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ON THE FURTHER REFINEMENT OF SOME OPERATOR
INEQUALITIES FOR POSITIVE LINEAR MAP

CHANGSEN YANG AND YU L1*

(Communicated by M. Krni¢)

Abstract. In this paper, some further improvements of operator inequalities are given at the base
of Yang et al.’s recent work [Filomat 32:12 (2018), 4333-4340] and [Math. Slovaca 69 (2019),
919-930] for positive linear map. Besides, the corresponding multiple-term refinements for
scalars and operators are shown as well.

1. Introduction

Throughout the paper, #(#) denotes the C*-algebra of all bounded linear op-
erators on a complex Hilbert space J#. A operator A € B() is called positive,
if

(Ax,x) =0

for all x € 7, and we write A > 0. The set of all positive operators on a complex
Hilbert space 7 is denoted by %™ (7). Also, the set of all positive invertible oper-
ators on a complex Hilbert space 5 is denoted with BT (7). If A € BT (),
in symbols A > 0. For the notations adopted in this paper, we defined v— weighted
arithmetic mean, geometric mean for operator

AV,B=(1—v)A+ VB, Af,B=A} (A*%BA*%>VA%

where A,B € 7 (), ve [0,1]. If v=1, we writec AVB and A#B for brevity,
respectively.

A linear map ®: HB(H#) — B(#'), where H# and # are complex Hilbert
space, is called positive(strictly positive) if ®(A) >0 (P(A) > 0) whenever A > 0
(A>0) and @ is said to be unital or normalized if ®(I,) =1 . The relative operator
entropy of A and B, where A,B € (), is defined as S(A|B) —A? log(A*%BA*% )A% .

2
The Kantorovich constants is defined by K(h,2) = (hz;: ) , h>0.

It’s well known to us all that the classical Young inequality for scalars says that if
a,b>0 and v € [0,1], then

a’b'™" <va+(1—v)b (1.1)
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with equality if and only if @ = b. Simple as it is, what the inequality (1.1) conveys to
us is not only interesting in itself but also meaningful in operator theory. For example,
refining this inequality has taken the attention of many researchers, where adding one
or two even many positive terms or multiplying a coefficient which is greater than the
number 1 to the left side of the inequality becomes possible.

Recently, Kérus in [8] gave a new refinement of inequality (1.1) in the form that
if a,b >0, 1 €[0,1], then

ta+(1—1)b> (14 ¢(t)(loga —logh)*)d'b' (1.2)
where the function ¢(¢) is defined by

2 _ .
o) = S ifre (0,1),
0 ifr=0,1.

(1.3)

In order to facilitate the calculation, we extend the function ¢(¢) to a periodic function
whose period is one. So the function ¢(z) has the following basic properties:

) ¢@+1)=¢(@) forany r € [0,1].

i) ¢(r)=¢(1—1¢) foranyt € [0,1].

In the same paper, the operator version of (1.2) was obtained as well: if A,B €
BH(H),t€[0,1], K= /¢ (t)A"'S(A|B), then

At,B+ K*(A4,B)K < AV,B, (1.4)

where ¢(z) is defined by (1.3).
Furthermore, Yang et al. in [13] first presented a refinement of (1.2) and obtained
the operator form of it as follows:

pa+(1—p)b>r(\/5—\/z7)2+(1+@(1og%)2)a1’b1*1’ (1.5)
At,B + G*(A1,B)G < AV,B — 2r(AVB — AtB), (1.6)

for a,b>0, A,BE B (), G=Y2EA-1(A|B), p € [0,1], where r =min{p, 1 —
p} and ¢(p) is the form of (1.3).

On the other hand, Lin in [9] showed that the reverse-type of AG-GM inequality
for operator can be squared: for 0 <ml < A,B < MI with h = %, then for any unital
positive linear map @,

q)%#) < K2(h,2)?(AB), (1.7)
and
o (210) <o) @a)om), (1.8)

2
where K(h,2) = (hzhl) for h > 0.
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The results of (1.7) and (1.8) has been refined or generalized by a considerable
number of researchers in different forms. And one of the recent work was presented
by Yang and Lu in [14], who gave a better result which is both a refinement and a
generalization: for 0 < ml <A <m'l <M'I < B < MI and p > 1, then for any unital
positive linear map @,

K(h,2)
47 (149 (1) log 24

2p
DY (AV,B) < ( )2> D (Af;B), (1.9)

and

2p
> (AV,B) < K(#,2) ) o) oB) " 1.10
(AV:B) (451(1%@@%)2 (o)1 0(B)) (1.10)

where 1 € [0,1], h = % and ¢(z) is the form of (1.3). The other was obtained by Yang
etal. as well in [13]: let 0 <ml < A,B < MI, ® be a unital positive linear map on
B(H), pe|0,1], s> 0, then

@ (AV,,B +Mm <G(A_1ﬁpB_l)G* +2r(A7'VB! —A—lﬁB—l))) < o' D (A4, B).
(1.11)
© (AV,B+Mm(G(A 4,87 1)G +2r(A” VB —a B ) <o <<D(A)jjpcl)(B)>S7
(1.12)
where r = min{p,1 —p}, a = max{%, (M;—m)z}, G= @A‘IS(AB) and
¢(1) is the form of (1.3). b
Also, Lin in [10] established the following operator results

DA HD(A) + D(A)D(AY)| < %1, (1.13)
and )
DA HD(A) + BA)D(A) < %1, (1.14)

for 0 <ml <A < MI and @ is unital positive linear map.

Likewise, the recent research is showed by Yang et al., the reader can refer to [14]
to get the detailed form.

Considering the above refinements and generalizations, now, we present some
multiple-term refinements of (1.2), (1.4)—(1.6) and (1.9)—(1.14) in this paper.

2. Main results

In this section, we give a complete refinement of (1.2), (1.4)—(1.6) for scalars
and operators. Moreover, the further improvement of (1.9)—(1.14) is also proved. In
order to better connect with the former and the later of this article, we first give the case
of (2.3) for N =2.
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LEMMA 2.1. For a,b >0, 7€ [0,1] and F(t) = %42 (1og 4)2 with ¢(7) =

?l=t\21
2( T ) .
i)If T €(0,1], then

ta+(1—1)b> (1+F(1))d*b' "+ 1(v/a— Vb)* + ro(Vab — Vb)?, 2.1)

where ro = min{27,1 —27}.
ii) If T € [,1], then

ta+(1-1)b> (1+F(1)ab" "+ (1 - 1)(vVa— vVb)> +r(Vab— a)®, (2.2)
where r| = min{27— 1,2 —271}.
Proof. i) When 7 € [0, %f] , then ry =27. By simple calculation and (1.2), then
ta+ (1 —1)b—1(va—Vb)* —21(Vab—Vb)?

1

= (1—47)b+4Tabi

And when 7 € [, 3], then ro = 1 —27. By the periodicity of ¢(7), we have

ta+(1-1)b—1(va—vb)* - (1—21)(Vab—b)?

= (41— 1)Vab+ (2 —41)asb
> [1 + ¢(4T6_ 1) (10g9>2] AR

1 b
[ g

= (1+F(1)a"p'".

So (2.1) as desired.
ii) When 7 € [}, %}, then r; =27 — 1. By the periodicity of ¢(7) and (1.2), we
have
ta+(1-1)b—(1-1)(Va—Vb)? — (21— 1)(Vab - \/a)*
= (3—41)Vab+ (47— 2)aibi

14 2D (100 ) g

|
= [14 299 (10 4) ar!
(

16 b
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Similarly, when 7 € [43‘17 1], then r; =2 —27. So we have

ta+(1—1)b—(1—1)(
= (4t1—3)a+ (4—41)a* b

g

[
4
= (

1+F( )) Tpl-T.

7)(Va—Vb)* — (2 -21)(Vab— Va)*

So (2.2) as desired.
This completes the proof. [l

It’s necessary for us to recall the lemma below for the sake of generalizing (1.5)
and the result of Lemma 2.1 into the general form.

LEMMA 2.2. ([12]) Let a,b >0 and 7 € [0,1]. Given N € N, consider the
integers ky,(7) = [2"'1] and rm( )=1[2"1], m=1,2,...,N. Then

N nm m
ta+(1—1)p— 3 smu)( V62" kn (1) glon) — %km<r>+1b2m*—km<f>—1)2,
m=1

= ([2¥1]+1-2"7) 2 a2V 2NV 4 (27— [2V1)) 22V 2N 2V -1

where s, () = (—1)m(@2m=1g 4 (—1)m(D+ [m@EL)
Now, we give a complete refinement of (1.2) and (1.5) forany N € N.

LEMMA 2.3. Let a,b >0, 1€ [0,1] and N €N, then

tat(1-0b> |1+ ¢(§Zr) (1o g)z] AT

N
43 s (0) (Vo Rl — a5 1),
m=1

2.3)

where s,,(T) = (—1)m(02m=V gy (1)@ A gy = (2mg] k(1) = [27 1],
m=1,2,...,N. [x] is the greatest integer less than or equal to x and ¢(t) is defined
by (1.3).
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Proof. By the periodicity of ¢(z), Lemma 2.2 and (1.2), then it follows that

N
ta+(1—1)b— Esm (2\/172'"1" \/am (1) +1p2m k(1) — )2
m=1

:(T—ZN)%/W+%W2“1+qﬂﬂ+L4%fNWWW“Wﬂ

N N 2Ng+1 2N—pN4-1 2N 2NN\ 2
> [1+¢(2%t—[2 T])(log(a Nop N )—log<a N p N ))

x ( ZIX/a[ZNT]-‘rlsz—[ZNT]—I)2N17[2NT] ( 2 /a[er]sz—[er]) N¥7+1-2V7

= :1 + ¢(izf) <log%>2} a’b' .

So (2.3) holds. This completes the proof. [

REMARK 2.4. For one thing, it’s obvious that (1.2) and (1.5) are two special
cases of the inequality (2.3) if N =0 and N = 1, respectively, which implies that
(2.3) is a generalization of those in the literature. For another, the inequality (2.3)
becomes an equality as N — e, which indicates that (2.3) is a complete refinement of
(1.2) and (1.5).

LEMMA 2.5. ([4]) For X € B(H) be self-adjoint and f, g be continuous real
Sfunctions such that f(tr) < g(t) forall t € Sp(X) (the Spectrum of X ). Then f(X) <
8(X).

Next, the operator version of (2.3) are gained as well.

THEOREM 2.6. Assume that A,B € B (), 1€[0,1] and

J= g(iimA’lS(Am).
Then
AﬁTB—FJ*(AjjTB)
<AV.B— 2 sm(t [Atiam B+ Abytn g 0B~ 24k nig0B)],  (24)

m=1

where sy(T) = (—1)m(D2m=1g 4 (~1ym(@F Ty () — pomg] g, (7) = [2m1a],

m=1,2,....N. [x] is the greatest integer less than or equal to x, 04 (T) = k’"(Tl) and

0(1) is defined by (1.3). L

Proof. From (2.3), we get

9(2"7)
4N

N kn(@) k(041 2o (1) +1
(logt)t*(logt) + 3 sm(T) (£ 1 +¢ 21 =20 2 ),

m=1

Tt+1—T2>1"+
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forany ¢ > 0.

For the operator X =A™~ 3BA~7 hasa positive spectrum, I be the identity operator,
then it can be deduced from Lemma 2.5 and the above inequality that

TATIBA™I 4 (1— 1)

11 o(2N1 B U U B o(2NT 11
> (A"2IBA 2)T+%log(A 2BA"2)(A"2BA Z)T%logm IBA™2)

km (7) 1 1 km(1)+1 1 1 ka(f)+l:|

N
+ 3 su(1) [(A’%BA’%)Z"H F(ATEBATY) T _2(ATEBATI) o
2.5)

Finally, by multiplying AZ on both sides of the inequality (2.5), then it follows that

9(2"7) 9(2V7)
N N

AV.B > AtB+ S(AIB)A™ (A4:B) A7's(A]B)

+ 2 Sm |:Aﬁkm B+Aﬁkm +1B Z(Aﬁka +1 B):|
om—1 Tom—1

which is equivalent to

AV.B— 2 sml(t [Aﬁa 0B+ Aty g (B —2(Ath +MT)B)}
>AtiTB+J*(AﬁTB) .

So (2.4) holds. Here the proof is completed. [

REMARK 2.7. Clearly, the result (2.4) is not only a generalization but also a
complete refinement of (1.4) and (1.6).

In order to get further results for operator, it’s imperative for us to recall the fol-
lowing lemma.

LEMMA 2.8. ([15]) If A,B are positive operators on a Hilbert space and T, €
[0,1], then
AV (AfwB) =AV,B— 1(AV,B — AuB).
THEOREM 2.9. Suppose that A,B € 77 (), 1€0,1] and

p(2NT)

Ifte [O,%L then

AtB+ K*(At:B)K + 2 sm(27) [Atiﬁ 0B+ Aty w0 B~ 2(Aby 1 g, (1)B)

<AV.B—2r(AVB— AﬁB). (2.6)
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ii) If T € [1,1], then

At:B+K*(At:B)K + Z sm(2—27) [Aﬁy \B+ Aty (1)-2-nB—2(At, 1) 5-n1B)

m=1

< AV.B—2r(AVB — AfB) 2.7)

where B (T) =27"kn(27), Yu(t) =1—Bu(l — 1), r=min{z,1—1}.

Proof. If T € [0,1], then 27 € [0,1] and r = 7. By substituting B by A$B and 7
by 27 in (2.4), then it becomes that

N+1 N+1
Ate(azB) + Y2 (a3 ateazB) VO D A5 a )

N
SAV2e(ALB) — 3, 5u(27) | Afipian (ALB) + Al syioe1 (ALB) ~ 2AAL sy (AZB))].

m=1 om—1 2m—

On account of Lemma 2.8, we have

Af:B+ K" (Af:B)K + Z sm(27T) |:Aﬁkm 20 B+ Aff g 21' )41 B — 2(Af 22 +1B)}

m=1 om+1

< AV.B—21(AVB — A$B),

which is equivalent to

AtB+ K*(At:B)K + Z sm(27) [Aﬁ,; 0B+ Aty g 0B~ 2(Aby w1ip,B)

m=1

< AV.B—2r(AVB — A$B).

So (2.6) holds.
ii)If 7€ [},1], then 1 —7 € [0,4] and r =1 — 7. By interchanging A for B and
replacing T with 1 — 7 in the above inequality, then we have

N
Bty A+ K Bl AR+ Y su(2—27) [Bﬁﬁm(l,,)A +Blymip, 1A
m=1
- 2(Bﬁzfmfl+/3m(1—r)A)}
< BV1_ A —2r(BVA — BiA),
where K = ¥ 221,: Hl 9 g~ S(B|A). By the properties of the function ¢(), we get
o2V (1 1)) =92V 1141 -2V1) = ¢(2¥*11). And by simple calculation, it can
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be deduced that
' ¢(2’;;‘+(11 — r))B—ls(B\A) = %37% log(B~2AB™?)B?
= 7"’2(,%1:1“7) log(B~'A) = _7"’2(1%1:?7) log(A~'B)
- ¢2(§—I+VTIT)A‘1A% log(A~2BA"7)A?
= —%A*S(Aw) =K.

789

And then, it is shown in [4] that Bff;_ ;A = A#;B. So the above inequality becomes

N
AfeB+ K" (AZB)K+ Y, sn(2 = 27) [Af1 1 0)B + At 2 n_p, (0B

m=1

~2(A%yn1_p,1-0B)]
< AV.B—2r(AVB —AtB),

which implies the desired result (2.7). Here the proof is completed. [

Now we are at the position to state our main results for positive linear map. Before

these, some lemmas are needed.

LEMMA 2.10. i) ([6]) Let ® be a unital positive linear map, o € [0,1] and

A, B be two positive operator, then

D(AfloB) < D(A)oP(B).

(2.8)

ii) ([4]) (Choi inequality) For @ be a unital positive linear map and A > 0, then

o lA) <p(Aa™).

(2.9)

LEMMA 2.11. i) ([2]) Let A,B > 0, then the following norm inequality holds:

1
IABI| < §llA+BIP.
ii) ([3]) For A,B> 0, then for 1 <k < 4-oo,

4%+ B < |[(A+B)".

LEMMA 2.12. ([4]) (L-H inequality) If 0 <A < B and k € [0,1], then

AF < Bk,

(2.10)

2.11)
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THEOREM 2.13. Suppose that A,B € B1(A’), t € [0,1] and z,Z are constants
with h =% such that 0 < zI <A,B < ZI. If A > 0, then for any positive unital linear
map ® on B(H), it holds
i)
@ <AVTB F2Z(J(A 8B+ SN(A—I,B—l))) <otAgB),  (2.12)
ii)

O (AV-B+2Z(J(A7'5B ) +Sx(A B 7)) < LH@U)LD(B),  (2.13)

where { = max{K(h,2), K(Zh’zl)}, K(.,2) is Kantorovich constants, Sy(A~',B~!) =
4

3 o)A a8 +A g B 24 B () = 455,
J= @A”S(Aw) and ¢(t) is defined by (1.3).
Proof. Under the condition 0 < zI < A,B < ZI, we have
(A—z)(ZI-A)A' >0, (B—zl)(ZI-B)B ' >0,
which imply that
(1-T)A+zZ(1—1)A ' < (1—-1)(z+2)I, tB+zZtB~ ' <1(z+2)I,

for T €10,1].
By summing up the two operator inequalities above, one can have

AV B+7Z(A"'V.B ) <z+Z

Then for any positive unital linear map ® on (), it follows from the properties of
positive unital linear map and the above inequality that

®(AVB) +zZ®(A VB <z +2Z (2.14)

And then, by direct calculation, we have

VOCTT) oa-tpty = YOO,

N

1

% log(A2B1A2)A~
-~ ¢2(]%NT) log(AB_l) = 7 ¢(2"1) log(BA_l)
¢
N

= N

=
D=

(2V7)

_1 O St
=y A2log(A"2BA"2)A2A

VORTD) ¢ himpat = .

(2V7)
N

=
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Hence on account of (2.4), we have

A B (A B Y+ Sy(AT BT <AT VBT (2.15)

N
where Y 5,,(7) [A*Ittam(r)B’l FA g B = 2(A g (B | s de-
m=1

noted by Sy(A~1,B71).
i) If 0 <A <2, now, by taking (2.14) and (2.15) into consideration together,
one can have

1D(AVeB+2Z(J (A 4B~ )"+ Su(A™ B) )220 (at:B)|
< %|\@(AV,BHZ(J(A*%B*)J* +SN(A*1,B*1))) +220 " (AfB)|?
< %|\@(AV,BHZ(J(A*%B*)J* +SN(A*1,B*1))) +2Z®((Af:B) )|
= %H@(AV,B) +2ZDA B L+ J(A BT+ Sy(ATLBTY)|)?
< %Hq)(AVTB) +2Zd(A VB Y|P

(z+2)?

ST,

where the first inequality is by (2.10), the second one is due to (2.9), the third one is
by (2.15), and the last one follows from (2.14). Namely,

(z+2)?
4z7

10 (AV-B+2Z(J(A 4B )"+ Su(A™ 7))@~ (ALB)| | <

Therefore,

2
P> (AVTB—FzZ(J(A*lﬁTB*l)J*+SN(A’1,B*1))> < <(Z4+Z?2> D% (At.B).

Since 0 <A <2,s50 0< % < 1. Then the above inequality can be deduced from
Lemma 2.12 (L-H inequality) that

@ (AV,B +2Z(J(A BT+ SN(A—I,B—l)))

(z+2)?

A
< <47> " (A:B) = (K (h,2)) @ (Az:B)

forany 0 < A < 2.
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If A > 2, by simple calculation, one can have
|3 (AV B+ 2Z(J(A 4B~ )"+ Sy(Aa™",B))(22) 1 % (az.B) |
< 0% (AVeB+ Z(A 5B 4 sw(A™ B)) + () 0 (age) P
< %H(@(AVTBHZ(J(A*%TB”)J*+SN(A*HB*1>>> +zZ<I>*1(AﬁTB>)%H2
< %\|q>(AVTB+zZ(J(A*1ﬁTB*1)J* +SN(A’17B’1))> +2Z®((At:B) " ")||*
- %HG)(AVTB) +ZOA B+ I(A B 4 Sy (A B

1
< ll@(AV-B) +2Z®(A'V. B
A
< (z+2) ,
4
where the first inequality is by (2.10), the second one is deduced by (2.11), the third

one is due to (2.9), the forth one is by (2.15), and the last one follows from (2.14).
That is,

(z+2)*
4(z2)%

0% (AV:B+2Z(J(A™ 3B~ )" + Sx(A™",B1)))® " & (AL:B)|| <
Therefore, for any A > 2, we have

! (AV B+ zZ(J(A 4B~ )"+ Sy(A ", B7Y))

2\ A A
< 4r-2 <(Z4_;§) ) (I))L(Aﬁq;B) — <I:(%h’_?)> (I))L(AﬁTB).

In summary, we can come to the conclusion that (2.12) holds for any A > 0.
ii) If 0 < A < 2, utilizing the same method presented in i), we have

[0(AVB+2Z(J (A 4B~ + Sy (AT B7)))Z(®@(A)t2(B)) ||

< IO (AVLB+Z(I(A 5B ) +5w(A™ BY)) 4 Z(@(a) () |
< %|\CI)<AVTB+zZ(J(A‘1ﬁTB_1)J* +Sw(a~ 7)) + 220! (A B)|

< %|\CI)<AVTB+zZ(J(A‘1ﬁTB_1)J* +Sw(A~ B7)) + 2z B )|

= JIPAVB) + Z0(A 1B +I(A 1B 4 Sw(A B

1
< ;|1©(aV:B) +2Zd(A7 VB

2
< (z+2) ,
4
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where the first inequality is by (2.10), the second one is due to (2.8), the third one is

deduced by (2.9), the forth one is by (2.15), and the last one follows from (2.14). So
by Lemma 2.12, for any 0 < A <2, we have

O*(AV B+ 2Z(J(A™ 4B~ )T+ Sy(A71, B7Y))) < (K(h,2))* (dD(A)ﬁTd)(B)y.

If A > 2, by direct calculation, we have

~

|% (AVB+2Z(J(A 1B~ )" +Sw(A~ B ) (2) (D)) |

SR

< 0 (AV2B+ZU(A 5B 4 swa™ B7) + (2)F (@(4)n0(B)) P

A
2

< glI(@aVeB + Za e syt )+ z(otea®) )

1
<70 (AVeB+Z((A 1B +Sy(A7 B ) +2207 (AgeB)|

1
< 70 (AVeB+Z(U(A 1B +Sy(A™ B ) +220((Ag:B) )1
= JIPAVB) + Z0(A 1B +I(A 1B+ Sw(a B

1
< [1@(AV-B) +2Zd(A'V B

A
< (z+2) 7
4

where the first inequality is due to (2.10), the second one is by (2.11), the third one is
deduced by (2.8), the forth one is by (2.9), the fifth one and the last one are by (2.15)
and (2.14), respectively. Thus for A > 2, we have

K(h,2)

2
4771

A
A
O (AV B+ zZ(J(A~ 4B~ )" +Sy(A 1, B™1))) < ( ) (@(A)ﬁﬂ)(B)) .
So (2.13) holds for any A > 0.
Here the proof is completed. [

REMARK 2.14. On the one hand, (2.12) and (2.13) are better than (1.7) and
(1.8) if N=0, =13, A =2. On the other hand, (2.12) reduces to (1.11) and (2.13)
gives to (1.12) when N = 1. And when N > 1, they are multiple-term refinements of
those any in the literature.

LEMMA 2.15. Let A,B € B" (), t € 0,1 and z,Z are constants such that
0<zZ <BLII<ZI<AKLZI, then

2N
1+ ¢(4NT) (logh')?

AV B+2ZSy(A" B~ ) 422 (Af:B)"' < (z+2)I, (2.16)
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% h = f—,,, Sn(A~Y,B~1) are as in Theorem 2.13, N € N and ¢(t) is
1.

3).

Proof. From the proof of Theorem 2.13, we have

where h =
defined by (

AV B+zZ(A'V.B ) <z +2Z. (2.17)
By (2.3), we get

km(z) km(1)+1

2Nt b (1) +1
Tt+1-—T> 1+¢(4N ) (log?) ]t —l—Zsm (szl—f—t T —2t27m+>,

forany ¢ > 0.
For X € #* () such that 0 < al < X < BI. Then it can be deduced from
Lemma 2.5 that
. 2Nt
X+ (1 —1)[ > min [1 + ¢(4N )(logt)z}XT

a<r<ﬁ

m(1) km(0)+1 QU (1)+1
+ 2 sm (sz T _|_X zm Tom—1 2X27r‘f1>

m=1

By the condition 0 <z <B<L I <Z'I <A<LZI,wehave [ <HhI= f—,,l <AYBIAY <
%I = hl. Here we put X = ATB1A2 , then the above inequality becomes that

Lol . ¢(21)
1(A2B A2 1—1)> 1
WA= i [

(logr)?| (A2B~14%)"

1 Am(ﬂ 1 km(0)+1 1 1 2/<m(r)+l:|
2m

+2sm [AZB LAZ) T 4 (ARB~1A3) T _2(A2BAY)

Now, by applying the monotonicity of logarithmic function and multiplying A% on
both sides of the operator inequality nearby, then it can be deduced that

9(2"7)
4N

A'V.B ! > [1 + (logh’)z} (A~ "B ) £ Sy(A~L, B Y, (2.18)

N
where Y s5,(7) [A*lﬁam (0B A g ()BT = 2(A g, ()BT | s de-

m=1

noted by Sy(A~!,B~!) and o, = 2'31(1) .

Finally, by simple calculation, we have

N
AVB+zZSn(A™ B + 27 {1 + ¢(ij) (logh’)z} (At:B)"!
2N
:AVTB+ZZ(<1 + %(logw) (A8 +SN(A—1,B—1))
<AV B+zZ(A7'V.B™!) by (2.18)

<(z+2)1. by (2.17)
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This completes the proof. [

Applying Lemma 2.15 and the same method presented by Theorem 2.13, we
obtain the following theorem.

THEOREM 2.16. Assume that A,B € #" (), 1€ [0,1], ® be a positive unital
linear map on B(#) and positive real numbers z,7 ,Z,7' satisfy 0 <z <B <71 <
ZISA<ZIwithh="%, 1 =% If >0, then

i)
@ (AV,B +2ZSn(A~ B! )) < SO (Af.B), (2.19)
ii)
® (AVB+2ZSx (47 B 1)) < & (@(A)1:0(B))", (2.20)
where & = max K(1.2) , K(1.2) , NeN, K(.,2) is Kantorovich
{ 1+¢(2 7) (logh’)2 47* (1+ 0N )(logh’) ) ( )

constants, Sy(A~',B~1) are as in Theorem 2.13 and ¢(t) is defined by (1.3).

REMARK 2.17. Firstly, (1.9) and (1.10) are special cases of (2.19) and (2.20)
if s is even with s > 2, N =0. Secondly, (2.19) and (2.20) are further refinements of
the corresponding results if s is even with s > 2, N > 1.

LEMMA 2.18. ([5]) For any bounded operator X,
tl X
X|<itle ||X|| <t [X* ﬂ] >0 (t=0).

THEOREM 2.19. For 0<z <B<II<ZI<A<ZI withh=%1 =% and
s > 1, then for any positive unital linear map ®@, it holds

i)
|D*(AV B+ zZSy(A~ 1, B~ 1))®*((At:B) 1)
+®°((Af:B)"")®*(AV B +2ZSy(A~",B7"))|
<2< Kih,2) ) I, 2.21)
45711+ 220 (log y2)
ii)

@ (AV B+ ZSy(A~ 1, B~1)®*((At:B) ")
+®°((AtB) ) ®*(AV.B +2ZSy(A~ 1, B71))

gz(l K(h,2) )lL (2.22)
43711+ 2572 (log ')?)
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where Sy(A~',B~1) are as in Theorem 2.13, K(.,2) is Kantorovich constants, N € N
and §(t) is defined by (1.3).

Proof. By simple calculation, we have

¢
(v )
4N

h’>2)“‘d>-"<<AmB>*>u2
<1ogh’>2)d><<AﬁfB>*‘>)S\|2

1 2Nt
= Zll0AV:B+zsy(A~ B +22(1+ ¢(4N ) (logh' ) @((Az:B) ™) 1>
2s
< &r2”
4
where the first inequality is by (2.10), the second one is due to (2.11), and the last one
follows from (2.16). Therefore,

1
< gl (VB +azsya~ B ( +
¢

1
< ZH(d)(AVTB—i—zZSN(A’HB’l))—i— z(1+

K(h,2) ’
+ 45 (10gh' ) )

|| @ (AV.B+2ZSy(A~",B~1))®* ((At:B)")|| < <411(1

And then, it can be deduced from Lemma 2.18 that

s
( iz ) L
¢( 7) ’
4 (1+ (logh')?) . > O,
X K(h2) I
! (41(1+“’( % (logh')2)
where X; = ®(AV.B+2ZSy(A~!,B~1))®*((A4.B)7}).
Similarly, we also have
K(h72) ‘I X
4371 1 ¢( 7) log i/ ) 2
( (1+ (logh')?) s | >o.
" K(h,z)
X 1
2 (4 H14 227 logy? ))

where X, = ®*((A#;B) "1 )®*(AV B+ zZSy(A~',B71)).
Let X = X1 + X3, then it’s clear that the operator X is self-adjoint. Summing up
the two operator matrices above, we have

2 K(1.2) I X
4571 (142200 (10g 1)2)

X 2 K(1.2) I
4”1(1+“’( % (logi')2)
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By utilizing Lemma 2.18 again, finally, we get (2.21) and (2.22). O

REMARK 2.21. For one thing, (2.21) and (2.22) give to (2.5) and (2.6) in [14]

when N = 0, respectively. For another, (2.21) and (2.22) are multiple-term refine-
ments of them when N > 1.
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