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APPROXIMATION BY a-BERNSTEIN-SCHURER-STANCU OPERATORS

NURSEL CETIN AND ANA-MARIA ACU

(Communicated by I. Rasa)

Abstract. In this paper, we consider a new family of generalized Bernstein-Schurer-Stancu op-
erators, depending on a non-negative real parameter o and study some approximation proper-
ties of these operators. We obtain a recurrence formula concerning calculation of moments by
Schurer-Stancu operators. We prove a uniform approximation result using the well-known Ko-
rovkin theorem and obtain the rate of convergence in terms of modulus of continuity. Also, we
present Voronovskaya and Griiss-Voronovskaya type results for these operators. Moreover, we
give some numerical examples to illustrate approximation by the new operator.

1. Introduction

In 1912, Bernstein [4] introduced the classical Bernstein polynomials in order to
give one of the simplest and most elegant proof of Weierstrass Approximation Theorem.
Then, discovery of their various generalizations and modifications in different ways has
been an intensive research area due to the advantages of their simple structures and
many useful properties such as positivity, end-point interpolation, symmetry, degree
raising, etc. More information concerning the state of the art can be found in [5, 13].

In 1962, considering a given non-negative integer p, Schurer [15] introduced and
studied new generalization of Bernstein operators. In 1969, Stancu [17] constructed
a linear positive operators known in literature as Bernstein-Stancu operators, which
depend on two real parameters. On the other hand, in 2003, Barbosu [3] defined the

Schurer-Stancu operators :9105,[3 ) C[0,1+ p] — C[0,1] as

n+p
S(eB) (. k+o\ (ntp\ i nipk
Sn.p (ﬁ@—%f(wﬁ)( ' )x (1—x)""P7* xe[0,1] (1.1)

where n € N, f € C[0,1+ p|, p is anon-negative integer and ¢, 3 are real parameters
satisfying the conditions 0 < o < 3, and investigated some approximation properties
of these operators.
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In 2017, Chen et al. [10] introduced a new family of generalized Bernstein opera-
tors which is called as o -Bernstein operator, depending on a non-negative real param-
eter, as follows

Tha(f;x) = 2f< )pm ,neN, o eR, (1.2)

for any function f defined on [0,1]. Here, for i =0,1,...,n, the o-Bernstein polyno-

(a-)(x) of degree n is defined by p%) (x)=1-—x, pgi) (x) =x and

n,i

pi% (x) = K”;z>(1— )x+< ;)(l—a)(l—x)—i—(?)ax(l—x)}

><xi71 (l _x)n7i717

mial p

where n > 2, x € [0,1] and the binomial coefficients (’l‘) are given by

)!.l!7lf 0<I<k,

()=

For oo = 1, the o -Bernstein operator becomes the classical Bernstein polynomial.
Also, the o -Bernstein operators are linear positive operators for o € [0,1]. In [10], the
authors gave some elementary properties and proved the uniform convergence of the se-
quence of the o -Bernstein operators to f € C[0, 1] with the help of the well known Ko-
rovkin theorem. They obtained the rate of convergence and Voronovskaya-type theorem
for the o-Bernstein operators. Also, they gave an upper bound for the approximation
error by means of the modulus of continuity and proved that the ¢ -Bernstein opera-
tors satisfy some shape preserving results. Very recently, Cetin [7] investigated some
approximation properties of complex ¢ -Bernstein operator in compact disks. The au-
thor obtained quantitative upper estimate for simultaneous approximation, a qualitative
Voronovskaja type result and the exact order of approximation. Also, the author pre-
sented some shape preserving properties of the complex o -Bernstein operator such as
univalence, starlikeness, convexity and spirallikeness. To mention some recent works
concerning generalizations of o -Bernstein operator, we may refer to [1], [6], [9], [14],
[16].

Inspired by the above works, in this paper we introduce a generalization of Bernstein-
Schurer-Stancu operators given in (1.1), as follows:

k!
(1.3)

else.

n+p

T zf(’”‘ )ﬁfﬁu neN, peNU{0),  (14)

for any function f defined on [0,1+ p], x € [0,1], any fixed real o and a*,B* sat-
isfying the condition 0 < o* < B*. Here, for i =0,1,...,n, the Schurer-type basis
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functions are defined by [){1 0)( )=1-—x, i)ﬁ 1)( ) =x and

A= (" a7 0@

(T e |,

where n+p > 2, x € [0,1] and the binomial coefficients (];) are given as in (1.3). The
operator (1.4) is called as «a-Bernstein-Schurer-Stancu operators, which are a family
of linear positive operators for O < o < 1. Note that for o = 1, the operator Tn(fpﬁ )
becomes the Schurer-Stancu operators. If @ = 1 and p = 0, the operator (1.4) reduces
to the Bernstein-Stancu operators. If o =1 and o = B* = 0, the operator (1.4) be-
comes the Bernstein-Schurer operators. The case p =0 in (1.4) gives the o/-Bernstein-
Stancu operators defined in [9]. If o = 3* =0 in (1.4), the operator Tn(%‘( pﬁ )
duces to the o -Bernstein-Schurer operators defined in [8]. Also, in the special case
o = B* = p =0, the operator (1.4) reduces to o -Bernstein operator given by (1.2).
In the present paper, firstly we obtain a recurrence formula concerning calculation
of moments by Schurer-Stancu operators given in (1.1). Then, we prove a uniform
approximation result using the well-known Korovkin theorem and obtain the degree
of approximation in terms of modulus of continuity. Also, we give some numerical
examples to illustrate approximation by new constructed operator. Finally, we study
Voronovskaya and Griiss-Voronovskaya type theorems for these operators.

2. Auxiliary results

In this section, we give some useful results that will be necessary in the proof
of the main results. Let us denote by e (x) = x*, k€ NU{0} the test functions and

ol (t):=(t—x), jeN.
The o -Bernstein-Schurer-Stancu operators defined by (1.4) have the following
another representation.

THEOREM 2.1. The o -Bernstein-Schurer-Stancu operators given by (1.4) can be
stated as

il gy (n+p—1 i n+p—i—
1% (fx) = (1 a)ﬁgw)( ’ )xz(l_xw !

i=0

n+p .
+a2f°‘ B ("pr)xf(l—x)"ﬂ’“, 2.1)

1

where f € C[0,1+p], x € [0,1], fl.(a*'p*) = f(;i%i) and

(o*,B%) i (o ,B*) i (a*,B)
P (- ——— ) f b +p=2.
& ( n—|—p—1)f’ n—|—p—1f”rl » TP
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Proof. 1t can be easily obtained by the method used for the o -Bernstein operator
(see p. 247-248 in [10]). Therefore, the details are omitted. [J

LEMMA 2.1. (see [3]) For the Schurer-Stancu operators given by (1.1), the fol-
lowing results hold

:S’V%:’ﬁ*)(eo;x) =1,

2.2)
S P

n+p o
X+ ——r0r, 2.3

er;x) =
S,y L 2.2 1
S i) = 2 { e PP e p)x(-)

120" (n+ p)x+ a*2}. (2.4)

Furthermore, by direct computation, we have the following moments.

LEMMA 2.2. For the Schurer-Stancu operators given by (1.1), we have

1

= iF T {(n+p) (n+p—1) (n+p—2)x+3 (n+p) (n+p—1) (1 +0*) x*
n *

€3;Xx)

+(n+p)Ba?+30" +1)x+ o} (2.5)
and
5 ) = o (O e p = D p =)0 =
+2(n+p)(n+p—1)(n+p—2)3+20")x°
+(n+p)(n+p—1) (6% + 120" +7)x*
+(n+p)(1+20") (202 +20" + 1) x+ o™} (2.6)

In what follows, we will give a recurrence formula to calculate higher order mo-

ments of the new operator T,faa*pﬁ ) given by (1.4).

THEOREM 2.2. Forall j,p e NU{0}, n €N and x € [0,1], we have

o (ejs1i) 2.7)
x(1—x) * B%) oI+t (n+p—1)x] (o p*
— e (Tn(,gt.,l) (ej;x)> + e Tn(,aa,p )(ej;x)

1— n—1+4p\’ o (ot
+(n+[5(*)(n+)p—1)< n+B*ﬁ> (= 1489870 (eg0)

% *7 * a(l—x) *7 *
=) S (o] - TS (e,

where o € [0,1] and Sﬁ,‘f‘;’ﬁ*) is the Schurer-Stancu operator given by (1.1).
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Proof. Using (2.1), we can write

Tio ) (eix)

:(l_“)nfgl <n+1i9—l)xi(l_x)n+p_i_1 l(l_nﬂi_l) (21%»;)1

L itlrat\) "i" (1 =y i+ot f'.
n+p—1\ n+p* n+pB*
By some calculations, we get

(red (ee0)
= (I—O‘)n%,l(n—i_l?_l) [ix’-fl(1—x)"+1’*’-71—(n+p—i—1)x"(l—x)”ﬂH"z}

1

i=0
J-ren) (5 s (55
+an§( ) [ (1) P (e p i) (1) (;i;)f

S O o ) (55

. +1+ o J “D(l-o n+p—1 N
4! <z+ + ) _(tp-D(-a) 3 <n+;7 )xl
n+p—1\ n+p* (1—x) = ;

(1— i )<i+0€*)j+ i <i+1+a*)f
n+p—1) \n+p* n+p—1\ n+p*
o ntp . . i+ o J

72 lH.—P x’(l—x)"ﬂ’*’i 1+

)C(l—x) i=0 l n+ﬂ*

S (1P e ()’

i=0

% (1_ x)n+p—i—l

— (1—a) n+171<n—|—p—l>xi(l_x)n+p_i_li (1_ i )<i+06*>j‘|
x(l—x) i=0 i n'+p—l }’l—f—ﬁ*
(1—0a) " & 1<n+p—1)x .y
x(I-x) A 0
i z+l+a I n+p—1 (1—a)
n+p—1 n—l—ﬂ* ] —X)

><"+i1<n+p—l) (1 — i [<l_n+;_l) (;—:_%Tk)j
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i i+ 1+ 0\’ o "I ntp\ i IO\
1—x)"tP
+n+p—l ( n+p* ) ]+x(l—x) Z(‘) i )" (1=) : n+pB*

Considering that i can be written as i + o — o*, we obtain

(T,ffé‘:}f K (ej;X))/
R g (e () ()
G e ey
. (n+xﬂ(*l) _()16)—00 g <n+,;—1)x,-(1_x>n+pm - ; . (i:ljﬁg*)’“]
e ()
T N N (= [ =

i () | S ()

i=0

(4o (1-0a) "ng <n+é_

1 xi —x n+p—i—1
x(1—x) i >(1 )

i=0

i=0
B () ()
SRR (e ()

e A el (e Cra
+n+;_1 (":i;?*)m] —%ngl <n+;i7—l>xi(l_x)n+pi1
[0 ) () i ()

(1—0o) ”J%_l n+p—1 2 (1 —xyteicl i i+1+0\’
x(1—x) ' n+p—1\ n+p*

SR O Yoo o) ()
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oy () | B S (e ()

Taking into account definition of the operators 7}7(& pﬁ ) given by (2.1), we have
% @ /
(2 ()
(n+B) [ o) o n+p 1 gyt (1)
— T\% . _ L
x(l—x) n,o,p (ej+l’ (XE )C) n+B*
* n+p : *\ J
o o, ﬁ* n+p l- ntp—i [ I+ O
“Hi- {T( e ('] ) (e
n+p 1N . ) : i1+ o\
GRS l_c+n)
x(l—x) = i n+p—1\ n+p
(ntp—1) (0B 7 n+p ; wipi (1Y
S S S A M ; l _ p - -
(1—x) mop  (€jix) =@ 2 x) nt B
(n+ﬁ ng ntp\ i i+t
x(1—x) i n+p*

_x(l—x) na,p (€j+l’ ) ) Tn,a,p (ej’ )

— (1-0) Hil ntp-1 xi(l_x)n+p—i—1 i i+1+a)’
' n+p—1\ n+p*

x(I-x) = i

M

o n+p n+p . i i+a* J
P i 1— n+p—i

(1—x>,zo< i )x( Y <n+ﬁ*>
[a*+(n+p—1)x] (@ 5) (1)

- (}’l—f—ﬁ*) (o*,B%) o B
(i e ) Ty e
l ( *.p*) ) 71+P—l n+p—l : . o
T x(1—x) {Tnf;i,,, (ejsx) = (1 — ) ;0 A R

() ()5 5

S QU O o1

i=0
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(n+B*) (o l14+a*+n+p—1)x] (o p*
= x(1—) n(,lghpﬁ : (eJ'H;x) - x(1—x) T"(,zt,pﬁ )(ej;x)

A i) B (0 oo )

G e T e ()

<25 (") "<1—x>"+f”(j:§i)".

i=0

In view of definition of Schurer-Stancu operator defined by (1.1),

<Tn(7%‘:1’,13*) (eﬁx))/

L o ) B R | S o A o Ul of e DL PN L D
- x(l —)C) Tn,a,p (ej+13x) x(l _x) Tn,a7[7 (e.]"x)

(1-a) @\ (n=14B"\ s,
+x(l—x) 1+n—|—p—1 n_'_ﬁ* S}’Lfl,p (eJ?x)
(1—a) (n+p*) (n—1+B " <o pr o
~x(1—x) (n+p—1) \ n+B* Sﬁli)(em’)ﬂL Sk P (),

which completes the proof. [

Now, we give moments and central moments of the ¢ -Bernstein-Schurer-Stancu
operators, below.

LEMMA 2.3. For the operators T,,(%:},ﬁ *)7 one has
7% P ) (egix) = 1, (2.8)
(@B, . _ "D o
Thap (e13x) = e (2.9)
Tn(gl’,ﬁ*)(ez;x 2{ (n+p)(n+p—1)—2(1 — )]
—|—x[(n—|—p)(1 +20) +2(1— o)) + o2}, (2.10)

7% 5 (e3:)

— m{[(n+p)3_3(n+p)2+2(306—2)(n+p)+12(1_06)})63

+3 [(1+a*)(n+p)2+(1—a*-2a)(n+p)—z(3+a*)(1 —a)]x2
+[(n+p)(14+3a* +3a?) +6(1+a") (1—a)|x+a*}, (2.11)
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and

T,f,%‘:,’f*) (e4:x)

B m{ [(n+p)4_6 (n+p)*+(120—1) (n+p)*+6 (9—1001) (n+p)—72(1_06)]x4

2 {(34—205*) (n+p)* =3 (14+2a+20") (n+p)>

1224040t +600r” 21)(n+p)+24(1—a)(3+a*)]x3

X

2
+[ (14120 +60) (n+p)*+ (29+ 120" =360 24’ ~602)
(n+p)—2(1—a) (43+36a*+6a*2)]x2

+] (1440 +602+40%) (n+p)+2(1- ) (7+12a*+6(x*2)}x+ o
2.12)

Proof. Using the definition of the operators Tn(g: I’,ﬁ ) given by (2.1), we can write

that if f = eo, then £% P = g!®*F) — | and

1

*B* ntp-l n—+ —1 : i
) () = (1- @) z( ’ )xzu_x)nw 1
i=0

+an§< ) (1 — xyrti
=1

On the other hand, by the recurrence formula obtained in Theorem 2.2 , for j =0 we
have

T(a*’ﬁ*)(el;x)

n,o,p
x(1—x) @B, 3\ [14+o*+ (n+p—1)x] ("),
R R LSS
(1-a)

(=148 S8 (e (ntp—1+0) %P (e03)

(n+B7) (mtp—1)
o (1 —x) 5o p*
- WS;% A )(eo;x).
Using (2.8), (2.2) and (2.3), it follows that

l+o*+(n+p—1)x (1—a)

n+p* (n+pB*)(n+p—1)
o(l—x)
n+ pB*

7% P (e15x) =

X[(n+p—1)x+a"—(n+p—14+0%)—
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l+a"+(n+p—Lx (1-0)@x—1) o(l-x)
n+p* (n+pB*) n+p*
B n+px o*
Cn+pT on+ B
Then, from (2.7), for j =1 we get
(@), .y X=X (erpy, N [T+t p— DX o p)
Tn,a,p (62,)6) — n"‘B* (Tn,a,p (el,x)> + n+B* Tn,a,p (el,x)
(1-0o) (n—1—|—[3*
(n+B*)(n+p—1)\ n+p*
a(l—x)¢
—(n+p—-l+a” )Aialp (eux)} _leo;ﬁ (e13x),
By application of the equations (2.13), (2.3) and (2.4), we obtain the followings

(2.13)

JICERRY SLALES

E(g:};ﬁ*)(ez;x)
x(1—x)(n+p) [l+a+@n+p—1)x[(n+p)x+o]
(l—a) n—1—|—[3* 1 -~ 2x2
+(n+[3*)(n+p—l)< PENCE ){n—l+B* [(ntp=1)
+(n+p—1)x(1—x)+2(x*(n+p—1)x+a*2]—(n+p—1+(x*)
X[(n+P—1)X+O€*}}_O€(1—X) [(n+p)x+a’]
n—1+p* n+B* n+B*

= n+ﬁ ——— [~ (n+p)+(n+p) (n+p—1)+(1—a) (n+p—2)+0 (n+p)]

+x[(n+p)+(1+a*)(n+p)+a*(n+p—1)+(1—o)(1+2a%)
(1 o) (n+p—1+a’)+ac”—a(n+p)l+a* (1+a*)—(1—a) " —aa™}

( +[3 —— ¥ [(n+p)(n+p—1)—2(1— )] +x[(n+p) (1 +20")
+2(1 — o)+ &} . (2.14)
Writing for j =2 and j =3 in (2.7), by making use of (2.14), (2.4), (2.5) and then

(2.11), (2.5), (2.6) respectively, the remain of the proof can be easily shown. So, we
omit the details. [

LEMMA 2.4. For the central moments of the operators Tn(’ﬁt},ﬁ *), one has
(o) _ (=B o
Tn X s - + )

(n +1B*)2 {(p=B P+ pt2(1-a)x(1-x)

* Q% 2
+20" (p— ) x+a?} = (O&f )(x)) (2.16)

(2.15)

Tn(%:pﬁ ((px’ )_
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0% P (g2 )

3n*+2n (-3p*+p (T+6B%)+3—6a—4p*—3B*?) +p*—2p* (3+2B)

1
el
+p* (1200 — 1+ 12B*+6B*%) +2p (27 — 300+ 8B* — 120" — 32 —2*7)
—12(1— ) (6+4B" + B2 +[3*4]x4

+ {—6n2+2n (30— 6p 2+ a* + B*) + 120—6-+4a* +6B*+60" B +3B2)
+2p* (34+2a%) —6p? (14+2a+20 +2B* +20 B*)

+2p (480 — 42 — 80" — 6B + 12000 + 60 B* + 120 + 3™ + 60 B )
+12(1-0) (12+4a*+6ﬂ*+2a*[3*+[3*2)—4a*[3*3}x3

v [3n2+n(2p (5-+60)+5—12a— 120" —4B* — 120" B*—60"2)

+p? (T+120" +60?)

+p(29-360+ 120" —4B* —60** — 240 — 120" B* — 12072 B*)

2(1-a) (43+36a*+12[3*+12a*ﬁ*+6a*2)+6a*2[3*2}x2

+ | (+p) (1440 +602) +4pa® 42 (1-a) (T+ 120 +602) 4o 3B | x|

LEMMA 2.5. For the operators T,,(’%:’ﬁ *), the following expressions hold
lim n7,% P (plix) = (p— B*)x+ o, (2.17)
lim nT, % F) (92:x) = x(1—x), (2.18)
n—oo ’
lim 27, % P (p%:x) = 0. (2.19)
n—oo ’

3. Main results

Applying the classical Korovkin Theorem to the sequence of linear positive oper-

ators T,,(’ﬁf;,ﬁ *), from (2.8)—(2.10) we have the convergence theorem as follows.

THEOREM 3.1. Forany f € C[0,1+ p| and o € [0,1], the sequence
{med) o}
converges to f uniformly on [0,1].

In the next result, we will give the rate of convergence of the operator T,,(’%Cﬁ’ﬁ ) by
means of the first modulus of continuity.
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THEOREM 3.2. Let f € C[0,1+p] and o € [0,1]. Then, for all x € [0,1] we
have

ed (10— | <20(£:6477 )
§le®.B)

where @ is the modulus of continuity and 0, ¢ ), ( ) is given as in (2.16).

Proof. Taking into account that the modulus of continuity of f has the following
well known property

N2
0wl <o) (14520
for x,7 € [0,1] and § > 0, we can write

el (155 -1 @)| <TEE (50— 950
S @)
) <1+7( ”’;2(0 )

If we choose 6 = S,E%if*) (x), we arrive at desired result. [

Now, with the help of Maple let us give some numerical examples to show the
approximation process by these operators.

EXAMPLE 3.1. The convergence of T,% o p (f3x) to f(x) = cos (x*) is shown
inFigure L for p=1, a* =1, B*=2, n= 2 and different values of the parameter o..

10
0%
0.8
0.71

0.6

0 02 04 06 08 1

flx) —— a=01
— o=1

o=04 ——a=07

Figure 1: Approximation process of T,fa Ju for oa=0.1,0.4,0.7,1.
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EXAMPLE 3.2. The convergence of T, o, (f;x) to f(x) = xe* is illustrated in
Figure 2 for p=2, «a =0.5, o* =2, B* = 10 and different values of n.

[3%]
h

0.5

0 02 04 0.6 08 1

| n=10 n=20 n=100|

flx)

Figure 2: Approximation process of Tn o p for n=15,10,20, 100.

In what follows, we give a Voronovskaya-type result for the constructed operator
7l B

n,o,p

THEOREM 3.3. Suppose that f € C[0,1+ p| and f has the second order deriva-
tive at x € [0,1]. Then we have

x(1—x)

),

limn[nap (fsx) = f ()| =[(p—B)x+ o] f' (x) +

n—o0

where 0 < o < 1.
Proof. From Taylor’s formula, one has

f@)=f)+ 1 (x) (e —x)+ %f” () (¢ =)+ (1 = x) (1 = %)%, (3.1)

at the fixed point x € [0, 1], where A (t —x) is a continuous function on [0,1+ p] and
lim,_ h (t — x) = 0. Application of the operators Tn(a » ) to (3.1) implies

n [0 8 (01 0] = £ @ nT ) i)+ g 800 (0x)

—|—nT,,( B ((t—x)(t—x)z;x).
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Using (2.17) and (2.18), we can write

tim n 1,55 () — £ ()] = [0~ )5+ 0] (0 + 22 7

+ hm nﬂ(a A7) <h(t —X) (t—x)z;x> .

Then, it suffices to prove that lim, ... nﬂ(%ﬁ pﬁ ) <h (t—x)(t— x)2 ;x) =0.

Since lim;_ A (t —x) = 0, for each € > 0 there is a § > 0 such that |2 (f —x)| <
€ for all ¢ satisfying | —x| < 0. On the other hand, since & (f —x) is bounded on
[0,1+ p], there is an M > 0 such that |A(r —x)| < M for all ¢. Therefore, we may

2
write |h(t —x)| <M (t_(;z‘) when |t —x| > 8. So, these arguments enable us to write

|h(r—x)| < £—|—M( )forallt
Thus, we have

nG) ) (=) (=) 2x)
< enT,,(7 *pﬁ*) ((t x)? 'x) + %nTn(O(pl3 ) ((t —x)4;x>

*) M
= SnT,,(a pﬁ ((px x) + ﬁnﬂ(ﬁ’pﬁ ((p?;x) .

Making use of (2.18) and (2.19), we arrive at the desired result. []

Recently, Acu et al. [2] initially studied the Griiss-type inequality for linear posi-
tive operators by using the least concave majorant of the modulus of continuity. In [12],
Gonska and Tachev proved Griiss-type inequalities in terms of the second order modu-
lus of continuity and the second order Ditizian-Totik modulus of smoothness. Recently,
Gal and Gonska [ 1 1] obtained a Voronovskaya-type theorem with the help of Griiss in-
equality for Bernstein operators in both the real and the complex case and termed it as
Griiss-Voronovskaya-type theorem.

In the next theorem, by using the approach in [1 1] we will give Griiss-Voronovskaya

type theorem for the o -Bernstein-Schurer operator Tn(7ﬁ7 I’,ﬁ ).

THEOREM 3.4. Let f,g € C*[0,1+p] and o € [0,1]. Then, for each x € [0,1]
we have

tim n |16 77 (fesx) Tl (0 T (g50)] = (1= 1 ()8 ().

n—o0

Proof. Since

(f8) () =f()g(x), (fg) () =f (x)g(x)+f(x)g (x)

and

(f9)" () = " (x)g (x) +2f" (x) g’ (x) + £ (x) 8" (),
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we can easily write

7% (foix) — 1% P (£, 1% P (g5)

= [BE) Gen)-r 060)-Ge) OTEL (o) - LT (o)

—g<x>[m,, (F2) £ F W% E ) (phin) - L e («pﬁ;x)}
T e [T e )¢ W TEE (0hi) -1 ()

Famed) (039 [F g @) +2f’ We 0 =g WnG) (£

¢ TS (0h) [r0 -6 (f)].

By using (2.17) and (2.18), we get

timn [T36 27 (P = TS (0 TG (g0

— timn [ ()£ (g (x)]—<fg>’<x>[(p—ﬁ*)xw*]—wx(l—x)
—g<x>{nmn[w (i) =1 )]~ @l )wral-L w10 |
—tim 76 2 (75 { tim n [75 7 (g50) — g (0]
_g/(x)[(p_g*>x+a*]_g”zﬂx(l_x)}

+@ {g” (x) lim {f(x) Taay (f x)] +2f (x)g’(X)}

n—oo

+¢ @) 1(p—B)x+ e lim [£ ()~ Tie ) (f)].

Considering Theorem 3.1 and Theorem 3.3, we obtain

timn |76 (fer) - 16l (A0 TGS (610 =x(1-0) £ (98 (9.

n—oo

which completes the proof. [

Acknowledgements. Project financed by Lucian Blaga University of Sibiu & Hasso
Plattner Foundation research grants LBUS-IRG-2020-06.



860

[1]
[2]
[3]
[4]
[5]
[6]
[7]

[8]
[9]

[10]
[11]
[12]

[13]

[14]
[15]
[16]

[17]

N. CETIN AND A.-M. ACcU

REFERENCES

T. ACAR, A. M. ACcU, N. MANAV, Approximation of functions by genuine Bernstein-Durrmeyer type
operators, Journal of Mathematical Inequalities 2018; 12 (4): 975-987.

A. M. Acu, H. GONSKA, 1. RASA, Griiss-type and Ostrowski-type inequalities in approximation
theory, Ukrainian Mathematical Journal 2011; 63 (6): 843-864.

D. BARBOSU, Schurer-Stancu type operators, Studia Universitatis Babes-Bolyai Mathematica, 2003;
XLVII (3): 31-35.

S. N. BERNSTEIN, Démonstration du théor eme de Weierstrass fondée sur le calcul des probabilités,
Communications Kharkov Mathematical Society 1912/1913; Vol. 13: 1-2.

J. BUSTAMANTE, Bernstein Operators and Their Properties, Springer International Publishing,
Birkhiuser, 2017.

Q. Cal, X. XU, Shape-preserving properties of a new family of generalized Bernstein operators,
Journal of Inequalities and Applications 2018; 2018:241.

N. CETIN, Approximation and geometric properties of complex o -Bernstein operator, Results in
Mathematics 2019; 74: 40, https://doi.org/10.1007/s00025-018-0953-z.

N. CETIN, Approximation by o -Bernstein-Schurer operator, under review.

N. CETIN, V.A. RADU, Approximation by generalized Bernstein—Stancu operators, Turkish Journal
of Mathematics 2019; 43: 2032-2048.

X. CHEN, J. TAN, Z. L1u, J. XIE, Approximation of functions by a new family of generalized Bern-
stein operators, Journal of Mathematical Analysis and Applications 2017; 450: 244-261.

S. GAL, H. GONSKA, Griiss and Griiss-Voronovskaya-type estimates for some Bernstein-type poly-
nomials of real and complex variables, Jaen Journal on Approximation, 2015; 7 (1): 97-122.

H. GONSKA, G. TACHEV, Griiss-type inequalities for positive linear operators with second order
moduli, Matematicki Vesnik, 2011; 63 (4): 247-252.

V. GUPTA, T. M. RASSIAS, P. N. AGRAWAL, A. M. ACU, Estimates for the Differences of Positive
Linear Operators, In: Recent Advances in Constructive Approximation Theory. Springer Optimization
and Its Applications, vol 138, (2018), Springer, Cham.

S. A. MOHIUDDINE, T. ACAR, A. ALOTAIBI, Construction of a new family of Bernstein-Kantorovich
operators, Mathematical Methods in the Applied Sciences 2017; 40: 7749-7759.

F. SCHURER, Linear positive operators in approximation theory, Math. Inst. Techn. Univ. Delft Re-
port, 1962.

M. SMUC, On a Chlodovsky variant of Bernstein operator, Bulletin of the Transilvania University of
Brasov, Series I1I: Mathematics, Informatics, Physics 2017; 10 (1): 165-178.

D. D. STANCU, Asupra unei generalizdri a polinoamelor lui Bernstein, Studia Universitatis Babes-
Bolyai, Ser. Math.-Phys., 1969; 14 (2): 3145 (in Romanian).

(Received May 17, 2020) Nursel Cetin

Ankara Hact Bayram Veli University
Polatli Faculty of Science and Letters, Department of Mathematics
06900, Turkey

e-mail: nurselcetin07@gmail.com

Ana-Maria Acu

Lucian Blaga University of Sibiu
Department of Mathematics and Informatics
Str. Dr. I. Ratiu, No.5-7, RO-550012 Sibiu

e-mail: anamaria.acu@ulbsibiu.ro

Journal of Mathematical Inequalities

v.ele-math.com

jmi@ele-math.com



