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CONCAVITY AND BOUNDS INVOLVING GENERALIZED
ELLIPTIC INTEGRAL OF THE FIRST KIND

TIE-HONG ZHAO, MIAO-KUN WANG* AND YU-MING CHU

(Communicated by G. Nemes)

Abstract. In the article, we provide a sufficient condition for value range of the constant ¢ such
that the function x — #;(y/x)/log(c/+/1 —x) is strictly concave on (0,1) for a € (0,1/2],
which generalize a very recently obtained result that the function x — % (y/x)/log(c/+/1—x)
is strictly concave on (0,1) if and only if ¢ = 3. As applications, we present new bounds

for g (x), Ha(V1—x2) ) Ha(y/x) and Hy(V1 —x2) H,(\/X), where J#,(x) is the generalized
elliptic integral of the first kind and % (x) = J#] 5 (x) .

1. Introduction

Let a,b,c € R with ¢ £0,—1,—2,--- and x € (—1,1). Then the Gaussian hyper-
geometric function F(a,b;c;x) [28, 32, 39, 40, 42, 47, 50, 53, 54, 55, 71] is defined
by

=3

F(a,b;c;x) =3 Fi(a,b;c;x) = Z ) X", (1.1)
where (a,0) =1 for a #0, (a,n) =ala+1)(a+2)--- (a+n —1)=T(a+n)/T(a)
for n € N is the shifted factorial function and T'(x) = [ " le~"dt is the classical
Euler gamma function [20, 62, 63, 67, 68]. F(a,b;c;x) is said to be zero-balanced if
¢=a+b. The behavior of F(a,b;c;x) near x =1 is given by

I'(c)T'(c—a—D)

I'(c—a)l(c—b)’
B(a,b)F(a,b;c;x) +log(l —x) = R(a,b) + O((1 —x)log(l —x)), a+b=c,
F(a,bic;x) = (1 —x) 9 PF(c —a,c — b;c;x), at+b>c

(1.2)

which can be found in the literature [8, Theorems 1.19 and 1.48], where y(x) =

I (x)/T(x) is the digamma function, B(p,q) = [[(p)T(¢)]/T(p+q) is the beta func-
tion, and

F(a,b;c;1) = a+b<c,

R(a,b) = —y(a)— w(b) -2y, R(1/2,1/2)=4log2 (1.3)
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and y = lim (35, + —logn) =0.57721 - is the Euler-Mascheroni constant.

One of the most important special cases of F(a,b;c;x) is the complete elliptic
integral 2 (r) [14, 15, 16, 17, 18, 19, 29, 43, 46, 49, 56, 57, 60, 61, 64, 65, 70] of the
first kind with the modulus r € (0, 1), which is given by

%/2 dr T (11
%(r):/ —=_F (—,—;1;r2>. (1.4)
0 1—r2sin?r 2 2°2

The complete elliptic integrals and Gaussian hypergeometric function play very
important roles in many branches of modern mathematics such as classical analysis,
number theory, geometric function theory, and conformal and quasi-conformal map-
pings [30, 31, 38,41, 45,48, 51, 52, 59, 69]. Recently, many inequalities [2, 3, 4, 9, 10,
11,22,23,24,25,26, 33, 34, 35, 36, 37] in the convexity theory have been established
via the complete elliptic integrals and Gaussian hypergeometric function.

Let r € (0,1) and a € (0,1). Then the generalized elliptic integral .%,(r) [5, 21]
of the first kind is defined by

Ha=Halr) = TF (a1 —a;l,r). (1.5)

Note that J£;(0) = /2, J#,(17) = e and the generalized elliptic integrals J#;(r)
reduces to the complete elliptic integrals ¢ (r) if a = 1/2. From (1.5) we clearly see
that we only need to discuss the case of a € (0,1/2] due to its symmetry.

It is well known that the generalized Grotzsch ring function p,(r) and its related
special function m,(r) [5, (1.3) and (1.12)] in the theory of Ramanujan generalized
modular equation can be expressed by the generalized elliptic integral as follows

ua<r>=%%m@ﬁ((’; )’ ma(r) = —— P AN Halr), (L6)

where and in what follows we denote ' = v/1 — r2.
From (1.4) and the second formula of (1.2), we clearly see that ¢ (r) has the
following asymptotic expansion

J(r) Nlog;, (r—17). (1.7)

Inspired by (1.7), many remarkable inequalities for . (r) in terms of log(4/r')
and monotonicity properties for the ratio % (r)/[log(4/r’)] were established in [6, 7,
12, 13].

Very recently, Yang and Tian [66] established the following Theorem A.

THEOREM A. The function

A (V)

X— ——

log(c/v/1 —x)
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is strictly concave on (0,1) if and only if ¢ = */3.

The main purpose of the article is to generalize Theorem A to the generalized
elliptic integral J#,(r), and provide several bounds for 7, (r), u,(r) and m,(r). Our
main result is the following Theorem 1.1.

THEOREM 1.1. Let a € (0,1/2] and ¢(x) be defined by

_ HaVx)
P = e T
Then @(x) is strictly concave on (0,1) if e'/ ) < ¢ < R@/2H4/3-210g2 - yypere

R(a) =R(a,1 —a) given in (1.3).

2. Preliminaries

In order to prove our main result, we need to introduce some notations and estab-
lish several technical lemmas which we present in this section.

For k € N, we denote by Fy = Fi(x) = F(a,1 — a;k,x) for short. Recall that the
derivative formulae for F(a,b;c;x) [27, 15.5.5,15.5.21] are given by

ab
F(abiex) = —Fla+ 1,0+ Lt L),
d — —b
(1_x)ap(a,b;c;x):w

F(a,b;c+ 1;x)+ (a+b—c)F(a,b;c;x).
c

(2.8)
From the second formula of (2.8) we clearly see that the derivative of F; satisfies
the following recurrence relation

dF, +k—1)(k—
(1 —x)d—xk = wl‘hl — (k= 1)F. (2.9)

Making use of the power series expansion (1.1), we obtain

. < 2.n - _1)'W2
Fl(x>—n§Oan, Fi(x 20 n+l n+k—l)xn (k>2), (2.10)
where \/
sin(am)T(a+n)T'(1 —a+n)
W =Wala) = (1/2)r(n+1) @11

is the generalized Wallis’ ratio. In particular, W,,(1/2) reduces to the classical Wallis’
ratio.
It is easy to verify that W, satisfies the recurrence relation

V(a+n)(1—a+n)

n+1

Wyt = W,. (2.12)
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A special value of hypergeometric function F(a, 1 —a,; 1;x) is givenin [1, 15.1.26],

H(1/V2) = (a - a,l;%) = F(ITQ)Z(\%Sin(M), (2.13)

which will be used later.
For a € (0,1/2], the Ramanujan constant function R(a) is defined as in (1.3) if
b =1—a, more precisely,
R(a)=R(a,1 —a)=—y(a)—y(l —a)—2y, R(1/2)=4log2. (2.14)

Throughout the paper, we give some notations related to a for a € (0,1/2], which
help us to simplify our expressions later. We divide them into § -symbols, ¢ -symbols
and T-symbols as follows.

0 -symbols
S=a(l—a), & =0+a)2—a), &=a(l—-d*)(2—a),
&=(a+1)3—a)4—d®), & =a*—11d>+22,
85=(1-d)4—ad®)(9—a?), 8 =38+48+2,
07 = 0p03+98; — 188, — 36, 8 = 8p83(0p + 12).
Clearly, 6; >0 for j=0,1,2,---,8.
o -symbols

& logc )
% = 3Gloge—1) Ot~ 2Hog e ),

0> = 8(1 — &) log? ¢ +4(9 + &) logc — 2(1 + &),
03 = 4(48) — 283+ 5) log? c 4+ 4(138 + 54) loge — 2(380 + &3 +23),
04 = 4(48,83 — 2083 + 788y + 142) log* ¢
+2(4808; — 783 + 13480+ 282) logc + (5080 — 1783+ 104),
=4(318;, — 282 — 21985 + 6428) +2420) log® ¢
+2(208; — 22583 4 72680+ 2088) logc + 3(748) — 1583 + 164),
06 = 16(168; — 82 — 10583 + 2948, + 1168) log? ¢
+48(87 4 1285 — 248 — 128 — 12) loge + 36(108) — 8 +22),
8361 (a> —Ta+12)(1 —a+60p)
2logc—1 '

o7 =

T-symbols
To=140p, 71= 11+3000—65160+2(125100—52)10gc,
=6[1+60)—368,00+ (128,00 — & — 28300) logc],
T3 = 125100—52, T4=3(125160—52—25300).
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The following lemma provides a simple criterion to determine the sign of a class
of special power series.

LEMMA 2.1. ([66, Lemma 2.1]) Let {ai};_, be a nonnegative real sequence
with a, >0 and 37, 1 ar >0, and

m =
S(x)=— 2 ax* + Y ax*
k=0 k=m-+1
be a convergent power series on the interval (0,r). Then one has
1. If S(r7) <0, then S(x) <0 forall x € (0,r).

2. If S(r~) > 0. then there exists xo € (0,r) such that S(x) <0 for x € (0,x9) and
S(x) > 0 for x € (x0,7).

LEMMA 2.2. Let a € (0,1/2]. Then we have
1. R(a)/2 < 1/(2a)+5d%/4+27a*/20;
2. 1/[3a(l1 —a)]<R(a)/2+4/3—2log2;

3. R(a)/2+4/3—2log2 < 1/]a(2 —a)].
Proof. (i) As shown in [44, Theorem 2.2], R(a) can be written as

R(a) = é + i 28 (2k+1)a**, (2.15)
k=1

where {(z) = X,»_n ¢ is the well-known Riemann zeta function.

Let ) .
¢1(a):@_<i+51+27a )

2a 4 20
Then it follows from (2.15) that

5 27 >
01 (a) = [g(3) ~ Z] a+ [C(S) — %] Y+ Sk + 1)a*. (2.16)
k=3
Numerical calculations lead to
5 27
£(3)— 1= —0.04794---, {(5)— 0= —0.31307---,

447
91(1/2) =2log2 — 2-0 = ~0.01058 .

This in conjunction with (2.16) and Lemma 2.1 yields ¢;(a) < 0 for a € (0,1/2].
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(ii) Let
B 1 [R(a) 4
00(0) = o=y~ | o+ § - 21og2]
Then differentiating ¢, (a) yields
! l 1- ! !
2¢2(a):§ i—a? & +Y¥(a)—-Y(l—a)

2 1 1 - 1

“3|(0—a2 & Z[a—i-k (1—a+k)2]
1[1 1 - 1 1

T3l (1-ap2 +k§‘1[(a+k)2_(l—a+k)2] =0

for a € (0,1/2). This in conjunction with ¢, (1/2) =0 yields ¢2(a) < 0 for a €
(0,1/2].

(iii) Let
R(a) 4 1
==Y 42 2log2— .
93(a) = ——+ 5 —2log a2—a
Then taking the differentiation of ¢3(a) yields

2(]53/(61) = —‘P’(a) +\P/(l —a)+ L% — ﬁ

> 1 1 1 1
=2 [(1—a+k)2 B (a+k)2] tao (2—a)?

k=1
and
¥ (a) = —% (W' (a) +¥'(1-a)] - ;_3 _ ﬁ
o { . 1 1
:1;2{(“+k)3+(1—a+k)3]+(1+a)3+(1_a>3 > 0. (2.18)

It follows from (2.17) that ¢5(0) = —1/4 and ¢4(1/2) = 32/9. This in con-
junction with (2.18) implies that there exists a; € (0,1/2) such that ¢3(a) is strictly
decreasing on (0,a;) and strictly increasing on (ay,1/2].

Moreover,

1 11 4
¢3(0") = —= lim [‘P( J+¥(l—a)+2y+ - —l——} +§—210g2

2 a—0+ 2-—
1 & - l—a 4
-1 — — —2log?2
ai%lel W PR T (@ a3 2
= 19 13
— Y 47 2log2 =2 2log2 = 0302961 -
,Zl 1) 12 TR T T AeE
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and ¢3(1/2) = 0, which together with the piecewise monotonicity of ¢3(a) yields
¢3(a) <0 forae(0,1/2]. O

LEMMA 2.3. Let the sequence {f,} be defined by

nl (13k+ T4)Wk2 1

ﬁ”:k; k+D)(k+2)(k+3) n—k]

Then B, satisfies the recurrence formula

Bt Ay = 881 [01n° + oon* + o3n® + oyn® + osn + 0¢) W2 (219)
L T Dloge— 1)2(n+ w)(n+ 1)2(n+2)(n+3)(n+4) " T

where
n+ 13+ 1) (a+n)(1—a+n)

A’ — (
" (n+1)(n+1)(n+4)

(2.20)

Proof. We first denote by

(T3k+T4)sz 1
(k+1)(k+2)(k+3) n—k

ﬁkm—k =

Elaborated computations lead to

n n—1 n—1
Bt — AP = 2 Brnt1—k — An 2 Brn—k = Bont1 + 2 (ﬁk+1,n7k - ﬁk,nfk)
k=0 k=0 k=0

o il nk+1)+1  (a+k)(1—a+k)

_6(n+1)+k:O (k+2)(k+3)(k+4)  (k+1)?
_(T3n—|—T3—|—T4)(a—|—n)(1—a—|—n) T3k+ T sz
(mn+n)(n+1)(n+4)  (k+1)(k+2)(k+3)| n—k
7 1 ~ G(n)

1
6(n+1) (mn+nu)(n+1)(n+4) S (k+1)>(k+ 2)(k+3)(k+4)sz’

where §i(n) = 62(n) (K> +k+ &) + 61 (n)(k+a) + 6(n) and

02(n) = 13 [3t3n% + (373 — SoT3 +4Tu)n+ (4 — &)1 — &oT3)
01(n) = T3(41s — SoT3)n’ + [475 +2(4 — &) 314 — 58073 | n
+ (4 —80)TF + (4 —58) 1374 — 48073,
00(n) = —o7[(1 +2loge)n® + ((1 —a)(1 +2logc) +4 — 28 logc)n
+(1—a)(4—28logc)].
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We denote by

g (a1 —at W}

Ka(n) = kZO(kH) (k+2)(k+3)(kk+4)7
_n 1 (a+k)sz

m(n)—k 4 (k+ 1)2(k+2)(k+3)(k+4)
n—1 sz

0= 2 PR ) TG

Th
en 3 0j(n)x;(n)
Bui1 — Anfn = 6(n _|_1) Z

. 2.21
&t w4 —
From the third formula of (1.2) we clearly see that

1
I—_XF(CI7 1-— a,4,x) =

(1—x)*F(a+3,4—a;4:x),

T Flraadn=(1 —x)’F(a+4,4—a;4;x), (2.22)
T F-a a—134:x) = (1-x)*'F(a+4,5—a;4:x).

We can rewrite (2.22) in terms of power series and compare the coefficients of
both sides of (2.22). For instance,

1
l—xF(a,l —a;4;x)

((n+1)(n+2)(n+3)

(2

6(a+k)(1—a+k)W?
”,EO et D2k + 2)(k+3)(k:4)

6W?

Ms

SN

n 6W2 7
=0 156 (k+ 1) (k+2)(k+3)

n

X!

and

(1-x)*F(a+3,4—a;4;x) = (1 —2x+x°) i 6(n+1)(n+2)(n+3)

~ 6()63 Wn+3( )xn
& 6[2n7 +2(8143)n+ 8] (a+n)(1 —a+n)
_}Zb S0 (n+1)(n+2)(n+3) Wi

This gives

22 42(81+3)n+ 8] (a+n)(1 —a+n)W,;
Ko (n) = S8 (n+ ) (n+2)(n+3) "6 (2:23)
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Note that

a a—1
1— —1ln)=——

(a,n).

(_a7n) =

Combining this, the similar computations as above yields

1 (a+n)[6n*+6(6—a®)n?+ 38+ &5|W;?

R PR N POray T e o 2.24)
 [24nY 1 24(4 4 8’ + 12860% + 4G+ &W; 1
Ko(n) = 8283(81 +10)(n+1)(n+2)(n+3) 680 2:25)

By substituting (2.23)—(2.25) into (2.21) and simplifying, we obtain the recurrence
relation (2.19). O

LEMMA 2.4. For a € (0,1/2], we define

. g ! . 1+5a2+27a4
'TI@2 ?T 3a(1—a) P 22 20 4 20

(2.26)

and
Ji(x) = —8083(83 — 8 + 8)x% + 5(128; — 85 — 10885 + 2408, + 888)x
—10(1283 — 87 — 308 — 102),
Jo(x) = —285(80 +3a) (83 + 18)x + 6[8(587 — 38 — 6583 +2108) + 132) 4 720]x
— 15(168; — 383 — 9683 + 1448y +720),
J3(x) = —28083(83 + 248 +228) (83 + 8+ 30)x
+ 14(8y + 6)[1440 + (12 — 83) (287 + 983 — 518 — 330)]x
—21[2880 — 83(48; + 5785 + 4528, + 1584)].

Then Ji(x) >0 for & <x< & and Jj(x) >0 (j=2,3) for & <x < &s.

Proof. Clearly, J;(x) (j=1,2,3) can be regarded as a quadratic function in terms
of x. It is easy to verify that 8 — & = 11 +a*+ (1 —a)(1 +8a+24%) > 0 for a €
(0,1/2]. This in conjunction with §; >0 (j =0,1,2,---,8) yields that the graph of
Ji(x) (j=1,2,3) is a parabola with opening downwards. In order to prove Lemma 2.4,
it suffices to show that J;(§) >0 (j=1,2,3), Ji1(&) >0 and J;(&3) >0 (j =2,3).

We now illustrate all the computations as follows. For a € (0,1/2],
& Ji(&1) = 60 — 120a — 14a® + 30a® + 12a* + 5a° — 4a® > 60 — 120a — 14a* +
284> =2(1—2a)(30—7a% > 0.

& Jh(Er) = 2160 —4320a — 396a> 473243 +463a* 4 534a° — 236a° — 784’ + 2548
> 2160 — 4320a — 396a> + 732a° + 120a* = 12(1 — 2a)(180 — 33a*> — 5a°) > 0.
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J3(&1) = 60480 — 120960a — 7236a*+ 13356a° + 10343a* +23590a° — 7120a° —
4928a” + 1187a® +238a° — 54a'® > 60480 — 120960a — 72364 + 133564> +
2232a* = 36(1 — 2a)(1680 — 201a> — 31a%) > 0.

980J1 (&) = 120 — 424a + 156a* + 851a — 1139a* + 6494° 4 1294° — 2964’ +
74a® > 120 — 424a+ 1564 + 851a — 1139a* + 570a° = (1 —2a) [169a* + (1 —
2a)(120+ 56a — 100a*+227a%)] > 0.

200J5(&3) = 36000 — 7680a — 3862724 + 3782964 + 409734a* — 3669404
+845847a® — 1772566a” — 8264694 + 35259404° + 486664a'° 4 10944884 '!
—74958a'? — 1515440a'3 — 58866a'* 4 5101084'> — 70784'® — 793804’
+8127a'8 +4374a"° — 7294 > w;(a) +a'' s (a), where

i (@) = 36000 — 7680a — 386272a* + 3782964> + 409734a* — 3669404’
+ 845847a° — 17725664 — 82646948 + 3525940a° + 486664a'°,
s (a) = 1094488 — 749584 — 1515440a> — 588664°.

Firstly, we clearly see that us(a) > u(1/2) =2683163/4 > 0 for a € (0,1/2].
Secondly, we have u(a) = (1—3a)(36000+ 100320a — 85312a% 4 122360a> +
776814a* +1963502a° 4 6736353a°+ 184364934’ + 544830104+ 1669749704°)
+501411574a'° > 0 for a € (0,1/3]. Further, we can get

(a) — (21839039 10071525+ 10716873512 (2a—1)* 498483721
Hita) = 1397698496 256 81
, 1996055056 ( 1\ 23683928 ( 1 2
27 3 3 3
3 4
1921281024 7 AN 030525376 (a— &
3 3 3
(2a—1)° 2 3
2 (14280147 4706634400 + 4922534847 + 199437284

+1946656a*) > 0
for a € (1/3,1/2]. This gives J2(&3) > 0 for a € (0,1/2].
200J3(&3) = 1036800 — 691200a — 90132484 + 100677044 + 73571324*
—76223624a° + 265656094° — 522575994 — 21751362a% + 983107174°
+ 11233505419+ 328475124 — 233649442 — 4282390643 — 121545644

+13860122a% + 12198640 — 227164647 + 115861a'® + 179361a*°
—19062a%° — 5103a*! 4+ 729a%? > uz(a) +a'lus(a), where

s (a) = 1036800 — 691200a — 90132484> + 100677044 + 73571324*
—76223624° + 265656094° — 522575994 — 217513624°
+98310717a° 4+ 112335054,
Ua(a) = 32847512 — 23364944 — 428239064> — 12154564°.
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We clearly see that pa(a) > p4(1/2) =41642713/2 for a € (0,1/2]. Moreover,

12829284 4
T‘l + 2_;‘ (2 —5a)(2809634 +365885a)

+2946796a* +35558094° + 221723274° + 293020184

113(a) = (2 — 5a)|518400 +

+ 6237936448 | +4102075374° + 112335054'% > 0

for a € (0,2/5] and
32 [19088336886739633228 + (95843786365a — 48734653064)2]

Ha(a 37438979048828125
318518457432t3 113566994684t4 92932230806 s
15625 3125 625
n 46463495939t6 n 13267027273t7 n 2065242276t8
125 25 5

+ 14324473717+ 11233505¢'° > 0
forae(2/5,1/2],where t =a—2/5. This gives J3(&3) >0 fora € (0,1/2]. O

LEMMA 2.5. For a € (0,1/2], define
f(x) = % [2(53F4 — 681F3) log(c/V/T—x) +3(8,F — 2F2)] .
Then f(x) >0 for x € (0,1).
Proof. For k € N, we first prove Fj.1(x)/Fi(x) is strictly decreasing on (0,1).
Making use of the power series expansion, one has

(a,n)(1—a,n)

Frr1(x) _ =0 k+ L]
Fi(x) =, % o

This in conjunction with the monotonicity criterion for the ratio of power series [58,
Theorem 2.1] yields that the monotonicity of Fy(x)/F(x) follows easily from the

sequence
w | (kn) }“’ _{ k }“’
S (el M = I
Note that s
8 F(1) = 68, F3(1) = 12F5(1) = %

Combining this with the monotonicity of Fi/Fy, we conclude that

O3 Fy(x) _ &3F4(1) 1 and 01F5(x) _ 01F5(1)

601 F5(x) ~ 60155(1) N OB T 2R
In other words, 8;F4— 60, F3 >0 and 8, F5 —2F, > 0. This gives the desired result. [J
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LEMMA 2.6. For a € (0,1/2] and 1/(1 —a®) < loge < R(a)/2+4/3 —2log2,

define
(x) = f(x)g(x) —h(x),

where f(x) is defined as in Lemma 2.5 and

_ 2log(c/v1—x) B —
gx) = I 2logle/ VI3 h(x) = &F3log(c/vV1—x)

Then ®(x) > 0 for x € (0,1).
Proof. Tt is clear that log(c/+/1 — x) is strictly increasing on (0, 1), which gives

2 1+ a?
l—210g(c/\/1—x)<1—2logc<1—ﬁ:—ﬁ<0 (2.27)
—a —a

and we keep in mind of 2logc — 1 > 0 in what follows.
Combining with (2.27), we clearly see that g(x) =2/[1/log(c/v/1—x) —2] is

strictly increasing on (0, 1), which yields

2log(c/vI-x) _ 2loge (2.28)

) = T S og(e/vT=x) ~  2loge—1

for x € (0,1).
From Lemma 2.5 and (2.28), we clearly see that

O(x) > — 218 1) ()

2loge—1
=F,—30p(01F; —2F,) — [25300F4 +(6— 125100)F3] log(c/V1—x)
= ®(x). (2.29)

Making use of (2.10), (f)(x) can be rewritten, in terms of power series, as follows

i (n+1)( n+2)+600(n+2)—65160W2xn
= (n+1)(n+2) "
& 128300 +2(02 — 128,00)(n+3) . X X
_ w2 |1 z
,ZO (it 1)(n+2)(n+3) n¥ °gc+2n§0n+1
> o nl (T3k + T4) W2 1
2 n3 + 67n’ +Tln+T2W2 n_|_2 2 (z3k+ ) ) X"
(et 1)(n+2)(n+3) ek D(k+2)(k+3) n—k
_—_—
=<+ 2 (2.30)

where 3 5
n’+6tn +Tn+n
‘ 2+ By

"T it D)(n+2)(n+3)
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and f, is defined as in Lemma 2.3.
Let A, be defined as in (2.20). Lemma 2.3 and (2.12) enable us to know that

An+l_ann
_ (1P +ennt 1)+ nmt )+ n (at+n)(l—atn)

w2
(n+2)(n+3)(n+4) (n+1)? "
(n+i+nu)(a+n)(l—a+n) BP+61n°+1n+1_,
- : A +ﬁn+1 - Anﬁn
(Bn+n)(n+1)(n+4) (n+1)(n+2)(n+3)

6001 (80 +é&n +82n2 —|—£3n3 +84l’l4) 2

(2loge —1)2(m3n+ 1) (n+ 1)2(n+2)(n+3)(n+4)W” ’

(2.31)

where

g0 = 4(587 — 5185+ 3368 +954) log® c — 12(48; — 178y — 42)loge + 12(38+2),
€1 = 8(8; — 986+ 678 + 188) log? ¢ — 2(208¢ — 1478y — 314) logc + (4580 + 86),
£ =408 log? c — 2(483 — 1180+ 8)logc + 17(8 +4),
£3 =2(48  log>c+ 8, +8),
&4 =2(2logc+1).
We now claim that &; >0 (j=0,1,2,3,4) for a € (0,1/2] and 1/(1 —a?) < loge <
R(a)/2+4/3 —2log2. Itis clear that €3 > 0 and & > 0 and it remains to show &; >0
for j=0,1,2.
First we clearly see that €,€; and & can be regarded as a quadratic function in
terms of logc. All the signs of g; for j =0,1,2 are determined as follows.
O 587—518+3368)+954 = (1+a)(2—a) [6+5a—10a>+19(1 — a*) +5a*] >0
and
12(403 — 1780 — 42) 1
8(587 — 518 +3368)+954) 1—a?
a(6+57a—46a> — 11a® + 4a* +2a°)

— 0
2806, (6 + 24a — 192 — 106 + 5a)

for a € (0,1/2]. This is to say, the graph of & is a parabola with opening up-
wards and the symmetric axis lying left side of the range. Thus

4(567 — 5186 +33680+954)  12(463 — 176 — 42)
s — +12(38)+2)
~ 8a(9—4a—2d>+a’—a")

(1 —a)*(1+a)

> 0.

O 8 —98+ 678 +188 = (1+a)(2—a)(13 4 6a — 54> — 24> +a*) > 0 and
Ay = 4(2086 — 1478) — 314)> — 32(87 — 98¢ + 678) + 188) (458 + 86)
= —4(2012 — 1782a°+ 3124a — 23094 + 1231a* — 296a° — 884° 4 160a’
—40a%) < 0.
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O 8 >0 and Ay = 4(48; — 1180+ 8)> — 27208, (8 +4) = —4(2304 + 1728a —
193742 +250a° 4+ 279a* — 440a° + 72a° + 644 — 164%) < 0.

Furhermore, it follows from Lemma 2.2(iii) and loge < R(a)/2+4/3 —2log2
that loge < 1/[a(2 — a)], which yields

2806 o 2606, a(l—a)
33T = 2loge—1 [3—a(1-a)loge] > 2loge—1 [3 a2—a)
26061 (5 —2a)

2 _aioge-1) (2.32)

Combining the sign of €; (j =0,1,2,3,4) with (2.31) and (2.32), we conclude
that
App1—2A, >0 (2.33)

forn>3.
From Lemma 2.3 and (2.11), we clearly see that

83(3+ 81 loge)(1 — & loge)
6(2logc—1) ’
88 [10 —58,logc — 6i (1 + &) log? c]
60(2logc —1) ’
805 [210+458)—2(396; +98,) logc — 2883 log? ¢|
2160(2loge — 1) ’

A=

Ay =

Az =

B %06 2 2
Aq = 60280(21oge 1) [21(485 +578 + 178) — 148,(28;5 + 278+ 75)logc

+28(1— &) (8 + 105, +40) log*c|,

8062
1209600(2logc — 1)

—48(58; + 14887 + 12368 +2748) logc
+81(2 — 80) (8083 + 3085 + 1808 + 1080) log?c|.

We now verify A; <0 (j=1,2) and A5 > 0.

As= [14(585 + 15485 + 13928, +3648)

¢ It follows from loge > 1/(1 —a?) that

& 1
- <0
1 —a? l—a<

1—01loge<1—
and

10— 58;logc — 8; (14 &) log*c

56 &i(1+8&)  [2(1-2d")+3a(2—a)]
<10_1—a2_(1—a2)2__ (a+1)(a—1)? <0,

which yield A; <0 and A; <O0.
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& Since 1209600(2logc — 1)As/(808,) can be regarded as a quadratic function of
log ¢ with the positive quadratic term coefficient,

A=1687(58] + 14887 + 12368, + 2748)?
—5681(2 — 8) (8085 + 3083 + 1808y + 1080) (585 + 15483 4 13928, + 3648)
=—-8(2—a)(1+4a) [87884164—28921248(1 —a)+5628000(1 — a?)

+a* (28361876 +2761704(1 — a) +26811076(1 — a*))
+1611886a° +a’ (4492731 +429751(1 — a) +571125(1 — a?))

+57465a"" +a'' (25205 + 3613(1 — a) +595(1 —a?)) + 85al4} <0,

which gives A5 > 0.
To this end, we divide the proof into three cases.

Case 1. A3 >0. From Lemma 2.2(ii) we clearly see that 1/(1 —a?) < 1/[3a(1 —a)] <
R(a)/2+4/3—2log2. For logc > 1/[3a(1 —a)], a simple calculation yields

2160(2logc — 1)As
8002

<210+458)—

=210+ 458 —2(398, +98,) logc — 2883 log’ ¢

2(390, +90,) B 20003
3a(1—a) 9a%(1 —a)?
(1—2a)[218+274(1 —2a) + 87>+ 8724°] + 13954*

T 9a(1—a) <0

In other words, A3 > 0 gives & < loge < &, where &) and &, are defined as in
(2.26). In this case, it follows from (2.33) that A, > 0 for n > 3.

Therefore, from (2.30) and Lemma 2.4 we clearly see that

~ T T Jl(logc)
D) > 2 A tAnx> 2 1A A= 18D
() > G H A A > S A+ A = e T)

forx € (0,1).

Case 2. A3 <0 and A4 > 0. It follows from Lemma 2.2(i) and 4/3 — 2log2 +1/20 =
—0.002961-- < 0 that R(a)/2+4/3 —2log2 < &3, where &3 is defined as in
(2.26).

In this case, we clearly see from (2.33) that A,, > 0 for n > 4. This in conjunction
with (2.30), Lemma 2.4 and &; < loge < &; yields

o~

B T Jr(logc
D(x) > g2+A1x+A2x+A3x2 > €2+A1+A2+A3: >(loge)

— 2 5
2160(2loge — 1)

forx € (0,1).
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Case 3. A3z <0 and A4 <O0. It follows from As > 0 and (2.33) that A, >0 forn > 5.
Combining this with (2.30), Lemma 2.4 and &; < loge < &3, we conclude that
~ T T
d(x) > é + A+ Apx 4+ Asx® + Ag® > é F A +Ar+ A3+ Ay
J
Bl
60480(2logc — 1)

forx € (0,1).
The proof is completed from (2.29) and the sign of (f)(x) . O

3. Proof of Theorem 1.1

Proof. Differentiation of ¢(x) yields

E /(x) = 280F log(c/v/1—x)— Fy
2 T eV
z(p//(x): 62F3 N Fl+260F2
T 2(1—x)2log(c/v/T—x) (1 —x)%log*(c/v/1—x)
F
* (1—x)2log*(c/v/1—x)
o) (3.34)

T 2(1—x)log(c/VI—x)
where

B) = & Fslog?(c/v/T—x) — [Fi ti&)Fz] log(c/V1—x) +Fi. (3.35)

If el/(l’“z) <c < eR(”)/2+4/3’21°g2, then it follows from Lemma 2.2(iii) that
1/(1—a?) <loge < 1/]a(2 — a)], which gives

_ 1 1
o0 =6 [logc— 1——az} [logc— m] <O0. (3.36)

On the other hand, differentiating ¢ (x) yields

¢ == le‘zgl(f/x;; —Yap(), (3.37)

where ®(x) is defined as in Lemma 2.6.
Lemma 2.6, (2.27) and (3.37) enable us to know that ¢(x) is strictly decreasing

on (0,1). This in conjunction with (3.36) yields ¢(x) < 0 for x € (0,1).
Therefore, Theorem 1.1 follows from (3.34) and @(x) <0. [
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As an application of Theorem 1.1, the properties of a concave function together
with (2.13) enable us to obtain

o) @(1—x) < w <o(1)2) = F(54)T(3)sin(am) o

£ vulc
4y/mlog(v/2c) 2(€)
(3.38)
for e!/(1-0%) < ¢ < oR(@)/2+4/3-210g2 yhich gives the following corollaries by substi-
tuting x = % in (3.38) together with (1.6).

COROLLARY 3.1. The inequality

Ha(r) | Ha(r)
log(c/r) ~ log(c/r) ~

20,4(c)

or equivalently,

ta(r) < T 2vq4(c)log(c/r)  log(c/r)

= 2sin(ra) Ho(r) log(c/r") (3-39)

holds for r € (0,1) with el/(1=0%) < ¢ L oR(@)/244/3-21082 yipope Vy(c) given in (3.38)
is the best constant.

COROLLARY 3.2. The inequality
Ha(r) Ha(r') <207 (c)log(c/r)log(c/r')
or equivalently,

4v2(c)

< mT(rca)r/z log(c/r)log(c/r') := Va(r;c) (3.40)

mq(r)

holds for r € (0,1) with 1/ (1=0%) ¢  oR@)/2+4/3-21082 o Vg(c) given in (3.38)
is the best constant. In particular, the best upper bound of (3.40) with respect to c in
our setting is given by ¥ (r;eR(@)/2+4/3-2l0g2)

Proof. In order to investigate the best upper bound of (3.40), it suffices to consider
the monotonicity of #(r;c) with respect to ¢ € [e!/(170%) ¢R(a)/2+4/3-2l0g2]
Let

(o) - el

Zi(e,r) = ~log(e/r)log(c/V/1 = 1) +1og(v2c) [log(e/r) + log(e/v/1=12)]
P5(c,r) = (2% = 1) log(vV2¢) — 22 1og(c/r) +2(1 — ) log(c/ /1 — 12),
Z(c,r) = 1 +1log(V2c) —log(c/r) — log(c/M).
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Then a simple calculation yields

Z(c,1/V2) =0, Z(c,1/V2) =0, (3.41)
Z5(c,1/v2) =1—1logv2 —loge < —1f2a2 —logv2 <0 (3.42)
for a € (0,1/2] with ¢ > ¢!/(1-4) and
a.@;(Cc,r) = le;l3((cji)c), (3.43)
e ;(9’? (_C’r?)» P2 raien) (3.44)
_n,2

It follows from (3.45) that d 25 (c,r)/dr >0 for r € (0,1/v/2) and d Z5(c,r)/dr
<0 for r € (1/v/2,1), which in conjunction with (3.42) yields 25(c,r) <0 for r €
(0,1). Combining this with (3.41) and (3.44), we clearly see that Zj(c,r) < O for
r€(0,1) and /(170 < ¢ < oR(@)/2+4/3-210g2 T follows from (3.43) that 2 (c,r) is
strictly decreasing with respect to ¢. Sois ¥,(r;c).

This completes the proof. [l

COROLLARY 3.3. For a € (0,1/2], the function (1 —x)"@ . #,(\/X) is strictly
log-concave on (0,1), where

(2—a2—\/2—2a2—|—a4).

N —

1(a) =

As a consequence, the inequality

o 2 Mg sin(ra)f
(A Al < g [ (1/2)] = RZ R IEIE 54

holds for r € (0,1).

L
Proof. According to Theorem 1.1, the function J#;(1/x)/log (e a2 [\/1 —x) is

strictly concave on (0, 1). Moreover,

d2
dx?

[(1 —x)'@]og <eﬁ/\/1 —xﬂ = %l(a)[l —1(a)](1 —x)"D21og(1—x) < 0

1
since 0 < t(a) < 1. This implies that (1 —x)'(@ log (elaz /V1 —x) is positive and

concave on (0, 1), and is also log-concave on (0,1).
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Therefore, the function
1
(I—Xle%ﬂvg)z(l—mW@kg<elﬂ/¢T:;). Ha(r)

log (eﬁ/ m)

is log-concave on (0, 1), which yields
1 2
(1=t V3) O (VT=0) < o= [ (1V2) | G4

By substituting x = 72 into (3.47), the desired inequality (3.46) is obtained. [J

From Theorem 1.1 and the monotonicity criterion in [8, Theorem 1.25], we clearly
see that the functions

o(x) — 9(0) and o(1) — o(x)
X 1—x

are strictly decreasing on (0, 1), which gives the following corollary.
COROLLARY 3.4. For e!/(1=@") < ¢ < eR@/244/3-21022 4o functions

CRY[E LR Al
log(c/r")  2loge log(c/r")

are strictly decreasing on (0,1). As a consequence, the double inequality

sin(ma) —

2
} and r—>r72

Ty (r) T m[2a(1 —a)loge — 1]
log(c/r) ~2loge 4log’ ¢

(1—r?)
(3.48)

sin(ma) + bﬁ;—m@@}2<

holds for r € (0,1), where the lower and upper bounds are sharp.

REMARK 3.5. Inequalities (3.48) give a new sharp bounds for J#;(r) and other
inequalities given in [44].

As shown in the proof of Lemma 2.2(iii), we clearly see that there exists a; €
(0,1/2) such that R(a)/2 —1/[a(2 — a)] is strictly decreasing on (0,a;) and strictly
increasing on (aj, 1/2). Moreover,

. [R(a) 1 1 & 1
1 ne - -
ai%l+[ 2 a2- a] 4 ; k+1 4

and

. [R(a) 1 4
1 — = =log4 — - =0.05296---
im [ > a(2—a)] og 3 0.05296-- -,

a—z

which gives the following lemma.
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LEMMA 3.6. For a € (0,1/2], there exists ap € (0,1/2] such that R(a)/2 <
1/[a(2 —a)] for (0,a0) and R(a)/2 > 1/[a(2 —a)] for (a,2]. In particular, ap =
0.46787--- as an approximation.

Note that o
SF(17) =28 F(17) = 2sin(ma)
nd 8 F(x) — 2sin(xa)/ S5 F(1+a,2 — a4:x)
. 3(x) =2sin(ma)/m . a,2—a;4;x)
xlg?f (1—-x)log(l—x) xlir{l* 3[1+log(1—x)] 0-

Combining this with (1.2), we have the following asymptotic expansions

6 F3(x)log(c/vV1—x)—Fi(x) = @ [210gc—R(a)] +01[(1 —x)log?(1 —x)]
(3.49)
and
280F3(x) log(c/vT—x) — Fi(x) = Si“(:”) [zlogc —R(a)} +0s[(1 —x)log?(1 — x)]
(3.50)
asx— 1.

Let @(x) be defined as in (3.35). Then it follows from (3.49) and (3.50) that

(1=x)p(x)
= [52F3 () log(c/V1—x) =k (X)} log(e/V1—x) — [250F2(x) log(c/V1—x) = Fi(x)

., Sin(am) [210gc —R(a)] {log(c/\/l e 1} L (1) (3.51)
From the proof of Theorem 1.1, we clearly see that ¢(x) is concave on (0,1) if

and only if @(x) < 0. The necessary condition requires us to satisfy @(07) < 0 and
@(17) <0. This in conjunction with (3.36) and (3.51) yields

1 1 R(a)

- <loge < a2—a) and logce < —
which is equivalent to
1 . 1 R(a)
—_<loge< = 3.52
[—q2 S 08¢ uer(%,lfl/z}{a(2—a) 2 } (3-52)

follows from Lemma 3.6.
To this end, numerical computations and (3.52) allow us to pose the following
conjecture

CONJECTURE. For a € (0,1/2 and ¢ > 1, the function

Ha(VX)

log(c/v/1 —x)
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~ i T i I R
is concave on (0,1) if and only if ;= <loge < aer(%,l?/z] { a2 }
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