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MAXIMAL MOMENT INEQUALITY FOR PARTIAL SUMS
OF p-MIXING SEQUENCES AND ITS APPLICATIONS

GUO-DONG XING*, QINGQING KANG, SHANCHAO YANG*
AND ZHIYONG CHEN*

(Communicated by T. Buric)

Abstract. A maximal moment inequality for partial sums of p-mixing random variable se-
quences is established, which uses some moment summations as upper bound. As its appli-
cations, we discuss the strong law of large numbers for weighted sums and the Berry-Esseen
bound of nonparametric regression estimate.

1. Introduction and inequality

Suppose that {X;:i > 1} is a real-valued random variable sequence on a proba-
bility space (Q,.%,P). Let . denote the o -field generated by {X; : m <i < n} and
[1X[], = (EIX|")/". Let

p(n) = {w X €Ly (FM)Y € Ly(F2,,)m> 1} NGB
|1X[l2[¥]]2
where L, represents a space whose second-order norm is finite. The sequence {X;: i >
1} is said to be p-mixing if p(n) — 0 as n — oo.
It is well known that the moment inequalities for partial sums S, = Y ; X; play
an important role in various proofs of limit theorems. For example, the Rosenthal

inequality for independent random variables, which is

r/2
n n
E max |S;|"<C{ Y EX| + | Y EXi|? , (1.2)
i=1 i=1

1<j<n
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the Marcinkiewicz-Zygmund inequality for independent random sequences and the
Burkholder inequality for martingales. For dependent random variables, many scholars
have also been trying to develop these inequalities. One can refer to Billingsley (1968),
Peligrad (1982,1985,1987), Roussas and Ioannides (1987), Shao (1988,1989,1995) and
Yang (1997) for ¢ -mixing or p-mixing sequences, Yokoyama (1980), Shao and Yu
(1996), Yang (2000), Yang (2007) and Xing et al. (2009) for o -mixing sequences,
Birkel (1988), Shao and Yu (1996) for associated sequences, Shao and Su (1999), Shao
(2000) and Yang (2001) for negatively associated sequences, Wang et al. (2014) for
negatively superadditive-dependent sequences, Ding et al. (2017) for widely orthant-
dependent sequences, Wang et al. (2019) for m-extended negatively dependent se-
quences.

Motivated by the above scholars, we try our best to give the following maximal
moment inequality for partial sums of p-mixing random variables, which is similar to
(1.2) and uses some moment summations as upper bound.

THEOREM 1.1. Let r > 2 and {X;,i > 1} be a p -mixing sequence of random
variables with EX; = 0, E|Xi|" < e and p(n) < Cn~? for some 6 > 1 and C > 0.
Then, for any € > 0, there exists a positive constant K = K(g,r,0,C) < oo such that

r/2
E max |S;|" <K neiE\X,-\r—F (iEXf) . (1.3)
i=1 i=1

1<j<n

REMARK.

(1) The inequality (1.3) is near to (1.2) for independent sequences by taking a suffi-
ciently small €.

(ii) Since the upper bound of the inequality (1.3) contains the information of moment
summations, it plays an important role in researching the asymptotical property
of weight sums, which can be seen in the proofs of the theorems in sections 2 and
3. Indeed, there are many weighted estimates in statistics, such as least squares
regression estimate, nonparametric regression estimate and nonparametric density
estimate. So Theorem 1.1 is a useful result.

To show the applications of the inequality (1.3), we apply it to discuss the strong
law of large numbers for weighted sums and the Berry-Esseen bound of nonparametric
regression estimate.

The explicit applications are described in sections 2 and 3, respectively. The proof
of the inequality (1.3) is given in section 4. Throughout this paper, it is supposed that C
denotes a constant which only depends on some given numbers, [x] denotes the integer
part of x and a Ab:=min{a,b}.
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2. Strong law of large numbers of weighted sums

In this section, we will show the applications of the inequality (1.3) in researching
the strong law of large numbers for weighted sums.

THEOREM 2.1. Let p > 1 and {X;,i > 1} be a p-mixing sequence of random
variables with EX; =0, sup;  E|Xi|P < e and p(n) < Cn~% for some 6 > 1 and
C>0. And let {an: 1 <i<n,n> 1} be atriangular array of real numbers satisfying

n
ni - d ni g C; 2.1
max Jani] < an gla | (2.1)
where 6 > 1/p. Then
n
Y anXi —0, as. (2.2)
i=1
Proof. Let X,,; _x1(|X\ <n'/Plogn), X', = XiI(|Xi| > n'/Plogn), Sy = Y | @niXni
and Sp2 = Y7 | aniX,;. Then Y| ayiX; = [Su —ES,“} [Sm2 — ESy2] - Hence, it is suf-

ficient to show that S,,; — ES,;; — 0, a.s. and S,, — ES,», — 0 a.s.
Take r > max{2,p}. For any € > 0, we obtain by Theorem 1.1

P(|Sn1 —ES,,1| > 8)

r

n
E|Y ani[Xni — EXyl
i=1

n n r/2
< C 1Y |anil"E [Xni — EXnil "+ (ZaﬁiE[(Xni—EXni)2]>
i=1 i=1

i=1 i=1

r/2
n n
<Cnf(n 2 P1ogn) 1Y |a| E| Xl + <n—5+1/1’1ogn2 |am-|E|Xm-|>

<C {n“:n*(‘s*Vpﬂ””(logn)’*1 + n*(‘g*l/l’)’p(logn)r/z} . (2.3)

Hence, Y | P(|Sy1 — Su1| > €) < e for sufficiently large r and sufficiently small €.
Thus Snl —ESnl — 0 a.s.
Next, we will prove that S, — ES,;» — 0 a.s. It is obvious that

n

ESin| < Y lau|E|X);| < D/P(logn)™ E\am|E|
i=1

< = P=D/P(10gn)~(P=1) 0. (2.4)
Note that ¥, P(|X;| > i'/7logi) <CY2 i '(logi)~? < eo. By Borel-Cantelli lemma,
we have

Eiia‘Xi|I(|Xz’| > i'/Plogi) < e, a.s.
i=1
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From Kronecker lemma, it follows that n=9 37| |X;|I(|X;| > i'/?logi) — 0 a.s. Thus

[Sna| <Y lanil Xy < Cn0 Y [Xil1(1Xi] > n'/Plogn)
i=1 i=1
<cnd 2 X |1(1X:| = i'/P1ogi) — 0,a.s. (2.5)

From (2.4) and (2.5), S;2 — ES;2 — 0,a.s. follows. The proof is completed. [J

The result of Theorem 2.1 may be applied to nonparametric regression estimate,
which is defined as follows.
Let d be a natural number and A be a compact set in R¢. Consider observations

Yi:g(xi)+8i7 i= 1727"'7’17

where x1,xp,---,x, € A are fixed design points, g is a bounded real valued function on
A and €1,&,---,¢&, are random errors with £¢; =0, i = 1,2,--- ,n. The general linear
smooth estimate of the function g(x) is defined by the formula

Zwm )Y;, xeACRY, (2.6)

where weight functions wy;, i =1,2,---,n, depend on the fixed design points x1,x2,- -, X,
and the number of observations 7.
In order to make g,(x) be asymptotically unbiased, i.e. Eg,(x) — g(x) as n— oo,

we suppose that
n

3 [wai(x)| < C foralln> 1 2.7)
i=1

and
Y wai(x) = 1, 2|wm WI(||xi —x|| >a) — 0 foralla>0 (2.8)
i=1

as n— oo.
Since g,(x) — Egn(x) = X1 wni(x)€;, we have immediately the following conse-
quence by Theorem 2.1.

COROLLARY 2.2. Let p> 1 and {&,i > 1} be a p -mixing sequence of random
variables with E€; = 0, sup;>|E|&[P < e and p(n) < Cn=® for some 6 > 1 and
C > 0. If the conditions (2.7) and (2.8) hold and for some 6 > 1/p,

max |wyi| <Cn~?, (2.9)
1<i<n

then at every continuity point x € A of the function g, we have

gn(x) — g(x),a.s. (2.10)
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REMARK. Corollary 2.2 improves Theorem 4 of Georgiev (1988), which uses the
following more restrictive conditions.

() {&,i> 1} is a sequence of independent random variables with sup; | E|&]” < o
for p > 2.

(i) maxi<i<n wz( Jnloglogn — 0 as n — eo. However, max; i<, w ( Jnloglogn
does not converge necessarily to zero as maxj<;<, |[Wai| < Cnd for o>1/p.

THEOREM 2.3. Let p > 2 and {X;,i > 1} be a p-mixing sequence of random
variables with EX; =0, sup;  E|Xi|P < e and p(n) < Cn~% for some 6 > 1 and
C > 0. And let {ay; : 1 <i<n,n> 1} be atriangular array of numbers satisfying

max |a,| <Cn~% and Zaﬁi <cn B, (2.11)

1<isn

where 8 > 1/p and B > 0. Then (2.2) holds.

Proof. We can obtain the desired result (2.2) by modifying (2.3) and (2.4) in the
proof of Theorem 2.1. They are replaced by the following two inequalities.

P(|Sn1 —ESnl‘ > 8)

n n r/2
<C nsn—(é—l/p)(r—Z)(logn)r—Z ZagiE|Xni‘2+ (za}%iEp(m,z)
i=1

i=1
gc{n ~(6-1/P)(r2) (1gg )2 ﬁ’/z} (2.12)

and

1/2

n

ES,| < (Elsnl?)* < (Z aﬁiE|X,g,.2> <cn B2, (2.13)
i=1

which can be obtained by the proof of Theorem 1.1, Lemma 4.2 in Section 4 and the

condition (2.11), respectively. The proof is completed. [l

REMARK. From the proofs of Theorems 2.1 and 2.3, it can be seen that the con-
ditions Y | |ani| < C and Y} lam <Cn P are applied in the expressions (2.3), (2.12)
and (2.13), and play an important role. This is because of the applications of Theorem
1.1 playing a critical role.

3. Berry-Esseen bound of nonparametric regression estimate

In this section, we will give the Berry-Esseen bound of nonparametric regres-
sion estimate (2.6) for p-mixing samples by using Theorem (1.1). Define wy(x) :=
max<i<y [wai(x)|, 62(x) := Var(g,(x)) and u(n) = ¥, p(i). To formulate the main
result obtained, we need the following assumptions.
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(A1) (i) Assume that {g,i > 1} is a sequence of identically distributed and p -
mixing random variables with zero mean; (ii) There exists & > 0 such that E(|X;|>*%) <
oo; (iii) Suppose p(n) < Cn~? for some 6 > 1.

(A2) (i) 37, [wni(x)| < C forall n > 1; (i) wy(x) = O(c2(x)) and o2(x) > 0.

(A3) There exist positive integers py := p1(n), p2 := p2(n) and a positive constant
¢ such that

pr+p2<n, papy! <c<eo 3.1

for sufficiently large n and as n — oo,
Yln i 07 an i 07 ’)/3}’! i 07 (32)
where v, 1= npzpflwn(x), Yo := p1wa(x) and 73, 1= npflpz(pz).
Let S,(x) = 0, ' (x) (gn(x) — Egn(x)) =: ¥}, Zy in which Z,; = 0, ' (x)wni (x)&;,

Fy(u) = P(Sy(x) < u) and ®(u) be the distribution function of the standard normal
random variable. Then, we obtain

THEOREM 3.1. Ifthe assumptions (Al)-(A3) hold, then

sup|Fy(u) —@(w)| < C{n” + ) + A+ A +ulpn) ). 33

Proof. For convenience, we omit everywhere the argument x and set k = [n/(p; +
p2)]. Then S, may be split as

Sp=S,+8SI+8" (3.4)

where
k k
S;z = 2 Ynm, SZ = 2 yﬁqm7 S;z// :y;kJrl’
m=1 m=1
km+p1—1 Im+pa—1 n
! !
Ynm = Z Zyi, Yom = Z Ly, Ynk+1 = Z Zyi,
i=ky, i=lp, i=k(p1+p2)+1

kp = (m—1)(p1+p2)+1, bn=(m—=1)(p1+p2)+p1+1, m=1,-- k. Set S% =
Zf;lear(ynm) and assume that {1, : m = 1,---,k} are independent random vari-
ables and, the distribution of 1, is the same as that of y,,, for m =1,---,k. Let

Ty = 2K Mum, By = =X _ Var(Num), F,(u),G,(u) and G,(u) be the distributions of
S;,Tn /v/By, and T, respectively. Obviously,
B, =52, Gu(u) = Gp(u/sy). (3.5)
Noticing Lemma A.2 in Section 4, the assumptions (A2) and (A3), we have
"9 k km+pr—1
E(S,)"<CY, Y 0, wy<Ckpo,’w; <C

m=1 i=kpy p1+p2

1\ ! —
<C(L+papy") npoapy twn < i (3.6)

P2Wn
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By the same way, we have

n
1"

E(S,)'<C Y 0wk <Cln—k(pi+p2)o, 2w}
i=k(p1+p2)+1
( —k) (p1+p2)wn <C(L+ pop;y Hp1wn < Cpny (3.7)
p1+p2
Combining the two results (3.6) and (3.7) yields that
Psizn’) <onls p(s1=n)) <onl’, (3.8)
which, together with (3.4), the following result
=~ 2 2 8/2 _1/4
sup|Fy(0) — ()| <C{n 2+ mP 4+ B 4 up) ) G39)
u

and Lemma 3.7 in Yang (2003) conclude the desired result (3.3). Hence, it suffices to
prove (3.9). It is easy to observe that

sup | F () — D(u)
< sup | (u/sn) — ®(u)| + sup |G (1) — @(u/50) | + sup | £ () = Gin(u)|
=:J1in+Jon+ Sz
Next, we will give the bounds of Jy,, J>, and J3,, in order to obtain (3.9), respectively.
(i) Let Ty = Zi<jc j<xCoV(Vni,ynj). Obviously, E(S,)* = Var(S,) =1 and s2 =

/

E(S,) 2 21, . Hence, we obtain

11

E(S)’ =E [Sn— (s +85. )}2 —1+E(S)+S))* —2E {SH(SZ+S,:,)} ,

which together (3.6) and (3.7), concludes that

"

|E(S)* = 1] = [E(S,+5,) = 2E [su(s,+51)]|

n

E|S)+58) | +2E[S.(S,+5)|
2EISIP+EIS ) +2(EIS.) P (E (S, +55)7)

n n n

NN

1

(ElSl +Els, [+ (E]s,[*)7*+ (Els, ) ")

c
cnl+nl). (3.10)

N

N

On the other hand,
T < Y COVuir )|
1<i<j<k

ki+pi—1kj+p1—1

< Y Y Y CoV(Zus, Zu)l

l<i<j<k s=k; t=k_,'
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ki+p1—1kj+p1—1
S G,y 2 WnsWat| - |Cov(es, &)]

<C Y S 0, [ Waswae| - p(t — )/ Var(g;) Var(g;)
. : <

Kk kitp1—1

<c3 Sl 3T el

i=1  s=k; Jl+lt=’

CZIwm\ Ep

J=pr2
< Cu(pz). (3.11)

From (3.10) and (3.11), it follows that
Jin < (yf,{z y1/2+u(p2)) : (3.12)

(ii) By Theorem 1.1 with € = §/2, we have

k k 6/2kn7+17171 km+p1—1 1+8/2
S EpmlP <Y pY Y EZaP+ | Y, ElZul

m=1 m=1 i=km i=ky,
148/2
k km+p1—1 km+p1—1
6/2
<e¥am™ X PP
m=1 i=km i=km
n
6/2
< Cpl/ Z‘Wm_‘l-&-éﬂ
i=1
< cpdl?
5/2
an/ . (3.13)

Also, from (3.12), it follows that B2 = s2 — 1. Thus,

1 i E| |2+5 <C 5/2
175/2 M| S
Bn m=1

By Berry-Esseen theorem and the results stated earlier, we obtain

1)
sup |G (u) — d(u)| < €Y, (3.14)
which implies
Jon <CP. (3.15)

(iii) Suppose that @(z) and y(z) are the characteristic functions of S, and 7;,,
respectively. Noticing that

(1) = E(explitT,}) = T, Eexp{itNun} =TT, E exp{ityum},
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we have by Lemmas 4.1 and 4.2 in Section 4,

lp(t) —y(t)| =

k
E exp{it Z Vam | — anzlE exp{ity,,m}‘

m=1
k
< Clelp(p2) 2, yumll2

m=1

k km+pl_1 2 9 1/2
C|t|p p2 2 z O_; Whi

m=1 i=km

i= km

km +[7| 1 1/2
< Clelp(p2 { Wm‘|}

m=1 i= k,,,

2
k km+Pl 1 2 2 1/2
- C|t|p p2 2 0_7 Whi

< Clt|(kp? (p2)) 1/2
1/2
< Cllpl.

Hence,
e —v@O)| . < cA2T

t CY

(3.16)

f;

By G,(u) = G,(u/s,) and (3.14), it follows that

sgp}(?n(uﬂ) — Glu)|

= sgp\Gn((uﬂLy)/sn) — Gu(u/sn)|

< sUp|Gu((u+3)/sn) = @((u+y)/sn)] +5up | @((u+)/50) — Plat/ 50|
+51;p\Gn(u/sn) —@(u/sn)|

< 25Up |G (1) = @(u)]| + sup|@((u +y) /5u) — D (/50|

<c {yﬁ‘,{2+ ¥/}

<)+

Thus, we have

rsw [ (Gt ~Gwlav<er [ AP s ay<clh ).
VIsC

yl<e/
(3.17)
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1/4

Setting 7' =73, " and applying Esseen inequality, (3.16) and (3.17), we obtain

sup |Fu(u) — G(u)|

T _ ~ ~
<CT/ M‘dy+Tsup |G (u+y) — Gulu)|dy
-7 t u Jyl<es
<COT+R+1/T)
5
<cin +n'h
i.e.,
T <CUB+ 1. (3.18)

Finally, combining (3.12), (3.15) and (3.18) yields (3.9). Thus, the proof of Theo-
rem 3.1 is completed. [

By Theorem 3.1, we can obtain easily the following corollaries.

COROLLARY 3.2. [fthe assumptions (Al)-(A3) hold, then

sup | Fy (1) — @(u)| = o(1). (3.19)

COROLLARY 3.3. If the assumptions (Al)-(A3) hold for 6 > 2/3 and p(n) =
O(n=*) for A >1/6, then

sup | Fy () — @(u)| < C{n*“ <6’”7)}. (3.20)
Proof. Let p1 = [n"], p=[n**"!], where =1+ 2(&”) Then, we have from
5>2/3,
3 (- _
ny =0~ =97) = o(nH/ 64+,
5/2 _ 13 - _
an/ 7’2/ O(n « T)/S) =0(n A/(MH)%
Y;f O(n—()L+7/2)/(67L+7)) _ O(H—A/(MH))
and
Z i = —7L+1) O(n—(ZT—l)(A—l)) _ 0(,,[—(71—7)/(61-&-7)).
i=p2

Also, A >7/6 implies 7A —7 > A. Hence, u(p;) = O(n~*/®**7)) Thus by (3.3),
(3.20) follows. The proof is completed. [J

REMARK. In view of (3.20), we obtain that the convergence rate of the uniformly
asymptotic normality of the nonparametric estimate is near to n Y% as A is sufficiently
large.
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4. Proof of Theorem 1.1

To prove Theorem 1.1, We need the following lemmas.

LEMMA 4.1. (Shao 1995, Lemma 2.1) Suppose that {X;,i > 1} is a p -mixing

sequence. Let p,q>1 with 1/p+1/q=1, & € L,(Z{) and n € Ly(F;".,). Then

|E(&n) — (ES)(En)| < 10p* P D (m)|[E 1, [In]]g- (4.1)

LEMMA 4.2. If {X;,i > 1} is a p -mixing sequence with zero mean and Y, p(n)
< oo, then we have

2
E (2&) <CY EX?. (4.2)
i=1

i=1

Proof. Taking p =g =2 in Lemma 4.1, we have

E(iX,) 2EX2+2 > E(XX;)
i=1

i=1 1<i<j<n
<Y EXR+20 ¥ p(j-i) (Ex)" (Ex))"
i=1 1<i<j<n

n—1ln—k

n
; EX? + 10];1 ; p(k) (EX} + EXZ.)

<1+202p ) iEX}
i=1

< CY EX?

i=1

which completes the proof of the lemma. [

LEMMA 4.3. For r > 2 and any x,y € R', we have
eyl < Pyl dalal”+ rxly " sgn(y) + dox?y| 2, 4.3)

where di =2".d, =27 - r2.

Proof. For r>2 and t € R', it is easy to show that |1 +¢|" < 1 +d;|t| +rt +dat>.
From this result, we have (4.3) by taking r = x/y as y #0. Itisclearas y=0. O

r—2

m<l for r > 2, we can take A4

Since 0 < — 1+2e <1 and 0 <
which satisfies

r—1 r—2
A <1 f 2. 4.4
max{r—1+2e’ r—2+29(2/\(r—2))}< sl @4



838 G. XING, Q. KANG, S. YANG AND Z. CHEN

On the other hand, let k = [(n/2)*] and m = [(n/2)'~*]. Clearly,
n<2(m+1)k, Cn* <k<n* m<n'* (4.5)

For convenience, we fix n and redefine X; as X; = X; for 1 <i<n and X; =0 for
i>n.For j=1,2,--- . m+1,set

(2j=1k 2jk
Yi= Y X, Zi= Y X
i=2(j—1)k+1 i=(2j—1)k+1

andSlJ_zz IYI’SZJ_ZI 1 Zi- Then §,, _2’n+1Y +2m+1Z

LEMMA 4.4. If r > 2, then

(j=1)k+1

\

2(m+1)
E max [S;|"<CSE max |5 ;]" +E Jnax, \ng\ + 2 E max X;
1<j<n 1<j<m+1 << 1<I<k i=(j—k+1
Proof. Note that Sj:Z[ ik X-i—Z ,/kkHXi,wehave
LKk |" J d
max |S;|" < 21 max Z Xi| +2"7! max Xi| =L+D. (4.6)
1<j<n 1<j<n = 1<j<n]|. i=[j /41
Since
L <2207Y max |87 4+2207Y max [y 4.7
1<j<m+1 1<j<m+1
and
(j—1)k+I r 2(m+1) (j—D)k+ r
L <2t max  max X;| <2t 2 max 2 X, (4.8
1<j<2(m+1) 1<I<k i=(j—1)k+1 =1 1<i<k i=(j—1)k+1

Combining (4.6)—(4.8) yields the desired result. The proof is completed. [
Clearly

r

_|_

p
max |§ ;|" < 4.9)

—S
1< j<m+1 e ( 1"])

max Sy ;
Ly 1< j<m+1

1<j<m+1

Denote
M;=max{0,Y;,1,Y; 1 + Y0, Yis1 + Yo+ 4+ Vura },

Nj=max{Yj 1,Yj1+ Y0, Yig1 + Yo+ 4 Vg1 ),
M; =max{0,—~Yj1,—Yjs1 — Yiso, -, =1 —Yjiso — - — Ypu }

and
Nj=max{—Y;1,~ Y1 —Yji2, -, ~Yis1 = Yjeo — - = Vouya }.
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Then
1<Ijn<an71<+1511—N0,N =Y 1+Mj1, 0<M; <INy, (4.10)
15}?&‘“(_5‘#’ =No, Nj ==Y 1 +Mj 1, 0<M; <Ny, (4.11)
and
M; = max{S1 ;,S1,j+1, > Stm1} —S1,; <  max |Sy;|+[S1|
Jj<is<m+1
<2, max |5, (4.12)
Mj = max{—5S1j,=S1j+1, » —Stms1} + 51,/
< max |8+ S/ <2 max [S ] (4.13)
Jj<i<m+1 1<j<m+1

LEMMA 4.5. Suppose that the sequence {X;,i >

1} satisfies the conditions in
Theorem 1.1. If r > 2, then for any T > 0, there exist positive constants Cr =
oo and C, = C(r) < e such that

C(t,r,0) <
< r—1 < r r
Z'IE (YJMJ ) \CT;EW,\ FIGE max |5 (4.14)
m - 1 m
ZIE (vt ") <C121E|Y/\’+TC,EI<I}1<an)1< Nk (4.15)
J= J=

Proof. For r > 2, we have from (4.4) and (4.5)
mr—lpZ(l/\(r—l))(k) r—1 2

mp ( ) <Cmr—1k—29 gcn(l—l)(r—l)—ﬂtﬂ
<Cn'~ 1-A(r—1+20) <C.

By the above result, Lemma 4.1 with p =r and ¢ = r/(r—1) and (4.12), we obtain

i E(vM;7) < 10p200 D)k annr | 24 5

(r=1)/r
< 10271 p20A=D)/r (g Z IY; ||r-<E max sl,j|>

1<j<m+1

(r=1)/r
< o3 (r 1)/rp (IA(r—1) /r 2 | Y; ,-<1:E marf |S1,)
. 2r(r+3)p (IA(r—1))

rr(r=1) (2 1Yl ) oo I)E max |Sy;|"

1< j<m+1
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2r(r+3)mr 1p2(1/\(r 1)) k) m T(}"— l)
< E AT AT
= rr(—1) HE|Y/| * Elg‘}?ﬁﬂ IS

)

m
< CT;E|Z/\’+TC,EI<I}1<an)1<+1 N¥

which implies (4.14). Similarly, we can get (4.15). U

LEMMA 4.6. Suppose that the sequence {X;,i > 1} satisfies the conditions in
Theorem 1.1. If r > 2, then for any T > 0, there exist positive constants C; = C(1,r,0) <
oo and Cr = C(r)
< oo such that

r/2
n
ZE(YzM’ 2) T(ZEX?) —i—CTZE\Y\’—H'CTE max [S1,/", (4.16)

j=1 j=1 I<j<m

n I’/2 m
E <YJ-2MJ’._2> <Cr (2{ EX?) +C: ZIE|Y,-\’+ TC,E1<1}1<331(+1 S1;" (4.17)
1= J=

1M

Proof. From (4.4) and (4.5), we have
mr/2—1p2/\(r—2)(k) Cmr/2—1k—9(2/\(r—2)) < Cn(1—7L)(r/2—1)—7t(9(2/\(r—2))

<
< O/ 1M 2R 2002A(- )2 ) (4.18)

By (4.18) and Lemma 4.1 with p =r/(r—2) and g = r/2, we obtain that

M=

EYM: %) = YN EWYHEM, )+ Y Cov(Y? M2
J J J J J

s

j=1 j=1 Jj=1
< Y E(WPEM;2) +10p2?0— Z R HR .
j=1
= I +1L (4.19)

Noting (4.12), Lemma 4.2 and Holder inequality, we have

m
2
11, < Z El<m<ax+1 15117

n (r=2)/r
<
< CZEX <E1<r}1<ax+151, )

n 7 -2
- | Y EX? +—=——E max |5[" (4.20)
i=1

1<j<m+1
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Also, it follows by (4.12), Holder inequality and (4.18) that

(r=2)/
< 2(2A(r=2)) /r 2 r
L < Cp ,2_1 157 (& _max_ 151

c m r/2 ( 2)
2A(r—2) 2 W=
< Tr(r_z)/‘]_p (k) (2 H YJ r) + r E1<I}EIX+1 |S1]|
m
r/2—1 2/\ ry ( 2)
T J; I === F e Suil

c 7(r 2)
S r(r= 2/42E‘Y|r J< ‘171 :

N

(4.21)

1<)<

Combining (4.19)—(4.21) yields (4.16). Similarly, we have (4.17). The proof is com-
pleted. U

LEMMA 4.7. Suppose that the sequence {X; :i > 1} satisfies the conditions in
Theorem 1.1. If r > 2, then for any € > 0,

m+1 n r/2
E max [S;;|"<CS Y EY| + | Y EX? : (4.22)
ISjsm+l j=1 i1
m+1 n ) r/2
E Sil"<C E|Z|" EX; . 4.23
nganfﬂ‘ 2,41 g,l 1Zi|"+ ZI i ( )

Proof. For r > 2, we have by (4.10) and Lemma 4.3,

max S1;| = [No|" = Vi + M| < |V |" + VM + o YEM T 4 M
1<j<m+1

< dl‘Y1|r+rY1Mr71 —|—d2Y12Mr72 + |N1|r <
m+1

<di Y| +r2YM’ 1+d22Y2M’ 2 (4.24)
j=1
In the same way,
r m—+1 | 5~ 2
— Y; Y;M;~ YIM; 4.2
Jnax (=51,5) leZ,ll \+r2 +d2§,l (4.25)

Thus we have

r m+1 n /2
E| max S| <C; Y ElY;|"+C EX? 1C,E max |S
1< j<m+1 LS szzl ‘ J| * T(,E{ l) i I<j<m +1‘ 1”
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by combining (4.24) with (4.14) and (4.16), and

E| max (—Si;)

1< j<m+1

r m+1 r/2
<C; le ElY;|"+C; (2{ EX; ) +1C.E x| 11,1
by combining (4.25) with (4.15) and (4.17). Hence, from (4.9) and the two inequalities
mentioned above, it follows that

- r/2
E Silr<Ce Y EY +C | Y EX 1GE Suil"
1<Ijn<ax+1\ lj‘ Tj 1 il T(z; ) e 1<I}?n§+l‘ Y

Thus, we have

m+1 n r/2
1—1C,)E 1< E|Y;|" € EX?
(1-1C) Kr;lgg“\Suﬂ \CTZE Y;|" + Cen (; ol I

which concludes (4.22) by taking a sufficiently small 7. Similarly, we obtain (4.23).
The proof is completed. []

Next, we will give the proof of Theorem 1.1, as follows.

Proof of Theorem 1.1. By Lemmas 4.4 and 4.7, we have

(j—Dk+1
X;
i=(j—Dk+1

m—+1 2(m+l)
E max |S;|" < Cq Y (E[Yi|"+E|Z|") + 2 E max

1<j<n = 1<I<k

" r/2
+ (2 EX,-2> } (4.26)
i=1

Using Minkowski inequality to E|Y;|", E|Z;|" and E max; <<k ‘Z J Jl k1+1i+1 ’ in (4.26),
and noting (4.5) and X; = 0 for i > n, we have

r/2
n n
E max |S;|" < CL K Y EXi|"+ <2EXi2>
i=1

1<j<n =

r/2
n n
<Y EX;|"+ <ZEXi2>
i=1 i=1

.
Applying the above inequality to E|Y;|", E|Z;|" and Emaxj</<k ‘2 J Jl k1+]i+1X in

(4.26), we obtain

" r/2
E max |S;|" < C{ KD ZE|X|’ (25}(3)
i=1

1<j<n =

n n r/2
<Y EX|+ <ZEXi2>
i=1 i=1
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p
Zj 1)k+1 X;

Again, applying the inequality above to E|Y;|", E|Z;|" and E max; <k Dk

in (4.26), and repeating ¢ times in this way, we have

r/2
n n
E max [S;]" <C{n*' DN EX+ | Y EX?

1<j<n

for positive integer 7 > 1. Since 0 <A < 1, A'(r—1) < & for sufficiently large 7. Thus
(1.3) holds. The proof is completed. [J
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