q

n (um; px) ,
m = 0,1,2, · · · ,n−1 .

LEMMA 2. For all α > 0 , n ∈ N , x ∈ [0,1] and 0 < q < p � 1 , we have

K
p,q
n,α(um;x) =

1
[n+1]mp,q

m

∑
i=0

(
m
i

)
[n]m−i

p,q

[αi+1]p,q
Bp,q

n (um−i;x).
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Proof. Direct computation

K
p,q
n,α (um;x) =

n

∑
k=0

bp,q
n,k (x)

∫ 1

0

(
pn−k[k]p,q +uα

[n+1]p,q

)m

dp,qu

=
1

[n+1]mp,q

n

∑
k=0

bp,q
n,k (x)

∫ 1

0

m

∑
i=0

(
m
i

)
(pn−k[k]p,q)m−iuα idp,qu

=
1

[n+1]mp,q

m

∑
i=0

(
m
i

)
[n]m−i

p,q

[αi+1]p,q

n

∑
k=0

bp,q
n,k (x)

(
pn−k[k]p,q

[n]p,q

)m−i

=
1

[n+1]mp,q

m

∑
i=0

(
m
i

)
[n]m−i

p,q

[αi+1]p,q
Kp,q

n (um−i;x). �

Combining Lemma 1 and Lemma 2, we can easily obtain the following corollaries:

COROLLARY 1. For all α > 0 , n ∈ N , x ∈ [0,1] and 0 < q < p � 1 , we have
(1) . K

p,q
n,α(1;x) = 1 ;

(2) . K
p,q
n,α(u;x) = [n]p,q

[n+1]p,q
x+ 1

[n+1]p,q[α+1]p,q
;

(3) . K
p,q
n,α (u2;x)= q[n−1]p,q[n]p,q

[n+1]2p,q
x2+

(
pn−1[n]p,q

[n+1]2p,q
+ 2[n]p,q

[n+1]2p,q[α+1]p,q

)
x+ 1

[n+1]2p,q[2α+1]p,q
.

COROLLARY 2. Using Corollary 1, we can easily get the following explicit for-
mulas about the first and the second central moments:

μ p,q
n,1 (x) := K

p,q
n,α (u− x;x) =

(
[n]p,q

[n+1]p,q
−1

)
x+

1
[n+1]p,q[α +1]p,q

; (4)

μ p,q
n,2 (x) := K

p,q
n,α
(
(u− x)2;x

)
=

(
q[n−1]p,q[n]p,q

[n+1]2p,q
− 2[n]p,q

[n+1]p,q
+1

)
x2

+

(
pn−1[n]p,q

[n+1]2p,q
+

2([n]p,q− [n+1]p,q)
[n+1]2p,q[α +1]p,q

)
x+

1
[n+1]2p,q[2α +1]p,q

. (5)

COROLLARY 3. The sequences (pn) , (qn) satisfy 0 < qn < pn � 1 such that
pn → 1 , qn → 1 and pn

n → k1 ∈ [0,1] , qn
n → k2 ∈ [0,1] , [n]pn,qn → ∞ , (1− pn)[n +

1]pn,qn → k3 ∈ [0,∞) as n → ∞ , α > 0 , then

lim
n→∞

[n+1]pn,qn μ pn,qn
n,1 (x) = (k3 − k2)x+

1
α +1

; (6)

lim
n→∞

[n+1]pn,qn μ pn,qn
n,2 (x) = k1(x− x2); (7)

lim
n→∞

[n+1]pn,qnK
pn,qn

n

(
(u− x)4;x

)
= 0. (8)
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Proof. Using
[n− i]pn,qn

[n+1]pn,qn

= q−i−1
n − pn+1

n (pnqn)−i−1 [i+1]pn,qn

[n+1]pn,qn

, we can obtain

lim
n→∞

[n+1]pn,qn μ pn,qn
n,1 (x) = lim

n→∞
[n+1]pn,qn(q

−1
n −1)x− k1x+

1
α +1

= lim
n→∞

[n+1]pn,qn(1−qn)x− k1x+
1

α +1

= lim
n→∞

[n+1]pn,qn(1− pn + pn−qn)x− k1x+
1

α +1

= (k3− k2)x+
1

λ +1
.

Combining lim
n→∞

(1−qn)[n+1]pn,qn = k3 + k1− k2 and

lim
n→∞

[n+1]pn,qn

(
qn[n−1]pn,qn [n]pn,qn

[n+1]2pn,qn

− 2[n]pn,qn

[n+1]pn,qn

+1

)

= lim
n→∞

[n+1]pn,qn

(
qn

(
q−2

n − pn+1
n (pnqn)−2[2]pn,qn

[n+1]pn,qn

)(
q−1

n − pn+1
n (pnqn)−1

[n+1]pn,qn

)

−2

(
q−1

n − pn+1
n (pnqn)−1

[n+1]pn,qn

)
+1

)

= lim
n→∞

[n+1]pn,qn

((
q−2

n −2q−1
n +1

)− pn+1
n (pnqn)−2 ([2]pn,qn + pn−2pnqn)

[n+1]pn,qn

)
= lim

n→∞
[n+1]pn,qn(1−qn)2− k1 = −k1,

we can have lim
n→∞

[n+1]pn,qnμ pn,qn
n,2 (x) = k1(x− x2) . While n → ∞ , using Lemma 1 and

Lema 2 and supposing rn = qn
pn

, we can rewrite

Bpn,qn
n (1;x) = 1, Bpn,qn

n (u;x) = x, Bpn,qn
n (u2;x) = x2 − pn−1

n

[n]pn,qn

x2 +
pn−1

n

[n]pn,qn

x,

Bpn,qn
n (u3;x) = x3 − (2+ rn)

pn−1
n

[n]pn,qn

x3 +(2+ rn)
pn−1

n

[n]pn,qn

x2 +o

(
1

[n]pn,qn

)
,

Bpn,qn
n (u4;x) = x4 − ([3]rn + rn +2)

pn−1
n

[n]pn,qn

x4 +([3]rn + rn +2)
pn−1

n

[n]pn,qn

x3 +o

(
1

[n]pn,qn

)
.

Combining

(
[n]pn,qn

[n+1]pn,qn

)m

∼ 1−mpn
n

1
[n+1]pn,qn

+o

(
1

[n]pn,qn

)
∼ 1−mpn−1

n
1

[n]pn,qn

+o

(
1

[n]pn,qn

)
,



MODIFIED KANTOROVICH TYPE (p,q) -BERNSTEIN OPERATORS 551

m = 1,2,3,4 and Lemma 2, we have

K
p,q
n,α(1;x) = 1, K

pn,qn
n,α (u;x) ∼ x− pn−1

n

[n]pn,qn

x+
1

[n+1]pn,qn [α +1]pn,qn

+o

(
1

[n]pn,qn

)

K
pn,qn
n,α (u2;x) ∼ x2 − 3pn−1

n

[n]pn,qn

x2 +
pn−1

n

[n]pn,qn

x+
2

[α +1]pn,qn

x
[n]pn,qn

+o

(
1

[n]pn,qn

)

K
pn,qn
n,α (u3;x) ∼ x3 − (5+ rn)pn−1

n

[n]pn,qn

x3 +
(2+ rn)pn−1

n

[n]pn,qn

x2 +
3

[α +1]pn,qn

x2

[n]pn,qn

+o

(
1

[n]pn,qn

)

K
pn,qn
n,α (u4;x) ∼ x4 − (6+ rn +[3]rn)p

n−1
n

[n]pn,qn

x4 +
(2+ rn +[3]rn)p

n−1
n

[n]pn,qn

x3 +
4

[α +1]pn,qn

x3

[n]pn,qn

+o

(
1

[n]pn,qn

)
.

Hence,

K
pn,qn
n,α

(
(t− x)4;x

)
= K

pn,qn
n,α

(
t4;x

)−4K
pn,qn
n,α

(
t3;x

)
x+6K

pn,qn
n,α

(
t2;x

)
x2

−4K
pn,qn
n,α (t;x)x3 + x4

∼ (3rn − [3]rn) pn−1
n

[n]pn,qn

(x4 + x3)+o

(
1

[n]pn,qn

)
.

By lim
n→∞

rn = 1, we easily get (8). �

COROLLARY 4. Let f ∈C[0,1] and x ∈ [0,1] , we can get ‖Kp,q
n,λ ( f ;x)‖ � ‖ f‖ .

Proof. In view of the definition given by (3) and Corollary 1, for any x ∈ [0,1],we
have ∣∣∣Kp,q

n,λ ( f ;x)
∣∣∣� K

p,q
n,λ (1;x)‖ f‖ = ‖ f‖.

Taking supremum over all x ∈ [0,1] , we obtain the required result. �

3. Direct estimates

3.1. Korovkin approximation Theorem

THEOREM 1. Let (pn) , (qn) be the sequences defined in Corollary 3, α > 0 .

Then for any f ∈ C[0,1] , the sequence
{

K
pn,qn
n,λ ( f ;x)

}
converges uniformly to f on

[0,1] .

Proof. By the classical Korovkin Theorem [5, p. 8, Theorem 3.1], it is sufficient
to prove that

lim
n→∞

∥∥∥Kpn,qn
n,λ

(
ui;x

)− xi
∥∥∥= 0, i = 0,1,2.
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By Corollary 1 (1), it is clear that lim
n→∞

∥∥∥Kpn,qn
n,λ (1;x)−1

∥∥∥ = 0. Using qn[n]pn,qn =

[n+1]pn,qn − pn
n , by Corollary 1 (2), we have∣∣∣Kpn,qn

n,λ (u;x)− x
∣∣∣�
∣∣∣∣ [n]pn,qn

[n+1]pn,qn

−1

∣∣∣∣x+
1

[n+1]pn,qn [α +1]pn,qn

�
∣∣∣∣ 1
qn

−1

∣∣∣∣+ q−1
n pn

n

[n+1]pn,qn

+
1

[n+1]pn,qn [α +1]pn,qn

→ 0, n → ∞.

By (6) and (7), we have

lim
n→∞

∣∣∣Kpn,qn
n,λ

(
u2;x

)− x2
∣∣∣= lim

n→∞

∣∣∣Kpn,qn
n,λ

(
u2− x2;x

)∣∣∣
� lim

n→∞

∣∣∣Kpn,qn
n,λ

(
(u− x)2;x

)∣∣∣+2x lim
n→∞

∣∣∣Kpn,qn
n,λ (u− x;x)

∣∣∣
� lim

n→∞

1
[n+1]pn,qn

(
(k1 + k2 + k3)x+ k1x

2 +
1
α

)
= 0.

Thus the proof is completed. �

3.2. Local approximation

In this subsection, we will discuss two local approximation theorems about the
operators (3) by Steklov mean and K -functional independently. Let f ∈ C[0,1] and
t > 0, the Steklov mean is defined by

ft(x) =
4
t2

∫ t
2

0

∫ t
2

0
(2 f (x+u+ v)− f (x+2u+2v))dudv.

By simple computation, it is observed that
(i)‖ ft − f‖ � ω2( f ;t) ;
(ii) If f is continuous and f ′t , f ′′ ∈C[0,1] , then ‖ f ′t ‖� 5

t ω( f ; t) , ‖ f ′′t ‖� 9
t2

ω2( f ; t) ,
where the first and second order modulus of continuity for δ � 0 are respectively de-
fined by

ω( f ;δ ) = sup
x,x+y∈[0,1],0<|y|�δ

| f (x+ y)− f (x)|

and
ω2( f ;δ ) = sup

x,x+2y∈[0,1],0<|y|�δ
| f (x+2y)+ f (x)−2 f (x+ y)|.

THEOREM 2. Let f ∈ C[0,1] , 0 < q < p � 1 , α > 0 , then for any n ∈ N and
x ∈ [0,1] , we have

∣∣Kp,q
n,α( f ;x)− f (x)

∣∣ � 5
√

[n]p,qμ p,q
n,1 (x)ω

(
f ;

1√
[n]p,q

)

+
(

9
2
[n]p,qμ p,q

n,1 (x)+2

)
ω2

(
f ;

1√
[n]p,q

)
.
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Proof. For x∈ [0,1] , t > 0 and using definition of the Steklov mean, we can write∣∣Kp,q
n,α( f ;x)− f (x)

∣∣� K
p,q
n,α (| f − ft |;x)+

∣∣Kp,q
n,α( ft (u)− ft(x);x)

∣∣+ | ft(x)− f (x)|.
By Corollary 4 and property (i) of the Steklov mean, we have

K
p,q
n,α (| f − ft |;x) � ‖Kp,q

n,α( f − ft)‖ � ‖ f − ft‖ � ω2( f ; t).

Also, by Taylor’s expansion formula, we have

∣∣Kp,q
n,α ( ft(u)− ft(x);x)

∣∣� | f ′t (x)|μ p,q
n,1 (x)+

1
2
‖ f ′′t ‖μ p,q

n,2 (x)

� ‖ f ′t ‖μ p,q
n,1 (x)+

1
2
‖ f ′′t ‖μ p,q

n,2 (x)

� 5
t

μ p,q
n,1 (x)ω( f ;h)+

9
2t2

μ p,q
n,2 (x)ω2( f ; t).

Hence,

∣∣Kp,q
n,α ( f ;x)− f (x)

∣∣� 5
t

μ p,q
n,1 (x)ω( f ;t)+

(
9

2t2
μ p,q

n,2 (x)+2

)
ω2( f ; t),

for x ∈ [0,1] , t > 0. Setting t = 1√
[n]p,q

, we obtain the desired result. �

The second form to obtain the local approximation is the application of K -functional.
The Peetre’s K -functional is defined by

K( f ;δ ) = inf
η ′′∈C[0,1]

{‖ f −η‖+ δ‖η ′′‖} .

By [5, p. 177, Theorem 2.4], there exists an absolute constant C > 0 such that

K( f ;δ 2) � Cω2( f ;δ ), δ > 0. (9)

THEOREM 3. Let f ∈ C[0,1] , 0 < q < p � 1 , α > 0 , then for any n ∈ N and
x ∈ [0,1] , we have

∣∣Kp,q
n,α( f ;x)− f (x)

∣∣� 4Cω2

(
f ;

√(
μ p,q

n,1 (x)
)2

+ μ p,q
n,2 (x)

)
+ ω

(
f ;
∣∣∣μ p,q

n,1 (x)
∣∣∣) .

Proof. For x ∈ [0,1] , we define the following new operators K
p,q
n,α by

K
p,q
n,α( f ;x) = K

p,q
n,α( f ;x)+ f (x)− f

(
x+ μ p,q

n,1 (x)
)

.

From Corollary 2, we observe that the operators K
p,q
n,α( f ;x) are linear and reproduce the

linear functions. Let x ∈ [0,1] and η ′′ ∈C[0,1] . Using the Taylor’s expansion formula,
we can obtain

η(u) = η(x)+ η ′(x)(u− x)+
∫ u

x
η ′′(v)(u− v)dv.
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Hence,

K
p,q
n,α(η ;x)−η(x) = K

p,q
n,α

(∫ u

x
η ′′(v)(u− v)dv;x

)

� K
p,q
n,α

(∫ u

x
η ′′(v)(u− v)dv;x

)

+

∣∣∣∣∣
∫ x+μ p,q

n,1 (x)

x
η ′′(v)

(
x+ μ p,q

n,1 (x)− v
)∣∣∣∣∣dv

� K
p,q
n,α
(
(u− x)2;x

)‖η‖+
(

μ p,q
n,1 (x)

)2 ‖η ′′‖

=
((

μ p,q
n,1 (x)

)2
+ μ p,q

n,2 (x)
)
‖η ′′‖.

By Corollary 4, we easily know |Kp,q
n,α( f ;x)| � 3‖ f‖ . We can get

∣∣Kp,q
n,α( f ;x)− f (x)

∣∣= ∣∣∣Kp,q
n,α( f ;x)+ f

(
x+ μ p,q

n,1 (x)
)
−2 f (x)

∣∣∣
�
∣∣Kp,q

n,α( f −η ;x)− ( f −η)(x)
∣∣+ ∣∣Kp,q

n,α(η ;x)−η(x)
∣∣

+
∣∣∣ f (x+ μ p,q

n,1 (x)
)
− f (x)

∣∣∣
� 4‖ f −η‖+

((
μ p,q

n,1 (x)
)2

+ μ p,q
n,2 (x)

)
‖η ′′‖+ ω

(
f ;
∣∣∣μ p,q

n,1 (x)
∣∣∣) .

Taking infinum on the right hand side over all η ′′ ∈ C[0,1] using (9), we obtain the
desired assertion. �

3.3. Rate of convergence

First, we give the rate of convergence of the operators K
p,q
n,α( f ;x) by means of the

modulus of continuity ω( f ;δ ) .

THEOREM 4. If f ∈C[0,1] , 0 < q < p � 1 , α > 0 and n ∈ N , for any x ∈ [0,1] ,
we have ∣∣Kp,q

n,α( f ;x)− f (x)
∣∣ � 2ω

(
f ;
√

μ p,q
n,2 (x)

)
.

Proof. Using [5, p. 41, (6.5)], for any f ∈C[0,1] and δ > 0, we have

| f (u)− f (x)| � ω ( f ;δ )
(

1+
|u− x|

δ

)
.
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Using the monotonicity and the linearity of K
p,q
n,α and Cauchy-Schwarz inequality, for

any δ > 0, we have∣∣Kp,q
n,α( f ;x)− f (x)

∣∣ � K
p,q
n,α (| f (u)− f (x)| ;x) � K

p,q
n,α (ω ( f ; |u− x|) ;x)

� ω ( f ;δ )
(

1+
K

p,q
n,α(|u− x|;x)

δ

)

� ω ( f ;δ )

⎛
⎝1+

√
K

p,q
n,α ((u− x)2;x)

δ

⎞
⎠

� ω ( f ;δ )

⎛
⎝1+

√
μ p,q

n,2 (x)

δ

⎞
⎠ .

Finally, let us choose δ =
√

μ p,q
n,2 (x) . We complete the proof of Theorem 4. �

While f ′ ∈C[0,1] , we have the following theorem about rate of convergence.

THEOREM 5. If f ∈C[0,1] , 0 < q < p � 1 , α > 0 and n ∈ N , for any x ∈ [0,1] ,
we have

∣∣Kp,q
n,α ( f ;x)− f (x)

∣∣� ∣∣∣μ p,q
n,1 (x)

∣∣∣ | f ′(x)|+2
√

μ p,q
n,2 (x)ω

(
f ′;
√

μ p,q
n,2 (x)

)
.

Proof. Applying K
p,q
n,α to both sides of f (u) = f (x)+ f ′(x)(u−x)+ f (u)− f (x)−

f ′(x)(u− x) , we have∣∣Kp,q
n,α( f ;x)− f (x)

∣∣
�| f ′(x)| ∣∣Kp,q

n,α(t − x;x)
∣∣+K

p,q
n,α
(∣∣ f (u)− f (x)− f ′(x)(u− x)

∣∣ ;x)
�
∣∣∣μ p,q

n,1 (x)
∣∣∣ | f ′(x)|+K

p,q
n,α

(
|u− x|

(
1+

|u− x|
δ

)
;x

)
ω
(
f ′;δ

)

�
∣∣∣μ p,q

n,1 (x)
∣∣∣ | f ′(x)|+√K

p,q
n,α ((u− x)2;x)

⎛
⎝1+

√
K

p,q
n,α ((u− x)2;x)

δ

⎞
⎠ω

(
f ′;δ

)

with the help of Cauchy-Schwartz inequality and mean value theorem. Taking δ =√
K

p,q
n,α ((u− x)2;x) and by Corollary 2, we can get the desired result. �

Now, we give the rate of convergence of the operators K
p,q
n,α( f ;x) by means of the

Lipschitz class LipM(γ) . A function f ∈C[0,1] belongs to LipM(γ) (γ ∈ (0,1]) , if the
condition

| f (u)− f (x)| � M |u− x|γ , u,x ∈ [0,1]

is satisfied.
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THEOREM 6. If f ∈ LipM(γ) (γ ∈ (0,1]) , we have

∣∣Kp,q
n,α( f ;x)− f (x)

∣∣� M
(

μ p,q
n,2 (x)

) γ
2
.

Proof. According to the monotonicity and the linearity of the operators and taking
into account that f ∈ LipM(γ) , we can obtain∣∣Kp,q

n,α ( f ;x)− f (x)
∣∣� K

p,q
n,α (| f (u)− f (x)| ;x) � MK

p,q
n,α
(|u− x|γ ;x

)
.

Applying well-known Hölder’s inequality with t1 = 2
γ and t2 = 2

2−γ , we can get

∣∣Kp,q
n,α ( f ;x)− f (x)

∣∣� MK
p,q
n,α
(|u− x|γ ;x

)
� M

(
K

p,q
n,α
(|u− x|t1γ ;x

)) 1
t1
(
K

p,q
n,α(1t2 ;x)

) 1
t2

= M
(
K

p,q
n,α

(
|u− x|2 ;x

)) γ
2

= M
(

μ p,q
n,2 (x)

) γ
2
.

We obtain the required result. �

3.4. Voronovskaja type Theorem

In this subsection, we give a Voronovskaja type asymptotic formula for the opera-
tors (3) by means of the second and fourth central moments.

THEOREM 7. Let (pn) , (qn) be the sequences defined in Corollary 3, α > 0 and
f ∈C[0,1] . Suppose that f ′′(x) exists at a point x ∈ [0,1] , then we can obtain

lim
n→∞

[n+1]pn,qn

∣∣Kpn,qn
n,α ( f ;x)− f (x)

∣∣ = ((k3− k2)x+
1

α +1

)
f ′(x)+

k1

2
x2 f ′′(x).

Proof. Using Taylor’s expansion formula, we can obtain

f (u) = f (x)+ f ′(x)(u− x)+
1
2

f ′′(x)(u− x)2 + r(u,x)(u− x)2, (10)

where R(t,x) is the Peano form of the remainder and lim
u→x

R(t,x) = 0. Applying K
pn,qn
n,α

to the both sides of (10), we have

[n+1]pn,qn

(
K

pn,qn
n,α ( f ;x)− f (x)

)
= [n+1]pn,qn f ′(x)

(
K

pn,qn
n,α (u− x;x

)
+[n+1]pn,qn

f ′′(x)
2

K
pn,qn
n,α

(
(u− x)2;x

)
+[n+1]pn,qnK

pn,qn
n,α

(
r(u,x)(u− x)2;x

)
.
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By the Schwarz inequality, we have

K
pn,qn
n,α

(
r(u,x)(u− x)2;x

)
�
√

K
pn,qn
n,α (r2(u,x);x)

√
K

pn,qn
n,α ((u− x)4;x). (11)

We observe that r2(x,x) = 0 and r2(·,x) ∈ C[0,1] . Then, it follows from Theorem 1
that

lim
n→∞

K
pn,qn
n,α

(
r2(u,x);x

)
= r2(x,x) = 0. (12)

Hence, from (8), (11), (12), we can obtain

lim
n→∞

[n+1]pn,qnK
pn,qn
n,α

(
r(u,x)(t − x)2;x

)
= 0. (13)

Combining (6), (7), (13), we obtain the required result. �

COROLLARY 5. Let (pn) , (qn) be the sequences defined in Corollary 3, α > 0
and f ′′ ∈C[0,1] , then

lim
n→∞

[n+1]pn,qn

∣∣Kpn,qn
n,α ( f ;x)− f (x)

∣∣ = ((k3− k2)x+
1

α +1

)
f ′(x)+

k1

2
x2 f ′′(x).

uniformly in x ∈ [0,1] .
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