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Abstract. In this paper, we introduce a nonlinear inequality based on four self-mappings. We
give necessary conditions which ensure the existence of a common fixed point of four self-
mappings satisfying said inequality defined in Ś -metric spaces. A common fixed point problem
is discussed. We set up an example to elucidate our main result. Moreover, the existence of a
common solution to a system of four integral equations is shown by application of main result.

1. Introduction

The study of metric fixed point theory was initiated by Banach (1922) [4]. The
metric fixed point theory has been enriching by introducing several structures, gen-
eralizing underlying metric space and contractive condition in it. The Banach con-
traction principle [4] has been proved in several different abstract metric spaces (see
[6, 7, 8, 10, 11, 13, 18]). Before the publication of the paper by Mustafa et al. [13]
(2006), the metric mappings were defined on X2 (X is any non-empty set), Mustafa
et al. [13] introduced a metric mapping defined on X3 and it is known as G-metric.
Mustafa et al. [13] proved Banach contraction principle in G-metric space and gave
several examples to establish its superiority over Banach contraction principle in metric
space. Sedghi et al. [17] (2012), following the abstract metric introduced by Mustafa et
al. [13], introduced another abstract metric defined on X3 called S -metric and proved
analogue of Banach contraction principle (see also [3, 12, 16]).

The concept of F-contraction given by Wardowski [21] proved to be another mile-
stone in fixed point theory and numerous research papers on F-contraction have been
published (see [2, 9, 1, 14, 20, 22] and references therein ).

In this paper, we follow Mustafa et al. [13] and Sedghi et al. [17] to introduce an-
other nonlinear inequality known as (F,Ω)-contraction and discuss some new common
fixed point problems in Ś -complete metric spaces. Examples are also given for expla-
nation. An application to existence of the solution to a system of integral equations is
presented.
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space, application.
∗ Corresponding author.

c© � � , Zagreb
Paper JMI-15-65

941

http://dx.doi.org/10.7153/jmi-2021-15-65


942 M. NAZAM, E. AMEER, M. MURSALEEN AND Ö. ACAR

2. Preliminaries

Let Ψ represents the collection of mappings Ω : [0,∞) → [0,∞) satisfying:

(Ω1) Ω is strictly increasing;

(Ω2) Ω−1 (t) � t � Ω(t) and Ω−1 (0) = 0 = Ω(0) ;

(Ω3) Ω is continuous.

Following are some examples of members of this family.

EXAMPLE 1. Let Ωi : [0,∞) → [0,∞) , i ∈ {1,2,3} defined by
Ω1 (t) = et −1, t � 0,
Ω2 (t) = tet , t � 0,
Ω3 (t) = t2 +2t, t � 0.

DEFINITION 1. [17] Let A be a nonempty set. A mapping
∼
d : A ×A → [0,∞)

is said to be a p -metric if if there exists Ω ∈ Ψ such that for all ζ ,η ,z ∈ A , the
following axioms hold:

(
∼
d1)

∼
d(ζ ,η) = 0 if and only if ζ = η ;

(
∼
d2)

∼
d(ζ ,ζ ) �

∼
d(ζ ,η) ;

(
∼
d3)

∼
d(ζ ,η) =

∼
d(η ,ζ ) ;

(d4)
∼
d(ζ ,z) � Ω

[∼
d(ζ ,η)+

∼
d(η ,z)

]
.

The pair (A ,
∼
d) is called a p -metric space.

A b -metric [6] is a p-metric with Ω(t) = bt for some b � 1. If Ω ∈ Ψ , then every
metric is a p -metric while a p -metric space becomes a metric space with Ω(t) = t .

DEFINITION 2. [17] Let A be a nonempty set. A mapping S : A ×A ×A →
[0,∞) satisfying following conditions, for all ζ ,η ,υ ,σ ∈ A ,

( Ś1) S(ζ ,η ,υ) = 0 if and only if ζ = η = υ ;

( Ś2) S(ζ ,η ,υ) � S(ζ ,ζ ,σ)+S(η ,η ,σ)+S(υ ,υ ,σ).

is called an S -metric on A and the pair (A ,S) is called an S -metric space.

The S -metric space is a generalization of a G-metric space [13], that is, every
G-metric space is an S -metric space but, in general, the converse is not true. Following
example explains this fact.



NONLINEAR INEQUALITIES 943

EXAMPLE 2. Let A = R
n and ‖.‖ be a norm on A , then S(ζ ,η ,υ)= ‖η + υ −2ζ‖

+‖η −υ‖ is an S -metric on A . However, due to lack of symmetry, it is not G-metric
on A .

Every S -metric space is an Sb -metric space with b = 1 but, in general, the con-
verse is not true, see the following example.

EXAMPLE 3. Let A = R , then S∗(ζ ,η ,υ) = [|η + υ −2ζ |+ |η −υ |]2 is an Sb -
metric on A with b = 4 , for all ζ ,η ,υ ∈ A . Nevertheless, it is not an S-metric on
A . Indeed, let ζ = 3,η = 5,υ = 7, and a = 7

2 . Hence,

S∗(3,5,7) = [|5+7−6|+ |5−7|]2 = 82 = 64,

S∗(3,3,
7
2
) =

[∣∣∣∣3+
7
2
−6

∣∣∣∣+
∣∣∣∣3− 7

2

∣∣∣∣
]2

= 12 = 1,

S∗(5,5,
7
2
) =

[∣∣∣∣5+
7
2
−10

∣∣∣∣+
∣∣∣∣5− 7

2

∣∣∣∣
]2

= 32 = 9,

S∗(7,7,
7
2
) =

[∣∣∣∣7+
7
2
−14

∣∣∣∣+
∣∣∣∣7− 7

2

∣∣∣∣
]2

= 72 = 49.

Thus,

S∗(3,5,7) = 64

> 59 = S∗
(
3,3,

7
2

)
+S∗

(
5,5,

7
2

)
+S∗

(
7,7,

7
2

)
.

DEFINITION 3. Let A be a nonempty set. A mapping Ś : A ×A ×A → [0,∞)
is said to be an Ś -metric if there exists Ω ∈ Ψ such that for all ζ ,η ,υ ,σ ∈A , we have

( Ś1) Ś(ζ ,η ,υ) = 0 if and only if ζ = η = υ ;

( Ś2) Ś(ζ ,η ,υ) � Ω
[
Ś(ζ ,ζ ,σ)+ Ś(η ,η ,σ)+ Ś(υ ,υ ,σ)

]
.

The pair (A , Ś) is called an Ś -metric space.

Every metric space is an Ś -metric space but in general the converse is not true (see
Example 4).

EXAMPLE 4. Let (A ,S) be an S-metric space, then Ś(ζ ,η ,υ) = eS(ζ ,η,υ) −1 is
an Ś -metric with Ω(t) = et −1 but it is not metric on A since, it is not symmetric.

The Ś -metric space is a generalization of S -metric space and Sb -metric space
[19]. The S -metric space is an Ś -metric space for each Ω ∈ Ψ . Every Ś -metric space
is an Sb -metric space [19] with b � 1 and Ω(t) = bt.

DEFINITION 4. The Ś -metric is called symmetric if Ś(ζ ,ζ ,η) = Ś(η ,η ,ζ ), for
all ζ ,η ∈ A .
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EXAMPLE 5. Let (A ,S) be an S-metric space. Then

(i) Ś(ζ ,η ,υ) = eS(ζ ,η,υ) −1 is an Ś-metric with Ω(t) = et −1.

(ii) Ś(ζ ,η ,υ) = S(ζ ,η ,υ)eS(ζ ,η,υ) is an Ś-metric with Ω(t) = tet .

(iii) Ś(ζ ,η ,υ) = Ω(S(ζ ,η ,υ)) is an Ś-metric and it is symmetric for each Ω ∈ Ψ.

DEFINITION 5. Let (A , Ś) be an Ś -metric space. A sequence {ζn} ⊆ A is said
to be:

(i) Ś -Cauchy if for every ε > 0, there exists a positive integer n0 such that for all
m,n � n0, Ś(ζn,ζn,ζm) < ε,

(ii) Ś -convergent to a point ζ ∈ A if for every ε > 0, there exists a positive in-
teger n0 such that for all n � n0, Ś(ζ ,ζ ,ζn) < ε. Similarly, for every ε > 0,
there exists a positive integer n0 such that for all n � n0, Ś(ζn,ζn,ζ ) < ε and
Ś(ζn,ζ ,ζn) < ε.

(iii) An Ś -metric space A is called Ś -complete, if each Ś -Cauchy is Ś -convergent
in A .

LEMMA 1. Let (A , Ś) be an Ś -metric space.
(i) Assume that {ζn} and {ηn} are Ś -convergent to ζ and η , respectively. Then we
have

Ω−2 (Ś(ζ ,ζ ,η)
)

� lim
n→∞

inf Ś(ζn,ζn,ηn)

� lim
n→∞

sup Ś(ζn,ζn,ηn) � Ω2 (Ś(ζ ,ζ ,η)
)
.

In particular, if ζ = η , then we have limn→∞ Ś(ζn,ζn,ηn) = 0.
(ii) Assume that Ś -metric is symmetric and {ζn} is Ś -convergent to ζ and υ ∈ A is
arbitrary. Then we have

Ω−1 (Ś(ζ ,ζ ,υ)
)

� lim
n→∞

inf Ś(ζn,ζn,υ)

� lim
n→∞

sup Ś(ζn,ζn,υ) � Ω
(
Ś(ζ ,ζ ,η)

)
.

DEFINITION 6. [21] Let (A ,d) be a metric space. A map T : A → A is said
to be an Fw -contraction, if there exist τ > 0 and F ∈ F1 such that

∀ζ ,η ∈ A , d(T (ζ ) ,T (η)) > 0 ⇒ τ +F (d (T (ζ ) ,T (η))) � F (d (ζ ,η)) ,

where F1 is the family of mappings Fw : (0,∞) → (−∞,∞) satisfying: (WF 1) F is
strictly increasing; (WF 2) for each sequence {tn}∞

n=1 ⊂ (0,∞) ,

lim
n→∞

F (tn) = −∞ ⇔ lim
n→∞

tn = 0;

and (WF 3) there exists l ∈ (0,1) such that limt→0+ tlF(t) = 0.
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THEOREM 1. [21] Let (A ,d) be a complete metric space and let T : A → A
be an Fw - contraction. Then T has a unique fixed point in A .

Piri and Kumam [15] modified the notion of Fw -contraction as follows:

DEFINITION 7. [15] Let (A ,d) be a metric space. A mapping T : A → A is
said to be an F -contraction if there exist F ∈ F and τ > 0 such that

∀ζ ,η ∈ A ,d(T (ζ ) ,T (η)) > 0 ⇒ τ +F (d (T (ζ ) ,T (η))) � F (d (ζ ,η)) ,

where F is the set of mappings F : (0,∞) → (−∞,∞) satisfying the following condi-
tions:

(F 1) For all ζ ,η ∈ R
+ = (0,∞) such that ζ < η ⇔ F(ζ ) < F(η) ;

(F 2) For each sequence {tn}∞
n=1 of positive numbers,

lim
n→∞

F (tn) = −∞ if and only if lim
n→∞

tn = 0;

(F 3) F is continuous.

3. Existence Theorems

Let R
+
0 represents non-negative real numbers and ΔD be the set of all continuous

mappings D : R
+
0 ×R

+
0 ×R

+
0 ×R

+
0 → R

+ with the property (P) .
(P) : if the numbers t1,t2,t3, ,t4 ∈ R

+ have zero product, then there exists τ > 0
such that D(t1, t2, t3, t4) = τ .

Let the mapping E : A ×A ×A → R be defined by

E (ζ ,η ,σ) = max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(S (ζ ) ,S (η) ,R(σ))

)
,

Ω−1

⎛
⎝ 1

3

⎛
⎝ Ś(S (ζ ) ,S (ζ ) , f (ζ ))

+Ś(S (η) ,S (η) , f (η))
+Ś(R(σ) ,R(σ) ,g(σ))

⎞
⎠
⎞
⎠ ,

1
3 Ω−1

⎛
⎜⎜⎝ 1

2

⎛
⎜⎜⎝

Ś(S (ζ ) ,S (ζ ) ,g(σ))
+Ś(S (η) ,S (η) ,g(σ))
+Ś(R(σ) ,R(σ) , f (ζ ))
+Ś(R(σ) ,R(σ) , f (η))

⎞
⎟⎟⎠
⎞
⎟⎟⎠

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

DEFINITION 8. Let
(
A , Ś

)
be an Ś -metric space. The self-mappings f ,g,R,S :

A → A are said to form (F,Ω)-contraction, if there exist F ∈ F and D ∈ ΔD such
that

Ω
(
Ś( f (ζ ) , f (η) ,g(σ))

)
> 0

⇒ F
(
Ω
(
Ś( f (ζ ) , f (η) ,g(σ))

))
� F (E (ζ ,η ,σ))

−D

(
Ś(S (ζ ) ,S (ζ ) ,g(σ)), Ś(S (η) ,S (η) ,g(σ)),
Ś(R(σ) ,R(σ) , f (ζ )), Ś(R(σ) ,R(σ) , f (η))

)
. (1)
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EXAMPLE 6. Let A = [0,1] . Define Ś : A ×A ×A → [0,+∞) by,

Ś(ζ ,η ,σ) = e[|ζ−σ |+|η−σ |]−1,

for all ζ ,η ,σ ∈ A and Ω(t) = et − 1 (so, Ω−1 (t) = ln(t +1)). Then,
(
A , Ś

)
is a

complete Ś -metric space . Define, f ,S,g,R : A → A by

f (β ) = ln

(
1+

β
8

)
,

S (β ) = e7β −1,

g(β ) = ln

(
1+

β
7

)
,

R(β ) = e6β −1,

for all β ∈ A . Define the mappings F : (0,∞) → (−∞,∞) and D : R
+
0 ×R

+
0 ×R

+
0 ×

R
+
0 → R

+ by,

F (α) = ln(α) , for α > 0, and D(t1, t2,t3,t4) = 1.

Now, for all ζ ,η ,σ ∈ A , with Ω
(
Ś( f (ζ ) , f (η) ,g(σ))

)
> 0, we have,

F
(
Ω
(
Ś( f (ζ ) , f (η) ,g(σ))

))
� F (E (ζ ,η ,σ))

−D

(
Ś(S (ζ ) ,S (ζ ) ,g(σ)), Ś(S (η) ,S (η) ,g(σ)),
Ś(R(σ) ,R(σ) , f (ζ )), Ś(R(σ) ,R(σ) , f (η))

)
.

Hence, the maps f ,g,R,S : A → A form (F,Ω)-contraction.

THEOREM 2. Let
(
A , Ś

)
be a complete symmetric Ś -metric space and f ,g,R,S :

A → A be four self-mappings forming (F,Ω)-contraction. Let Ω(a+b) � Ω(a)+
Ω(b) , for each a,b ∈ [0,∞) . Moreover, if

(i) f (A ) ⊆ R(A ) , g(A ) ⊆ S (A ) and either R(A ) or S (A ) is a closed subset
of A ;

(ii) the pair ( f ,S) and (g,R) are weak compatible.

Then f ,g,R and S admit a unique common fixed point in A .

Proof. Let ζ0 ∈ A be an arbitrary point. By (i), there exist ζ1,ζ2 ∈ A such that

f (ζ0) = R(ζ1) = η0 and g(ζ1) = S (ζ2) = η0.

Repeating above steps, we construct a sequence {ηn} in A such that

η2n = f (ζ2n) = R(ζ2n+1) and η2n+1 = g(ζ2n+1) = S (ζ2n+2) ; n = 0,1,2, . . . .
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We show that {ηn} is a Ś -Cauchy sequence. If Ω
(
Ś( f (ζ2n) , f (ζ2n) ,g(ζ2n+1))

)
> 0,

then by contractive condition (1), we get,

F
(
Ω
(
Ś(η2n,η2n,η2n+1)

))
= F

(
Ω
(
Ś( f (ζ2n) , f (ζ2n) ,g(ζ2n+1))

))
� F (E (ζn,ηn,σn))

−D

⎛
⎜⎜⎝

Ś(η2n−1,η2n−1,η2n+1),
Ś(η2n−1,η2n−1,η2n+1),
Ś(η2n,η2n,η2n),
Ś(η2n,η2n,η2n)

⎞
⎟⎟⎠ , (2)

where,

E (ζn,ηn,σn)

= max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(S (ζ2n) ,S (ζ2n) ,R(ζ2n+1))

)
,

Ω−1

⎛
⎝ 1

3

⎛
⎝ Ś(S (ζ2n) ,S (ζ2n) , f (ζ2n))

+Ś(S (ζ2n) ,S (ζ2n) , f (ζ2n))+
Ś(R(ζ2n+1) ,R(ζ2n+1) ,g(ζ2n+1))

⎞
⎠
⎞
⎠ ,

1
3 Ω−1

(
1
2

(
2Ś(S (ζ2n) ,S (ζ2n) ,g(ζ2n+1))
+2Ś(R(ζ2n+1) ,R(ζ2n+1) , f (ζ2n))

))

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

= max

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Ω−1
(
Ś(η2n−1,η2n−1,η2n)

)
,

Ω−1
(

1
3

(
Ś(η2n−1,η2n−1,η2n)+Ś(η2n−1,η2n−1,η2n)+Ś(η2n,η2n,η2n+1)

))
,

1
3 Ω−1

(
Ś(η2n−1,η2n−1,η2n+1)+ Ś(η2n,η2n,η2n)

)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

= max

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Ω−1
(
Ś(η2n−1,η2n−1,η2n)

)
,

Ω−1
(

1
3

(
2Ś(η2n−1,η2n−1,η2n)+ Ś(η2n,η2n,η2n+1)

))
,

1
3 Ω−1

(
Ś(η2n−1,η2n−1,η2n+1)

)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

.

Thus, by the definition of mapping D, inequality (2) turns into the following:

F
(
Ω
(
Ś(η2n,η2n,η2n+1)

))
= F

(
Ω
(
Ś( f (ζ2n) , f (ζ2n) ,g(ζ2n+1))

))

� F

⎛
⎜⎜⎜⎝max

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Ω−1
(
Ś(η2n−1,η2n−1,η2n)

)
,

Ω−1
( 1

3

(
2Ś(η2n−1,η2n−1,η2n)+ Ś(η2n,η2n,η2n+1)

))
,

1
3 Ω−1

(
Ś(η2n−1,η2n−1,η2n+1)

)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

⎞
⎟⎟⎟⎠− τ. (3)

As

Ś(η2n−1,η2n−1,η2n+1) � Ω
[
2Ś(η2n−1,η2n−1,η2n)+ Ś(η2n,η2n,η2n+1)

]
,
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so,

1
3

Ω−1 [Ś(η2n−1,η2n−1,η2n+1)
]
� 1

3

[
2Ś(η2n−1,η2n−1,η2n)+ Ś(η2n,η2n,η2n+1)

]
.

We show that,

F
(
Ω
(
Ś(η2n,η2n,η2n+1)

))
� F

(
Ω−1 (Ś(η2n−1,η2n−1,η2n)

))− τ.

By (F1), we have Ω
(
Ś(η2n,η2n,η2n+1)

)
� Ω−1

(
Ś(η2n−1,η2n−1,η2n)

)
, that is,

Ś(η2n,η2n,η2n+1) � Ś(η2n−1,η2n−1,η2n), for all n ∈ N . If

Ś(η2n,η2n,η2n+1) > Ś(η2n−1,η2n−1,η2n),

for some n ∈ N, we have

1
3

Ω−1 [Ś(η2n−1,η2n−1,η2n+1)
]
� Ś(η2n,η2n,η2n+1). (4)

Hence by (4), we get

F
(
Ś(η2n,η2n,η2n+1)

)
� F

(
Ω
(
Ś(η2n,η2n,η2n+1)

))
� F

(
Ω−1 (Ś(η2n,η2n,η2n+1)

))− τ
� F

(
Ś(η2n,η2n,η2n+1)

)− τ,

which is a contradiction. Now for n+1

F
(
Ω
(
Ś(η2n+1,η2n+1,η2n+2)

))
= F

(
Ω
(
Ś(η2n+2,η2n+2,η2n+1)

))
= F

(
Ω
(
Ś( f (ζ2n+2) , f (ζ2n+2) ,g(ζ2n+1))

))
� F (E (ζn+1,ηn+1,σn+1))

−D

⎛
⎜⎜⎝

Ś(η2n+1,η2n+1,η2n+1),
Ś(η2n+1,η2n+1,η2n+1),
Ś(η2n,η2n,η2n+2),
Ś(η2n,η2n,η2n+2)

⎞
⎟⎟⎠ , (5)

where,

E (ζn+1,ηn+1,σn+1)

= max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(S (ζ2n+2) ,S (ζ2n+2) ,R(ζ2n+1))

)
,

Ω−1

⎛
⎝ 1

3

⎛
⎝ Ś(S (ζ2n+2) ,S (ζ2n+2) , f (ζ2n+2))

+Ś(S (ζ2n+2) ,S (ζ2n+2) , f (ζ2n+2))
+Ś(R(ζ2n+1) ,R(ζ2n+1) ,g(ζ2n+1))

⎞
⎠
⎞
⎠ ,

1
3 Ω−1

(
1
2

(
2Ś(S (ζ2n+2) ,S (ζ2n+2) ,g(ζ2n+1))
+2Ś(R(ζ2n+1) ,R(ζ2n+1) , f (ζ2n+2))

))

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
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= max

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(η2n+1,η2n+1,η2n)

)
,

Ω−1

(
1
3

(
Ś(η2n+1,η2n+1,η2n+2)+ Ś(η2n+1,η2n+1,η2n+2)
+Ś(η2n,η2n,η2n+1)

))
,

1
3 Ω−1

(
Ś(η2n+1,η2n+1,η2n+1)+ Ś(η2n,η2n,η2n+2)

)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

= max

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Ω−1
(
Ś(η2n+1,η2n+1,η2n)

)
,

Ω−1
(

1
3

(
2Ś(η2n−1,η2n−1,η2n)+ Ś(η2n,η2n,η2n+1)

))
,

1
3 Ω−1

(
Ś(η2n−1,η2n−1,η2n+1)

)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

.

Thus, by the definition of mapping D, inequality (5) becomes

F
(
Ω
(
Ś(η2n+1,η2n+1,η2n+2)

))
= F

(
Ω
(
Ś( f (ζ2n+2) , f (ζ2n+2) ,g(ζ2n+1))

))

� F

⎛
⎜⎜⎜⎝max

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Ω−1
(
Ś(η2n+1,η2n+1,η2n)

)
,

Ω−1
(

1
3

(
2Ś(η2n−1,η2n−1,η2n)+ Ś(η2n,η2n,η2n+1)

))
,

1
3 Ω−1

(
Ś(η2n−1,η2n−1,η2n+1)

)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

⎞
⎟⎟⎟⎠− τ.

From

Ś(η2n,η2n,η2n+2) � Ω
[
2Ś(η2n,η2n,η2n+1)+ Ś(η2n+1,η2n+1,η2n+2)

]
,

we have,

1
3

Ω−1 [Ś(η2n,η2n,η2n+2)
]
� 1

3

[
2Ś(η2n,η2n,η2n+1)+ Ś(η2n+1,η2n+1,η2n+2)

]
.

Similarly, if

Ś(η2n+1,η2n+1,η2n+2) > Ś(η Ś(η2n,η2n,η2n+1),

for some n ∈ N , we have

1
3

Ω−1 [Ś(η2n,η2n,η2n+2)
]
� Ś(η2n+1,η2n+1,η2n+2). (6)

Hence, by (6), we get

F
(
Ś(η2n+1,η2n+1,η2n+2)

)
� F

(
Ω
(
Ś(η2n+1,η2n+1,η2n+2)

))
� F

(
Ω−1Ś(η2n+1,η2n+1,η2n+2)

)− τ

� F
(
Ś(η2n+1,η2n+1,η2n+2)

)− τ,
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it is a contradiction. Therefore,

F
(
Ś(η2n,η2n,η2n+1)

)
� F

(
Ω
(
Ś(η2n,η2n,η2n+1)

))
� F

(
Ω−1 (Ś(η2n−1,η2n−1,η2n)

))− τ

� F
(
Ś(η2n−1,η2n−1,η2n)

)− τ.

Thus, for each n ∈ N, we have,

F
(
Ś(ηn,ηn,ηn+1)

)
� F

(
Ś(ηn−1,ηn−1,ηn)

)− τ,

which further implies,

F
(
Ś(ηn,ηn,η2n+1)

)
� F

(
Ś(ηn−1,ηn−1,ηn)

)− τ

� F
(
Ś(ηn−2,ηn−2,ηn−1)

)−2τ
. . .

� F
(
Ś(η0,η0,η1)

)−nτ.

Letting n −→ ∞ in the above inequality, we get

lim
n−→∞

F
(
Ś(ηn,ηn,ηn+1)

)
= −∞.

By (F2) , we get
lim

n−→∞
Ś(ηn,ηn,ηn+1) = 0, (7)

Now, we will prove that the sequence {ηn} is Ś -Cauchy. Assume the contrary, there

exist ε > 0 and a subsequences
{

η2ĥn

}∞

n=1
and {η2ĵn}∞

n=1 of {ηn} such for all n∈ N,

2ĵn > 2ĥn > n and Ś
(

η2ĥn
,η2ĥn

,η2ĵn

)
� ε, (8)

then,

Ś
(

η2ĥn
,η2ĥn

,η2ĵn−1

)
< ε. (9)

By contractive condition (1), we get,

F
(

Ω
(
Ś(η2ĵn ,η2ĵn ,η2ĥn+1)

))
= F

(
Ω
(
Ś( f (ζ2ĵn) , f (ζ2ĵn) ,g

(
ζ2ĥn+1

)
)
))

� F
(
E
(

η2ĥn
,η2ĥn

,η2ĵn

))

−D

⎛
⎜⎜⎜⎜⎜⎜⎝

Ś(S (ζ2ĵn) ,S (ζ2ĵn) ,g
(

ζ2ĥn+1

)
,

Ś(S (ζ2ĵn) ,S (ζ2ĵn) ,g
(

ζ2ĥn+1

)
,

Ś(R
(

ζ2ĥn+1

)
,R
(

ζ2ĥn+1

)
, f (ζ2ĵn) ,

Ś(R
(

ζ2ĥn+1

)
,R
(

ζ2ĥn+1

)
, f (ζ2ĵn)

⎞
⎟⎟⎟⎟⎟⎟⎠

, (10)
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where,

E
(

η2ĥn
,η2ĥn

,η2ĵn

)

= max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(S (ζ2ĵn) ,S (ζ2ĵn) ,R

(
ζ2ĥn+1

)
)
)

,

Ω−1

⎛
⎜⎝ 1

3

⎛
⎜⎝

Ś(S (ζ2ĵn) ,S (ζ2ĵn) , f (ζ2ĵn))
+Ś(S (ζ2ĵn) ,S (ζ2ĵn) , f (ζ2ĵn))
+Ś(R

(
ζ2ĥn+1

)
,R
(

ζ2ĥn+1

)
,g
(

ζ2ĥn+1

)
)

⎞
⎟⎠
⎞
⎟⎠ ,

1
3 Ω−1

⎛
⎝ 1

2

⎛
⎝2Ś(S (ζ2ĵn) ,S (ζ2ĵn) ,g

(
ζ2ĥn+1

)
)

+2Ś(R
(

ζ2ĥn+1

)
,R
(

ζ2ĥn+1

)
, f (ζ2ĵn))

⎞
⎠
⎞
⎠

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

= max

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(η2ĵn−1,η2ĵn−1,η2ĥn

)
)

,

Ω−1

(
1
3

(
Ś(η2ĵn−1,η2ĵn−1,η2ĵn)+ Ś(η2ĵn−1,η2ĵn−1,η2ĵn)
+Ś(η2ĥn

,η2ĥn
,η2ĥn+1)

))
,

1
3 Ω−1

(
Ś(η2ĵn−1,η2ĵn−1,η2ĥn+1 + Ś(η2ĥn

,η2ĥn
,η2ĵn

)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

.

Thus, by the definition of mapping D, inequality (10) becomes,

F
(

Ω
(
Ś(η2ĵn ,η2ĵn ,η2ĥn+1)

))
(11)

� F

⎛
⎜⎜⎜⎜⎜⎝max

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(η2ĵn−1,η2ĵn−1,η2ĥn

)
)

,

Ω−1

(
1
3

(
Ś(η2ĵn−1,η2ĵn−1,η2ĵn)+Ś(η2ĵn−1,η2ĵn−1,η2ĵn)
+Ś(η2ĥn

,η2ĥn
,η2ĥn+1)

))
,

1
3 Ω−1

(
Ś(η2ĵn−1,η2ĵn−1,η2ĥn+1 + Ś(η2ĥn

,η2ĥn
,η2ĵn

)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

⎞
⎟⎟⎟⎟⎟⎠−τ.

As,

Ś(η2ĵn ,η2ĵn ,η2ĥn
) � Ω

(
2Ś(η2ĵn ,η2ĵn ,η2ĵn−1)+ Ś(η2ĥn

,η2ĥn
,η2ĵn−1)

)
(12)

� Ω
(
2Ś(η2ĵn ,η2ĵn ,η2ĵn−1)+ ε

)
.

Letting the upper limit as n → ∞ in (12) , we get

ε � lim
n→∞

sup Ś(η2ĵn ,η2ĵn ,η2ĥn
)

� Ω
(
2 lim

n→∞
sup Ś(η2ĵn ,η2ĵn ,η2ĵn−1)+ ε

)
� Ω(ε) .
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Since,

Ś(η2ĵn−1,η2ĵn−1,η2ĥn+1) = Ś(η2ĥn+1,η2ĥn+1,η2ĵn−1) (13)

� Ω
(
2Ś(η2ĥn+1,η2ĥn+1,η2ĥn

)+ Ś(η2ĵn−1,η2ĵn−1,η2ĥn
)
)

� Ω
(
2Ś(η2ĥn+1,η2ĥn+1,η2ĥn

)+ ε
)

,

taking the upper limit as n → ∞ in (13) , we get

ε � lim
n→∞

sup Ś(η2ĵn−1,η2ĵn−1,η2ĥn+1)

� Ω
(
2 lim

n→∞
sup Ś(η2ĥn+1,η2ĥn+1,η2ĥn

)+ ε
)

� Ω(ε) .

Now, since,

Ś(η2ĵn ,η2ĵn ,η2ĥn
) = Ś(η2ĥn

,η2ĥn
,η2ĵn) (14)

� Ω
(
2Ś(η2ĥn

,η2ĥn
,η2ĥn+1)+ Ś(η2ĵn ,η2ĵn ,η2ĥn+1)

)
,

taking the upper limit as n → ∞ in (14) , we get

ε � lim
n→∞

sup Ś(η2ĵn ,η2ĵn ,η2ĥn
)

� Ω
(
2 lim

n→∞
sup Ś(Ś(η2ĥn

,η2ĥn
,η2ĥn+1))+ lim

n→∞
sup Ś(Ś(η2ĵn ,η2ĵn ,η2ĥn+1)

)
� Ω

(
0+ lim

n→∞
sup Ś(Ś(η2ĵn ,η2ĵn ,η2ĥn+1)

)
= Ω

(
lim
n→∞

sup Ś(Ś(η2ĵn ,η2ĵn ,η2ĥn+1)
)

,

which then implies,

ε � lim
n→∞

sup Ś(η2ĵn ,η2ĵn ,η2ĥn
) � Ω

(
lim
n→∞

sup Ś(Ś(η2ĵn ,η2ĵn ,η2ĥn+1)
)

. (15)

From (11), (15), and since F and Ω are continuous, we get,

F (ε) � F
(

lim
n→∞

sup Ś(η2ĵn ,η2ĵn ,η2ĥn
)
)

� F
(

Ω
(

lim
n→∞

sup Ś(η2ĵn ,η2ĵn ,η2ĥn+1)
))

� F

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
limn→∞ sup Ś(η2ĵn−1,η2ĵn−1,η2ĥn

)
)

,

Ω−1

⎛
⎝limn→∞ sup

⎛
⎝ 1

3

⎛
⎝ Ś(η2ĵn−1,η2ĵn−1,η2ĵn)+

Ś(η2ĵn−1,η2ĵn−1,η2ĵn)
+Ś(η2ĥn

,η2ĥn
,η2ĥn+1)

⎞
⎠
⎞
⎠
⎞
⎠ ,

1
3Ω−1

(
limn→∞ sup Ś(η2ĵn−1,η2ĵn−1,η2ĥn+1)
+ limn→∞ sup Ś(η2ĥn

,η2ĥn
,η2ĵn)

)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

− τ
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� F

(
max

{
Ω−1 (Ω(ε)) ,Ω−1 (0) ,

1
3

Ω−1 (2Ω(ε))
})

− τ

� F

(
1
3

Ω−1 (2Ω(ε))
)
− τ.

This implies,

F (ε) � F
(

lim
n→∞

sup Ś(η2ĵn ,η2ĵn ,η2ĥn
)
)

� F

(
1
3

Ω−1 (2Ω(ε))
)
− τ

< F

(
1
3

Ω−1 (2Ω(ε))
)

.

By (F1), we get,

ε <
1
3

Ω−1 (2Ω(ε)) .

Thus,
Ω(3ε) < 2Ω(ε) .

As Ω(a+b) � Ω(a)+ Ω(b) , so 3Ω(ε) � Ω(3ε) < 2Ω(ε) , this is a contradiction.
Hence, {ηn} is an Ś -Cauchy sequence. Since A is an Ś -complete, so {ηn} Ś -
converges to a point η∗ ∈ ω , i.e., lim

n→∞
ηn = η∗,

lim
n→∞

η2n = lim
n→∞

f (ζ2n) = lim
n→∞

R(ζ2n+1)

= lim
n→∞

η2n+1 = lim
n→∞

g(ζ2n+1)

= lim
n→∞

S (ζ2n+2) = η∗.

Let R(A ) be a closed subset of A , then, there exists u∈ A such that R(u) = η∗. we
show that g(u) = η∗. Now,

F
(
Ω
(
Ś( f (ζ2n) , f (ζ2n) ,g(u))

))
� F (E (ζn,ζn,u))

−D

⎛
⎜⎜⎝

Ś(S (ζ2n) ,S (ζ2n) ,g(u)),
Ś(S (ζ2n) ,S (ζ2n) ,g(u)),
Ś(R(u) ,R(u) , f (ζ2n)),
Ś(R(u) ,R(u) , f (ζ2n))

⎞
⎟⎟⎠ , (16)

where,

E (ζn,ζn,u)= max

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(S (ζ2n) ,S (ζ2n) ,R(u))

)
,

Ω−1

⎛
⎝ 1

3

⎛
⎝ Ś(S (ζ2n) ,S (ζ2n) , f (ζ2n))

+Ś(S (ζ2n) ,S (ζ2n) , f (ζ2n))
+Ś(R(u) ,R(u) ,g(u))

⎞
⎠
⎞
⎠ ,

1
3 Ω−1

(
1
2

(
2Ś(S (ζ2n) ,S (ζ2n) ,g(u))+2Ś(R(u) ,R(u) , f (ζ2n))

))

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

.
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Thus, by the definition of mapping D, inequality (16) turns into the following:

F
(
Ω
(
Ś( f (ζ2n) , f (ζ2n) ,g(u))

))
(17)

� F

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

max

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(S (ζ2n) ,S (ζ2n) ,R(u))

)
,

Ω−1

⎛
⎝ 1

3

⎛
⎝ Ś(S (ζ2n) ,S (ζ2n) , f (ζ2n))

+Ś(S (ζ2n) ,S (ζ2n) , f (ζ2n))
+Ś(R(u) ,R(u) ,g(u))

⎞
⎠
⎞
⎠ ,

1
3 Ω−1

(
1
2

(
2Ś(S (ζ2n) ,S (ζ2n) ,g(u))+2Ś(R(u) ,R(u) , f (ζ2n))

))

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

− τ.

Since Ω and F are continuous, so by taking upper limit as n→∞ in (17) , and applying
Lemma 1, we have ,

F
(
Ś(η∗,η∗,g(u))

)
= F

(
Ω
(
Ω−1 (Ś(η∗,η∗,g(u)

)
)
))

(18)

� F
(

Ω
(

lim
n→∞

sup Ś(η∗,η∗,g(u))
))

� F

⎛
⎜⎝max

⎧⎪⎨
⎪⎩

0,

Ω−1
(

1
3

(
0+0+ Ś(η∗,η∗,g(u))

))
,

1
3 Ω−1

(
1
2

(
2 lim

n→∞
sup Ś(S (ζ2n) ,S (ζ2n) ,g(u))+0

))
⎫⎪⎬
⎪⎭
⎞
⎟⎠− τ

� F

(
max

{
0,Ω−1

(
Ś(η∗,η∗,g(u))

3

)
,

1
3 Ω−1

(
Ω
(
Ś(η∗,η∗,g(u)

)
)
)
})

− τ

� F

(
max

{
0, Ś(η∗,η∗,g(u))

3 ,
1
3 Ś(η∗,η∗,g(u))

})
− τ

= F

(
1
3
Ś(η∗,η∗,g(u))

)
− τ.

Together with (F1), we have,

Ś(η∗,η∗,g(u)) <
1
3
Ś(η∗,η∗,g(u)).

If Ś(η∗,η∗,g(u) > 0, then it is a contradiction. Hence, η∗ = g(u) . As the pair (R,g)
is weak compatible, we have g(R(u)) = R(g(u)) , then, g(η∗) = R(η∗) . Now we
prove that g(η∗) = η∗, if g(η∗) �= η∗, then,

F
(
Ω
(
Ś( f (ζ2n) , f (ζ2n) ,g(η∗))

))
� F (E (ζn,ζn,η∗))

−D

⎛
⎜⎜⎝

Ś(η2n−1,η2n−1,η2n+1),
Ś(η2n−1,η2n−1,η2n+1),
Ś(η2n,η2n,η2n),
Ś(η2n,η2n,η2n)

⎞
⎟⎟⎠ , (19)
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where,

E (ζn,ζn,η∗) = max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(S (ζ2n) ,S (ζ2n) ,R(η∗))

)
,

Ω−1

⎛
⎝ 1

3

⎛
⎝ Ś(S (ζ2n) ,S (ζ2n) , f (ζ2n))

+Ś(S (ζ2n) ,S (ζ2n) , f (ζ2n))
+Ś(R(η∗) ,R(η∗) ,g(η∗))

⎞
⎠
⎞
⎠ ,

1
3 Ω−1

(
1
2

(
2Ś(S (ζ2n) ,S (ζ2n) ,g(η∗))

+2Ś(R(η∗) ,R(η∗) , f (ζ2n))
))

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

Thus, by the definition of mapping D, inequality (19) turns into the following:

F
(
Ω
(
Ś( f (ζ2n) , f (ζ2n) ,g(η∗))

))
(20)

� F

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(S (ζ2n) ,S (ζ2n) ,R(η∗))

)
,

Ω−1

⎛
⎝ 1

3

⎛
⎝ Ś(S (ζ2n) ,S (ζ2n) , f (ζ2n))

+Ś(S (ζ2n) ,S (ζ2n) , f (ζ2n))
+Ś(R(η∗) ,R(η∗) ,g(η∗))

⎞
⎠
⎞
⎠ ,

1
3Ω−1

(
1
2

(
2Ś(S (ζ2n) ,S (ζ2n) ,g(η∗))

+2Ś(R(η∗) ,R(η∗) , f (ζ2n))
))

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

− τ.

Again, as, Ω and F are continuous, so by taking upper limit as n → ∞ in (20) , and
applying Lemma 1, we have ,

F
(
Ś(η∗,η∗,g(η∗)

)
(21)

� F

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ω
(
Ś(η∗,η∗,g(η∗)

)
)
)
,

Ω−1
( 0+0+0

3

)
,

1
3Ω−1

⎛
⎜⎜⎝ 1

2

⎛
⎜⎜⎝

Ω
(
Ś(η∗,η∗,g(η∗))

)
+Ω

(
Ś(η∗,η∗,g(η∗))

)
+Ω

(
Ś(g(η∗) ,g(η∗) ,η∗)

)
+Ω

(
Ś(g(η∗) ,g(η∗) ,η∗)

)
⎞
⎟⎟⎠
⎞
⎟⎟⎠

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

− τ

� F

(
max

{
Ś(η∗,η∗,g(η∗)),
1
3Ω−1

(
Ω
(
2Ś(η∗,η∗,g(η∗)

)) })− τ

= � F

(
max

{
Ś(η∗,η∗,g(η∗)),
2
3 Ś(η∗,η∗,g(η∗)

})
− τ

= F
(
Ś(η∗,η∗,g(η∗))

)− τ,

a contradiction. Hence, η∗ = R(η∗) = g(η∗) , that is, η∗ is a common fixed point
of R and g. Since, η∗ = g(η∗) ∈ g(A ) ⊆ S (A ) , then there exists υ ∈ A such that
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S (υ) = η∗. we show that f (υ) = η∗,

F
(
Ω
(
Ś( f (υ) , f (υ) ,g(ζ2n+1))

))
� F (E (ζn,ηn,υ))

−D

⎛
⎜⎜⎝

Ś(S (υ) ,S (υ) ,g(ζ2n+1)),
Ś(S (υ) ,S (υ) ,g(ζ2n+1)),
Ś(R(ζ2n+1) ,R(ζ2n+1) , f (υ)),
Ś(R(ζ2n+1) ,R(ζ2n+1) , f (υ))

⎞
⎟⎟⎠ , (22)

where,

E (ζn,ηn,υ) = max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(S (υ) ,S (υ) ,R(ζ2n+1))

)
,

Ω−1

⎛
⎝ 1

3

⎛
⎝ Ś(S (υ) ,S (υ) , f (υ))

+Ś(S (υ) ,S (υ) , f (υ))
+Ś(R(ζ2n+1) ,R(ζ2n+1) ,g(ζ2n+1))

⎞
⎠
⎞
⎠ ,

1
3Ω−1

(
1
2

(
2Ś(S (υ) ,S (υ) ,g(ζ2n+1))
+2Ś(R(ζ2n+1) ,R(ζ2n+1) , f (υ))

))

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

Thus, by the definition of mapping D, inequality (22) turns into the following:

F
(
Ω
(
Ś( f (υ) , f (υ) ,g(ζ2n+1))

))
(23)

� F

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(S (υ) ,S (υ) ,R(ζ2n+1))

)
,

Ω−1

⎛
⎝ 1

3

⎛
⎝ Ś(S (υ) ,S (υ) , f (υ))

+Ś(S (υ) ,S (υ) , f (υ))
+Ś(R(ζ2n+1) ,R(ζ2n+1) ,g(ζ2n+1))

⎞
⎠
⎞
⎠ ,

1
3Ω−1

(
1
2

(
2Ś(S (υ) ,S (υ) ,g(ζ2n+1))
+2Ś(R(ζ2n+1) ,R(ζ2n+1) , f (υ))

))

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

− τ.

Similarly, as, Ω and F are continuous, so by taking upper limit as n→ ∞ in (23) , and
applying Lemma 1, we have

F
(
Ś( f (υ) , f (υ) ,η∗)

)
� F

⎛
⎝max

⎧⎨
⎩

0,
1
3

(
2Ś(η∗,η∗, f (υ))

)
,

1
3 Ω−1

(
Ω
(
Ś(η∗,η∗, f (υ))

))
⎫⎬
⎭
⎞
⎠− τ

� F

(
1
3

(
2Ś( f (υ) , f (υ) ,η∗)

))
.

Hence, f (υ) = η∗. By the weak compatibility of the pair ( f ,g) , we have S ( f (υ)) =
f (S (υ)) . Therefore, f (η∗) = S (η∗) . We prove that f (η∗) = η∗. If f (η∗) �= η∗, we
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get,

F
(
Ω
(
Ś( f (η∗) , f (η∗) ,g(η∗))

))
� F (E (ζn,ηn,η∗))

−D

⎛
⎜⎜⎝

Ś(Ś(S (η∗) ,S (η∗) ,g(η∗)),
Ś(Ś(S (η∗) ,S (η∗) ,g(η∗)),
Ś(R(η∗) ,R(η∗) , f (η∗)),
Ś(R(η∗) ,R(η∗) , f (η∗))

⎞
⎟⎟⎠ , (24)

where,

E (ζn,ηn,η∗) = max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(S (η∗) ,S (η∗) ,R(η∗))

)
,

Ω−1

⎛
⎝ 1

3

⎛
⎝ Ś(S (η∗) ,S (η∗) , f (η∗))

+Ś(S (η∗) ,S (η∗) , f (η∗))
+Ś(R(η∗) ,R(η∗) ,g(η∗))

⎞
⎠
⎞
⎠ ,

1
3 Ω−1

(
1
2

(
2Ś(S (η∗) ,S (η∗) ,g(η∗))
+2Ś(R(η∗) ,R(η∗) , f (η∗))

))

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

Then,

F
(
Ś( f (η∗) , f (η∗) ,η∗)

)
(25)

� F

⎛
⎝max

⎧⎨
⎩

Ω−1
(
Ś( f (η∗) , f (η∗) ,η∗)

)
,

0,
1
3Ω−1

(
2Ś( f (η∗) , f (η∗) ,η∗)

)
⎫⎬
⎭
⎞
⎠− τ

� F
(
Ś( f (η∗) , f (η∗) ,η∗)

)− τ,

which is a contradiction. Hence, f (η∗) = S (η∗) = η∗, that is, η∗ is a common fixed
point of f ,S. Thus,

f (η∗) = S (η∗) = g(η∗) = R(η∗) = η∗.

Therefore, η∗ is a common fixed point of f ,g,R and S . Next, assume that υ∗ is
another common fixed point of f ,g,R and S. If Ś(η∗,η∗,υ∗) > 0, then,

F
(
Ś(η∗,η∗,υ∗)

)
= F

(
Ω
(
Ś( f (η∗) , f (η∗) ,g(υ∗))

))
� F (E (ζn,ηn,υ∗))

−D

⎛
⎜⎜⎝

ŚŚ(S (η∗) ,S (η∗) ,g(υ∗)),
Ś(S (η∗) ,S (η∗) ,g(υ∗)),
Ś(R(υ∗) ,R(υ∗) , f (η∗)),
Ś(R(υ∗) ,R(υ∗) , f (η∗))

⎞
⎟⎟⎠ ,
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where,

E (ζ ,η ,σ) = max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(S (η∗) ,S (η∗) ,R(υ∗))

)
,

Ω−1

⎛
⎝ 1

3

⎛
⎝ Ś(S (η∗) ,S (η∗) , f (η∗))

+Ś(S (η∗) ,S (η∗) , f (η∗))
+Ś(R(υ∗) ,R(υ∗) ,g(υ∗))

⎞
⎠
⎞
⎠ ,

1
3Ω−1

(
1
2

(
2Ś(S (η∗) ,S (η∗) ,g(υ∗))
+2Ś(R(υ∗) ,R(υ∗) , f (η∗))

))

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

Thus,

F
(
Ś(η∗,η∗,υ∗)

)

� F

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(S (η∗) ,S (η∗) ,R(υ∗))

)
,

Ω−1

⎛
⎝ 1

3

⎛
⎝ Ś(S (η∗) ,S (η∗) , f (η∗))

+Ś(S (η∗) ,S (η∗) , f (η∗))
+Ś(R(υ∗) ,R(υ∗) ,g(υ∗))

⎞
⎠
⎞
⎠ ,

1
3 Ω−1

(
1
2

(
2Ś(S (η∗) ,S (η∗) ,g(υ∗))
+2Ś(R(υ∗) ,R(υ∗) , f (η∗))

))

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

− τ

� F
(
Ś(η∗,η∗,υ∗)

)− τ,

a contradiction. Therefore, η∗ = υ∗ is a unique common fixed point of f ,g,R and
S . �

COROLLARY 1. Let (A , Ş) be a complete symmetric Şb - metric space with b � 1
and f ,g,R,S : A → A be four self-mappings with Ω(x+ y) � Ω(x)+Ω(y) , for each
x,y ∈ [0,∞) . Moreover, if

(i) f (A ) ⊆ R(A ) , g(A ) ⊆ S (A ) and either R(A ) or S (A ) is a closed subset
of A ;

(ii) for ζ ,η ,σ ∈ A , there exist F ∈ F , b � 1 and D ∈ ΔD such that

Ş( f (ζ ) , f (η) ,g(σ)) > 0

⇒ F
(
b2Ş( f (ζ ) , f (η) ,g(σ))

)
� F (E (ζ ,η ,σ))

−D

(
Ş(S (ζ ) ,S (ζ ) ,g(σ)), Ş(S (η) ,S (η) ,g(σ)),
Ş(R(σ) ,R(σ) , f (ζ )), Ş(R(σ) ,R(σ) , f (η))

)
,
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where,

E (ζ ,η ,σ) = max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ş(S (ζ ) ,S (η) ,R(σ)),

1
3

⎛
⎝ Ş(S (ζ ) ,S (ζ ) , f (ζ ))

+Ş(S (η) ,S (η) , f (η))
+Ş(R(σ) ,R(σ) ,g(σ))

⎞
⎠ ,

1
6

⎛
⎝ Ş(S (ζ ) ,S (ζ ) ,g(σ))

+Ş(S (η) ,S (η) ,g(σ))
+Ş(R(σ) ,R(σ) , f (ζ ))+ Ş(R(σ) ,R(σ) , f (η))

⎞
⎠

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

;

(iii) the pair ( f ,S) and (g,R) are weak compatible.

Then f ,g,R and S have a unique common fixed point in A .

Proof. Take, Ω(t) = bt (b � 1) in Theorem 2 �

COROLLARY 2. Let
(
A , Ś

)
be a complete symmetric Ś -metric space and f ,g :

A → A be two self-mappings with Ω(x+ y) � Ω(x)+ Ω(y) , for each x,y ∈ [0,∞) .
Moreover, if

(i) for ζ ,η ,σ ∈ A , there exist F ∈ F and D ∈ ΔD such that

Ω
(
Ś( f (ζ ) , f (η) ,g(σ))

)
> 0

⇒ F
(
Ω
(
Ś( f (ζ ) , f (η) ,g(σ))

))
� F (E (ζ ,η ,σ))

−D

(
Ś(ζ ,ζ ,g(σ)), Ś(η ,η ,g(σ)),
Ś(σ ,σ , f (ζ )), Ś(σ ,σ , f (η))

)
,

where,

E (ζ ,η ,σ) = max

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(ζ ,η ,σ)

)
,

Ω−1

(
1
3

(
Ś(ζ ,ζ ,g(ζ ))+ Ś(η ,η ,g(η))
+Ś(σ ,σ ,g(σ))

))
,

1
3 Ω−1

(
1
2

(
Ś(ζ ,ζ ,g(σ))+ Ś(η ,η ,g(σ))
+Ś(σ ,σ , f (ζ ))+ Ś(σ ,σ , f (η))

))

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

.

Then f and g admit a unique common fixed point in A .

COROLLARY 3. Let
(
A , Ś

)
be a complete symmetric Ś -metric space and g,R :

A → A be two self-mappings with Ω(x+ y) � Ω(x)+ Ω(y) , for each x,y ∈ [0,∞) .
Moreover, if

(i) g(A ) ⊆ R(A ) and R(A ) is a closed subset of A ;
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(ii) for ζ ,η ,σ ∈ A , there exist F ∈ F and D ∈ ΔD such that

Ω
(
Ś(g(ζ ) ,g(η) ,g(σ))

)
> 0

⇒ F
(
Ω
(
Ś(g(ζ ) ,g(η) ,g(σ))

))
� F (E (ζ ,η ,σ))

−D

(
Ś(R(ζ ) ,R(ζ ) ,g(σ)), Ś(R(η) ,R(η) ,g(σ)),
Ś(R(σ) ,R(σ) ,g(ζ )), Ś(R(σ) ,R(σ) ,g(η))

)
,

where,

E (ζ ,η ,σ) = max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(R(ζ ) ,R(η) ,R(σ))

)
,

Ω−1

⎛
⎝ 1

3

⎛
⎝ Ś(R(ζ ) ,R(ζ ) ,g(ζ ))

+Ś(R(η) ,R(η) ,g(η))
+Ś(R(σ) ,R(σ) ,g(σ))

⎞
⎠
⎞
⎠ ,

1
3 Ω−1

⎛
⎜⎜⎝ 1

2

⎛
⎜⎜⎝

Ś(R(ζ ) ,R(ζ ) ,g(σ))
+Ś(R(η) ,R(η) ,g(σ))
+Ś(R(σ) ,R(σ) ,g(ζ ))
+Ś(R(σ) ,R(σ) ,g(η))

⎞
⎟⎟⎠
⎞
⎟⎟⎠

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

;

(iii) the pair(g,R) are weak compatible.

Then g and R admit a unique common fixed point in A .

COROLLARY 4. Let
(
A , Ś

)
be a complete symmetric Ś -metric space and S :

A →A be a self-mapping with Ω(x+ y)� Ω(x)+Ω(y) , for each x,y∈ [0,∞) . More-
over if

(i) for ζ ,η ,σ ∈ A , there exist F ∈ F and D ∈ ΔD such that

Ω
(
Ś(S (ζ ) ,S (η) ,S (σ))

)
> 0

⇒ F
(
Ω
(
Ś(S (ζ ) ,S (η) ,S (σ))

))
� F (E (ζ ,η ,σ))

−D

(
Ś(ζ ,ζ ,S (σ)), Ś(η ,η ,S (σ)),
Ś(σ ,σ ,S (ζ )), Ś(σ ,σ ,S (η))

)
,

where,

E (ζ ,η ,σ) = max

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(ζ ,η ,σ)

)
,

Ω−1

(
1
3

(
Ś(ζ ,ζ ,S (ζ ))+ Ś(η ,η ,S (η))
+Ś(σ ,σ ,S (σ))

))
,

1
3Ω−1

(
1
2

(
Ś(ζ ,ζ ,S (σ))+ Ś(η ,η ,S (σ))
+Ś(σ ,σ ,S (ζ ))+ Ś(σ ,σ ,S (η))

))

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

.

Then S admits a unique fixed point in A .
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COROLLARY 5. Let
(
A , Ś

)
be a complete symmetric Ś -metric space and f ,g,R,S :

A → A be four self-mappings with Ω(x+ y) � Ω(x)+ Ω(y) , for each x,y ∈ [0,∞) .
Moreover, if

(i) f (A ) ⊆ R(A ) , g(A ) ⊆ S (A ) and either R(A ) or S (A ) is a closed subset
of A ;

(ii) for ζ ,η ,σ ∈ A , ∃ λ ∈ (0,1) such that

Ω
(
Ś( f (ζ ) , f (η) ,g(σ))

)

� λ max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω−1
(
Ś(S (ζ ) ,S (η) ,R(σ))

)
,

Ω−1

⎛
⎝ 1

3

⎛
⎝ Ś(S (ζ ) ,S (ζ ) , f (ζ ))

+Ś(S (η) ,S (η) , f (η))
+Ś(R(σ) ,R(σ) ,g(σ))

⎞
⎠
⎞
⎠ ,

1
3 Ω−1

(
1
2

(
Ś(S (ζ ) ,S (ζ ) ,g(σ))+ Ś(S (η) ,S (η) ,g(σ))
+Ś(R(σ) ,R(σ) , f (ζ ))+ Ś(R(σ) ,R(σ) , f (η))

))

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

;

(iii) the pair ( f ,S) and (g,R) are weak compatible.

Then f ,g,R and S admit a unique common fixed point in A .

EXAMPLE 7. Let A = lP (0,1) , P > 1 and

‖k‖P =

(
∞

∑
i=0

|ki (t)|P
) 1

P

, for t ∈ (0,∞) .

Define Ś : A ×A ×A → [0,+∞) by Ś(k,q, l) = ‖k− l‖P+‖q− l‖P , for all k,q, l ∈A
and Ω(t) = t. Then,

(
A , Ś

)
is a complete Ś -metric space and it is symmetric . Define

f ,S,g,R : A → A by

f (k (t)) =
[
k (t)
2

]16

,

S (k (t)) =
[
k (t)
2

]8

,

g(k (ζ )) =
[
k (t)
2

]8

,

R(k (t)) =
[
k (t)
2

]4

,

where, ‖k (t)‖P � 17
10 . Clearly, f (A )⊆ R(A ) and g(A )⊆ S (A ) . We can easily, see

that, { f ,S} is a weak compatible, if {kn} is a sequence in A such that,

lim
n→∞

f (kn) = lim
n→∞

S (kn) = t, for some t ∈ A ,
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then,
lim
n→∞

| f (kn)− t|= lim
n→∞

|S (kn)− t|= 0,

and equivalently,

lim
n→∞

∣∣∣∣∣
[

ηn (t)
2

]16

− t

∣∣∣∣∣= lim
n→∞

∣∣∣∣∣
[

ηn (t)
2

]8

− t

∣∣∣∣∣= 0.

Thus,

lim
n→∞

∣∣∣[kn (t)]16 −216t
∣∣∣= lim

n→∞

∣∣∣[kn (t)]8 −28t
∣∣∣= 0.

By uniqueness of limit, we have t
1
16 = t

1
16 , hence, t = 0,1. Using continuity of f and

S , one get,

lim
n→∞

‖ f S (kn)−S f (kn)‖P = lim
n→∞

(
∞

∑
n=0

| f S (kn (t))−S f (kn (t))|P
) 1

P

,

(
∞

∑
0

| f (t)−S (t)|P
) 1

P

=

(
∞

∑
0

|0−0|P
) 1

P

= 0, for t = 0 ∈ A .

Hence,

lim
n→∞

Ś( f S (kn) , f S (kn) ,S f (kn))

= lim
n→∞

‖ f S (kn)−S f (kn)‖P + lim
n→∞

‖ f S (kn)−S f (kn)‖P = 0.

Similarly, the pair {g,R} is weak compatible. Define the mapping F : (0,∞)→ (−∞,∞)
by,

F (α) = ln(α) , for α > 0, and D(t1,t2,t3,t4) = ln

(
1
r

)
, 0 < r < 1.

Now, from

‖ f (k)−g(k)‖P =

∥∥∥∥∥
[
k (t)
2

]16

−
[
l (t)
2

]8
∥∥∥∥∥

P

=

∥∥∥∥∥
[
k (t)
2

]8

+
[
l (t)
2

]4
∥∥∥∥∥

P

∥∥∥∥∥
[
k (t)
2

]8

−
[
l (t)
2

]4
∥∥∥∥∥

P

=

∥∥∥∥∥
[
k (t)
2

]8

+
[
l (t)
2

]4
∥∥∥∥∥

P

‖S (k)−R(l)‖P

� r‖S (k)−R(k)‖P ,

where, r =
∥∥∥∥[ k(t)

2

]8
+
[

l(t)
2

]4∥∥∥∥
P

< 1, (since ‖k (t)‖P � 17
10 and ‖l (t)‖P � 17

10 ). We can

get,
‖ f (k)−g(l)‖P � r‖S (k)−R(l)‖P
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and
‖ f (q)−g(l)‖P � r‖S (q)−R(l)‖P ,

so, for all k,q, l ∈ A ,

Ś( f (k) , f (q) ,g(l)) = ‖ f (k)−g(l)‖P +‖ f (q)−g(l)‖P

� r‖S (k)−R(l)‖P + r‖S (q)−R(l)‖P

� r [‖S (k)−R(l)‖P +‖S (q)−R(l)‖P]
= rŚ(S (k) ,S (q) ,R(l))

� rmax

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Ś(S (k) ,S (q) ,R(l)),

1
3

(
Ś(S (k) ,S (k) ,g(k))+ Ś(S (q) ,S (q) , f (q))
+Ś(R(l) ,R(l) ,g(l))

)
,

1
3

1
2

(
Ś(S (k) ,S (k) ,g(l))+ Ś(S (q) ,S (q) ,g(l))
+Ś(R(l) ,R(l) , f (k))+ Ś(R(l) ,R(l) ,S (q))

)

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

.

This implies,

F
(
Ś( f (k) , f (q) ,g(l))

)

� F

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ś(S (k) ,S (q) ,R(l)),

1
3

(
Ś(S (k) ,S (k) ,g(k))+ Ś(S (q) ,S (q) , f (q))
+Ś(R(l) ,R(l) ,g(l))

)
,

1
3

1
2

⎛
⎝ Ś(S (k) ,S (k) ,g(l))

+Ś(S (q) ,S (q) ,g(l))+ Ś(R(l) ,R(l) , f (k))
+Ś(R(l) ,R(l) ,S (q))

⎞
⎠

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

− ln

(
1
r

)
.

Hence all the hypotheses of Theorem 2 are satisfied. Thus, f ,S,g and R have a unique
common fixed point.

COROLLARY 6. Let
(
A , Ś

)
be a complete symmetric Ś -metric space and f ,g,R,S :

A → A be four self-mappings with Ω(x+ y) � Ω(x)+ Ω(y) , for each x,y ∈ [0,∞) .
Moreover, if

(i) f (A ) ⊆ R(A ) , g(A ) ⊆ S (A ) and either R(A ) or S (A ) is a closed subset
of A ;

(ii) for ζ ,η ,σ ∈ A , there exist F ∈ F and τ > 0 such that

Ω
(
Ś( f (ζ ) , f (η) ,g(σ))

)
> 0

⇒ τ +F
(
Ω
(
Ś( f (ζ ) , f (η) ,g(σ))

))
� F

(
Ω−1 (Ś(S (ζ ) ,S (η) ,R(σ))

))
;
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(iii) the pair ( f ,S) and (g,R) are weak compatible.

Then f ,g,R and S admit a unique common fixed point in A .

4. Application to the system of Volterra type integral equations

Let I = [0,K] ⊂ R be a closed and bounded interval and K > 0. We consider the
system of Volterra type integral equations:

y(t) = q(t)+
∫ t

0
K1(t,s,y(s))ds, (26)

y(t) = q(t)+
∫ t

0
K2(t,s,y(s))ds, (27)

y(t) = q(t)+
∫ t

0
K3(t,s,y(s))ds, (28)

y(t) = q(t)+
∫ t

0
K4(t,s,y(s))ds, (29)

where, t ∈ I , and Ki : I × I ×R → R, i ∈ {1,2,3,4} and q : R → R are continuous
mappings. Let A = C(I,R) be the set of real continuous mappings defined on I and

Qiy(t) = q(t)+
∫ t

0
Ki(t,s,y(s))ds,

for all t ∈ I, y ∈ C(I,R) and i ∈ {1,2,3,4} . Obviously, y is a solution of system
(26)–(29) if and only if it is a common fixed point of Qi for i ∈ {1,2,3,4} .

THEOREM 3. Assume that the following conditions hold:

(a) |K(t,s,y(s))−K(t,s,w(s))| � |Q4 (y(s))− Q3 (w(s)) |, for all s ∈ [0,K] and
y,w ∈C(I,R) ;

(b) there exists a sequence {ηn} in A such that,

lim
n→∞

f (S (ηn)) = lim
n→∞

S ( f (ηn)) and lim
n→∞

g(R(ηn)) = lim
n→∞

R(g(ηn)) ,

whenever,

lim
n→∞

f (ηn) = lim
n→∞

S (ηn) = t

and lim
n→∞

g(ηn) = lim
n→∞

R(ηn) = t,

for some t ∈ A ;

(c) for every t ∈ I and τ � 1 is taken arbitrary,

sup
t∈I

∫ t

0
ds < e−τ .

Then system (26)–(29) of integral equations has a solution y∗ ∈C(I,R).
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Proof. We note that ζ ∈A =C(I,R). Define ‖ζ‖= sup
t∈I

{|ζ (t)|} . ‖.‖τ is a norm

equivalent to the superimum norm and (A ,‖.‖) is a Banach space. The metric induced
by this norm is given by

d (ζ ,η) = ‖ζ −η‖ = sup
t∈I

{|ζ (t)−η (t)|} , for all ζ ,η ∈ A .

Define the Ś -metric on A by Ś(ζ ,η ,δ ) = ‖ζ − δ‖+ ‖η − δ‖ , for all ζ ,η ,δ ∈ A .
Clearly,

(
A , Ś

)
is a complete Ś -metric space. Now, let y(t),v(t) ∈A . Then, we have,

|S1y(t)−S2v(t)| =
∣∣∣∣
∫ t

0
K1(t,s,y(s))ds−

∫ t

0
K2(t,s,v(s))ds

∣∣∣∣
�
∫ t

0
|K1(t,s,y(s))−K2(t,s,v(s))|ds

�
∫ t

0
|S4y(t))−S3v(t))|ds

�
∫ t

0
sup
s∈I

|S4y(s))−S3v(s))|ds

= sup
t∈I

|S4y(t)−S3v(t)|
∫ t

0
ds

= sup
t∈I

|S4y(t)−S3v(t)|e−2τ .

Hence,
max
t∈I

|S1y(t)−S2v(t)| � max
t∈I

|S4y(t)−S3v(t)|e−τ . (30)

Similarly, we have,

max
t∈I

|S1w(t)−S2v(t)| � max
t∈I

|S4w(t)−S3v(t)|e−τ . (31)

Therefore, from (30) and (31), we get,

max
t∈I

|S1y(t)−S2v(t)|+max
t∈I

|S1w(t)−S2v(t)|

� e−τ
[
max
t∈I

|S4y(t))−S3v(t))|+max
t∈I

|S4w(t))−S3v(t))|
]
.

This implies,

Ś(S1y(t),S1w(t),S2v(t))
� e−τ Ś(S4y(t),S4w(t),S3v(t)).

A slight modification gives

eŚ(S1y(t),S1w(t),S2v(t)) −1 � e−τ ln
(
Ś(S4y(t),S4w(t),S3v(t))+1

)
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and
Ω
(
Ś(S1y(t),S1w(t),S2v(t))

)
� e−τΩ−1 (Ś(S4y(t),S4w(t),S3v(t))

)
.

Thus,

τ + ln
[
Ω
(
Ś(S1y(t),S1w(t),S2v(t))

)]
� ln

[
Ω−1 (Ś(S4y(t),S4w(t),S3v(t))

)]
.

Putting, S1 = f , S2 = g, S3 = R and S4 = S. Then, all the hypotheses of Corollary
6 are satisfied for F(r) = ln(r) , τ > 0 and Ω(t) = et − 1 (so, Ω−1 (t) = ln(t +1)).
Therefore, f , g, R and S have a common fixed point y∗ ∈C(I,R) ; that is, y∗ ∈C(I,R)
is a solution of system (26–29). �

5. Conclusion

This paper suggests a solution for a new common fixed point problem addressing
generalized (F,Ω)-contraction in Ś -complete metric spaces. This paper produces a
new fixed point method for the existence of a solution for a system of integral equations.
The new problem can lead to further investigations and applications.
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