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Abstract. In the present paper, we construct modified Bernstein-Kantorovich operators by adding
a parameter o and using new method and idea based on (p,q)-calculus. We establish the mo-
ments and the central moments of the operators. Then, we obtain a Korovkin type approximation
theorem and discuss two local approximation theorems using Steklov mean and K -functional in
terms of modulus of smoothness. Next, the rate of convergence on continuous function space,
differentiable function space and Lipschitz function space are studied. Finally, Voronovskaja
type theorem is also investigated.

1. Introduction

As we known, the classical Bernstein-Kantorovich operators were introduced as

follows: (see [10])
k
ank / (nfl’)du (1)

where f € C[0,1], x € [0,1]. In [15], M. A. Ozarslan et al. generalized the operators
(1) by adding a parameter ¢ as follows:

k
Fual(fix) = ank / <n++u1)d” e

and obtained simultaneous approximation results and order of approximation. In [11],
N. I. Mahmudov et al. introduced g-analogue of the operators (1) as follows:

-t [ (e
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and studied local and global approximation properties. In [3], A. M. Acu et al. defined
g-analogue of the operators (2) as follows:

X) :kébz’k(x)/olf (%) dgu.

and established the shape preserving properties of these operators e.g2. monotonicity and
convexity. In [14], Mursaleen et al. first used (p,q)-calculus to construct the classical
Bernstein operators as follows:

BP(f;x) = Eb (%),xe[o,l],

nlp.q

where 0 <¢<p<land b)}(x)=(}), p[k( D=nln= 2,k (1 —xynk k=0,1,-
Later, many Kantorovich-type modlﬁcatlons of (p,q) positive linear operators were
constructed and studied, we refer to the articles[1, 2, 7, 12, 13]. There are many books
about the research and application about g-calculus and (p,q)-calculus, we mention
some of them [4, 8, 9].

Motivated by the above work, we construct modified (p, ¢) -Bernstein-Kantorovich
operators as follows:

DEFINITION 1. Let f € C[0,1],0<g<p <1, a >0 and n € N, the modified
(p,q)-Bernstein-Kantorovich operators can be defined by

n 1 n—k k o
R0 = Yo [ (m) d, g 3)

=0 n+1]pq

2. Moment estimation
In this section, we will discuss some auxiliary results about moments estimates

and central moments estimates, which are necessary to establish the approximation
properties about the operators &4 .

LEMMA 1. [6,Lemma?2] Ler 0<g<p<1,n=1,2,--- and x € [0,1], we have

-1 n—1
(1) B0 = 1, B i) =, B = D0t D,
Nipg Nipg
(2). []pgBR (W™t px) = p"x(1 — px)Dy 4 [BY 4 (™ x)] + [n] p g pxBY* (u™; px),
=012, 1.

LEMMA 2. Forall a >0, ne€N, x€[0,1] and 0 < g < p< 1, we have

S = e S (m) %Bﬁ”w’"‘m

[n+1]pqz 0 al_"l]lﬁf{
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Proof. Direct computation
n 1 n—k a\ "
: . P" " Kpgtu
Rg (" x) = Zbgg( )/0 ( [+ g dpqu

k=0
Eb’ / ( ) [k]p7q)m7i”mdp7q“
f{k—O

1 < (M [n]m7 l y m—i,
:Wz(i)ﬁﬁm o

Pyq i=0
Combining Lemma 1 and Lemma 2, we can easily obtain the following corollaries:

COROLLARY 1. Forall >0, neN, x€[0,1] and 0 < g < p < 1, we have
(1). &g (Lx) =1,

[ ]) 1 .
(2). K (uwsx) = [n+ﬁzq’“+[n+upq[a+upq
P (2. qn=1]pqglnlpq 2 nlpg 2[npq 1
(3). o (™) = T +< PR, [n+11%,.,,[a+11p.q>x+[n+1],%‘q[2a+11p.q'

COROLLARY 2. Using Corollary 1, we can easily get the following explicit for-
mulas about the first and the second central moments:

A(ey . b o ([, .
i) = W = (R ot e @
A = S (%) = ("[”[; dotlps s, 1> 2
P4 ’
P nlpg | 2([nlpg—[n+1]p4) . 1
+<[n—|—1]12,7q+ [n+1]g7q[a+1}p7q> T a1, O

COROLLARY 3. The sequences (p,), (qn) satisfy 0 < g, < pu < 1 such that
Pn— 1, gn — 1 and py — ki €[0,1], g5 — ky € [0,1], [n]p, g4, — o, (1= pu)ln+
ppge — k3 €[0,00) as n— oo, o0 >0, then

. 1
im [+ 1], g, 17" (x) = (k3 — ka)x+ PR (6)
Tim [ 411, g, 175 ™ (%) = Kt (x = %) (7
lim [n + 1] 5,4, 7% (1 — x4 x) =0. ()

n—oo
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—i—1 [l+ I]meIn

. [n B l] n4n —f— n
Proof. Using —2 0% = g =1 — pitl(p, q,) ]
Pns4n

, We can obtain
[n + I]qun

. 1
fim [+ 1] ., 475" () = Tim [n+ 1,4, (g, ' Dx—kx o ——

Nsoo B n,1 o+1
. 1
= ;}E}.}c[n + I]qun(l qn)x k1x+ T
1
=1 1 1— n n n 1
nE}}o[”"' Jpwsan (1 = Pnt Pn— gn)x — kyx + o1
1
= (k3 —kz)x—l— m
Combining lim (1 —g,)[n+1],,., = k3 + ki —k and
1 2|n
lgrgo[n+1]pn7qn Qn[ [ —gpln]qn[ ]Pn,lIn _ [ —[’—]lp]nﬂn _|_1
! n Pndn n Pndn
"+1( n+1 -1
Pudn) > 2puan \ (—1_ Pat (Padn)
E e Gl G = v | e e o
n+1 —1
—2<qnl P,[, pnqn )+1
n+ 17)1‘1)1

(Pn%t)iz ([Z]qun + Pn = 2PnGn) )

. -2 5 -1 s
_r}l_rg[n + I]Pmlbl ((qn 2qn + 1) [n + 1]17)17%1

=lim[n+1],,4,(1 —qn)z—kl = —ky,

n—00

we can have lim [n+ 1], 4,075 (x) = k; (x —x). While n — oo, using Lemma 1 and
n—oo s

Lema 2 and supposing r, = Z—”, we can rewrite
n

pn 1 pn 1
Bﬁnvqn(l;x) =1, Bﬁnaqn (u;x) =, Bgnaqn (MZ;X) :x2 _ tn x2 + - Ltn X,

[ ]Pnﬂn [ ]Pnﬂn

n—1 n—1 1
B (ux) = — (24 1) 2 + (24 1) L2 x2+0< )
[n]Pn~qn [n]Pn:qn [ ]qun
n—l pn—l 1
BPwn () :x4—([3],,,+rn+2) x4 (3], 1 +2) 2 x3+0< ) .
[n][)nﬂn [n]anfhz [n][’nvf{n

Combining

(7] pn.q )m 1 ( 1 ) . 1
— =)~ 1—mpl +o ~1—mpl~ +o
( [n + 1]17)17%1 " [n + 1]17)17%1 [n][’nvf{n " [ ]17)17‘1)1 [n][’nvf{n
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m=1,2,3,4 and Lemma 2, we have

n—1
1 1
A (Lx) =1, &7 (u;x) ~ x — Pn oy +o ( )
“ “ [n}qu;z [n + l]pnvfhz [a + I]qun [n]qun
3 n—1 n—1 2 1
I (s x) ~ x* — P 2q Pn oy T 4o < )
[n}Pn:qn [n}Pn:qn [(X + l]Pn:qn [n]PmlIn [n]PmlIn
Pnsqn (,,3. 3 (5+rn)p2_l 3 (2+rn)pz_l 2 3 'x2 1
K" (usx) ~x X+ X+ +o
n,o 2
' [n}qu;z [n]pnvfhz [a + 1}17)17‘1}1 [n}qun [n}qun
Rgndqn(u4;x) ’V)C4— (6+rn+[3]rn)pzflx4+ (2+r"+[3}r)1>p271x3 4 x3
.’ [n}Pn:qn [n}Pn:qn [a + I}qun [n}qun

Hence,

R (¢ —x)*5x) = REt (15x) — 480" (15x) x + 685" (17;x)

- 4,@,’2’&‘]” (t;x) Xt

N(3rn—[3}r,1)l7271 H Nt 1
(1] pr.gn SRR <[n]Pn7‘In>.

By lim r, =1, we easily get (8). [0

n—00

COROLLARY 4. Let f € C[0,1] and x € [0, 1], we can get ||ﬁ5;{ (<A

Proof. In view of the definition given by (3) and Corollary 1, for any x € [0, 1], we
have

82 (20)| < KL 1911 = 1111

Taking supremum over all x € [0, 1], we obtain the required result. [J

3. Direct estimates

3.1. Korovkin approximation Theorem

THEOREM 1. Let (py), (qn) be the sequences defined in Corollary 3, o > 0.
Then for any f € C[0,1], the sequence {Rz_"iq" (f;x)} converges uniformly to f on
[0,1].

Proof. By the classical Korovkin Theorem [5, p. 8, Theorem 3.1], it is sufficient
to prove that
lim || 279" (u'5x) — |

n—o0

=0,i=0,1,2.
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By Corollary 1 (1), it is clear that lim HRZT’A’”” (1;x) — IH =0. Using gn[n)p,q, =

n—00

[n+1]p,q, — Pr. by Corollary 1 (2), we have

n|
Rpmf]n (M,x) _x‘ g [ Pns4n -1 x+
nA [n + I]qun [n + I}Pml]n [(X + I]qun
| Loy :
4n [n + 1}17)17(1)1 [n + l]pnvfhz [a + 1}17)17‘1}1

— 0, n— oo,

By (6) and (7), we have

lim |80 (1) =] = lim |R05 (12 = )|
< Jim |82 (= 2)%5x) |+ 2¢ lim [ /25 (0 — 22|

1 1
<lim—— ((kl + ko + k3 )x + kyx® + —) =0.
e [n+ ]pm‘]n o

Thus the proof is completed. [

3.2. Local approximation

In this subsection, we will discuss two local approximation theorems about the
operators (3) by Steklov mean and K -functional independently. Let f € C[0,1] and
t > 0, the Steklov mean is defined by

filx) = ;12/07 /07 2f(x+u+v)— f(x+2u+2v))dudv.

By simple computation, it is observed that

)i — £1| < @2 (f:1); 5 ,

(ii) If f is continuousand f/, " € C[0, 1], then || f/[| < s (f31), || < zan(f31),
where the first and second order modulus of continuity for 6 > 0 are respectively de-
fined by

o(f;0) = sup [f(x+y) = f(x)]
xx+y€(0,1],0<|y|<o
and
(f;8) = sup [f(x+2y) + f(x) = 2f (x+ )]
x,x+2y€(0,1],0<[y|<8

THEOREM 2. Let f € C[0,1], 0<g<p <1, o >0, then for any n € N and

x €[0,1], we have

|86 (f32) = f(x)| < 54/ [n]p gty ()@ (f;#>

[n]p.q

O L
+ (2[ Jp.atnt ( )+2> > (ﬁ ["]”’).



MODIFIED KANTOROVICH TYPE (p,q) -BERNSTEIN OPERATORS 553

Proof. For x € [0,1], > 0 and using definition of the Steklov mean, we can write
[R06(f1x) = F)| < 8LG (1f — filix) + [ KRG (fi () — fi(x)sx) | + i (x) — f ().
By Corollary 4 and property (i) of the Steklov mean, we have
o (f = filsx) <NRLG(f = I < I f = fill < an(f30).

Also, by Taylor’s expansion formula, we have
1
[ (fi () = £ (0)s0) | < 17 o)l (o) + S 1L ks ()

1
S IA MY @)+ S 1A N7 ()
5 p

<t

W )0 (f3h) + oS s fi0)

Hence,

R0 (f3x) = f()] < ?u,fjf(X)w(f;t) + (%ugg(x) +2) o (f31),

1
Vinlpg
The second form to obtain the local approximation is the application of K -functional.
The Peetre’s K -functional is defined by

LS — _ "
K(:3)=int (L=l +8ln"]}.

for x € [0,1], £ > 0. Setting 1 =

, we obtain the desired result. [

By [5, p. 177, Theorem 2.4], there exists an absolute constant C > 0 such that
K(f;8%) < Can(f:8), 6 >0. ©)

THEOREM 3. Let f € C[0,1], 0<g<p <1, o >0, then for any n € N and
x € 0,1}, we have

|R0&(frx) — f(x)| < 4Can (f;\/<u,ﬁ’f(x)>2+u,ﬁ§(x)) +o (f;

i)

Proof. For x € [0, 1], we define the following new operators K¢ by
KRA(f2) = SEL(0) + £ — £ (x+ ().

From Corollary 2, we observe that the operators K¢ (f;x) are linear and reproduce the
linear functions. Let x € [0,1] and n” € C[0,1]. Using the Taylor’s expansion formula,
we can obtain

M) =0+ 0' W)+ [ 00—
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Hence,

Ky (nsx) —n(x) = Kig ( xu " (v)(u— v)dv;x>

2
<R (=220 i+ (8209) In")
2
(GORED I
By Corollary 4, we easily know |KJ'd(f;x)| < 3| f]|. We can get

[REL(f0) — £(0)] = [
<K ’z(f n:x) = (f = )(XIHKZ& m5x) —n(x)|
+‘f x+u ) x)‘

<aly—n|+ ((u,fjf’(x)) g ) I+ o (7 ).

Taking infinum on the right hand side over all n” € C[0,1] using (9), we obtain the
desired assertion. [

3.3. Rate of convergence
First, we give the rate of convergence of the operators Rﬁjg (f;x) by means of the

modulus of continuity @(f;9).

THEOREM 4. If f €C[0,1], 0<g<p<1, a>0and n €N, forany x € [0,1],
we have

[REE () = F)] <20 (f34/001(0)

Proof. Using [5, p. 41, (6.5)], for any f € C[0,1] and § > 0, we have

()~ ()] < ©(£:8) (1+ 'ugxl) |
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Using the monotonicity and the linearity of &% and Cauchy-Schwarz inequality, for
any 0 > 0, we have

[R0G(f1x) = F)| < ARG (1f () = f(x)]1x) < &G (0 (f3]u—x])5x)

(
ﬁﬁ:&(lu—xm))

Finally, let us choose & = /i7" (x). We complete the proof of Theorem 4. [

While f” € C[0, 1], we have the following theorem about rate of convergence.

THEOREM 5. If f € C[0,1], 0<g<p<1, a>0and n €N, forany x € [0,1],

we have
IF @l +2y/ulf o (£:/up1 ).

Proof. Applying 8¢, to both sides of f(u) = f(x)+ f/(x)(u—x) + f(u) — f(x) —
Sf'(x)(u—x), we have

|86 (f1x) = f(x)]
<|f'(x) ||ﬁ5’3 t—xx) |+ R0G ([ () = f(x) = f(x) (u—x)

(806 (fix) = F)] < [ (x

;)

<Jugte| e+ w2t (1o (1455 )ix) 0 (7:0)
Rt (w—22)
< | )| U )]+ R0 (o= xi) [ 1+ 5 o (f':8)

with the help of Cauchy-Schwartz inequality and mean value theorem. Taking & =
R4 ((u—x)?;x) and by Corollary 2, we can get the desired result. [

Now, we give the rate of convergence of the operators R{Z:g (f;x) by means of the
Lipschitz class Lip,,(y). A function f € C[0,1] belongs to Lip,,(y) (y € (0,1]), if the
condition

|f(u) _f(x)‘ < M|u_x|y7 u,x € [Ov 1]

is satisfied.
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THEOREM 6. If f € Lipy () (v € (0,1]), we have
7
2

|RhG(fix)— f(x)| <M (”»iﬁq(x)>

Proof. According to the monotonicity and the linearity of the operators and taking
into account that f € Lip,,(y), we can obtain

|ﬁﬁjg¢(f;x) —f(x)| < ﬁﬁ:g (|f(u) = f(x)]5x) < Mﬁﬁ:g (|u—x\y;x) .

2

Applying well-known Holder’s inequality with #; = )% and 1, = 7=y We can get

|R24(fx) — f)] < MADS, (ju— {7 2)
(K04 (fu—xf"752)) ¥ (RE4(12:x))

R
SIS
—_
<
|
=

[\S]
=
N——
N———
=

We obtain the required result. [

3.4. Voronovskaja type Theorem

In this subsection, we give a Voronovskaja type asymptotic formula for the opera-
tors (3) by means of the second and fourth central moments.

THEOREM 7. Let (p,), (qn) be the sequences defined in Corollary 3, oo > 0 and
f €C[0,1]. Suppose that f"(x) exists at a point x € [0,1], then we can obtain

lim [n+ 1], 4,

n—oo

k
R (fix) — f(x)]| = ( —ko)x+ —) f(x)+ Elxzf"(x).
Proof. Using Taylor’s expansion formula, we can obtain

flu) = fE)+f/(x)(u—x)+ %f”(X)(u =)+ r(u,x) (u —x)?, (10)

where R(z,x) is the Peano form of the remainder and lim R(z,x) = 0. Applying 85"
Uu—x
to the both sides of (10), we have

[n+ l]pmqn (ﬁpnﬂn (f3x) = f(x))
= [n 4+ 1ppgnf (%) (R26" (u—x;x)

["(x)
2

+ [}’l+ I]Pnaqn ﬁg"aq" ((I/L _x)z;x) + [n+ l]Pn:qnﬁgfé‘qn (I"(M7X)(I/L _x)z;x) :
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By the Schwarz inequality, we have

Rt (r(u,x) (u— x)z;x) < \/ﬁgj};f’" (r?(u,x);x) \/ﬁﬁf’&q” (u—x)%x).  (11)

We observe that 7*(x,x) = 0 and r?(-,x) € C[0,1]. Then, it follows from Theorem 1
that

lim ﬁng?" (rz(u,x);x) =7 (x,x) =0. (12)

n—oo

Hence, from (8), (11), (12), we can obtain

lim [n+ 1], 4, 8076" (r(u,x) ( —x)z;x) =0. (13)

n—00

Combining (6), (7), (13), we obtain the required result. [

COROLLARY 5. Let (py), (gn) be the sequences defined in Corollary 3, o0 >0
and f" € C[0,1], then

1 k
lim [+ 1], 4, el (fix) = fx)| = <(k3 —ko)x+ 06——|—1> f(x)+ ?lxzf”(x).

uniformly in x € [0,1].
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