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COEFFICIENT ESTIMATES AND FEKETE-SZEGO INEQUALITY
FOR NEW SUBCLASS OF BI-BAZILEVIC FUNCTIONS BY
(5,1)-DERIVATIVE OPERATOR AND QUASI-SUBORDINATION

AOEN™*, SHUHAI L1 AND HUO TANG

(Communicated by M. Krni¢)

Abstract. In this paper we introduce and investigate a new generalized class of bi-bazilevi¢ func-
tions defined by using (s,7)-derivative operator and quasi-subordination in the open unit disk
D. We obtain two kinds of coefficient estimate by using Faber polynomial expansion and get
Fekete—Szego inequality for the new class and some of its subclasses.

1. Introduction

Let &/ denote the class of functions of the form
fR)=z+ and", (1.1)
n=2

which are analytic in the open unit disk D = {z € C: [z| < 1}. Also let . denote the
subclass of functions in .« that are univalentin 1.
For two analytic functions f and g, the function f is subordinate to g in D,
written as follows
f(z) <¢(2), zeD,

if there exists an Schwarz function ® with ©(0) =0 and |w(z)| < 1, z € D such that

Furthermore, if the function g is univalent in D, then f(z) < g(z) is equivalent to
f(0) =¢(0) and f(D) C g(DD).

In 1970, Robertson [1] introduced the concept of quasi-subordination. For two
analytic functions f and g, the function f is quasi-subordinate to g in I, written as
follows

f(2) <4 8(2), zeD,
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if there exists an analytic functions & with |i(z)| < 1 such that % analytic in D and
f(2)
2 2 g(2), zeD
) 8(2), z

that is, there exists a Schwarz function @ with ®(0) =0 and |w(z)| < 1, z € D such
that

f(z) =h(z)g(w(2)).

Observe that when h(z) =1, then f(z) = g(w(z)), so that f(z) < g(z) in D. Also
notice that if w(z) = z, then f(z) = h(z)g(z) and it is said that f is majorized by
g and written f(z) < g(z) in . Hence it is obvious that quasi-subordination is a
generalization of subordination as well as majorization. See [2—8] for works related to
quasi-subordination.

A function f € o7 is said to be bi-univalent in ID if both f and f~! are univalent
in . It is a well known fact that every function f € .7 has an inverse functions f~!,
defined by

@)=z (zeD)

and
1

fU”@D=w(W<mU%mm>Z)

In fact, according to the Kobe One-Quarter Theorem [9], the inverse function f —lig
given by

g(®) = fHw)=0—-ao®+ (2d —a3)0® — (5¢5 — Saras +a)o* + -

=0+ Y bo' (1.2)
n=2

Let X denote the class of all bi-univalent functions in D given by the Taylor-
Maclaurin series expansion by (1.1). Coefficient estimate problem of bi-univalent func-
tion were widely researched in the literature. In 1967, Lewin [10] first introduced the
class X and studied the estimate for the coefficient |a,| of functions in X, and obtained
that |ay| < 1.51. Subsequently Branan and Clunie [11] improved Lewin’s result to
laz| < /2 and later Netanyahu [12] proved that |a;| < 4/3. Kedzierawski [13] proved
the Brannan—Clunie conjecture for bi-starlike functions. In 1984, Tan [14] obtained that
|az| < 1.485, which is the best known estimate for bi-univalent functions in . Brannan
and Taha [15] also investigated certain subclasses of bi-univalent functions and found
the non-sharp estimates on the initial coefficients |ay| and |as|. In recent years, many
researchers have been devoted various subclasses of the bi-univalent functions and ob-
tained the estimates on the initial coefficients |as| and |az|. The interest on estimates
for the initial coefficients |as|, |as| of the bi-univalent functions keep on by some re-
searchers(see, for example, Srivastava et al. [16], Frasin and Aouf [17], Hayami and
Owa [18], Xu et al. [19], and others [6, 7, 20-24]). Quite recently, only few works also
determined the Fekete—Szegd problem(i.e. estimate for the upper bound of |az — ,ua%\ )
for some subclasses of bi-univalent functions, for example [25-29]. In the meantime,
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the estimate on the general coefficients |a,| (n > 4) of bi-univalent functions has at-
tracted the attention of some researchers. By using the Faber polynomial coefficient
expansions Jahangiri and Hamidi [30] obtained bounds for the coefficient |a,| of bi-
univalent functions in certain subclass of X with a given gap series condition. Since
then, some of authors considered and studied the bound of general coefficient |a,| for
bi-univalent functions in certain subclasses of X, for example [31-36]. The estimate on
the general coefficients |a,| (n > 4) of bi-univalent functions is still an open problem.

Although many subclasses of bi-univalent functions have already been introduced
and studied some coefficient estimates, our focus is not only to further extend the bi-
univalent functions class, but also to study the above coefficient estimate problems and
Fekete—Szegd problem of the new classes of bi-univalent functions.

We begin by recalling the definition details of the following (s,)-derivative oper-
ator (defined by Chakrabarti and Jagannathan [37], see also [38]), which will be used
in this paper.

DEFINITION 1.1. Let the function f € o/ given by (1.1)and 0 <7 < s < 1, the
(s,1)-derivative of the function f is defined as

f(s2)—f(tz) z 75 0,

s—t)z

— (
(D f)(2) {f/(0)7 z=0.

According to the above definition, we have

=3

(D.y,zf) (Z) =1+ 2 [”]v,zanz””

n=2
where the symbol [n]s, denotes the (s,7)-number or twin-basic number

st ="

s—t

[”}s.,t =

Note that by putting s = 1, the (s,7)-derivative reduces to the Jackson t-derivative given

by (see [39])
f(@)—f(tz) 75 0
D 7) = T (=nz z )
(D)(2) { o
And, for f € o/ given by (1.1), we have

(&ﬁ@=l+iwwﬁl

where
i 1—"
nl, = .
T =t

Also, by taking t — 17, we have [n], — n. So (D, f)(z) reduces to f'(z) for f € o .
Now by using (s,)-derivative operator and quasi-subordination we introduce a
generalization class of analytic and bi-Bazilevi¢ functions.
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DEFINITION 1.2. Let A > 1, o > 0. A function f(z) € ¥, given by (1.1) is said
to be in the class %%(k, o,s,t, @) if the following conditions are satisfied

a—1
1-02 0000 (L) 14001 cep s
and
oa—1
(l—l)g(w—w)w%(Ds,tg)(w) (%) —1=<,0(@)—1, 0eD (1.4)

where g(®) = f~!(w) is defined by (1.2).

REMARK 1.3. There are some suitable choices of A, o, s, which would provide
the following subclasses of the class %%(l, o,s,t,0).

(1) By taking s = 1 in Definition 1.2, the class %%(k,msﬁ,(p) reduces to the
class %%(/La,nqo) which is satisfied

oa—1
wa0@ (L2) —1<,00 -1 zeD

(1-n2

and

(o

(1 4)% +A(Dig) () (%)al _1<, 0@ -1, 0eD.

(2) By taking o = 0 in Definition 1.2, the class %’%(l, o,s,t, ) reduces to the
class %ﬂzq(k,s,t, @) which is satisfied

(l_l)&_,_lw_]-ﬂl(p(z)—l, zeD

z (@)

and

(1-2)8) +Aw(i‘&’£§(w) —1=,0(@) —1, ®eD.

Specially, for s =1 and 7 — 1™, the class 7 (, 5,1, ¢) reduces to the class 75’ (1, 9)
which is satisfied

f@) .z (2)
(I-A)—=+1 0

—1=<40(z)—1, zeD

and
wg'(o)

g(w)
(3) By taking o = 1 in Definition 1.2, the class %%(k, o,s,t, @) reduces to the
class %’g(lmt,(p) which is satisfied

(1—/l)g(w—w)+7t -1<,0(0)—1, oeD.

(l—k)@—kl(Dmf)(z)— 1<40(z)—1, zeD
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and
(1 —/l)g(w—w)—i—k(Ds,tg)(w) -1<,0(0)—1, weD.

Specially, for s = 1 and 7 — 17, the class %#y.(A,s,7,¢) reduces the class %5.(1, )
introduced by Amol B. Patill and Uday H. Naik [6].
(4) By taking A = 1 in Definition 1.2, the class %’%(l, o,s,t,¢) reduces to the

class jg((x,s,t,(p) which is satisfied

@)

o—1
(Ds,tf)(2)< z)> —1=<,0()—1, zeD

and

oa—1
Do) (£2) 1 <) 1, wep,

Specially, for s = 1 and 7 — 17, the class _#y (et,s,7,¢) reduces the class 73 (c, 9)
introduced by S. P. Goyal, Onkar Singh and Rohit Mukherjee [7].

Our object of this paper is to study two kinds of coefficient estimate problems and
Fekete—Szegd problem for the class %%(L o,s,t,¢) and some of its subclasses. Our
results are new in this direction and they give birth to many corollaries.

2. Preliminary results

In order to derive our main results, we need the following lemmas.
For B € Z :={0,+1,£2,---}, let Ef_l = Ef_l(az,a37---7an) be homogeneous
polynomial explicated in (see, for details, [40] and [41])

= !
Ef_l(a27a37---,an)= y ———— B é‘ cal™" forf<n—1, 2.1
n— 2]1 “Jn—1
and the sum is taken over all nonnegative integers ji,---, j,—1 satisfying

Ji+ 4+ i1 =B,
Ji+2p+-+n—1)ju—1=n—1.

1 1
Itis clear that E] | (a2,a3,---,an) = a) .

LEMMA 2.1. [40,41] Let f(z) =z+ X pan?" € <, then forany B € Z

(%) =1+ 2 -1 az,a37 7an)zn71? (2.2)
where
1 !
KP [(ar.as, - an) = Bay+ %Eg—l + B ﬂ3)v3uE
B' n—1

e B T )i e
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with E£71 is given by (2.1). In particular, the first three terms of Kffl are

Kll = 2ay, K22 =2a3 +a%7 Kg =2a4+2was, Kf =2as +2a2a4+a§.

LEMMA 2.2. Let f(z) € %’%(l, o,s,t, ), then we have the following expansions

o—1
(1—1)@+1(D.\~,zf)(2)<&> .

Z

— z ( a,,—l—?Lz 41 —i]sant1- ,A)z"1 (2.3)

i=1

where ay =A; =1, A; = Kiofll (az,as,---,a;) (i =2). In particular, the coefficients of
z and 7% on the right-hand side of the equation are

(1 +A([2]ss — a)]az
and

u+umw—mwﬁwu—ammw_ﬂy;

Proof. For f(z) =z+ X ,ayZ", by applying Lemma 2.1 we have

a—1 oo
(f(Z)) 1Y A (2.4)
Z n=2
where A, = K" (ag,a3, "L ap).

Since Dy f)(2) =14+, [n]s7,anz”’1, we have

a—1 ) I
(Dt f)(2) (@) = (1 + 22["]-\'71%1”1) (1 4 ZzAnZn1>

=14+ ([Z]SJLZQ —|—A2)Z + ([3}S7,a3 + [Z]SJLZQAQ —|—A3)22 + -
+([n]ssan+ [0 — Usgan_1As + -+ 25102401 +Ag)Z" 4.

Let ay =1,A; =1, we have

i=1

(m:f)(z)(@)a —HZ (in—l—l s i1 ,A)z”_l. (2.5)

From (2.4) and (2.5), we can obtain (2.3). This evidently completes the proof of Lemma
22, 0O
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LEMMA 2.3. [40] Let f(2) = 2+ X5 ,a," € o7, then the inverse map g = f~!
of f is given in terms of the Faber polynomials of f with

g(@) =1 () w—i—z K (az,a3,-+,a,) @", (2.6)
n=2
where
Kt ) = i a2
—n)! Y

+( 2n—|(—3’)1)(n 1 dytas+ (“2n _’(_4’)1)01 5 agis[as +(n—2)aj)

+ (—2n _|(__5;l|)('n _6)!“;_5[@6"‘( 2n+5)azas] +;a2 Vi,
such that V; (7 < j < n) is a homogeneous polynomial in the variables ay,az,---,ay

(see [42]). In pamcular the first three terms of K. ", are

K2 =2a, K,° =3(2d*—a3), K3* = —4(5a3 — Sara3 + as).

LEMMA 2.4. Let f(z) € %’%(l, o,s,t, ), then we have the following expansions

12 (22) 120 (£2)

()

=Y ( A)by, +AZ [n+1— ]Y7,b,,+1_iB,-> " (2.7)
n=2 i=1

where g(w) = f~H(@), by =1, by = ;K" (a2,a3,---,an) (n>2), Bi=1, Bj =

K!"%(ba,b3,--+,b;) (i = 2). In particular, the coefficients of @ and @* on the right-

hand side of the equation are

14+ A([2]s; — o0)]b2

and

[14+A([3)y — )]bs + A(1 — o) ([z]_w - %)b%

Proof. Suppose that f(z) =z+ Yo ,a,2" and g(@) = f (@) =0+ X5, b,0".
By applying Lemma 2.3 we have

g(w) a)—l—E K ((az,az,- -, ,,)a)”:a)+2bna)".
n=2

Similar to the proof of Lemma 2.2, we can also prove the result (2.7). This evidently
completes the proof of Lemma 2.4. [
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LEMMA 2.5. Let analytic functions u(z) = c1z+c2z2 +---, v(0) =di 0+ dr* +
—and @(z) = 1+ &z+ &7+ - € o, then we have the following expansions

>y

kE C1,€2," ", n)Zn (28)

HM:

and

o(v(o)

||
IIMX

n
2 Kdy,dy, - dy) 0" (2.9)

Proof. For ¢(z) = 1+&z+ &2+, u(z) =c1z+caz® + -+, we have

Q(uz)) —1 = Eu(z) + & (u(z)* + &(u(z)’ + -
= Ecr1z+ (Erea +Ech)? + (Eres +2Ec1cr + E3¢3) +

© n
=Y Y &Ex(cica, - en)
n=1k=1

Similarly, for @(z) = 1+ &2+ E22 4+ (@) =dio +dryw? + - -+, we can get (2.9).
This evidently completes the proof of Lemma 2.5. [

LEMMA 2.6. [43] If p € P, then |p,| < 2 for each n, where &2 is the family
of all function p analytic in I for which Re p(z) >0, p(z) = 1+ p1z+ prz> +--- for
zeD.

3. Main results

In the sequel, it is assumed that ¢(z) is an analytic function with positive real
partin D, @(D) is symmetric with respect to the real axis and starlike with respect to
©(0) =1 and ¢'(0) > 0. And function ¢(z) has the Taylor series expansion of the
form

0(2)=1+&z+ 6P+, & >0. 3.1

Suppose that y(z) and ¢(z) are analytic in the unit disk D with |y(z)| < 1, |¢(@)| <
1, and suppose that

v(z) =ho+hz+h+, o(®)=lh+Lo+hLo*+---. (3.2)

3.1. Coefficient estimates problem

In this section, we obtain the coefficient estimates for the function class ﬂg(l, a,
$,1,0).

By using Faber polynomial expansions we prove our first main result which pro-
vides an estimates for the general coefficients |a,| of functions in %’%(l,(x,s,t,(p)
subject to a given gap series condition.
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THEOREM 2.1. Let the function f(z) € @%(k,a s,t,@) be given by (1.1). If
am=0 2<m<n—1), then

2
|an| <

n—1 n—i—1
1+ A([n]s; — )] min{z()hi ( 1; |E§i1(C17C27“',0ni1)> ;
n—1

=1

n—i—1
Z|li< Z Ejy i i(dy,da, - dni1)|>}
i=0

Proof. Since f € BL(A,w,s,t,), then there exist two Schwarz functions u(z)
cizt e+ v(w)=dio+dw’+---
such that

(3.3)

and analytic functions y, ¢ defined by (

3.2)
10! .00 (®

and
(1-052 L apuge) (B20) - 1= o) lp0iw) - 11
By using Lemma 2.5 we have
v(2)[p(u(z) — 1] = i [i hi (iqz_,l ékEfi(Cl»Cz,---,Cn—i)ﬂ 4 (3.4)
n=1 [i=0  \k=1
and

o(0)[p(v(w) 21 [Zl (Z‘SkEn (dy,da, - dy ))] o'

(3.5)
By using Lemma 2.2 and comparing the corresponding coefficients of (2.3) and (3.4)
for any n > 2 we have

(1-2) a,,—l—?tz n+1—ilsan1-K* ll(az,ag7
i=1

7ai)
n—1

n—i—1
= Zhl< Y ékE,]f_,-_l(Cl,Cz,“',Cn—i—1)> (3.6)
i=0 k=1

and similarly, by using Lemma 2.4 and comparing the corresponding coefficients of
(2.7) and (3.4) we have

(I—A)bn‘Fz/Z[n‘i‘l }stbn+l —1I (b27b3a ab)
i=1

n—1 n—i—1
= Zli Z ékEr]jfifl(dhdzv'"7d”*i*1) :
i=0 k=

(3.7)



932 AOEN, S. L1 AND H. TANG

Fora, =0 2<m<n—1),wegeth,=0 2<m<n—1)and b, = —a,. Hence

n—i—1
[1+ A([n]s Zh ( Y ékE,f_,-_l(cth---,cni1)> (3.8)
k=1

and

k=1

i1
—[1+A([n]s Zl ( D ékEr]fi1(d1,d2,"',dn—i—1)>- (3.9)

Finally, by taking the moduli in both sides of (3.8) and (3.9) and using Lemma 2.6, we
get the desired estimate on |a,| as asserted in (3.3). This evidently completes the proof
of Theorem 3.1. [

By taking special values of parameters A, ¢, s,¢ in Theorem 3.1, we easily obtain
the following results.

COROLLARY 3.2. Let the function f(z) € %’%(A,a,t,w) be given by (1.1). If
am=0 2<m<n—1), then

2 ) n—1 n—i—1
e P ]

k=1

n—1 n—i—1
Z|ll‘ < Z Eﬁil(dhdza'“adnil”)}
i=0 k=1

COROLLARY 3.3. Let the function f(z) € jfzq(hsj,(p) be given by (1.1). If
am=0 2<m<n—1), then

2 n n—i—1
n g — h Ek7.7 , R e ,
|Cl ‘ ‘1 +A[n]s,t‘ mln{z ‘ ‘ < kg‘l | n—i l(cl (&) Cn—i 1)|>

i=0

2|l< 2 ‘En i— l(dlad27 : 7dn—i—l)|>}

=1

COROLLARY 3.4. Let the function f(z) € %%(k,s,n(p) be given by (1.1). If
am=0 2<m<n—1), then

2 ] n—1 n—i—1
ol e S (s

i=0 k=1

n—1 n—i—1
2 |ll‘ < 2 Ei{zc—i—l(dhdza“'adnil”) }
i=0 k=
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COROLLARY 3.5. Let the function f(z) € /g(msj,(p) be given by (1.1). If
am=0 2<m<n—1), then

2 n—1 n—i—1 .
|an| < Toti—al t+1_a|mln Sl X Ey i (erea, e senicn)] ]
S

n] i=0 k=1

2|l< 2 ‘En i— l(dlad27 "7dn—i—1)|>}

=1

REMARK 3.6. For A =1,s=1, y(z) = ¢(w) =1 and t — 1~ in Theorem 3.6,
we obtain the bounds on |a,| which are the improved results ([33], Theorem 1).

Our next main result provide estimates for the initial coefficients |a;| and |a3| of
functions in ﬂg(l, o,s,t, @) with no gap series restrictions imposed.

THEOREM 3.7. Let the function f(z) € %’%(l, o,s,t,Q) be given by (1.1), then

h2+12
|a2| < min Iho\+\lo|) (Elh;\)ﬂlﬂ) (3.10)
|1+x O\ 1+ A (3] — o) + 224 212),, — 1)

. 2(h3+13) 2(|ho|+loD A+ [+ )
|613‘ < mln{ [1+7L([g]s‘t(la)]2 + (\)1+7LO([3].W_10()| 1 )

[4+A[4 (Bl —0)+ (A=) (2[2]s. —)]|2lho|+[h1 )+ A (1—0) (2[2]s.— ) [ 21l +]11]) } . (3.11)

[1+2 (Bls =) ]2+ 2(Bls —0)+(1=a) 2[2]s.,—a)])]

Proof. Putting n =2 and n =3 in (3.6) and (3.7) respectively, we obtain

[1+A([2]5r — a)]az = ho&ic (3.12)
1+ A(Blss — )]az + A(1— @) ([2}” - %)ag = (hoca + hic1) & +hoc3Es  (3.13)

and
—([L+A([2]s; — 0)]b2 = lo&1ds

(1 A(3los = )lbs +A(1 = ) (12)es = 5 )3 = (foda + L )& +lodi .

According to Lemma 2.3, we have by = —ay,b3 = 2a% —as. Hence
— (L +A([2]ss — )] az = lo&1dy (3.14)
o
(1+A((3]ss — 0)) (203 —ax) + (1= @) ([2)ss = 5 ) @3 = (lodz + i) & + lod? .
(3.15)
From (3.12) and (3.14), we obtain
2o G+ a) a6

2[4+ A([2lss — a)*
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Also, from (3.13) and (3.15), we find
2 Silhocs e +lods + hdy) + & (hocd +lod?)
2 204+ A(Blss— )]+ A (1 — a)(2[2]5; — o)
For the coefficients of the Schwarz functions u(z) and v(w) we have |c,| < 1 and

|dy| <1 (see [9]). Taking the moduli in both sides of (3.16) and (3.17), and applying
Lemma 2.6 we get

(3.17)

2(hg+15)
1T+ A (2] — )]

\ho\+\lo|) (|1 +[11])
1+ A (3]s — o) + 22 22, — )|

which gives us the desired estimate on \a2| as asserted in (3.10).
Next, in order to find the bound on |a3|, by subtracting (3.15) from (3.13), we
obtain

|az| <

and

4=+ &1 (hoca + hyey — lody — Lhdy) + & (hoc? —lodl)
? 21+ A([3]5r — )]

Thus, upon substituting the value of a2 from (3.16) into (3.18), it follows that
EF(h3c? +13d?) N &1 (hoca + ey — loda — Lhdy) + & (hoc? — 1pd?)

(3.18)

=34 A2y — )P 2+ A(Bler— )
which yields
2RAE)  2(hol+lto]) + (] + 101
S @@ T G =) (3.19)

On the other hand, upon substituting the value of a% from (3.17) into (3.18), we obtain
w = &1 (hoca + hicr + loda + lidy) + & (hoct + lod?)
214+ A(Blss — )] +A(1 — ) (22, — 1)
51(/1002 +hier — loda — lidy) + & (hoc — lpd?)
21+ A (3]s — &0)]

It follows that

(4 A8(Bha~ ) +(1- ) L2~ 2l 41 +1A (1~ ) P2y~ Il
a3l < T AT, - o T AR o+ (a2 apl (20

Combining (3.19) and (3.20), we get the desired estimate on the coefficient |az| as
asserted in (3.11). This evidently completes the proof of Theorem 3.7. [

REMARK 3.8. (1) For « =1, s=1 and r — 1~ in Theorem 3.7, we obtain the
bounds on |ay| and |as| which are the improved results ([6], Theorem 2.2). (2) For
A=1,s=1and¢— 1" in Theorem 3.7, we obtain the bounds on |a;| and |a3| which
are the improved results ([7], Theorem 2.1). 3)For A =1, s=1, y(z) = ¢(w) =1
and t — 1~ in Theorem 3.7, we obtain the bounds on |a;| and |a3| which are the
improved results ([33], Theorem 2).
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3.2. Fekete-Szego problem

In this section, we obtain Fekete-Szeg 6 inequality for the function class %%(l, a,
5,0,9).

THEOREM 3.9. Let the function f(z) € %%(l,a,s,t,(p) be given by (1.1), then
for any number p € C and A([3]s; —a) > —1

28, (ol +h1 ) +]6 =& [ (ol +1lo])
2[+A (B~ )] )

, 0< IM(W)] < raEr=ar:
|laz — paz| < (3.21)
281 ([lo] + [11]) + 182 = &1l (lhol + [o])][M (1)1

M) > e

For any number 1 € C and A([3]s; — o) < —1
(281 ([o| + |11]) + 1&2 — El(lhol 4 [Lo])] M (w)],

. 0 < IM(W)| < =g =a (3.22)
jas — pas| < — Zallal )~ (ol+li) |
+A([Bls—0r)]

where
M(u) = holo&F (1-4)
21+ (3]s =) +A(1=0) (2[2]5—e)]holo & —[L+A(2]ss—0) 2 (ho o) (G2 —&1)
Proof. Slnce f A, a s,t,(p then there exist analytic functions u,v :
D — D, with u(0) =0 = v(% (z)] <1, |v(w)| < 1 and analytic functions v, ¢

defined by (3.2) such that

-l

Z

o—1
MDs,ffxz)(@) = yQle@) -1 (23

and

o1
(1-05 Ao (B20) - 1=s@lob@) -1 62
Define the functions p; and p, in & given by

L +u(z
pi(z) = l—uEz; =1+piztpd+-
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and 1 ()
+v(w 2
= =1
p2(o) 1—v(o) T 10+ q207+
It follows @ 5
pi(z)—1 1 1 P12
) =—F"F——==-p1z2+ = ——= )+ 3.25
u(z) P SPIzt 5 (Pz > et (3.25)
and (@) )
plo)—1 1 1 q] 5
_ B Z 4 3.26

Using (3.1), (3.2), (3.25) and (3.26), it is evident that

1 1 1 1
v(2)[o(u(z) — 1] = §h0§1P1Z+ |:§hlélpl + Ehoélpz + Zho(é - él)P%:| P4
(3.27)
and

1 1 1 1
9(@)p(v(w)) —1] = ShSig10+ [51151611 + 508192+ 3 10(& — 51)61%] 0
(3.28)
Using (2.3) and (3.27) in (3.23) and comparing the coefficient of z and 2, we get

1
1+ A([2]s, — a)]az = Ehoéllﬂl, (3.29)
[+ A(3]ss — 0)]az + A(1— ) ([z}w . %)ag
1 1 1
= Smé&pi+shoéipa+ gho(& = &)t (3.30)

Similarly using (2.7) and (3.28) in (3.24) and comparing the coefficient of ® and ®?,
we get

[ A2~ 0)las = sl (331)
(14 A — 0))(263 = a3) + 21 = ) (2, = 5 ) 3
= J0&ai+ 5lodia + 3lo(E — &)al. (332)

Subtracting (3.32) from (3.30), we get

1 1 1 2 2
5 s(lpr—haq)& + 5 (hopa — l0g2) &1 + 3 (82 — &) (hop — logr)
=+ A . (333)

By adding (3.30) and (3.32), we have

L(hip1+1iq1)& + 3 (hopa +10g2) &1 + (& — &) (hop? + 10g?)
21+ A([Blsr —a) +A(1 —a)([2]s, — F)] '

a = (3.34)
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Using (3.29) and (3.31), we obtain

41+ A([2)5s — )P (ho+1o) 5

2 2 _
h()pl +l()ql = holoé2 as. (335)
From (3.32)-(3.34), we get
as —ua% = i [(M(u) + ! ) (hip1+hop2)
2 214+ A([3]ss — )]

+ (M(#) o +/1([;]s,t— a)}) (ha +ZOQ2)]

(& — &) (hopt —loq})
8[1+A (3]s — )]

+

(3.36)

where

_ holo&E (1—p)
M(u) = R(1+A([3]ss— )+ (1=a) 2[2]s s — )| holo &2 —[14+2 ([2]s.0— ) 2 (ho+o) (E2—&1) ©

By taking the moduli on both sides of (3.36) and applying Lemma 2.6, we finally obtain
(3.21) and (3.22). This evidently completes the proof of Theorem 3.9. [
Setting ¢ =1, s =1 and t — 1~ in Theorem 3.9, we get the following result.

COROLLARY 3.10. Let the function f(z) € %%(L @) be given by (1.1), then for
any number 1 € C

28, (1ol + 1R )+ €2 —E | (ol -+
ST \1|2)(1E§M§1|(\ ol |0\)’ OS‘M(“)‘gz(l-}-zA)’

a3 — paj| <{
281 (lto| + [11]) + &2 = Erl (Jo| + [IDIM (W), M ()] = a7y

where
holo&F (1 — 1)
(1422)holo&f — (1+2)2(ho +10) (&2 — &)

Setting A =1, s=1 and r — 1~ in Theorem 3.8, we get the following result.

M(p) =5

COROLLARY 3.11. Let the function f(z) € /f(a, @) be given by (1.1), then for
any number @ € C and 0 < a < 4

251(|ho|+\hl|)+\?§2*~’§1|(\ho\+|10\)7 0< [M(p)| < 1

|Cl ua2| <{ 2(4-a) 2(4—a)’
3 21 X
&1 (lol + 11 1) +1&2 = Eul (1ol + Lo DIM ()], [M()] > 5zt

For any number 1 € C and o > 4

281 (lto] + 111]) + 182 — &l (Jho| + [lo])]IM ()], 0 < IM()] < 553
a3 — paz| <

251(\h0\+|h1\)+|52*51\(|h0\+|10|), IM(u)| > . 1

2(0—4) 2(a—4)°
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where

holo&7 (1 —p)
(4 —0)(3—a)holo&P — (3— ) (ho+10) (&2 — &1)

M(u) =
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