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BOUNDEDNESS OF THE MARCINKIEWICZ

INTEGRAL ON GRAND VARIABLE HERZ SPACES

HAMMAD NAFIS, HUMBERTO RAFEIRO ∗ AND MUHAMMAD ASAD ZAIGHUM

(Communicated by T. Burić)

Abstract. We prove the boundedness of the Marcinkiewicz integral on grand variable Herz
spaces.

1. Introduction

The notion of Herz spaces was introduced in 1968 by C. Herz in [10]. There are
two versions of such spaces, viz. the homogeneous and non-homogeneous Herz spaces
denoted by K̇α ,p

q (Rn) and Kα ,p
q (Rn) and defined by the norms

‖ f‖K̇α,p
q

:=

⎧⎨
⎩∑

k∈Z

2kα p

(∫
R

2k−1,2k

| f (x)|qdx

)p/q
⎫⎬
⎭

1/p

,

‖ f‖Kα,p
q

:= ‖ f‖Lq(B(0,1)) +

⎧⎨
⎩∑

k∈N

2kα p

(∫
R

2k−1,2k

| f (x)|qdx

)p/q
⎫⎬
⎭

1/p

,

respectively, where Rt,τ denotes the annulus Rt,τ := B(0,τ) \ B(0,t) . These spaces
were studied in many papers, see for instance [5, 7, 9, 12, 13, 22, 14, 15] and references
therein.

Last two decades, under the influence of some applications revealed in [32], there
was a vast boom of research in the so-called variable exponent spaces, see e.g. [29].
For the time being, the theory of such variable exponent Lebesgue, Orlicz, Lorentz,
and Sobolev function spaces is widely developed, cf. [2, 4, 20, 21, 3]. Herz spaces
with variables exponent have been introduced in [1, 12, 13]. Samko in [34] introduced
continual variable exponent Herz spaces with all parameters variable, see also [30].
Another approach for variable smoothness and integrability to study Herz type Hardy
spaces was used in [26].
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Grand Lebesgue spaces on bounded sets were introduced in [8, 11]. Grand spaces
proved to be useful in application to partial differential equations. Various operators
of harmonic analysis were intensively studied in the last years, cf. [6, 16, 17, 18, 19,
20, 24, 25, 35] and the references therein. Grand Lebesgue sequence spaces were in-
troduced recently in [31], where various operators of harmonic analysis were studied
in these spaces, e.g. maximal, convolutions, Hardy, Hilbert, and fractional operators,
among others.

The aim of this paper is to obtain the boundedness of Marcinkiewicz integral oper-

ator on the space K̇α(·),p),θ
q(·) (Rn) , which was recently introduced in [28]. Throughout the

paper, constants (often different constant in the same series of inequalities) will mainly
be denoted by c or C . f � g means that f � cg and f � g means that f � g � f .

In what follows, we denote 111k = 111Rk , Rk = Bk \Bk−1 and Bk = {x∈Rn : |x|< 2k}
for all k ∈ Z .

2. Preliminaries

2.1. Lebesgue space with variable exponent

For the current section we refer to [2, 4, 33, 23] unless and until stated otherwise.
Let X ⊆ Rn be an open set and p(·) be a real-valued measurable function on X with
values in [1,∞) . We suppose that

1 � p−(X) � p(x) � p+(X) < ∞, (1)

where p−(X) := ess infx∈X p(x) and p+(X) := esssupx∈X p(x) . By Lp(·)(X) we denote
the space of measurable function f on X such that

Ip(·)( f ) =
∫

X
| f (x)|p(x)dx < ∞.

It is a Banach space equipped with norm [see, e.g. [4, 33]]:

‖ f‖Lp(·)(X) = inf

{
η > 0 : Ip(·)

(
f
η

)
� 1

}
.

By p′(x) = p(x)/(p(x)− 1) , we denote the conjugate exponent of p(·) . For the fol-
lowing lemma we refer to e.g. [2].

LEMMA 1. (Generalized Hölder’s inequality) Let X be a measurable subset of
Rn . Suppose that 1 � p−(X) � p+(X) < ∞ and q−,r− > 1 . Then

‖ f g‖Lr(·)(X) � ‖ f‖Lp(·)(X)‖g‖Lq(·)(X)

holds, where f ∈ Lp(·)(X) and g ∈ Lq(·)(X) and 1
r(x) = 1

p(x) + 1
q(x) for every x ∈ X .

In the sequel we use the well known log-condition

|q(x)−q(y)|� A
− ln |x− y| , |x− y|� 1

2
, x,y ∈ X , (2)
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where A = A(q) > 0 does not depend on x,y , and the decay condition: there exists a
number q∞ ∈ (1,∞) , such that

|q(x)−q∞| � A
ln(e+ |x|) , (3)

and also the decay condition

|q(x)−q0| � A
ln |x| , |x| � 1

2
, (4)

holds for some q0 ∈ (1,∞) in case of homogeneous Herz spaces.
With respect to classes of variable exponents used in this paper, we adopt the

following notations:

(i) Lq(·)
loc (X) :=

{
f : f ∈ Lq(·)(K) for all compact subsets K ⊂ X

}
.

(ii) The set P(X) consists of all q(·) satisfying q− > 1 and q+ < ∞.
(iii) P log = P log(X) is the class of functions q∈P(X) satisfying the conditions

(1) and (2).
(iv) P∞(X) and P0,∞(X) are subsets of exponents in P(X) with values in [1,∞)

which satisfy condition (3) and both the conditions (3) and (4) respectively.

LEMMA 2. ([34]) Let D > 1 and q ∈ P0,∞(Rn). Then

1
c0

r
n

q(0) � ‖111Rr,Dr‖q(·) � c0r
n

q(0) for 0 < r � 1 (5)

and

1
c∞

r
n

q∞ � ‖111Rr,Dr‖q(·) � c∞r
n

q∞ for r � 1, (6)

respectively, where c0 � 1 and c∞ � 1 depend on D, but do not depend on r .

2.2. Grand Lebesgue sequence space

In this section we recall grand Lebesgue sequence space. For the following defi-
nition and statements, see [31]. X will stand for one of the sets Zn , Z , N and N0 .

DEFINITION 1. Let 1 � p < ∞ and θ > 0. The grand Lebesgue sequence space
l p),θ is defined by the norm

‖xxx‖l p),θ (X) := sup
ε>0

(
εθ ∑

k∈X

|xk|p(1+ε)

) 1
p(1+ε)

= sup
ε>0

ε
θ

p(1+ε) ‖xxx‖l p(1+ε)(X),

where xxx = {xk}k∈X.

Note that the following nesting properties hold:

l p(1−ε) ↪→ l p ↪→ l p),θ1 ↪→ l p),θ2 ↪→ l p(1+δ ) (7)

for 0 < ε <
1
p′ , δ > 0 and 0 < θ1 � θ2 .



742 H. NAFIS, H. RAFEIRO AND M. ASAD ZAIGHUM

2.3. Grand variable Herz space

We recall the definition of grand variable Herz space as given in [28].

DEFINITION 2. Let α(·) ∈ L∞(Rn) , 1 � p < ∞ , q(·) : Rn −→ [1,∞), and θ > 0.
We define the grand variable Herz space by

K̇α(·),p),θ
q(·) (Rn) = { f ∈ Lq(·)

loc (Rn \ {0}) : ‖ f‖
K̇

α(·),p),θ
q(·) (Rn)

< ∞}

where

‖ f‖
K̇α(·),p),θ

q(·) (Rn)
= sup

ε>0

(
εθ ∑

k∈Z

‖2kα(·) f111k‖p(1+ε)
Lq(·)

) 1
p(1+ε)

= sup
ε>0

ε
θ

p(1+ε) ‖ f‖
K̇α(·),p(1+ε)

q(·) (Rn)
.

3. Marcinkiewicz integral on grand variable Herz space

Let S
n−1 denote the unit sphere in R

n equipped with the normalized Lebesgue
measure. Let Ω ∈ Lr(Sn−1) be a homogeneous function of degree zero such that

∫
Sn−1

Ω(y′)dσ(y′) = 0, (8)

where y′ = y/|y| for any y 
= 0. The Marcinkiewicz integral was introduced by Stein
in [36] in connection with Littewood-Paley g -function on Rn as:

μΩ( f )(x) =
(∫ ∞

0
|FΩ,s( f )(x)|2 ds

s3

)1/2

,

where

FΩ,s( f )(x) =
∫
|x−y|�s

Ω(x− y)
|x− y|n−1 f (y)dy.

By extrapolation arguments, cf. [37], we have

‖μΩ f‖Lp(·)(Rn) � ‖ f‖Lp(·)(Rn), (9)

when p ∈ P(Rn) , r > (p−)′ and Ω ∈ Lr(Sn−1) .
To obtain Theorem 1, we need the following lemma.

LEMMA 3. [27] If a > 0 , 1 � s � ∞ , 0 < d � s and −n+(n−1)d/s < ν < ∞,
then (∫

|y|�a|x|
|y|v|Ω(x− y)|ddy

)1/d

� |x|(ν+n)/d‖Ω‖Ls(Sn−1).

Now, we show the boundedness of Marcinkiewicz integral on grand variable Herz
space.
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THEOREM 1. Let 0 < ν � 1, α(·),q(·) ∈ P0,∞(Rn) with 1 < q− � q+ < ∞ ,
1 � p < ∞. Let Ω be homogeneous of degree zero and Ω ∈ Ls(Sn−1) , s > q′−. Let α
be such that:

(a)
−n
q(0)

−ν − n
s

< α(0) <
n

q′(0)
−ν − n

s
, and

(b)
−n
q∞

−ν − n
s

< α∞ <
n

q′∞ −ν − n
s
.

Then the operator μΩ is bounded on K̇α(·),p),θ
q(·) (Rn) .

Proof. We decompose f as f (x) = ∑∞
i=−∞ f (x)111i(x) = ∑∞

i=−∞ fi(x). We have

‖μΩ( f )‖
K̇

α(·),p),θ
q(·) (Rn)

= sup
ε>0

(
εθ ∑

k∈Z

‖2kα(·)μΩ( f )111k‖p(1+ε)
Lq(·)(Rn)

) 1
p(1+ε)

� sup
ε>0

⎛
⎝εθ

∞

∑
k=−∞

(
k−2

∑
l=−∞

‖2kα(·)111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

+ sup
ε>0

⎛
⎝εθ

∞

∑
k=−∞

(
k+1

∑
l=k−1

‖2kα(·)111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

+ sup
ε>0

⎛
⎝εθ

∞

∑
k=−∞

(
∞

∑
l=k+2

‖2kα(·)111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

=: I1 + I2 + I3. (10)

For I2 , we have

I2 � sup
ε>0

⎛
⎝εθ ∑

k∈Z

(
k+1

∑
l=k−1

‖2kα(·)111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

� sup
ε>0

⎛
⎝εθ

−1

∑
k=−∞

(
k+1

∑
l=k−1

‖2kα(·)111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

+ sup
ε>0

⎛
⎝εθ

∞

∑
k=0

(
k+1

∑
l=k−1

‖2kα(·)111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

=: I21 + I22.
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Here we use the fact 2kα(x) ≈ 2kα(0) , k < 0, x ∈ Rk equivalent to say that

‖2kα(·) f111k‖Lq(·)(Rn) � 2kα(0)‖ f111k‖Lq(·)(Rn),

and using the fact that μΩ is a bounded operator on Lq(·)(Rn) , we get

I21 � sup
ε>0

⎛
⎝εθ

−1

∑
k=−∞

(
k+1

∑
l=k−1

‖2kα(·)111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

� sup
ε>0

⎛
⎝εθ

−1

∑
k=−∞

2kα(0)p(1+ε)

(
k+1

∑
l=k−1

‖111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

� sup
ε>0

⎛
⎝εθ

−1

∑
k=−∞

2kα(0)p(1+ε)

(
k+1

∑
l=k−1

‖μΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

� sup
ε>0

⎛
⎝εθ

−1

∑
k=−∞

2kα(0)p(1+ε)

(
k+1

∑
l=k−1

‖ f111l‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

� sup
ε>0

(
εθ

−1

∑
k=−∞

2kα(0)p(1+ε)‖ f111k‖p(1+ε)
Lq(·)(Rn)

) 1
p(1+ε)

� sup
ε>0

(
εθ ∑

k∈Z

‖2kα(·) f111k‖p(1+ε)
Lq(·)(Rn)

) 1
p(1+ε)

� ‖ f‖
K̇α(·),p),θ

q(·) (Rn)
.

For estimate I22 , we use the fact 2kα(x) � 2kα∞ , k � 0, x ∈ Rk and μΩ is a bounded
operator on Lq(·)(Rn) , we have

I22 � sup
ε>0

⎛
⎝εθ

∞

∑
k=0

(
k+1

∑
l=k−1

‖2kα(·)111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

� sup
ε>0

⎛
⎝εθ

∞

∑
k=0

2kα∞ p(1+ε)

(
k+1

∑
l=k−1

‖111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

� sup
ε>0

⎛
⎝εθ

∞

∑
k=0

2kα∞ p(1+ε)

(
k+1

∑
l=k−1

‖μΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

� sup
ε>0

⎛
⎝εθ

∞

∑
k=0

2kα∞ p(1+ε)

(
k+1

∑
l=k−1

‖ f111l‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)
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� sup
ε>0

(
εθ

∞

∑
k=0

2kα∞ p(1+ε)‖ f111k‖p(1+ε)
Lq(·)(Rn)

) 1
p(1+ε)

� sup
ε>0

(
εθ ∑

k∈Z

‖2kα(·) f111k‖p(1+ε)
Lq(·)(Rn)

) 1
p(1+ε)

� ‖ f‖
K̇α(·),p),θ

q(·) (Rn)
.

Combining these estimates we get I2 � ‖ f‖
K̇α(·),p),θ

q(·) (Rn)
.

Now we turn to estimate I1 . We consider

|μΩ( f111l)(x)| �
(∫ |x|

0

∣∣∣∣
∫
|x−y|�t

Ω(x− y)
|x− y|n−1 fl(y)dy

∣∣∣∣
2 dt

t3

)1/2

+

(∫ ∞

|x|

∣∣∣∣
∫
|x−y|�t

Ω(x− y)
|x− y|n−1 fl(y)dy

∣∣∣∣
2 dt

t3

)1/2

=: I11 + I12.

Let x ∈ Rk , y ∈ Rl and l � k− 2, we know that |x− y| � |x| � 2k and by the mean
value theorem we have ∣∣∣∣ 1

|x− y|2 −
1
|x|2
∣∣∣∣� |y|

|x− y|3 . (11)

By the integral Minkowski inequality, inequality (11) and the generalized Hölder’s in-
equality we have

I11 �
∫

Rn

|Ω(x− y)|
|x− y|n−1 | fl(y)|

(∫ |x|

|x−y|
dt
t3

)1/2

dy

�
∫

Rn

|Ω(x− y)|
|x− y|n−1 | fl(y)|

∣∣∣∣ 1
|x− y|2 −

1
|x|2
∣∣∣∣
1/2

dy

�
∫

Rn

|Ω(x− y)|
|x− y|n−1 | fl(y)|

|y|1/2

|x− y|3/2
dy

� 2l/2

|x|n+1/2

∫
Rl

|Ω(x− y)|| f (y)|dy

� 2(l−k)/22−kn‖ f111l‖Lq(·)‖Ω(x−·)111l(·)‖Lq′(·) .

Similarly, we consider I12. Noting that |x− y| � |x| � 2k , by Minkowski and the gen-
eralized Hölder’s inequality we have

I12 �
∫

Rn

|Ω(x− y)|
|x− y|n−1 | fl(y)|

(∫ ∞

|x|
dt
t3

)1/2

dy

�
∫

Rn

|Ω(x− y)|
|x− y|n | fl(y)|dy
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� 1
|x|n

∫
Rl

|Ω(x− y)|| f (y)|dy

� 2−kn‖ f111l‖Lq(·)‖Ω(x−·)111l(·)‖Lq′(·) .

So, we have

|μΩ( f111l)(x)| � 2(l−k)/22−kn‖ f111l‖Lq(·)‖Ω(x−·)111l(·)‖Lq′(·)

+2−kn‖ f111l‖Lq(·)‖Ω(x−·)111l(·)‖Lq′(·)

� 2−kn‖ f111l‖Lq(·)‖Ω(x−·)111l(·)‖Lq′(·) .

(12)

Noting that s > q′−, we define q(·) by the relation 1
q′(x) = 1

q(x) + 1
s . By Lemma 3 and

generalized Hölder’s inequality we have

‖Ω(x−·)111l(·)‖Lq′(·) � ‖Ω(x−·)111l(·)‖Ls‖111l(·)‖Lq(·)

� 2−lν
(∫

2l−1<|y|<2l
|Ω(x− y)|s|y|sνdy

)1/s

‖111l‖Lq(·)

� 2−lν2k(ν+ n
s )‖Ω‖Ls(Sn−1)‖111l‖Lq(·) . (13)

Moreover, splitting I1 by means of Minkowski’s inequality we have

I1 � sup
ε>0

⎛
⎝εθ

−1

∑
k=−∞

(
k−2

∑
l=−∞

‖2kα(·)111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

+ sup
ε>0

⎛
⎝εθ

∞

∑
k=0

(
k−2

∑
l=−∞

‖2kα(·)111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

:= I′11 + I′12.

For I′11 , via (13) and (5), we have

I′11 � sup
ε>0

⎛
⎜⎝εθ

−1

∑
k=−∞

2kα(0)p(1+ε)

⎛
⎝ k−2

∑
l=−∞

2
(l−k)(n/q′(0)−ν−

n
s

)‖ f111l‖Lq(·)

⎞
⎠

p(1+ε)
⎞
⎟⎠

1
p(1+ε)

� sup
ε>0

⎛
⎝εθ

−1

∑
k=−∞

(
k−2

∑
l=−∞

2α(0)l‖ f111l‖Lq(·)(Rn)2
b(l−k)

)p(1+ε)
⎞
⎠

1
p(1+ε)

where b := n
q′(0) −ν− n

s −α(0)> 0. Then we use Hölder’s inequality, Fubini’s theorem
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for series and 2−p(1+ε) < 2−p to obtain

I′11 � sup
ε>0

(
εθ

−1

∑
k=−∞

(
k−2

∑
l=−∞

2α(0)p(1+ε)l‖ f111l‖p(1+ε)
Lq(·)(Rn)

2bp(1+ε)(l−k)/2

)

×
(

k−2

∑
l=−∞

2b(p(1+ε))′(l−k)/2

)p(1+ε)/(p(1+ε))′
⎞
⎠

1
p(1+ε)

� sup
ε>0

(
εθ

−1

∑
k=−∞

k−2

∑
l=−∞

2α(0)p(1+ε)l‖ f111l‖p(1+ε)
Lq(·)(Rn)

2bp(1+ε)(l−k)/2

) 1
p(1+ε)

� csup
ε>0

(
εθ

−1

∑
l=−∞

2α(0)p(1+ε)l‖ f111l‖p(1+ε)
Lq(·)(Rn)

−1

∑
k=l+2

2bp(1+ε)(l−k)/2

) 1
p(1+ε)

� sup
ε>0

(
εθ

−1

∑
l=−∞

2α(0)p(1+ε)l‖ f111l‖p(1+ε)
Lq(·)(Rn)

−1

∑
k=l+2

2bp(l−k)/2

) 1
p(1+ε)

� sup
ε>0

(
εθ ∑

l∈Z

‖2lα(·) f111l‖p(1+ε)
Lq(·)(Rn)

) 1
p(1+ε)

� ‖ f‖
K̇α(·),p),θ

q(·) (Rn)
.

Now for I′12 using Minkowski’s inequality we have:

I′12 � sup
ε>0

⎛
⎝εθ

∞

∑
k=0

( −1

∑
l=−∞

‖2kα(·)111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

+ sup
ε>0

⎛
⎝εθ

∞

∑
k=0

(
k−2

∑
l=0

‖2kα(·)111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

:= A1 +A2.

The estimate for A2 follows in a similar manner as in I′11 with q′(0) replaced by q′∞
and using the fact that b := n

q′∞ −ν − n
s −α∞ > 0. For A1 using (5), (6), (12) and (13)

we have

‖μΩ( f111l)111k‖Lq(·) � 2−kn‖ f111l‖Lq(·)‖Ω(x−·)111l(·)‖Lq′(·)‖111k‖Lq(·)

� 2−kn2−lν2k(ν+ n
s )‖ f111l‖Lq(·)‖Ω‖Ls(Sn−1)‖111l‖Lq(·)‖111k‖Lq(·)

� 2−kn2−lν2k(ν+ n
s )2ln/q(0)2kn/q∞‖ f111l‖Lq(·)‖Ω‖Ls(Sn−1)‖

� 2
l( n

q(0)−ν)
2k(ν+ n

s − n
q′∞ )‖ f111l‖Lq(·)‖Ω‖Ls(Sn−1). (14)
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Now using (14) and the fact that α∞ + ν + n
s − n

q′∞ < 0 we have,

A1 � sup
ε>0

⎛
⎝εθ

∞

∑
k=0

2kα∞ p(1+ε)

(
−1

∑
l=−∞

‖111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

� sup
ε>0

⎛
⎝εθ

∞

∑
k=0

2kα∞ p(1+ε)

( −1

∑
l=−∞

2
l( n

q(0)−ν)
2k(ν+ n

s − n
q′∞ )‖ f111l‖Lq(·)

)p(1+ε)
⎞
⎠

1
p(1+ε)

� sup
ε>0

⎛
⎝εθ

∞

∑
k=0

2k(α∞+ν+ n
s− n

q′∞ )p(1+ε)

( −1

∑
l=−∞

2
l( n

q(0)−ν)‖ f111l‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

� sup
ε>0

⎛
⎝εθ

( −1

∑
l=−∞

2
l( n

q(0)−ν)‖ f111l‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

� sup
ε>0

⎛
⎝εθ

(
−1

∑
l=−∞

2lα(0)‖ f111l‖Lq(·)(Rn)2
l( n

q′(0)− n
s −ν−α(0))

)p(1+ε)
⎞
⎠

1
p(1+ε)

.

Now applying Hölder’s inequality and using the fact that n
q′(0) − n

s −ν −α(0) > 0 we
have

A1 � sup
ε>0

(
εθ

( −1

∑
l=−∞

2lα(0)p(1+ε)‖ f111l‖p(1+ε)
Lq(·)(Rn)

)

×
(

−1

∑
l=−∞

2
l( n

q′(0)− n
s −ν−α(0))(p(1+ε))′

) p(1+ε)
(p(1+ε))′

⎞
⎟⎠

1
p(1+ε)

� sup
ε>0

(
εθ ∑

l∈Z

‖2lα(·) f111l‖p(1+ε)
Lq(·)(Rn)

) 1
p(1+ε)

� ‖ f‖
K̇α(·),p),θ

q(·) (Rn)
.

Let us now estimate I3 . Note that x ∈ Rk , y ∈ Rl and l � k + 2, so we know that
|x− y| � |y| � 2l. We consider

|μΩ( fl)(x)| �
(∫ |y|

0

∣∣∣∣
∫
|x−y|�t

Ω(x− y)
|x− y|n−1 fl(y)dy

∣∣∣∣
2 dt

t3

)1/2

+

(∫ ∞

|y|

∣∣∣∣
∫
|x−y|�t

Ω(x− y)
|x− y|n−1 fl(y)dy

∣∣∣∣
2 dt

t3

)1/2

=: I31 + I32.
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Similarly to the estimate for I11 , we get

I31 � 2(k−l)/22−ln‖ fl‖Lq(·)‖Ω(x−·)111l(·)‖Lq′(·) .

Similarly to the estimate for I12 , we get

I32 � 2−ln‖ fl‖Lq(·)‖Ω(x−·)111l(·)‖Lq′(·) .

So, we have

|μΩ( fl)(x)| � 2−ln‖ fl‖Lq(·)‖Ω(x−·)111l(·)‖Lq′(·) .

Similar to I1 , splitting I3 we have

I3 � sup
ε>0

⎛
⎝εθ

−1

∑
k=−∞

(
∞

∑
l=k+2

‖2kα(·)μΩ( f111l)111k‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

+ sup
ε>0

⎛
⎝εθ

∞

∑
k=0

(
∞

∑
l=k+2

‖2kα(·)μΩ( f111l)111k‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

:= I′31 + I′32.

For I′32 by condition (6), we obtain

‖μΩ( f111l)111k‖Lq(·) � 2−ln‖ f111l‖Lq(·)‖Ω(x−·)111l(·)‖Lq′(·)‖111k‖Lq(·)

� 2−ln2−lν2k(ν+ n
s )‖ f111l‖Lq(·)‖Ω‖Ls(Sn−1)‖111l‖Lq(·)‖111k‖Lq(·)

� 2−ln2−lν2k(ν+ n
s )2ln/q∞2kn/q∞‖ f111l‖Lq(·)‖Ω‖Ls(Sn−1)‖

� 2(k−l)2

(
n

q∞ +ν+ n
s

)
‖ f111l‖Lq(·)‖Ω‖Ls(Sn−1). (15)

Hence,

I′32 � sup
ε>0

⎛
⎝εθ

∞

∑
k=0

2kα∞ p(1+ε)

(
∞

∑
l=k+2

2(k−l)2( n
q∞ +ν+ n

s )‖ f111l‖Lq(·)

)p(1+ε)
⎞
⎠

1
p(1+ε)

� sup
ε>0

⎛
⎝εθ

∞

∑
k=0

(
∞

∑
l=k+2

2α∞l‖ f111l‖Lq(·)(Rn)2
d(k−l)

)p(1+ε)
⎞
⎠

1
p(1+ε)

where d := n
q∞

+ ν + n
s + α∞ > 0. Then we use Hölder’s inequality, Fubini’s theorem

for series and 2−p(1+ε) < 2−p to obtain

I′32 � sup
ε>0

(
εθ

∞

∑
k=0

(
∞

∑
l=k+2

2α∞ p(1+ε)l‖ f111l‖p(1+ε)
Lq(·)(Rn)

2dp(1+ε)(k−l)/2

)

×
(

∞

∑
l=k+2

2d(p(1+ε))′(k−l)/2

)p(1+ε)/(p(1+ε))′
⎞
⎠

1
p(1+ε)
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� sup
ε>0

(
εθ

∞

∑
k=0

∞

∑
l=k+2

2α∞ p(1+ε)l‖ f111l‖p(1+ε)
Lq(·)(Rn)

2dp(1+ε)(k−l)/2

) 1
p(1+ε)

� sup
ε>0

(
εθ

∞

∑
l=0

2α∞ p(1+ε)l‖ f111l‖p(1+ε)
Lq(·)(Rn)

l−2

∑
k=0

2dp(1+ε)(k−l)/2

) 1
p(1+ε)

� sup
ε>0

(
εθ ∑

l∈Z

‖2α(·) f111l‖p(1+ε)
Lq(·)(Rn)

) 1
p(1+ε)

� ‖ f‖
K̇α(·),p),θ

q(·) (Rn)
.

Now for I′31 we have:

I′31 � sup
ε>0

⎛
⎝εθ

−1

∑
k=−∞

( −1

∑
l=k+2

‖2kα(·)111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

+ sup
ε>0

⎛
⎝εθ

−1

∑
k=−∞

(
∞

∑
l=0

‖2kα(·)111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

:= I∗31 + I∗32.

For I∗32 by condition (5) and (6) we have

‖μΩ( f111l)111k‖Lq(·) � 2−ln‖ f111l‖Lq(·)‖Ω(x−·)111l(·)‖Lq′(·)‖111k‖Lq(·)

� 2−ln2−lν2k(ν+ n
s )‖ f111l‖Lq(·)‖Ω‖Ls(Sn−1)‖111l‖Lq(·)‖111k‖Lq(·)

� 2−ln2−lν2k(ν+ n
s )2ln/q∞2kn/q(0)‖ f111l‖Lq(·)‖Ω‖Ls(Sn−1)

� 2−l( n
q∞ +ν+ n

s )2
k( n

q(0) +ν+ n
s )‖ f111l‖Lq(·)‖Ω‖Ls(Sn−1). (16)

Now using (16) and the fact that n
q(0) + ν + n

s + α(0) > 0 we have,

I∗32 �sup
ε>0

⎛
⎝εθ

−1

∑
k=−∞

2kα(0)p(1+ε)

(
∞

∑
l=0

‖111kμΩ( f111l)‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

� sup
ε>0

⎛
⎝εθ

−1

∑
k=−∞

2kα(0)p(1+ε)

(
∞

∑
l=0

2−l( n
q∞ +ν+ n

s )2
k( n

q(0) +ν+ n
s )‖ f111l‖Lq(·)

)p(1+ε)
⎞
⎠

1
p(1+ε)

� sup
ε>0

(
εθ

−1

∑
k=−∞

2
k( n

q(0) +ν+ n
s +α(0))p(1+ε)

×
(

∞

∑
l=0

2−l( n
q∞ +ν+ n

s )‖ f111l‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)
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� sup
ε>0

⎛
⎝εθ

(
∞

∑
l=0

2−l( n
q∞ +ν+ n

s )‖ f111l‖Lq(·)(Rn)

)p(1+ε)
⎞
⎠

1
p(1+ε)

� sup
ε>0

⎛
⎝εθ

(
∞

∑
l=0

2lα∞‖ f111l‖Lq(·)(Rn)2
−l( n

q∞ +ν+ n
s +α∞)

)p(1+ε)
⎞
⎠

1
p(1+ε)

.

Now applying Hölder’s inequality and the fact that n
q∞

+ ν + n
s + α∞ > 0 we have

I∗32 � sup
ε>0

(
εθ

(
∞

∑
l=0

2lα∞ p(1+ε)‖ f111l‖p(1+ε)
Lq(·)(Rn)

)

×
(

∞

∑
l=0

2−l( n
q∞ +ν+ n

s +α∞)(p(1+ε))′
) p(1+ε)

p((1+ε))′
⎞
⎟⎠

1
p(1+ε)

� sup
ε>0

(
εθ

(
∑
l∈Z

‖2lα(·) f111l‖p(1+ε)
Lq(·)(Rn)

)) 1
p(1+ε)

� ‖ f‖
K̇α(·),p),θ

q(·) (Rn)
.

The estimate for I∗31 follows in similar manner as in I∗32 with simply q∞ replaced by
q(0) and using the fact that n

q(0) + ν + n
s + α(0) > 0. Combining the estimates for

I1, I2 and I3 , yields

‖μΩ( f )‖
K̇α(·),p),θ

q(·) (Rn)
� ‖ f‖

K̇α(·),p),θ
q(·) (Rn)

,

which ends the proof. �
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