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MONOTONICITY, CONVEXITY AND BOUNDS INVOLVING
THE BETA AND RAMANUJAN R-FUNCTIONS

T1-REN HUANG, LU CHEN, SHEN-YANG TAN AND YU-MING CHU*

(Communicated by G. Nemes)

Abstract. In the article, we provide several new asymptotical sharp bounds for the functions
involving the Beta function and Ramanujan R-functions via the monotonicity and convexity
properties of certain combinations defined in terms of polynomials, Beta and Ramanujan R-
functions.

1. Introduction

Let x,y > 0. Then the Ramanujan R-function R(x,y) and Beta function B(x,y)
are defined by

R(x,y) = =2y—y(x) - y(y)
and
B(x’y) =

respectively, where y = lim (1+3+1+---+1—logn) = 0.5772--- is the Euler-
Nn—soo
Mascheroni constant, and

o 1—*/
I(x) = /0 e dr, wlx) = r((j))
In particular, if y =1 — x, then we denote
R(x) = R(x,1—x) = ~2y— y(x) - w(1 —x) (L1)
and -
B(x):B(x,l—x):l"(x)l"(l—x):m. (1.2)

From (1.1) and (1.2) we clearly see that both the functions R(x) and B(x) are
symmetry with respect to x = 1/2. Therefore, we only need to assume that x € (0,1/2]
in what follows. It is easy to know that R(1/2) =1log16 by (1.1).
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Let a,b,c € R with ¢ # 0,—1,—2,---. Then the Gaussian hypergeometric func-
tion F(a,b;c;x) [1,2,6,7,8, 9] is defined by
< (a,n)(b,n) X"

F(a,bicix) =2 Fi(a,bicix) = Y,

n=0 (C,l’l) n! (—l<x<1)’ (1.3)

where (a,n) denotes the shifted factorial function (a,n) =a(a+1)---(a+n—1) for
neN, and (a,0) =1 for a # 0. It is well known that F(a,b;c;x) has wide applica-
tions in mathematics and physics, and many elementary and special functions are the
particular or limiting cases of the Gaussian hypergeometric function. In particular, if
c¢c=a+b,then F(a,b;c;x) is said to be zero-balanced. As the special case of the Gaus-
sian hypergeometric function, the generalized elliptic integral J#;(r) [3, 5] of the first
kind can be expressed by

T T
%(r):EF(a7l—a;l;r2)7 %(0*):57 Hag(17) = oo (1.4)
for r€ (0,1) and a € (0,1/2].
The Ramanujan R-function and Beta function are closely related to the Guassian
hypergeometric function F(a,b;c;x) and the generalized elliptic integral 7,(r) of the
first kind. For example, F(a,b;a+ b;x) satisfies the asymptotic formula [4]

B(a,b)F(a,b;a+b;x) +log(l —x) = R(a,b) +O((1 —x)log(1 —x)) (x—1),

and #,(r) has the sharp asymptotical inequalities [20]

- - Blx) Xalr) a(l—a)(1—r
n{H— [R(x) 1] (1 )} < g2 y1 =) <rm[l+a(l-a)(l )]

and
T - Hq(r) - T
R(x) +[B(x) =R(X)]r* ~ log(eR™/2/v/T—12) ~ Bla)[l —a(l—a)+a(l—a)r]

forall a € (0,1/2] and r € (0,1). More properties for B(x) and R(x) can be found
in the literature [2, 4, 10, 13, 14, 15, 16, 17, 18, 20, 23], in which they used to study
the generalized 1 -distortion function n¢(r) and the generalized A -distortion function
M@ K) = n(1).

Recently, the properties and bounds for B(x) and R(x) have attracted the atten-
tion of many researchers [17, 23]. Qiu, Ma, and Huang [18] found the power series
expansions of the function R(x) — B(x) at x =0 and x = 1/2, and proved that

2(2¢2n + 00p— 1) < B(x) — R(x) +2 Y. et < (2020 + 0y 1) 2™
k=1

and

2n+1
(2can+1+ 000X T S B(xX) = R(x) +2 Y, e < 220041 + 0 )Y,
k=1
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where

a={(=1"+[1+(=D)""2" 1 (n+1), o= 2”+1(7r—10g16+2i2‘kck)
k=1

and

C(s) = Zki (Res>1) (1.5)

is the Riemann zeta function.

In [13], Huang, Qiu, and Ma discussed the monotonicity and convexity properties
of the functions x(1 —x)B(x) and R(x) — [l —x(1 —x)]B(x), and discovered new bounds
for the complete integral 7, (r) of the first kind.

The main purpose of the article is to provide new monotonicity and convexity
properties involving the Ramanujan R-function R(x) and Beta function B(x).

2. Lemmas and definition

In order to prove our main results, we need two lemmas and one definition which
we present in this section.

Let n € N. Then the the special sums of reciprocal powers A(n+ 1), n(n) and
B(n) [1] are defined by

- 1 - 41 - 1
M""‘UZIZBW: n(n>=k§l(—1>" lk—,,a ﬁ(n):;;)(_l)km.
2.1
It follows from [ 1, 23.2.20] that
An+1)=(1-2"""H¢(n+1), nm)=1-2"")¢n). (2.2)

LEMMA 2.1. The following two conclusions can be found in the literature [13]:
(1) If x € (0,1/2], then one has

= =

B(x) = 1+ Z [1—(=1)"Imnr+1)x"=4 2 B(2n+1)(1—2x)* (2.3)

A —— n=0
and

R(x) = l+ i[l +(=1)"¢(n+1)x" = 10g16+4i A2n+1)(1-2x)%"  (2.4)
Xaa —

n=1

(2) The function A(n) is strictly decreasing for n € N\ {1} with A(2) = n*/8
and A(n) — 1 as n — oo, and the function B(n) is strictly increasing for n € N with
B(l)=n/4 and B(n) — 1 as n — +oo.
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LEMMA 2.2. (See [2]) Let —co < a<b <o, f,g:[a,b] = R be continuous
on [a,b] and differentiable on (a,b) such that g'(x) # 0 on (a,b). If f'(x)/g (x) is
increasing (decreasing) on (a,b), then so are the functions

[f(x) = fl@)]/[g(x) —g(a)] and [f(x) = f(b)]/[g(x) = &(b)].

If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

DEFINITION 2.1. (See [11], [12], [22]) A real-valued function f is said to be
strictly completely monotonic on an interval 7 C R if (—1)"f")(x) > 0 for all x €
and n=0,1,2,3---. If (—=1)"f®(x) >0 forall x€ I and n=0,1,2,3---, then f is
said to be completely monotonic on /.

3. Main results

For the convenience of narration, we denote

F(x) =x(1 —2)B()

and
g(x) =R(x) — [1 —x(1 —x)]B(x)

throughout this section.

THEOREM 3.1. Both the functions f(x) and g(x) are completely monotonic on
(0,1/2].

Proof. 1t follows from (2.3) that
f(x) = x(1—x)B(x)
=[1-(1-2x)7 Y B2n+1)(1—2x)*"

n=0

i (2n+1)—B2n—1)](1 —2x)*"

n=1

-M:l

and
B2n+1)—B2n—1)>0.
Elaborated computations lead to
. ¢ 2(2n)!

) = n:%m(—l) m [B(2n+1) = B(2n—1)](1 —2x)*""%.

Therefore, (—1)*f®)(x) >0 forall x € (0,1/2] and k=0,1,2,3--- and f(x) is com-
pletely monotonic on (0,1/2]. It is easy to verify that f(x) is decreasing, f")(x) is
decreasing and f("*1)(x) is strictly increasing on (0,1/2] for n € N.
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It follows from 2.1(2) that

8(x) = R(x) = [1 —x(1 - x)]B(x)

= 1og16+4ix(zn+ 1)(1—2x)%" =41 —x(1 — x)] i B(2n+1)(1—2x)*
n=1 n=0

:10g16—|—4i AQ2n+1)(1—2x)" —[(1 —2x)*+3] i B(2n+1)(1—2x)*"
n=1 n=0

—log16 — %T” + i[4x(2n+ 1)—B2n—1)-3B02n+1)](1-20%",  (3.1)

n=1

AA(2n+1)—B(2n—1)—=3B2n+1)>4A(2n+1)—B2n—1)]>0

and
oo k n

gh =Y (-1)’6%[4&(2%1) B(2n—1)—3B(2n+1)](1—2x)> K
n=[k/2]

Therefore, (—1)¥g®)(x) >0 forall x € (0,1/2] and k=0,1,2,3---, and g(x) is
completely monotonic on (0,1/2]. It is easy to check that g(x) is decreasing, g(>")(x)
is decreasing and g(*"*1)(x) is strictly increasing on (0,1/2] forn € N. [

Let

A1(1)=—1 A1( )=2n(2),
Al(2k—1) = (2k 2), Ay(2k) = 21/(2k) k=2), (32
A(0)=Pp(1) =7, Ay (k)=P(2k+1)-B2k—1) (k=1).

THEOREM 3.2. Let n € N. Then the following statements are true:
(1) The function H!(x) defined by

i) — 00 P

n y2n+1

with P} (x) = 14+ 32" Ay (k)x* is strictly increasing and concave from (0,1/2] onto
(—2n(2n),H}(1/2)]. In particular, the double inequality

2 H; 1 +2n(2n) K22 x(1 —x)B(x) —Pnl(x) _|_2n(2n)x2n+1
[ <2> }
S [Hnl (%) +2n(2n)]x2”+1 (3.3)

holds for all n € N and x € (0,1/2], and each inequality of (3.3) becomes equality if
and only if x=1/2.
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(2) The function H?(x) defined by

w2 - LR

x2n

with P2(x) = 1+ Z,%" YA (k)x* is strictly decreasing and convex from (0,1/2] onto
[H2(1/2),21(2n)). In particular; the two-sided inequality

[H,f (%) - 2n(2n)] 21 < x(1—x)B(x) — P2(x) — 21 (2n)2
<2 [an (%) —21‘](211)] K2l (3.4)

takes place for all n € N and x € (0,1/2], and each inequality of (3.4) reduces to
equality if and only if x=1/2.
(3) The function I,(x) defined by

x)—P3(x
In(x) = %7

with P3(x) = X7y Aa (k) (1 —2x)% is strictly decreasing and convex from (0,1/2) onto
(A2(n+1),1,(07)). In particular, the double inequality

0 <x(1- x) (x) = P (x) = Aa(n+ 1) (1 —2x)*"*2

<x
< (L(0%) — Ay (n+ 1)) (1 —2x)>+3 (3.5)

is valid for all n € N and x € (0,1/2), and each inequality of (3.5) becomes equality if
and only if x=1/2.

Proof. (1)Let hy(x) = f(x)—PL(x) and hy(x) =x>"*1. Then H! (x) = hy(x) /hy(x),
A" (0+) =" (0+) =0 forall m € NU{0} with 0 < m < 2, and

WP () e ()

B2y et

From Lemma 2.2 we know that H!(x) has the same monotonicity with the function
F@ 0 (x) if £+ (x) is monotonic. Therefore, it follows from Theorem 3.1 that
H}(x) is increasing on (0,1/2].

Elaborated computations lead to

(Hy =

n

/ m@)\  x(f@)=Pl) = @n+1) (F(x) = P (x)

(x)) = (h;gx;) _ ) 22 ( )
N, [(2n =2k +2)n (2k)xH + (2k — 2n— 1)N (2k 4 2)x% 2]
- 2x2n+2 .
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Let h3(x) = x*"*2 and

=

ha(x) = 3 {(Zn — 2k +2)n (2k)x* T 2k —2n— 1) (2k + 2)x2k+2] ,
k=n

Then we clearly see that hgm)(OJr) = hé(‘m) (07) =0 forall m € NU{0} with 0<m < 2n,
and

m V) g

hf"H)(X) (2n+2)!

From Lemma 2.2 we know that (H,!(x))" has the same monotonicity with the function
F@(x) if £ (x) is monotonic. It follows from Theorem 3.1 that the desired mono-
tonicity of the function (H,!(x))’ is obtained and the desired concavity of the function
H}(x) is proved.

Note that H!(0") = —2n(2n). Therefore, inequalities (3.3) follows from the
monotonicity and concavity of the function H,! (x).

(2) Let hs(x) = f(x) — P2(x) and he(x) =x2". Then H2(x) = hs(x) /he(x), 1" (0F)
= h{" (07) =0 forall me NU{0} with 0<m<2n—1,and

W) £ (x)
hézn) ()C) (21’1)' '

From Lemma 2.2 we know that H2(x) has the same monotonicity with the function
@7 (x). Making use of Theorem 3.1, we know that H2(x) is decreasing on (0,1/2].
Simple computations give

. ox(f(x) =P (x "~ (2n+1 x) — P2(x

(HZ()C)) _ (f( ) ( )) x(2n71 )(f( ) ( ))
N, [k = 2n)n (2k)F + (2n— 2k — 1) (2k) ]
- 2x2n—1 :

Let /17(x) = x**~! and

hg(x) =Y, {(Zk—2n)n(2k)x2k+ (2n— 2k — 1)n(2k)x2k+l} .
k=n

Then A (0F) = A{" (0+) = 0 for all m € NU{0} with 0 <m <2n— 1, and

W) ()
W2y @n=1)

According to Theorem 3.1 and Lemma 2.2, we can get the desired convexity of H2(x).
Using the monotonicity and concavity of H?(x), we obtain inequality (3.4).
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(3) It follows from (2.3) that

flx ) P (x)

Lemma 2.1(2) leads to the conclusion that Ag(k—i-n +1) >0 for all k,n € N. By
the monotonicity of (1 — 2x)%, we can know that I,(x) is decreasing on (0,1/2].
Simple computations lead to I/ (x) > 0, which implies that I,(x) is convex. Therefore,
inequality (3.5) follows from the monotonicity and convexity of the function [,,(x). O

Let n = 1. Then inequality (3.3) leads to Corollary 3.3 immediately.

COROLLARY 3.3. The double inequality

2 2 2
I—x+ %x2 - %x3 +2 <27‘L’—4— %) x* <x(1—x)B(x)

2 2
<l-x+Z @4 (on—a-) 2 (3.6)
6 3
holds for all x € (0,1/2].

REMARK 3.4. Corollary 3.3 provide new lower and upper bounds for x(1 —x)B(x)
in term of cubic and quartic polynomials, respectively.

Let n = 2. Then inequality (3.4) becomes Corollary 3.5.

COROLLARY 3.5. The two-sided inequality

2 2 2
lox+ T2 T3y <4n—8—%>x4 < x(1—=x)B(x)

6 6
2 2 4 2
T T r T r
<1- —Xx"— — — 21 4n—8— 3 7
x+6x 6x +36Ox+ (71: 8 3 360)x 3.7

takes place for x € (0,1/2].

REMARK 3.6. Inequality (3.7) provide new lower and upper bounds for x(1 —
X)B(x) in term of quartic and quintic polynomials, respectively.

Let n = 1. Then inequality (3.5) reduces to Corollary 3.7.

COROLLARY 3.7. The double inequality
PP (x) +As(2)(1 —2x)* < x(1 —x)B(x)
<P (x) +A2(2)(1—2x)* + ([ (07) — Ax(2)) (1 —2x)° (3.8)
is valid for x € (0,1/2], where

sl n?
A(2)= 2 T —0.02722---. L(0T)=—-—224+1=0.69157---
%)= 153" 32 10 =—55+ ’
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T n b4
4 32
and each inequality of (3.8) becomes equality if and only if x =1/2.

P(x) = (n*—8) (1—2x),

REMARK 3.8. Inequality (3.8) provide new asymptotic sharp lower and upper
bounds for the function x(1 —x)B(x) by the polynomial function of (1 —2x).

Next, we present several new properties the function g(x) = R(x) — [1 —x(1 —
x)]B(x). Let

Bi(0)=1, B;(1)=— (1 + %) — 2.6450---,
By (2k) =28 (2k+ 1) +2n(2k), B1(2k+ 1) = — 20 (2k+2) +2n(2k)] (k> 1),
By(0) =4log2— 3« =0.4164- -,

(

Ba(k) = 4A(2k+3) — B(2k+1) — 3B(2k+3) (k>1).
(3.9)

THEOREM 3.9. Let n € N. Then the following statements are true:
(1) Then function G (x) defined by

g(x) — Ry(x)

Grlz (x) = 2

with R} (x) = 2,%261 By (k)x* is strictly decreasing and convex from (0,1/2] into [GL(1/2),
B1(2n)). In particular, the double inequality

[G}, (%) —B1(2n)} ¥ < g(x) —RY(x) — By (2n)x*"
<2 [G,ﬁ (%) —Bl(2n)} K2+l (3.10)

holds for all n € N and x € (0,1/2], and each inequality of (3.10) becomes equality if
and only if x=1/2.
(2) The function G2(x) defined by

X)— 2.X
G%(X):g( )xzn-i_Rln( )

with R2(x) = Y2, By (k)x* is strictly increasing and concave from (0,1/2] into (B (2n+
1),G2(1/2)]. In particular, the two-sided inequality

1
2 |:G% <§) —Bl(2n+ 1):| x2n+2 < g(x) —Rﬁ(x) —Bl(2n+ 1)x2n+1

< [Gﬁ (%) —Bl(2n—|—1)]x2n+l (3.11)
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is valid for all n € N and x € (0,1/2], and each inequality of (3.11) becomes equality
ifand only if x=1/2.
(3) The function K,(x) defined by

g(x) — Ry(x)

Ky (x) = Q-2

with R3(x) = 37— B2 (k) (1 —2x)?* is strictly decreasing and convex from (0,1/2) onto
(B2(n),K,(01)). In particular, the double inequality

0 < g(x) = RY(x) — Ba(n)(1 —2x)*"
< [Kn (07) = Ba(n)] (1 — 2x) ! (3.12)

takes place for all n € N and x € (0,1/2], and each inequality of (3.12) becomes
equality if and only if x=1/2.

Proof. (1) Let g1(x) =g(x) —R,l, (x) and go(x) = x*" . Then G,l, (x) =gi1(x)/g2(x),
g (0+) =g\ (0+) =0 forall me NU{0} with 0<m <2n+1,and

) )
g Gt

From Lemma 2.2 we know that the function G (x) has the same monotonicity with the
function g(®")(x) if g(®")(x) is monotonic. Therefore, G1(x) is decreasing on (0,1/2]
follows from Theorem 3.1.

Elaborated computations lead to

oy (800 x(e0) ~ R~ 2n (00 - Ri) _gs()
@iy = (22 - .

T g0’

where .
83(x) =x(g(x) = Ry(x)) —2n(g(x) —Ry(x)) , galx) =x™"*".

Making use of (3.1), g3(x) can be rewritten as

g3(x) = i KBy (k)"
k=2n

It is easy to check that ggm)(0+) = gé(‘m)(OJ’) =0 for all m € NU{0} with 0 < m <
2n+2,and
2n
g5 (x) _ g ()

(P Crr )l

It follows from Lemma 2.2 that the function (G (x))’ has the same monotonicity with
the function g+ (x) if g?"*1)(x) is monotonic. Therefore, Theorem 3.1 leads to
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the conclusion that (G!(x))’ is strictly increasing on (0, 1/2] and we obtain the desired
convexity of G!(x). Note that GL(07) = B;(2n). Hence, inequality (3.10) follows
from the monotonicity and convexity of G} (x).

(2) Let gs(x) = g(x) — R3(x) and go(x) = x*"*'. Then G;(x) = gs(x)/86(x).
g (0%) = g (0%) =0 forall m e NU{0} with 0 <m < 2n, and

2n+1
g2 () gy

gé2n+l)(x> Cn+ 1)

Therefore, G2(x) is strictly increasing on (0, 1/2] follows easily from Lemma 2.2 and
Theorem 3.1.
Simple computations lead to

2 (es®Y  x(g(0) —RAx) —(2n+1) (s(x) ~ R2(x)) g
(q””‘<%w)‘ -

~—

x2n+2 g8 (x) ’

where

g7(x) =x (g(x) —R2(x)) = (2n+1) (g(x) — R2(x)) , g5 (x) = "2,

From (3.1) we clearly see that g7(x) can be rewritten as

= 3 KBk

k=2n+1

It is easy to check that g§m>(0+) = gém) (07) =0 forall m € NU{0} with 0 <m < 2n,
and (2n+1)
g7 () gy

() @n2)l

Therefore, (G2(x))’ is strictly decreasing on (0,1/2] follows from Lemma 2.2 and
Theorem 3.1. Note that G2(0") = By (2n+1). Hence, inequality (3.11) can be derived
from the monotonicity and concavity of the function G2 (x).
(3) It follows from (3.1) that
gx)—Ry(x) = Y [AA(2k+2n+1) — B(2k+2n— 1) — 3B (2k+2n+1)] (1 — 2x)*+2"
k=0

and

=3

Ko(x) = Y [4A(2k+2n+1) — B(2k+2n—1) =3B (2k+2n+ 1)] (1 — 2x)**.
k=0
According to the monotonicity of B(n) and (1 —2x)* we know that K, (x) is decreas-
ingon (0,1/2].
Simple computations show that K/'(x) > 0, which implies that K, (x) is convex.
Note that K,,(1/27) = By (n). Therefore, inequality (3.12) can be obtained by using the
monotonicity and convexity of the function K,(x). O

Let n =2. Then inequality (3.10) leads to Corollary 3.10 immediately.



626 T.-R. HUANG, L. CHEN, S.-Y. TAN AND Y.-M. CHU

COROLLARY 3.10. The double inequality
R (x) + B (4)x* + [Gé (%) —31(4)] Xt < R(x) = [1—x(1—x)]B(x)
< RY(x)+Bi(4)x* +2 [G5 (%) —31(4)} x

holds for all x € (0,1/2], and each inequality of (3.13) becomes equality if and only if
x=1/2, where

Bid) = 20(5)+ 2 3.9678
e 360 ’
1 2n? n?(7r* + 60)
1
~ ) =64In(2) — 127 — 8+ = — s T 27044
G2<2) 641n(2) T—8+ 3 88(3)+ 180 0 ,
n? n? n* (7m* + 60)
Ri(x)=1——=+1 2 )P
5 (x) (6—|— )x+<§(3)+6>x 360 X
Let n = 1. Then inequality (3.11) leads to Corollary 3.11.
COROLLARY 3.11. The double inequality
1
RI(x) +B1(3)x* +2 [G% (5) —31(3)} x* <R(x) —[1 —x(1—x)]B(x) (3.13)

1

< RI(x)+B1(3)x° + [G% <§> —31(3)} X

holds for all x € (0,1/2], and each inequality of (3.13) becomes equality if and only if
x=1/2, where

7 4 2
B1(3) :—%—% — 35390,

1 2
G? (5) =32In(2) —6n—4+% —4¢(3)=-2.1875---,
2 2
R(x)=1- (%Jr l)x+ (2@(3)+ %) 2.
Let n = 2. Then inequality (3.12) leads to Corollary 3.12.

COROLLARY 3.12. The two-sided inequality
R3(x) + B2(2)(1 —2x)* < R(x) — [1 —x(1 —x)]B(x) (3.14)
<R3 (x) +B2(2)(1=2x)*+ [K2 (07) = B2(2)] (1 —2x)°
takes place for all x € (0,1/2], and each inequality of (3.14) becomes equality if and
only if x=1/2, where

5 5 3
B»(2) = 62L(5) — 3% - % —0.969- -,
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