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Abstract. In this paper, we introduce and solve the following additive double ρ -functional in-
equalities

‖ f (x+ y+ z)+ f (x− y)− f (z)−2 f (x)‖ �‖ρ1( f (x+ y+ z)− f (x)− f (y)− f (z))‖
+‖ρ2( f (x+ y+ z)− f (x+ y)− f (z))‖ (1)

where ρ1,ρ2 are fixed nonzero complex numbers with |2ρ1|β2 + |ρ2|β2 < 1 , and

‖ f (x+ y+ z)− f (x)− f (y)− f (z)‖ �‖ρ1( f (x+ y+ z)+ f (x− y)− f (z)−2 f (x))‖
+‖ρ2( f (x+ y+ z)− f (x+ y)− f (z))‖ (2)

where ρ1,ρ2 are fixed nonzero complex numbers with |ρ1|β2 + |ρ2|β2 < 1 .
By adopting the direct method, we have made an attempt to prove the Hyers-Ulam stability

of the additive double ρ -functional inequalities in β -homogeneous F -spaces.

1. Introduction

Based on the consideration of the stability of the group homomorphism, the func-
tional equations encounter stability problems that have been originated from the well-
known equation of Ulam [18].

Given a group G and a metric group G′ with metric ρ(·, ·) . Given ε > 0, does
there exist a δ > 0 such that if f : G → G′ satisfies ρ( f (xy), f (x) f (y)) < δ for all
x,y∈G , then a homomorphism h : G→G′ exists with ρ( f (x),h(x)) < ε for all x∈G?

In the case of Banach space in equation studied by Ulam, the first affirmative par-
tial answer was published by Hyers [6]. Firstly, for the additive mappings, the Hyers
Theorem generalized form was solved by Aoki [1], and further, for linear mapping,
it was generalized by Rassias [16] taking an unbounded Cauchy difference in consid-
eration. Găvruta [5] replaced the unbounded Cauchy difference by a general control
function to generalize the Rassias Theorem.
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Park [13, 14] defined additive ρ -functional inequalities and proved the Hyers-
Ulam stability of the additive ρ -functional inequalities in Banach spaces and non-
Archimedean normed spaces. A number of studies have been carried out for inves-
tigating the stability problems of various functional equations (see [3, 4, 7, 8, 9, 12]).

In [15], Park et al. investigated the following inequalities

‖ f (x)+ f (y)+ f (z)‖ �
∥∥∥∥2 f

(
x+ y+ z

2

)∥∥∥∥,

‖ f (x)+ f (y)+ f (z)‖ � ‖ f (x+ y+ z)‖,

‖ f (x)+ f (y)+2 f (z)‖ �
∥∥∥∥2 f

(
x+ y

2
+ z

)∥∥∥∥
in Banach spaces. In addition to aforementioned literature, a recent study was published
by Lu et al. [11], in their findings, they investigated 3-variable Jensen ρ -functional
inequalities in complex Banach spaces that are associated with the following functional
equations:

f (x+ y+ z)+ f (x+ y− z)−2 f (x)−2 f (y)= 0,

f (x+ y+ z)− f (x− y− z)−2 f (y)−2 f (z)= 0.

Although various studies have been successfully conducted in the context of sta-
bility problems, however, the non-linear structure of F -spaces (infinite-dimensional)
has not yet received considerable attention from the earlier researchers. The nonlinear
structure of F -spaces (infinite-dimensional) plays a vital role in functional analysis,
consequently, it is essential to re-investigate such structures. As an illustration, the
Lp([0,1]) for 0 < p < 1 equipped with the metric d( f ,g) =

∫ | f (x)− g(x)|pdx is an
F -space instead of a Banach space. Besides these, for F -spaces, several results can be
consulted in [2, 10] and the references therein.

DEFINITION 1.1. Consider X be a linear space. A non-negative valued function
‖ · ‖ achieves an F -norm if satisfies the following conditions:

(1) ‖x‖ = 0 if and only if x = 0;

(2) ‖λx‖ = ‖x‖ for all λ , |λ | = 1;

(3) ‖x+ y‖� ‖x‖+‖y‖ for all x,y ∈ X ;

(4) ‖λnx‖→ 0 provided λn → 0;

(5) ‖λxn‖→ 0 provided xn → 0;

(6) ‖λnxn‖→ 0 provided λn → 0,xn → 0.

Then (X ,‖ · ‖) is called an F∗ -space. An F -space is a complete F∗ -space.
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An F -norm is called β -homogeneous (β > 0) if ‖tx‖= |t|β‖x‖ for all x∈ X and
all t ∈ C (see [17, 19]).

Considering the current gaps, in this paper, we have made an attempt to investigate
the additive double ρ -functional inequalities and successfully proved the Hyers-Ulam
stability of the additive double ρ -functional inequalities in β -homogeneous F -spaces.

In order to achieve the proposed objectives of this work, we have organized the
paper in the following sections: Section 2 deals with proving the Hyers-Ulam stability
of the additive double ρ -functional inequality (1) in β -homogeneous F -spaces.

In Section 3, we prove the Hyers-Ulam stability of the additive double ρ -functional
inequality (2) in β -homogeneous F -spaces.

During the entire course of this work, β1,β2 are considered as positive real num-
bers with β1 � 1 and β2 � 1. Furthermore, X is assumed as β1 -homogeneous F -space
while Y is a β2 -homogeneous F -space.

2. Additive double ρ -functional inequality (1)

This section solely emphasis an assumption stating that the ρ1,ρ2 are considered
as fixed complex numbers with |2ρ1|β2 + |ρ2|β2 < 1. We investigate the additive double
ρ -functional inequality (1) in β -homogeneous F -spaces.

LEMMA 2.1. A mapping f : X → Y satisfies

‖ f (x+ y+ z)+ f (x− y)− f (z)−2 f (x)‖�‖ρ1( f (x+ y+ z)− f (x)− f (y)− f (z))‖
+‖ρ2( f (x+ y+ z)− f (x+ y)− f (z))‖

(3)

for all x,y,z ∈ X if and only if f : X → Y is additive.

Proof. Assume that f : X → Y satisfies (3). Letting x = y = z = 0 in (3), we get

(1−|2ρ1|β2 −|ρ2|β2)‖ f (0)‖ � 0.

Then f (0) = 0.
Letting y = 0 in (3), we get

(1−|ρ1|β2 −|ρ2|β2)‖ f (x+ z)− f (x)− f (z)‖ � 0

and so

f (x+ z) = f (x)+ f (z)

for all x,z ∈ X . Proving that the f is additive and obviously the converse is true. �

The next theorem pertains to presenting the Hyers-Ulam stability of the additive
double ρ -functional inequality (3) in β -homogeneous F -spaces.
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THEOREM 2.1. Let r > β2
β1

and θ be nonnegative real numbers, and let f : X →Y
be a mapping such that

‖ f (x+ y+ z)+ f (x− y)− f (z)−2 f (x)‖�‖ρ1( f (x+ y+ z)− f (x)− f (y)− f (z))‖
+‖ρ2( f (x+ y+ z)− f (x+ y)− f (z))‖
+ θ (‖x‖r +‖y‖r +‖z‖r)

(4)

for all x,y,z ∈ X . Then there exists a unique additive mapping A : X → Y such that

‖ f (x)−A(x)‖ � 2θ
(1−|ρ1|β2)(2β1r −2β2)

‖x‖r (5)

for all x ∈ X .

Proof. Letting x = y = z = 0 in (4), we get f (0) = 0. Letting x = y , z = 0 in (4),
then we obtain

‖ f (2x)−2 f (x)‖ � 2θ
1−|ρ1|β2

‖x‖r (6)

for all x ∈ X . So ∥∥∥∥ f (x)−2 f

(
x
2

)∥∥∥∥ � 2θ
2β1r(1−|ρ1|β2)

‖x‖r

for all x ∈ X . Hence∥∥∥∥2l f

(
x
2l

)
−2m f

(
x
2m

)∥∥∥∥ �
m−1

∑
j=l

2θ
(1−|ρ1|β2)2β1r

2β2 j

2β1r j
‖x‖r (7)

for all nonnegative integers m and l with m > l and all x ∈ X . It follows from (7) that
the sequence {2n f ( x

2n )} is a Cauchy sequence for all x ∈ X . Since Y is complete, the
sequence {2n f ( x

2n )} converges. Hence, the mapping A : X → Y can be defined as:

A(x) := lim
n→∞

2n f

(
x
2n

)

for all x ∈ X . Furthermore, by considering l = 0 and setting the limit m → ∞ in (7),
we get (5).

It follows from (4) that

‖A(x+ y+ z)+A(x− y)−A(z)−2A(x)‖

= lim
n→∞

2β2n

∥∥∥∥ f

(
x+ y+ z

2n

)
+ f

(
x− y
2n

)
− f

(
z
2n

)
−2 f

(
x
2n

)∥∥∥∥
� lim

n→∞
2β2n

(∥∥∥∥ρ1

(
f

(
x+ y+ z

2n

)
− f

(
x
2n

)
− f

(
y
2n

)
− f

(
z
2n

))∥∥∥∥
+

∥∥∥∥ρ2

(
f

(
x+ y+ z

2n

)
− f

(
x+ y
2n

)
− f

(
z
2n

))∥∥∥∥
)

+ lim
n→∞

2β2nθ
2β1nr

(‖x‖r +‖y‖r +‖z‖r)

= ‖ρ1(A(x+ y+ z)−A(x)−A(y)−A(z))‖+‖ρ2(A(x+ y+ z)−A(x+ y)−A(z))‖
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for all x,y,z ∈ X . Hence

‖A(x+ y+ z)+A(x− y)−A(z)−2A(x)‖� ‖ρ1(A(x+ y+ z)−A(x)−A(y)−A(z))‖
+‖ρ2(A(x+ y+ z)−A(x+ y)−A(z))‖

for all x,y,z ∈ X . By Lemma 2.1, the mapping A : X → Y is additive.
Now, we show the uniqueness of A . Assuming T : X → Y as another additive

mapping satisfying (5) that yields:

‖A(x)−T(x)‖ = 2β2n

∥∥∥∥A

(
x
2n

)
−T

(
x
2n

)∥∥∥∥
� 2β2n

∥∥∥∥A

(
x
2n

)
− f

(
x
2n

)∥∥∥∥+2β2n

∥∥∥∥T

(
x
2n

)
− f

(
x
2n

)∥∥∥∥
� 4 ·2β2nθ

(1−|ρ1|β2)(2β1r −2β2)2β1nr
‖x‖r

which tends to zero as n → ∞ for all x ∈ X . So we can conclude that A(x) = T (x) for
all x ∈ X . This proves the uniqueness of A . Thus the mapping A : X → Y is a unique
additive mapping satisfying (5). �

THEOREM 2.2. Consider r < β2
β1

and θ be nonnegative real numbers, and let
f : X → Y be a mapping satisfying (4). Then there exists a unique additive mapping
A : X → Y such that

‖ f (x)−A(x)‖ � 2θ
(1−|ρ1|β2)(2β2 −2β1r)

‖x‖r (8)

for all x ∈ X .

Proof. It follows from (6) that∥∥∥∥ f (x)− 1
2

f (2x)
∥∥∥∥ � 2θ

2β2(1−|ρ1|β2)
‖x‖r

for all x ∈ X . Hence∥∥∥∥ 1
2l f (2lx)− 1

2m f (2mx)
∥∥∥∥ �

m−1

∑
j=l

2θ
(1−|ρ1|β2)2β2

2β1r j

2β2 j
‖x‖r (9)

for all nonnegative integers m and l with m > l and all x ∈ X . It follows from (9) that
the sequence { 1

2n f (2nx)} is a Cauchy sequence for all x ∈ X . Since Y is complete, the
sequence { 1

2n f (2nx)} converges. Hence, the mapping A : X → Y can be defined as:

A(x) := lim
n→∞

1
2n f (2nx)

for all x ∈ X . Moreover, letting l = 0 and passing the limit m → ∞ in (9), we get (8).
The rest of the proof is similar to the proof of Theorem 2.1. �
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3. Additive double ρ -functional inequality (2)

This section aims at assuming that ρ1,ρ2 are fixed complex numbers with |ρ1|β2 +
|ρ2|β2 < 1. Here we have made considerable efforts in investigating the additive double
ρ -functional inequality (2) in β -homogeneous F -spaces.

LEMMA 3.1. A mapping f : X → Y satisfies

‖ f (x+ y+ z)− f (x)− f (y)− f (z)‖�‖ρ1( f (x+ y+ z)+ f (x− y)− f (z)−2 f (x))‖
+‖ρ2( f (x+ y+ z)− f (x+ y)− f (z))‖

(10)

for all x,y,z ∈ X if and only if f : X → Y is additive.

Proof. Assume that f : X → Y satisfies (10). Letting x = y = z = 0 in (10), we
get

(2β2 −|ρ1|β2 −|ρ2|β2)‖ f (0)‖ � 0.

Then f (0) = 0.
Letting y = 0 in (10), we get

(1−|ρ1|β2 −|ρ2|β2)‖ f (x+ z)− f (x)− f (z)‖ � 0.

and so
f (x+ z) = f (x)+ f (z)

for all x,z ∈ X . Proving that the f is additive and obviously the converse is true. �

In the next paras, we present the Hyers-Ulam stability of the additive double ρ -
functional inequality (10) in β -homogeneous F -spaces.

THEOREM 3.1. Let r > β2
β1

and θ be nonnegative real numbers, and let f : X →Y
be a mapping such that

‖ f (x+ y+ z)− f (x)− f (y)− f (z)‖�‖ρ1( f (x+ y+ z)+ f (x− y)− f (z)−2 f (x))‖
+‖ρ2( f (x+ y+ z)− f (x+ y)− f (z))‖
+ θ (‖x‖r +‖y‖r +‖z‖r)

(11)

for all x,y,z ∈ X . Then there exists a unique additive mapping A : X → Y such that

‖ f (x)−A(x)‖ � 2θ
(1−|ρ1|β2)(2β1r −2β2)

‖x‖r (12)

for all x ∈ X .
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Proof. Considering x = y = z = 0 in (11), we get f (0) = 0. Letting x = y,z = 0
in (11), then we obtain

‖ f (2x)−2 f (x)‖ � 2θ
1−|ρ1|β2

‖x‖r (13)

for all x ∈ X . So ∥∥∥∥ f (x)−2 f

(
x
2

)∥∥∥∥ � 2θ
2β1r(1−|ρ1|β2)

‖x‖r

for all x ∈ X . Hence∥∥∥∥2l f

(
x
2l

)
−2m f

(
x
2m

)∥∥∥∥ �
m−1

∑
j=l

2θ
(1−|ρ1|β2)2β1r

2β2 j

2β1r j
‖x‖r (14)

for all nonnegative integers m and l with m > l and all x ∈ X . It follows from (14)
that the sequence {2n f ( x

2n )} is a Cauchy sequence for all x ∈ X . Since Y is complete,
the sequence {2n f ( x

2n )} converges. So one can define the mapping A : X → Y by

A(x) := lim
n→∞

2n f

(
x
2n

)

for all x ∈ X . Moreover, letting l = 0 and passing the limit m→ ∞ in (14), we get (12).
It follows from (11) that

‖A(x+ y+ z)−A(x)−A(y)−A(z)‖

= lim
n→∞

2β2n

∥∥∥∥ f

(
x+ y+ z

2n

)
− f

(
x
2n

)
− f

(
y
2n

)
− f

(
z
2n

)∥∥∥∥
� lim

n→∞
2β2n

(∥∥∥∥ρ1

(
f

(
x+ y+ z

2n

)
+ f

(
x− y
2n

)
− f

(
z
2n

)
−2 f

(
x
2n

))∥∥∥∥
+

∥∥∥∥ρ2

(
f

(
x+ y+ z

2n

)
− f

(
x+ y
2n

)
− f

(
z
2n

))∥∥∥∥
)

+ lim
n→∞

2β2nθ
2β1nr

(‖x‖r +‖y‖r +‖z‖r)

= ‖ρ1(A(x+ y+ z)+A(x− y)−A(z)−2A(x))‖+‖ρ2(A(x+ y+ z)−A(x+ y)−A(z))‖
for all x,y,z ∈ X . Hence

‖A(x+ y+ z)−A(x)−A(y)−A(z)‖� ‖ρ1(A(x+ y+ z)+A(x− y)−A(z)−2A(x))‖
+‖ρ2(A(x+ y+ z)−A(x+ y)−A(z))‖

for all x,y,z ∈ X . By Lemma 3.1, the mapping A : X → Y is additive.
Now, we show the uniqueness of A . Assuming T : X → Y as another additive

mapping satisfying (12) that yields:

‖A(x)−T(x)‖ = 2β2n

∥∥∥∥A

(
x
2n

)
−T

(
x
2n

)∥∥∥∥
� 2β2n

∥∥∥∥A

(
x
2n

)
− f

(
x
2n

)∥∥∥∥+2β2n

∥∥∥∥T

(
x
2n

)
− f

(
x
2n

)∥∥∥∥
� 4 ·2β2nθ

(1−|ρ1|β2)(2β1r −2β2)2β1nr
‖x‖r
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which tends to zero as n → ∞ for all x ∈ X . So we can conclude that A(x) = T (x) for
all x ∈ X . This proves the uniqueness of A . Thus the mapping A : X → Y is a unique
additive mapping satisfying (12). �

THEOREM 3.2. Consider r < β2
β1

and θ be nonnegative real numbers, and let
f : X → Y be a mapping satisfying (11). Then there exists a unique additive mapping
A : X → Y such that

‖ f (x)−A(x)‖ � 2θ
(1−|ρ1|β2)(2β2 −2β1r)

‖x‖r (15)

for all x ∈ X .

Proof. It follows from (13) that
∥∥∥∥ f (x)− 1

2
f (2x)

∥∥∥∥ � 2θ
2β2(1−|ρ1|β2)

‖x‖r

for all x ∈ X . Hence
∥∥∥∥ 1

2l f (2lx)− 1
2m f (2mx)

∥∥∥∥ �
m−1

∑
j=l

2θ
(1−|ρ1|β2)2β2

2β1r j

2β2 j
‖x‖r (16)

for all nonnegative integers m and l with m > l and all x∈ X . It follows from (16) that
the sequence { 1

2n f (2nx)} is a Cauchy sequence for all x ∈ X . Since Y is complete, the
sequence { 1

2n f (2nx)} converges. So we can define the mapping A : X → Y by

A(x) := lim
n→∞

1
2n f (2nx)

for all x ∈ X . Moreover, letting l = 0 and passing the limit m→ ∞ in (16), we get (15).
The rest of the proof is similar to the proof of Theorem 3.1. �
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