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BOUNDEDNESS OF THE MARCINKIEWICZ
INTEGRAL ON GRAND VARIABLE HERZ SPACES

HAMMAD NAFIS, HUMBERTO RAFEIRO* AND MUHAMMAD ASAD ZAIGHUM

(Communicated by T. Buri¢)

Abstract. We prove the boundedness of the Marcinkiewicz integral on grand variable Herz
spaces.

1. Introduction

The notion of Herz spaces was introduced in 1968 by C. Herz in [10]. There are
two versions of such spaces, viz. the homogeneous and non-homogeneous Herz spaces
denoted by K" (R") and K;”(R") and defined by the norms
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respectively, where R;; denotes the annulus R; ; := B(0,7) \ B(0,¢). These spaces
were studied in many papers, see for instance [5, 7,9, 12, 13, 22, 14, 15] and references
therein.

Last two decades, under the influence of some applications revealed in [32], there
was a vast boom of research in the so-called variable exponent spaces, see e.g. [29].
For the time being, the theory of such variable exponent Lebesgue, Orlicz, Lorentz,
and Sobolev function spaces is widely developed, cf. [2, 4, 20, 21, 3]. Herz spaces
with variables exponent have been introduced in [1, 12, 13]. Samko in [34] introduced
continual variable exponent Herz spaces with all parameters variable, see also [30].
Another approach for variable smoothness and integrability to study Herz type Hardy
spaces was used in [26].
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Grand Lebesgue spaces on bounded sets were introduced in [8, 11]. Grand spaces
proved to be useful in application to partial differential equations. Various operators
of harmonic analysis were intensively studied in the last years, cf. [6, 16, 17, 18, 19,
20, 24, 25, 35] and the references therein. Grand Lebesgue sequence spaces were in-
troduced recently in [31], where various operators of harmonic analysis were studied
in these spaces, e.g. maximal, convolutions, Hardy, Hilbert, and fractional operators,
among others.

The aim of this paper is to obtain the boundedness of Marcinkiewicz integral oper-
ator on the space KZS)”’ )8 (R™), which was recently introduced in [28]. Throughout the
paper, constants (often different constant in the same series of inequalities) will mainly
be denoted by ¢ or C. f < g means that f < cg and f =< g means that f <g < f.

In what follows, we denote 1; = 1g,, Ry = By \ By—1 and By = {x e R": [x| < 2}
forall ke Z.

2. Preliminaries

2.1. Lebesgue space with variable exponent

For the current section we refer to [2, 4, 33, 23] unless and until stated otherwise.
Let X C R" be an open set and p(-) be a real-valued measurable function on X with
values in [1,e0). We suppose that

L<p (X) <plx) <pT(X) <o, 1

where p~(X) := essinfyey p(x) and p* (X) := esssup,y p(x). By LP1)(X) we denote
the space of measurable function f on X such that

o) = [ £ <

It is a Banach space equipped with norm [see, e.g. [4, 33]]:

: f
Hf”LP(-)(X) :mf{n > Ollp(,) (H) < 1}

By p/(x) = p(x)/(p(x) — 1), we denote the conjugate exponent of p(-). For the fol-
lowing lemma we refer to e.g. [2].

LEMMA 1. (Generalized Holder’s inequality) Let X be a measurable subset of
R". Suppose that 1 < p~(X) < pT(X) < oo and q—,r— > 1. Then

Hfg”U(-)(x) < ||fHLI’(')(X)HgHLq(')(X)

holds, where f € LP()(X) and g € L1°)(X) and ﬁ = ﬁ + ﬁ Jorevery xeX.

In the sequel we use the well known log-condition

90— a0y < ——2
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where A = A(g) > 0 does not depend on x,y, and the decay condition: there exists a
number g, € (1,e0), such that

A
X) — Goo| < , 3
lq(x) — | (e + ) 3)
and also the decay condition
A 1
—qol < =y <5, 1
l90) ~ a0l < o b <5 @

holds for some ¢gp € (1,0) in case of homogeneous Herz spaces.
With respect to classes of variable exponents used in this paper, we adopt the
following notations:

@) LlOC (X):= {f : f € L1Y)(K) for all compact subsets K C X}

(i) The set 22 (X) consists of all g(-) satisfying g~ > 1 and g* < c.

(iii) 27'°¢ = 2'°¢(X) is the class of functions ¢ € #(X) satisfying the conditions
(1) and (2).

(iv) P-(X) and P .(X) are subsets of exponents in &7 (X ) with values in [1,e0)
which satisfy condition (3) and both the conditions (3) and (4) respectively.

LEMMA 2. ([34]) Let D > 1 and q € P (R"). Then

1
— i) <R, llg() corq ) for0 <r<1 5)
€0

and

1

— e <R, Mg < ot forr>1, (6)

c

=

respectively, where cy > 1 and c.. > 1 depend on D, but do not depend on r.

2.2. Grand Lebesgue sequence space

In this section we recall grand Lebesgue sequence space. For the following defi-
nition and statements, see [31]. X will stand for one of the sets Z", Z, N and Ny.

DEFINITION 1. Let 1 < p < e and 6 > 0. The grand Lebesgue sequence space
1P is defined by the norm

(14€) P
[1%1l0).6 x) = sup ( D PALGS) ) = sup 7079 [|x[ p(rse) 5
>0 kexX >0

where x = {x; }rex.

Note that the following nesting properties hold:

P=8€) P P61 <, 1p).62  p(1+6) 7

1
f0r0<£<—,,6>0and0<01<02.
p
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2.3. Grand variable Herz space
We recall the definition of grand variable Herz space as given in [28].

DEFINITION 2. Let ot(-) € L”(R"), 1 < p <o, g(-) : R" — [1,0), and 6 > 0.
We define the grand variable Herz space by

RO @) = {f € L@ 0D) < 11 a0 oy < )
i

where

(11)

p(l+e e

(1+e)

11 g1 gy = Sup< Y 1240 714l ) = SUp &7 | ] gty )

£> keZ

3. Marcinkiewicz integral on grand variable Herz space

Let S"~! denote the unit sphere in R” equipped with the normalized Lebesgue
measure. Let Q € L"(S""!) be a homogeneous function of degree zero such that

[ 20)dot) =0, ®

where y' = y/|y| for any y # 0. The Marcinkiewicz integral was introduced by Stein
in [36] in connection with Littewood-Paley g-function on R" as:

) = ([ ners)

where
Qx—y)

RN = [ L )y

—yl<s Y=

By extrapolation arguments, cf. [37], we have
”I-‘QJCHLP(‘)(RH) 5 ||fHLP(‘)(Rn)7 )

when p € Z(R"), r> (p~) and Q € L' (S" ).
To obtain Theorem 1, we need the following lemma.

LEMMA 3. [27]Ifa>0, 1 <s< o, 0<d<sand —n+ (n—1)d/s < v < o,
then

1/d
(/) birie=sttas) < Qo

Now, we show the boundedness of Marcinkiewicz integral on grand variable Herz
space.
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THEOREM 1. Let 0 < v < 1, a(),q(-) € Po(R") with 1 <gq

743

—<q+<°°,

1 < p<oo. Let Q be homogeneous of degree zero and Q € L*(S"™1), s > q/~. Let «

be such that:

n n n n
([1) ——V—;<(X(O)<m—v—§,and

4(0)
() = -v-S<o< v,
Ge s 9l §

Then the operator Lg is bounded on K:ES)”’ )’O(Rn).

Proof. We decompose f as f(x) =YY= . f(x)1;(x) =

()l KEOD

(11 )
p(l+e
(1

= sup( D 12500 1k||p +£)n )

>0 keZ

- 2 (1+8) p(l+e)
§sup ge 2 (z ||2ka(.)lk.uQ(fll)”Lq(')(Rn)>

> o filx). We have

e>0 k=—oc0 \[=—c0
N il (1+¢) p(ll+8)
k .
+sup e Y [ Y |2 a()lk.ug(fll)||Lq(-)(Rn)
>0 k=—oc0 \I=k—1
1
p(l+e)

. . p(1+e)
+sup | € Y (2 Zka(')lk.UQ(fll)”Lq(-)(Rn))

>0 k=—oc0 \I=k+2
=L+DL+1.

For I, we have

. (1+€)\ p(i+e)
b 5 sup ge z ( z 2ka(')1k.uﬂ(fll)m(-)(w))
i

(10)

>0 keZ \l=k—1
1 1 (1+8) p(ll+8)
Ssup [ € Y 2 1250 00 (1) ) )(R7)
£>0 k=—c0 \I=k—
1
p(1+e)

» b+ (1+€)
+sup | €2 ( > 12O 1o (£1)] a0 ) (R )
S

=:D1 + 1.
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Here we use the fact 2K¢() ~ 2k@(0) k< 0, x € Ry equivalent to say that
sza(')flk“m(-)(w) = 2ka(0)||f1kHLq(-)(Rn)7

and using the fact that g is a bounded operator on L4() (R"), we get

1 1 (l+8) p(l+e)
Ly Ssup (€ Y ( Y ||2ka(')lk.UQ(fll)HLq(-)(Rn))
!

>0 k=—o00 \I=k—1

—

. ket (1+€)\ p(i+e)
=sup | ef ) 2kOp(ite) ( [ Lt (f10)] a0 Rn>
I=k—

>0 k=—oo 1

>0 k=—o0 —k—

1 (14+¢€)\ p(ite)
§Sup 89 Z 2]{0{ p(l+e€) ( Z ‘,UQ fll HL‘i R”)

>0 k=—oo

g 1 Ot il p(1+e)\ p+e)
< sup 2 2ke(O)p(1+e) HfllHLq(-)(Rn)
I=k—1

—1 1 p(ll+8)
,Ssup £f 2 Zka p(l+€) Hfl ”P +€)

>0 k=—o0

( p(ll+e)
Ssup (€Y (240 r1, HF +g

>0 keZ

S ”fHKDE(-)),p),G(Rn).
al-

For estimate Iy, we use the fact 2K¢() < 2ko= > () x ¢ Ry and ug is a bounded
operator on L40) (R"), we have

p(l+€)\ p(i+e)
Ly < sup 2 ( 2 sza lk.uQ(fll)”Lq Rn)

>0 I=k—1

~ ket (14+€)\ p(i+e)
= sup g? 2 pkoep(1+€) ( Z ||1k.uQ(fll)||Lq(-)(Rn)>
[

>0 k=0 =k—1

1
p(1+€)\ p(i+e)

<sup g 2 Qkae=p(1-+e) (z Z 1 ||”Q fll ||Lq ) (R7 )

e>0 k=0
1

= b+ (14+€)\ p(ire)
<sup e 2 pkowp(1+€) ( 2 ||flqu(4>(Rn)>
I=k

>0 k=0 —1
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<sup (€2 3 ket ritie)

e>0 k=0

>0 keZ
< Hf” Rn)

Ssup (€% Y 2401 piEe

Combining these estimates we get I, < || f H 0 (@n)’

Now we turn to estimate /; . We consider

/|x » 20=9) o ay

‘JC y‘n !
/

[ s
=: L1+ 3.

2

2dr Y
3

2dr 1z
13

Let x € Ry, y € R; and [ < k—2, we know that |x —y| < |x| < 2 and by the mean
value theorem we have

oyl<e [x—Y

1 1
e—y>

|
~x—y?

(11)

By the integral Minkowski inequality, inequality (11) and the generalized Holder’s in-

equality we have
|| dr 1/2
I — d
ws [l ([0 %) @

Q(x )| 1 1|2
< S
e O TSR] @
Q)] Mk
< d
[ ) e
212

S i, [l
< (=k/2p- £ a0 Q= )1 1Ol

Similarly, we consider I;,. Noting that |x —y| = |x| < 2¥, by Minkowski and the gen-
eralized Holder’s inequality we have

Q)| =dr 2
nes [ 2o ([15)
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1
< o 196l

S22 o 19— )1 ) -

So, we have

e (F1;) ()] S 287072278 #1120 — ) L ()]
275 1 oo 12 = )L ()L 12)
S22 £ | e 10— )L C) o -

Noting that s > g/~, we define q(-) by the relation ——~ = - + % By Lemma 3 and

) ) ) q/(x) — alx)
generalized Holder’s inequality we have
10— )L ()l gy S 11€0c =)L C) s 1 ()l zac)

1/s
<o ([ 196 bPD) Il
21-T<|y|<2!

5271V2k(v+3)HQHU(S”*I)”llHL“l(‘)' (13)

Moreover, splitting I; by means of Minkowski’s inequality we have

. i p(l+¢) p(ll+€)
Ilf,Sllp ge 2 (Z ||2ka(')1kﬂQ(fll)||Lq(-)(Rn)>

>0 k=—oo

|=—oo

~ ‘o p(l+e)\ p(i+e)
+ sup &b Z ( Z ||2ka(')lk#Q(fll)||Lq(-)(Rn)>
>0 k=0

|=—oco

= Iil +112
For I{,, via (13) and (5), we have

n p(l+e)\ pli+e)

1 k—2 /
(I=k)(n/q'(0)—v——)
Iilgsup e? Z 2k (O)p(l+e) 2 2 S HfllHLq(-)

>0 fk=—o0 [=—oo

_ k2 p(1+€)\ plite)
,Ssup 89 Z (2 Za(O)lfll”Lq(-)(Rn)zb(l_k))

e>0 f=—o0

|=—oco

where b := ﬁ —v—"24—0(0) > 0. Then we use Holder’s inequality, Fubini’s theorem
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for series and 2~P1+€) < 2P g obtain

—1 k=2
I11 < sup( Z < Z 2o (0)p(1+e)l ||f1 ”P 1+€ 2bp(1+£)(l k)/2>

£>0 k=—oc0 \[=—o0

>p<1+e)/<p<1+e))' e

k—2
y ( S e+ 1-0)/2

|=——oco
1

0 O & p(1 (14€) Appire)iiyz)
<sup|e 2 Eza (1+e)l 11, Hiq )2 p(l+€)(I—k)/

>0

k=—col=—co

>0

|=—oco

—1
< csup (e" Y 20 Optel ey, ||§q1+£ 2 bp(1+€)(I— k>/2>

-1 —1 p(l+e)
(1 _
5 sup (80 2 206( p(l+¢)l Hf ||€q +&) - 2 2hp(l k)/2>

e>0 |=—oo k=I1+2

£>0 IeZ
S Hf|| 0.0 )

I 1+£ p(llﬂ)
Ssup (€% 3 200700

Now for I, using Minkowski’s inequality we have:

- 1 p(l+¢) (T+e)
Iiz < sup el Z ( Z Zka(')lk.UQ(fll)Lq(-)(Rn)>

e>0 k=0

|=——oco

N o p(l+e¢) (T+e)
+sup | €° D (Z 2ka(')1kl~1(2(fll)Lq(-)(Rn)>

>0 k=0 \ /=0

=A|+A;.

1
p(1+¢)

747

The estimate for A, follows in a similar manner as in I{; with ¢/(0) replaced by ¢/..
and using the fact that b:= - — v — 2 — .. > 0. For A; using (5), (6), (12) and (13)

we have

H.uﬂ(fll)lk”m(-) 5 27iy{r[iijcll||Lt1(-) HQ(X_ ')ll(')HLq/(‘) H lkHLq(-)

S 2727V £ 1121 s g1y 11 | ) 1 Lkl

< gV gk ) 401980/ £, s |
(L — n__n
5 2 (q(O) V)Zk(v+“ q""’)Hfll”Lq(-) HQHLS(S”*I)'

(14)
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Now using (14) and the fact that . + v + 2 — q% < 0 we have,

» 4 (I+€)\ p(i+e)
Ap <sup [ €0 Y okowrli+e) ( > ||1kIJQ(fll)||Lq(-)(]Rn)>
i=0

>0

|=——oco

. . (I+e)\ p(i+e)
S sup 89 2 2koc°°p(1+e) ( Z 21(“(0)V)zk(v-i_s_q/”)fllnm(-))
k=0

>0 |=—co
N (1+¢) (11+8)
5 sup 89 2 2 am+v+—f— (1+¢) ( 2 2 q )flqu(-)(Rn)>
>0 k=0 |=—oo

. (14¢€) (T+e)
(2 _
<sup | €° ( Y 2/a7 V)||f11Lq(,)(R,1)>

>0 |=—o0

- (14¢) (T+e)
I(L2-—2 _yv—(0
Ssup [ €° ( > Zla(O)Hfll||Lq(-)(Rn)2 (o~ 2 —v—a( ))) .

e>0

|=—oco

Now applying Holder’s inequality and using the fact that ﬁ —%—=v—0u(0) >0 we
have

>0 [=—oo

—1
7} lo(0)p(1+¢) p( 1+s
A1 S sup (s (2 2 )2y Rn>

1
p(1+e) p(1+e)

—1 n n 2\ (p(1 €))
y ( > 21<q,(o)sva<0>><p<1+e))> "

|=—oco

_1

1 p(l+e)
<sup [ €8 3 |0 p1 |74 *8

>0 €7,

5 Hf”l'(o;(j)‘p)‘e(R").
o

Let us now estimate /3. Note that x € R, y € R; and [ > k+ 2, so we know that
|x —y| =< [y| < 2'. We consider
1/2
2 dr
13

vl
ug<ﬁ><x><</0y/ P
[ s

oyl X —y
x—y|<t |x y

(5

=: 131 + I;.

12
2g/
3
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Similarly to the estimate for /;;, we get
By 25702271 il g |1 = ) L () -
Similarly to the estimate for 15, we get

Ly S22 ln”leLq 1Q(x — )11()“L‘1’(')'

So, we have

e (1) @) 27" fill oo 120 = VL () |-

Similar to I, splitting I3 we have

1 - (1+£) p(l+e)
L<sup (e Y (2 ||2k°‘(')u9(flz)1k||Lq(->(Rn)>

€>0 k=—oco \I=k+2

-/ - (1+)\ 77
+sup (€? Y ( > 2""‘('>yg(f1,)1k||L,,(.)(Rn)>
>0 k=0 \/=k+2
=13 + 5.
For I}, by condition (6), we obtain
11 (1) Lell g0 S 27 1ALl oo 120 = ) L O o 12l o
S 272V £ ) IR sgny I a1 Ll gt
S 27 a0k A= £ o) Qs (n) |

< 2kt (V) 1Ll g0 [1€20] s g1y - (5)

Hence,

1
p(1+€)\ p(i+e)
£>0 k=0 I=k+2

I, < sup sf’zz"w“*e)( D 2<“>2(4*i>+”¥)f11||m.>>

>0 k=0 \I=k+2

- - p(l+€)\ pli+e)
Ssup (€% ( > Za”lf11||Lq(->(Rn)2d(k1)>

where d := -+ v+ 1+ 0 > 0. Then we use Holder’s inequality, Fubini’s theorem
for series and 2-7(17€) < 2= to obtain

1§2 5 sup (86 i ( i 20&,01? (1+e)l Hfl ”P 1+€ 2dp(1+s)(k l)/2>

>0 k=0 \I=k+2

_ p(1+8)/(p(1+8))\ 7079
><< s 2d<p<1+e))’(kl>/z>
I=k+2
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1

oo oo p(l+e)
(1
f,sup (89 Z Z 2Otmp (1+e)l ||fl ”p +8 2dp(l+£)(k l)/2>
k=01=k+2

1

1 = p(l+e)
Ssup | € 22‘)‘*1’ (+e)l| r1, ||P +8 szp(ue)(k—z)/z

£>0 1=0 k=0
1

i p(I+e)
Ssup (£0F (290 171 “

>0 leZ

S ||fHKa(<;>.p>.e(R
q

Now for 1, we have:

k=—o0 \I=k+2

. . (1+€) (T+e)
131<sup Y ( D Zko‘(')lkug(flz)Lq(d(Rn))

. . p(l+¢) (T+e)

+sup | €° D (Z 2ka(')1k#9(fll)Lq(-)(Rn)>
>0 k=—oc0 \[=0

= I;l +I§2

For I3, by condition (5) and (6) we have

”.LLQ(fll)lkHLq(-) 5 271"“f11||Lq(-) HQ(X_ ')11(')HL(/(,) H lk”Lq(-)
S 272 2RO £ ) 1R s g1y 11 a0 1 el 0
S 27 Ing vk S) gt e 4O £1, | ) 19| s gy
<27 DG £ ) 1@ gy (16)

Now using (16) and the fact that ( jtv + %+ 0o(0) > 0 we have,

1
p(1+€)\ p(i+e)

1;2 <Sup 89 z 2k0€( p(l+e€) (Zlkug fll)”m Rn)

>0 k=—oo

1

-1 p(1+e)\ pli+e)
< sup £f 2 oke(0)p(1+e) (22 Loyl 2(,1 42 ||fll||Lq )

>0 k=—o0

§ sup 0) +v+5+0(0))p(1+e)
>0 kffoo

1
p(1+€)\ p(i+e)

% (2 zl(querrs)Hflqu(,)(Rn))
=0



BOUNDEDNESS OF THE MARCINKIEWICZ INTEGRAL... 751

- p(l+e) ‘p(11+e)
0 —(E+v+2
Ssup | &0 [ 327D £

>0

1
p(l+e)\ pli+e)

< (v,
<sup [ &° Zzlawall”L‘I(')(R")Z (Vb o)
>0 1=0

Now applying Holder’s inequality and the fact that q% +V+ 24 0 >0 we have

Iy Ssup | €° zzlw o) 71, 1*8
>0 1=0

p(1+€) p(i+e)

% 22—1 L 4v+240m)(p(1+e))

a p(i+e)
Ssup (€ [ 2 12O rn0 0,
>0 leZ
~ ||fH Rn)

The estimate for I3, follows in similar manner as in I3, with simply g.. replaced by
q(0) and using the fact that o tv+Hi+ 0/(0) > 0. Combining the estimates for
11,1 and I3, yields

[0 (F) e KEOD (ki) NIIfH -
which ends the proof. [
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