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QUANTITATIVE DUNKL ANALOGUE
OF SZASZ-MIRAKYAN OPERATORS

QING-BO CAI, SERDAL YAZICI, BAYRAM CEKIM* AND GURHAN 1@(’52

(Communicated by M. Mursaleen)

Abstract. The main object of this paper is to introduce a sequence of quantitative Dunkl analogue
Szdsz-Mirakyan operators. Firstly, we have defined mentioned operators and have obtained test
values and central moments for our operators. We have given weighted Korovkin theorem for
these operators and then, have shed light on approximation properties of these operators with
the help of the classical modulus of continuity, Peetre’s K -functional, the second modulus of
continuity, the modulus of weighted continuity defined by Holhos in [30] on some function space.
Moreover, we have given Voronovskaya type theorems for our operators and basic operators
defined by Sucu in [6]. Finally, graphics of these operators have been presented for some values
of n.

1. Introduction

Recently, many results about various generelization of Szdsz-Mirakyan operators
have been obtained. Some of mentioned generalizations that are important have given
in [1], [2], [3], [4] and [5]. Sucu [6] has introduced Dunkl analogue of Szdsz-Mirakyan
operators as follows

N (nx)*  (k+2u6;
S#(f’x)_ 6,_1 (nx)kgo)/p (k)f< n )7 (11)

where n € N, x € [0,00), u >0 and f € C[0,e0). Moreover, ¢, (x) has been intro-
duced by Rosenblum [7] in here as follows

e Xk
en (x) = , (1.2)
k) kgf)?’u(k)
where the coefficients y, (k) is defined by
22k\T (k 1 22T (k 3
T (26) = (KHi+3) Yo (k4 1) = (k+u+s) g

1 1
T(u+3) T(u+3)
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for k € Ng:=NU{0} and pt > —1.
We take note of the following recursion relation about 7y

Yu(k+1)=(k+ 14206 1) v (k), k=0,1,2,..., (1.4)

where
0, — 1;ke2Ny+1
k=10; ke2N,

Furthermore, many studies associated with Dunkl analogue of a linear positive opera-
tors have been carried out. Some of them are [8], [9], [10], [11], [12], [13], [14], [15]
and [16].

In the other hand, Cirnedas-Morales et al. [17] has presented a new construction
of Bernstein polynomials for f € C[0, 1] as follows

B = 3 (ror ) (5) (7)) P - eer, (15)
= n) \k
where 7T is a continuous infinite times differentiable function verfying the condition
7(0)=0, t(1) =1 and 7’ (x) > 0 for 0 < x < 1. The Korovkin test set is generalized
from {1,,2} to {1,7(¢),7*(t)} on this construction. A better degree of approxima-
tion depending on T has been obtained for Bernstein operators on this study. Therefore,
many of authors have carried out studies about this construction, likely [18], [19], [20]
and [21].

At the present, assume that ¥ is the function which satisfies the following require-
ments:

G1) ¥ is a continuously differentiable function on interval [0,eo),

G2) ¥ (0) =0 and )icgg‘l” (x)>1

By going on these conditions, Aral et al. [21] have defined a generalization as
follows:
S (5 —enp(Cn () 3 IEO oy (K,
= ! n
where n € N, f € C[0,00), x> 0.
Now, let W be the function satisfying conditions G1 and G2. Then, we introduce
a new generalization of Dunkl-Szdsz-Mirakyan operators as follows:

v gL )y (k206
= o YO (FR) 0o

where n €N, f€C[0,0), x>0, € (—%,%), ey (x) and y, are defined by (1.2)
and (1.3) in [7], respectively. If W is the unit function defined on [0, o), then Yot — gH
for 0 < p < 1/2. 1tis ¥S§ =S¥ for u = 0. Furthermore, It is clear that

YSE (fix) = SE (fo¥ ¥ (x). (1.7)

Note that we take p € (—5, 1) differently from p > 0 in the study [6]. So, the op-

erators defined by us are going to be more significant and have better approximation
properties.
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LEMMA 1. The operators defined in (1.6) confirm the following values
i YsH(Lx) =1,
i.  YSH(P(r)x) =¥ (x),

i VS (R 0)) = W () + (14 2088 (n.0)) T,

2 X
v, TSE (¥R (1)5x) =7 (x) + (3—2u&f (n,x)) Tn( )

+ (1+4p>+ 4l (n,x)) \Pn(zx)7
v ESE (WA (1) %) = W () + (6 4+ 4uEL (n,x)) RalC)

+ (7+4u> — 8utl (n,x)) Tiy)
+ (14 120> 42 (3+4p) EL (n,x)) %

vi.  Ysh (‘1’5 (1) ;x> =¥ () + Lall (10 —4p&y (n.x)
+ ‘Pigx) (25+ 120 + 320 (n.x))
. ‘Pigﬂ (15 + 201> — (22u + 81%) E (n, %))
n ‘Pn@ (1+24p% + 160 + (8 +320%) Eb (n,))

vii. Vsl (0 0)ex) = W0 () + @ (15+ 64y (1)
+ ‘Plgx) (65+ 1212 — 48u&l (n,x))
+ ‘legx) (80+200u% + 138y (n,x) + 1920y (n.x))
+ \Piix) (51— 1602+ 16u* — (120 +208u°) EX (n,x))
+ Tn(sx) (1 +40u? + 80u* + (10# +80u7+ 32“5> S (”’x>> ’

where &4 (n,x) = U

Proof. From the equality (1.7), it can be seen that
¥ gu (‘Pk;x> _ <(‘P)ko‘P—1;‘P(x)>

863
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where ¢; (t) =%, t >0 and k € Ny. We can calculate S (es;x) and Sj (eg;x) for the
operators St given in [6] with help of similar operations Lemma 1 in [6], too. Then,
the proof is completed by getting x — ¥ (x) in S} (ex;x), k=0,1,...,6. O

Now, we can give next lemma without the proof thanks to linearity of ¥S4 and
Lemma 1.

LEMMA 2. The r-th central moment of operators ¥ Sk (fsx) is given by
Mnﬂ’('x) = \PS# ((‘.Il(t) _lP(x))";x)’ r= Oa 1,2,...

for n € N and x € [0,00). Then, we obtain some central moments as follows

i M,po(x)=1,
i My (x) =0,
i, Mya(x) = (1+2u& (n,x)) LP,(ZX),
v, My (x) =24uEl (n,x) ¥ () + (3 —12u% — 24p &l (n,x)) %
+ (14 1202 +2u (3+4u?) E (n,x)) qln(;),
v My (x) = 160y (n,x) @ — (807 +440u &, (n,x)) ‘PZE’”
+ (52600 +360 (1 + 1) & (n,x)) \legx)
— (16012 +80u* — 45 + 1 (60 +400u°) EX (n,x)) lpzfo
+ (1402 (14 242%) o (100480 +320°) & (n.)) ‘.Pn(SX)’

ey (—nY¥(x
where &} (n,2) := L),

2. Weighted Korovkin type theorem

Korovkin’s theorem [22] has played a important role in approximation theory. Ac-
cording to this study, if a sequence of linear positive operators approximates test func-
tions defined on a bounded interval

eren(x)=x k=0,1,2 2.1)

then it approximates all continuous and bounded functions on this interval. Moreover,
the test functions ep,e; and e, can replace ¥°, W' and W2. It is seen clearly that the
operators defined by S} (f:x) verify the following phase thanks to Lemma 1

lim ¥k (‘Pk (1) ;x) — Wk (x), k=0,1,2. 2.2)

n—00
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Korovkin theorem was extended under the name weighted Korovkin theorem to
unbounded intervals by Gadzhiev [23]. Function W, given in conditions G1 and G2, is
a monotonous increased function and lim,_,. ¥ (x) = e from condition G2. Therefore,
p(x) = 1+¥?(x) is a weighted function. So, we can define some function spaces
associated with weighted Korovkin theorem by means of function p as follows:

Bp[0,20) : = {f:[0,00) — R |f(x)| <Mp(1+¥?(x))}
Cp[0,00) : = {f € Bp[0,%) | f is continuous on [0, o) }

Up [0,00) : { f€ Bp[0,00) | g is uniformly continuous on [0, )}
Cy[0,00) : {fe Cp [0,00) | lim 1+f\§,);)(|x) =kf < oo}.

By [0,°) is a normed space with |[|-[| , defined as follows:

”pr = Supl fé,z)( )

where f € Bp, [0,0). Furhermore, it’s clear that
C}[0,00) C Cp [0,50) C By [0,00).

Now, we remind some features of linear positive operators acting from Cj, [0,°)
to By [0,e0) in the following Lemma 3 and Theorem 1 using the special cases of the
definitions of the function spaces given above for ¥(x) = x.

LEMMA 3. [23] The linear operators L,, n > 1, act from Cp [0,%0) to B, [0,0)
if and only if
|Ln (p:x)| < Kp (p (x))

where p (x) = 14x?, x € [0,00) and K, is a positive constant.

THEOREM 1. [23] Let the sequence of linear positive operators {Ln}@l acting
from C, [0,00) to By [0,00) and satisfying the condition

lim ||L, (ex;-) —exl|, =0,  k=0,1,2.
Then, for any function f € Cf; [0,00),
lim Ly (£2) ~ £, =

THEOREM 2. YS! defined in (1.6) fulfill the following equality

n—oo

1mWW fH 2.3)

where each function f € Cf, [0,00) and p : p (x) = 1+ W¥?(x).
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Proof. Firstly, it’s clear that we can change Korovkin test system from {eg, e, e}
to {¥0, !, W2} in Lemma 3 and Theorem 1. ¥S} are linear positive operators act-
ing from C, [0,20) to B, [0,00) with help of Lemma 1 and Lemma 3. Moreover,
it is obvious that H\PS# (0 —‘{’OHP =0, ‘\PS# (wh) —‘PIHP = 0. We can see

|§$ (n,x)| = % < 1 [24] and from Lemma 1, we obtain
Y(x
S O) W] 2 () + (1288 (n,)) 22— 92 (2)
x>0 1 + \PZ ()C) x>0 1 + \PZ ()C)
1+2u Y (x)

<

= XS;(? 1+ Y2 (x)

< 1+2,LL'

2n

By above inequality, we get

tim [ st (92) -2 =o0.
p

n—oo

Consequently, we have

lim H‘"S{;‘ (‘P";-) —‘P"Hp —0, k=0,1,2. 2.4)

n—00

We obtain the desired result from equality (2.4). [

Now, we can get approximation properties for these operators in the next section.

3. Approximation properties

Firstly, let’s remind the definitions of some criteria to find rate convergence of
operators ¥ SK .
The classical modulus of continuity of f € Cg[0,0) is defined as follows

O(f:8) 1= sup {If (+4) = (0] 5 € [0.) G3.D)

where 6 > 0 [25].
We define the second-order modulus of smoothness of function f € Cg[0,°0) by
following equality

@2(7:3) = sup {1/ (x+20) =2/ (M) + /()]s xe D)) (D)

for 6 >0 [25].
Peetre’s K -functional of the function f € Cg[0,°) can be defined by

K(fi8) = _int {IF = Hllcyiom) + 8 Ihlzom } (33)

€C3[0,%)
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for § >0 [26]. In here, C3[0,0) := {f € Cp[0,): f', f" € Cp[0,0)} is a normed
space with norm ||'Hc§[o,o<,) defined by

17131000 = M llegio) + 1 N cyio) + 11 llcygo
forevery f € C3[0,0). Moreover, ||-|| [0, 18 defined as follows

£ llcyf0.00) 7= sup{Lf ()] = x € [0,00)}

for f € Cpl0,).

Furthermore, we know that there is the relation between second order modulus of
smoothness @, and Peetre’s K -functional K (f;0) of the function f € Cp[0,%0) as
follows

K (£:8) <M {0 (£,V/8) +min(1,8) |/l cyf0.) | (3:4)

forall 6 > 0 in [27] and where M is a positive constant.
Now, we obtain some approximation theorems for operators ¥ St in some function
spaces.

PROPOSITION 1. For f € Cp[0,0),we have

st (f;-)HCB[O,N) < £ llgyfo. - (3.5)

Proof. From (1.7), the triangle inequality and S} (\P%;x) = 1 (see [6]), we obtain
st (F10)] < [t (o P ()]
SE([fo ;W (x))
1£ 0¥ g0, Sh (
Hfoql_chB[ooo)
1l cyp0,00)

Then, we have the desired result. [

NN

POV (x))

NN

LEMMA 4. [28] We have the following equalities
f ()
¥ (x)’
) Y ()
Py {(rey

i (for ™)) (W) =

ii. (for™) (¥W)=

THEOREM 3. The operators given by YSY in (1.6) confirm the following inequal-

ity
st -r 0] <2 Mo o (¥ )iy Mat) 6o
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where f € C}[0,00) := {f € Cp[0,0) : f'exists in Cp[0,0)} and M, (x) is given in
Lemma 2.

Proof. The classical modulus of continuity of function f € C}[0,c0) verifies the
following inequality

| — x|

r0-rol< (1) ouie) s a7)

Moreover, we can clearly write
FO)=fx) = (fo¥") (@)= (for ) (¥(x)
= (P (1) =¥ () (fo¥ ) (¥(x))

Y(r)

+ / {(fO‘P_l)/(S)_(fO‘P_l)/(‘P(x))}ds (3.8)

()
for x,7 € [0,00) . Moreover, we can write

Y(r)
JLuer ) 6= (row ) v as
(x)

2
<(0<(f0‘1’_1)/;5>{w+‘P(t)—‘l’(x)|} (3.9)

from inequality (3.7). Now, if we apply ¥S4 to the equality (3.8) and then absolute
value to the both sides of this inequality, we obtain

VS (fx) — £ ()] < | (o) (P ()| 1M (4] (3.10)

+o((ro¥™):5) {%@ + FSE (I (1) — ¥ ()] ;x)}

from inequality (3.9) and the triangle inequality. Using Cauchy-Schwarz and Lemma 2
in inequality (3.11), we have

vst - s <o (o) 58) {24 ).

Finally, the proof is completed by choosing 8 := 0, = \/M, (x) in the last inequal-
ity. O

LEMMA 5. The operators defined by YSY verify the following inequality about
Peetre’s K -functional

Moz (<) max {117 gy 0.0y

TS (fix)— f ()| <2K | fs 7

(3.11)
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where f € Cg[0,00) and M, (x) is given in Lemma 2.
Proof. Let h € C3[0,). By using Taylor’s formula at point ¥ (x) € [0,c0), we

get
P (x)) (ho 1) (¥ (x))

(ho¥™") (¥ () + (¥ (1)~

2
+M<M’ ' (¥ (c)).

(ho¥ 1) (¥(1)) =

From Lemma 4, we obtain

)y {¥Ey
where ¢ between x and 7. By applying ¥S4 to the equality (3.12) and then taking
H'(c) W ()W (c)
¥y ()
)+ ||thB[o,oo)>
(3.13)

(h”(c) _h’(c)‘i’”(c)) a2

absolute value, we obtain

\PS# (h;x) — h(x)‘ < My (x) \}Il;//((xx)) + M"; = (
M,

x)
(1" o+ 1yt 1y

17 ‘PUHCB[Q.X,)} ||hHC§[0°°)
1. Now, consider f € Cp |0,

<
< an; ) max {

~

thanks to M, (x) =0 and igg‘l” (x) >

FSE(f = hlsx)+ [ (x) -
M, > (x)
5 max{L

o). Thus, we have

)+ [¥S (i)~ (x)|

H g0,
(3.14)

FSE(fix) = f(x)| <

< 2{[f = hllcgfo.00) Hcg[ooo)

from the triangle inequality and (3.13). The desired result is obtained by taking the
infimum over all i € C3[0,c0) in (3.14). So, the proof is done. [

At the present, we give the next theorem without the proof thanks to (3.4) and
Lemma 5.
THEOREM 4. We have the following inequality
(3.15)

st (f0) — £ ()| < {@n (£,v/E) +min(1,E) 1 cyi0 |
), C is a positive constant that is independent of n and

where f € Cp0,o0
Mz () max {1, 19|y}

én: 4
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At the present, we recall that it is given lim &L (x) = 0 in [24] and furthermore,
n—o0

we calculate that limnénﬂ (x) = £ thanks to Maple where &;' (x) = eé‘u(( )) x € (0,00)

and p € (%, 1) . We can give the following lemma thanks to Lemma 2 and values of
these limits.

LEMMA 6. Itis

i limnS* ((r—x);x) =0, v, limn YSE (W (1) =W (x)):x) =0,
i, limnSt ((z —x)? ;x) —x vi. limn YSK ((lp (1) =¥ (x))2 ;x) — (),
n—o0 n—o0

i, limn?SH ((z —x)? ;x) =32 vii.  limn? ¥sH ((‘P (1) — ¥ (x))* ;x) — 392 (x),

n—o0 n—oo

iv.  limnS ((z —x)f ;x) —0,  viii. limnYs¥ ((‘P (1) — ‘I’(x))6;x> —0,

n—oo n—oo

where |l € (—1 %), x,t € ]0,00), the operators SE and YSE are respectively defined
in (1.1) and (1.6).

Now, we give Voronovskaya type asymptotic formula for the operators Si defined
in (1.1) in Lemma 7. Then, we compare our operators given in (1.6) with S, by using
this formula in Theorem 5.

LEMMA 7. Let x € [0,00) be fixed point and let f € Ug|0,°). If f is of the class
C'[0,%0) in a particular neighbourhood of a point x and f" (x) exists, then

timn {58 (22) — £ (1)} = 20 (3.16)

where 1 € (5 72) Sii is the operators defined in (1.1) and Ug[0,00) = {f : f is an
uniformly continuous and bounded on [0,00)}.

Proof. From Taylor formula of f at x € [0,0) that is a fixed point, we can write

(t—x)’

5 F (%) 4 A () (1 — x)? (3.17)

fO)=fx)+—x)f (x)+
where A, () thatis given by

A (1) = (1—x)?
0 t=x
With the help of L’Hopital’s Rule, we get
limA, (1) =

—x

Therefore, A (¢) is the uniformly continuous and bounded function on [0,0). So, It’s
can be seen that

lim SH ((Ax (1)) ;x) — (M) =0 (3.18)

n—o0
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from Theorem 4 in [6]. By applying operators S& to equality (3.17) and from Lemma
6, we obtain

timn (S5 (722 — £ ()} = L

Moreover, from Cauchy-Schwarz inequality, we have

nsh (Al (0 —2)75x) < %9# ((aal))?5) \/n2S# ((=»*x). 320

Using Lemma 6 and the equality (3.18) in (3.20), we have
lim nS¥ (/lx (1) (t —x)? ;x) ~0. (3.21)
Nn—o0

+nlim S} </l (1) (r— )2,x>. (3.19)

Desired result is obtained by writting (3.21) in (3.19). So, the proof is done. [J

THEOREM 5. Let x € [0,00) be fixed point and let f € Ug[0,0). If f is of the
class C'[0,) in a specific neighbourhood of a point x and f" (x) exists, then

N O NI 100N A IO, 0

where YSE is the operators defined in (1.6).

Proof. We have the following equality
Timn {YSH (f30) = £ ()} = limn {SK (£FoW 5% () = (Fo¥ ™) (P ()}
¥ () (for )" (¥ ()
2
:ww<fw>_fwvwv
2 (WP vy

by means of (1.7), Lemmas 4 and 7. So, the proofis done. [

At the present, we remember weighted modulus of continuity that is defined by
Ispir in [29] as follows

5 e sup J AT —FOL
Q(f:;8) ._lzK%{ T ) e o, )} (3.23)

where f € Ceyie, [0,00) = {f € Cp[0,0) : p (x) = 1 +x*} and § > 0. Moreover, mod-
ulus of continuity is deﬁned by Holhos in [30] following that

o S 3) =]
o (f36) := e { (1+¥2(y)) + (1+¥2(x))

where fe Cp[0,00) and 6 > 0. It is clearly that oy (f;8) < Q(f;0) for ¥(x) =
and 0 < —=. Moreover, the properties of modulus of continuity @y is given by Holhos
in [30] as follows

DX,y E [O,oo)} (3.24)
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i. Forevery f € Uy [0,0), it’s limg_ o+ oy (f;0) = 0.
ii. For every f € Cp[0,20), we have

E T e U BCED
where x,y >0 and 6 > 0.

THEOREM 6. Let ¥ be satisfies conditions G1 and G2, then for every 0, (x) =
\/nM,, ¢ (x) verified 8, (x) < 1, we have

(L+2p8 (n,x)) ¥ (x)
J ; (

Fow )" (¥ ()
1]

n{ St (fix) = £ ()
<6{W? (x) -+ (x) +2} [(1 +2u&y (n,x)) ¥ (x)

+
X <U)‘I’ (W’6n( )) +a)‘1’<(\{”)376n( )))

where %, % €Cp0,%0) and x > 0.

Proof. We prove this theorem making similar expansions in [18] and [20]. By
Taylor formula of foW¥~! at ¥ (x) € [0,%), we have
£y = (Fo¥™) (F()+ (¥ (1) =¥ @) (Fo¥ ") (¥(x)
(PO P ()
2
where u (¢,x) is given by

(for™)" (¥ (x) + 1 (r.x) (¥ (1) — ¥ (x))* (3.26)

(Fo¥ ™) (¥ (c)— (for )" (¥(x)
2
\PS#

p(t,x) =

for ¢ between x and ¢. Applying operator
Lemma 2, we obtain

to equation (3.26) and with help of

1+2pEf (n.x) ) W (x)

TSl (i) — £ () - (RSO (o) ()
< VS (I (00) [ (1)~ ¥ () 3x)
From (3.25) and Lemma 4, we can write that

o1 N (fop! " .
i) = o) <‘P<>>2<f ¥ (¥ ()

_ 1[ f1le) ) Y)Y (0)1
- 2 2 + 3 3
2[(W(e)” (P@) (YW) (¥ ()

(3.27)
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<o) +p ) (24 FOTFN)

f// . f/\P// .
(o) o (5))

Furthermore, in the event of |¥ (y) — W (x)| < 6 since
p(1)+p(x) <82 428% (x) + 292 (x) + 2,

we get

| (2,x)] <3 (52 +28% (x) + 2% (x) +2)
f// ) f/\_Ijl/ )
X (cw <—(lp/)2’5> + oy <—(‘P’)3 ,5)) (3.28)
and whenever |¥ () — W (x)| > 6 since

2
p(t)+p(x)< (W) {87 +2¥ (x) § +2¥2 (x) +2},

we have

4
I (x)] < 3 (W) (62429 (x) 6 + 29 (x) + 2}

f// . f/lPN'
x (cw (W’(S) + oy ((\P/)g,s)) . (3.29)

By choosing 6 < 1 and combining (3.28) and (3.29), we obtain

—W¥(x 4
| (£,%)] < 6 {92 (x) + W (x) + 2} ((%) +1)

f// . f/\P// .
x (wy ((V)z,(S) + oy ((T/)3,5>> . (3.30)

It is clearly that ¥'S% (f;x) operators are linear and positive. So, these operators are
monoton increased. Using monotonicity of these operators, writting inequality (3.30)
in (3.27) and multiplying with n to both sides of inequality (3.27), we have

L +2u85 (n,0)) ¥ (v)
2

{5t (72— 10} - (fo¥ ™) (¥(x)

< 6n{¥? (x) +¥(x)+2} ( M”§4(x) + M, (x)>

- (“"’ <<w'>2’5> o <<w'>3’5>>
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Mn,6 (x)

=6{¥(x)+¥(x +2}[(1+2y§$(n,x))\11(x)+n 57

f// . f/\P// .
(o) o 5)

By choosing 8 := 0§, (x) = \/nM,, ¢ (x) in the above inequality, we finish the proof. [

COROLLARY 1. The followings holds:

i. Let f" € Coyte,[0,20). By choosing ¥ (x) = x in Theorem 6, we obtain the
quantative Voronovskaya theorem for Dunkl analogue of Szdsz operators defined by
Sucu in [6] following that

I3 ) x
{SE (i) F0} - () L 2REE )

<24(1+x)°Q (588 (x))

e . e 1 u _ eu(—nx)
Sor &' (x) verified 8,"' (x) < 7 where &, (x) = —Zu R

¢ nSh ((t —x)° ;x)

160UEH (x) x° — (804 + 440uEH (x)) =
1 (542602 +360 (1 + 1) & (x)) 5
— (160p% + 80u* — 45 + u (60 +400u?) &' )X—3

+ (1+40p2 (1+2u2) + (10p +80u° +32u%) & (x)) &

6, (%)

IS

and 8, (x) — 0 as n— o from Lemma 6.

ii. Let (\;/)2 , W € Up [0,00) . By taking limit for n — oo in Theorem 6 and from
Lemma 6, we have the Voronovskaya theorem for our operators defined by (1.6) as
follows

¥
timn {85 (72 £ (0} = T2 (Fow) (¥ (w)

:ww<fw>_fwvwv.

2 (@Y (¥

iii. Let f" € Up [0,%0). By taking limit for n — oo and choosing ‘¥ (x) = x in Theorem
6, we have the Voronovskaya theorem for Dunkl analogue of Szdsz operators defined by
Sucu in [6] following that lim,_...n {Sh (fix) — f (x)} = 5" (x).
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4. Numerical results

In this section, we resolve the theoretical results given in the previous sections by
numerical examples. Now, we select ¥ satisfying G1 and G2 as follows

Yx)=(x+1)7—1.
By regarding to ¥, we observe the following example.

EXAMPLE 1. Let =1, f(x) = (if;;%)jl and &, (f3x) = |¥S (fix) — £ ()|
be the error of approximation to f (x) of ¥S4 (f;x). The graphs of f (x) and ¥S§ (f:x)
for n=1,2,4,12 on interval [0,2] are given, respectively in Figure 1. Moreover, the
graphs of 8,:1: u (fsx) for these values n on interval [0,10] are given in Figure 2. These
graphs show that if n is increased, the approximationto f (x) of ¥ Sk (f;x) increase and
error e,f u (f5x) decrease. Note that operators ¥ (f;x) verify Proposition 1 thanks to

|\PSf,l (f;x)| <|f (x)| on Figure 1.

0 0,5 1 1,5 2

X
fx) n=1 ——n=2——n4 n=10 ‘

n=10

Figure 1: Approximation Processes Figure 2: Approximation Errors

EXAMPLE 2. Let =}, f(x) =sin((x+1)?) and &/, (f:x) =¥y (f:x) — f ()|
be the error of approximationto f (x) of ¥S4 (f;x). The graphs of £ (x) and ¥S% (f;x)
for n =6,9,12,15,25,50 on interval [0,2] are given, respectively in Figure 3. More-
over, the graphs of e,f I (f;x) for these values n on this interval are given in Figure
4. These graphs show that if n is increased, the approximation to f (x) of Sy (f:x)
increase and error 8,;1: u (f3x) decrease. Furthermore, note that operators YSi (fix) sat-
isfy Proposition 1 thanks to |\PS# ( f;x)| < |f (x)| on Figure 3.

o 2(x+1)?
T (kD241
approximation to f (x) of ¥S (f;x) with Sk (f:x), original operator, for n = 5. Then,
we compare with these operators for n = 10 in Figures 7 and 8. Consequently, we
obtain better approximation to f (x) for ¥ S (f;x) than S§ (f:x).

EXAMPLE 3. Let u = %7 f(x) In Figures 5 and 6, we compare the
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0,5

0 r
0.5
0,5
S =50 =25 =15 =12
—— 9 ——n6

Figure 3: Approximation Processes

15 2

1,04 T T
0 0,5 1

x
/() — — Maodified Op erator — — Original Operator

Figure 5: Comparison of Approximation
forn=5and n=1/5

L5

1,0 . .
0 0.5 1

o d

x
fix) — — Modified Operator — — Original Operator

Figure 7: Comparison of Approximation
forn=10 and u=1/5
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,
0,41 / \\
/
;o
;)
34 AN
o3 = / // \ \\
\
// . /// u
0.2 / \ l/ \l
/ ;NN / \l
/7 \\ // \
)/ N '
0,14 / / \\ //
7/ \ //
PN / \
3 0s 1 1,5 2
=50 w25 puTs 12— — n:9‘
—— 6

Figure 4: Approximation Errors

0,044
0,034
0,024

0,01

8 10

0 2 4 6

[=—— Muoddified Operator Original Operator

Figure 6: Comparison of Error for n =5
and L =1/5

0,025
0,020
0,015
0,010
0,005
0 2 4 6 8 10
[=—— Maodified Operator Original Operator |

Figure 8: Comparison of Error for n =10
and u=1/5
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