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NONLINEAR INEQUALITIES AND RELATED FIXED POINT PROBLEMS

MUHAMMAD NAZAM, ESKANDAR AMEER,
MOHAMMAD MURSALEEN* AND OZLEM ACAR

(Communicated by J. K. Kim)

Abstract. In this paper, we introduce a nonlinear inequality based on four self-mappings. We
give necessary conditions which ensure the existence of a common fixed point of four self-
mappings satisfying said inequality defined in §-metric spaces. A common fixed point problem
is discussed. We set up an example to elucidate our main result. Moreover, the existence of a
common solution to a system of four integral equations is shown by application of main result.

1. Introduction

The study of metric fixed point theory was initiated by Banach (1922) [4]. The
metric fixed point theory has been enriching by introducing several structures, gen-
eralizing underlying metric space and contractive condition in it. The Banach con-
traction principle [4] has been proved in several different abstract metric spaces (see
[6, 7,8, 10, 11, 13, 18]). Before the publication of the paper by Mustafa et al. [13]
(2006), the metric mappings were defined on X> (X is any non-empty set), Mustafa
et al. [13] introduced a metric mapping defined on X and it is known as G-metric.
Mustafa et al. [13] proved Banach contraction principle in G-metric space and gave
several examples to establish its superiority over Banach contraction principle in metric
space. Sedghi et al. [17] (2012), following the abstract metric introduced by Mustafa et
al. [13], introduced another abstract metric defined on X3 called S-metric and proved
analogue of Banach contraction principle (see also [3, 12, 16]).

The concept of F-contraction given by Wardowski [21] proved to be another mile-
stone in fixed point theory and numerous research papers on F-contraction have been
published (see [2, 9, 1, 14, 20, 22] and references therein ).

In this paper, we follow Mustafa et al. [13] and Sedghi et al. [17] to introduce an-
other nonlinear inequality known as (F,€2)-contraction and discuss some new common
fixed point problems in S-complete metric spaces. Examples are also given for expla-
nation. An application to existence of the solution to a system of integral equations is
presented.
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2. Preliminaries
Let W represents the collection of mappings Q : [0,00) — [0,0) satisfying:
(Q1) Q is strictly increasing;
(Q2) Q1) <t <Q(t) and Q71 (0)=0=Q(0);
(Q3) Q is continuous.

Following are some examples of members of this family.

EXAMPLE 1. Let Q;: [0,00) — [0,00), i € {1,2,3} defined by
Qi (t)=€—-1,1t>0,
Q(t)=te, 1 >0,
Q3 (t)=1>+2t,t>0.

DEFINITION 1. [17] Let &/ be a nonempty set. A mapping d: o xd — [0,0)
is said to be a p-metric if if there exists Q € W such that for all {,n,z € &, the
following axioms hold:

(:1’1) ch’(C,n) =0 ifand only if { =n;
(dy) d(8,8)<d(l,n);
() d(¢,n)=d(n,{);

<m>&4@<QP@mwﬁm@]

The pair (<7,d) is called a p-metric space.

A b-metric [6] is a p-metric with Q (¢) = bt for some b > 1. If Q € W, then every
metric is a p-metric while a p-metric space becomes a metric space with Q (1) =1.

DEFINITION 2. [17] Let <7 be a nonempty set. A mapping S: &7 X &/ X o/ —
[0,0) satisfying following conditions, for all {,n,v,0 € &,

(S1) S(¢,n,v)=0ifandonlyif { =1 =v;
($2) 5(¢:n,v) <S(L,L,0)+S(n.n,0)+5(v,v,0).
is called an S-metric on <7 and the pair (7,S) is called an S-metric space.

The S-metric space is a generalization of a G-metric space [13], that is, every
G-metric space is an S-metric space but, in general, the converse is not true. Following
example explains this fact.
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EXAMPLE 2. Let &/ =R" and ||.|| beanormon &7, then S(,n,v)=|n+v—2{||

+||n — v]| is an S-metric on </ . However, due to lack of symmetry, it is not G-metric
on o .

Every S-metric space is an Sp-metric space with b = 1 but, in general, the con-
verse is not true, see the following example.

EXAMPLE 3. Let o/ =R, then S.({,n,v) = [[n+v—2|+|n—v[]* isan Sy-
metric on &/ with b =4, for all {,n,v € &/. Nevertheless, it is not an S-metric on
. Indeed, let { =3,N=50v="7, and a= % Hence,

8.(3,5,7) = [|5+7—6|+[5-7|* = 8> = 64,
r 2
7 7 7 5
* 9y = = —_ _— :1 :17
S(332) _3+2 6'+'3 2]
r 2
7 7 7
S(5,5,2) _5+2 0'+'5 2] 32=9,
r 2
7 7 7
(7.7,=) = ||17T+=—14|+|7T—=|| =7*=49.
S«(7, ,2) _ +5 '+' 2] 9
Thus,
S.(3,5,7) = 64

~59—8, (3,37%) +S. (5,5,%) +S. (77%)

DEFINITION 3. Let <7/ be a nonempty set. A mapping S : &7 X o/ X o/ — [0,0)
is said to be an S-metric if there exists Q € ¥ such that forall {,n,v,0 € &7, we have
(S1) S(¢,n,v)=0ifandonlyif { =n=1v;

($2) $(&:n.v) <Q[S(£,¢,0)+S8(n,n,0)+5(v,0,0)].
The pair (<7, S) is called an S-metric space.

Every metric space is an S-metric space but in general the converse is not true (see
Example 4).

EXAMPLE 4. Let (<7,S) be an S-metric space, then S({,1,v) = ¢S(Em0) — 1 is
an S-metric with Q(7) = ¢ — 1 but it is not metric on &/ since, it is not symmetric.

The S-metric space is a generahzatlon of S-metric space and Sp -metric space
[19]. The S-metric space is an S-metric space for each Q € W. Every S-metric space
is an Sj,-metric space [19] with b > 1 and Q(¢) = br.

DEFINITION 4. The S-metric is called symmetric if S(,&, 1) = S(n,n,§), for
all {,ne .
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EXAMPLE 5. Let (7,S) be an S-metric space. Then
(i) $(&,m,v) =5V — 1 isan S-metric with Q(t) = ' — 1.
(i) S(¢,n,v) =S(£,n,0)eSENY) s an S-metric with Q (1) =te'.
(iii) S(&,m,v) =Q(S(¢,n,v)) is an S-metric and it is symmetric for each Q € \P.
DEFINITION 5. Let (7,S) be an S-metric space. A sequence {{,} C <7 is said

to be:

(i) S-Cauchy if for every € > 0, there exists a positive integer ng such that for all
m,n 2 no, S(C"’Crhcm) < 87

(ii) S-convergent to a point { € o if for every € > 0, there exists a positive in-
teger ng such that for all n > ng, S(¢,¢,&,) < e. Similarly, for every € > 0,
there exists a positive integer ng such that for all n > ng, S(&,,8,,§) < € and

(61,6 6n) <&
(iii) An S-metric space </ is called S-complete, if each S-Cauchy is S-convergent

in <.

LEMMA 1. Let («7,S) be an S-metric space.
(i) Assume that {{,} and {n,} are S-convergentto { and 7, respectively. Then we
have

Q72(8(¢,¢,m)) < ’}ilginfé(én,ln,nn)
< r}i_l}}osupS(Cn,Cn,nn) < Q? (S’(C»Cﬂ’l)) :

In particular, if { =1, then we have lim,_..S (&1, 6, mn) =0.
(ii) Assume that S-metric is symmetric and {{,} is S-convergentto { and v € & is
arbitrary. Then we have

Q71 (S(¢,¢,v)) < lim infS(&,, &, v)
< Jim sup (&, &, v) <Q(S(E,¢m))

DEFINITION 6. [21] Let («7,d) be a metric space. A map T : o — <7 is said
to be an F,, -contraction, if there exist 7 > 0 and F € .%| such that

vEn e, d(T(6),T(n)>0=1+F(d(T(S),T(M))) <F(d(n)),

where .%) is the family of mappings F,, : (0,00) — (—oo,00) satisfying: (WF' 1) F' is
strictly increasing; (W F'2) for each sequence {1,},_; C (0,00),

lim F (t,) = —eo < lim 7, = 0;

n—o0 n—oo

and (WF 3) there exists [ € (0,1) such that lim,_y+ t'F(¢) = 0.
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THEOREM 1. [21] Let (<7,d) be a complete metric space and let T : of — of
be an F,, - contraction. Then T has a unique fixed point in < .

Piri and Kumam [15] modified the notion of F,,-contraction as follows:

DEFINITION 7. [15] Let (<7,d) be a metric space. A mapping T : &/ — o/ is
said to be an F -contraction if there exist F € .% and T > 0 such that

vEn e, d(T (), T(n)>0=1+F(d(T(S),T(N)<F(d(Emn)),

where # is the set of mappings F : (0,00) — (—oo,00) satisfying the following condi-
tions:

(F1)Forall {,n € RT =(0,) suchthat { <n < F({) <F(n);
(F2) For each sequence {#,};_, of positive numbers,

lim F (,) = —oo if and only if lim#, = 0;

n—oo n—so0

(F3) F is continuous.

3. Existence Theorems

Let Rar represents non-negative real numbers and Ap be the set of all continuous
mappings D : Rj x R x R} x Rj — R with the property (P).

(P): if the numbers #1,1,13,,14 € RT have zero product, then there exists 7 > 0
such that D(Il,l‘z,t3,t4) =T.

Let the mapping E : &/ x &7 X o/ — R be defined by

Q' (S(5(£),5(n),R(0))),
S(S(£).5(0).f(0))

Q'3 #SSM).Sm). L) |
+S(R(0),R(0),8(0))

E(¢,n,0) = max

10o-1 1
397 | 2

DEFINITION 8. Let (<7,S) be an S-metric space. The self-mappings f,g,R,S :
o/ — of are said to form (F,Q)-contraction, if there exist F € .# and D € Ap such
that

= F(Q(S(f(£),f(n).g(0)))) <F(E({.n,0))
_D< S(S(£).8(8).8(0)),5(s(n).S(n),8(0)), ) )
S(R(0),R(0),f(£)),S(R(0),R(0),f (1))



946 M. NAZAM, E. AMEER, M. MURSALEEN AND O. ACAR
EXAMPLE 6. Let o7 = [0,1]. Define S: o7 x o/ x o/ — [0,+o0) by,
g(cm,o-) — pll—al+n—cl] _ 1,

forall {,n,0 € & and Q(t)=¢ — 1 (so, Q7' (t) =In(r+1)). Then, («,S) isa
complete S-metric space. Define, f,S,g,R: &/ — by

16 =m(1+%).

SB) =P 1,
¢(B) =1n(1+ﬁ),
R(B) = B 1,

for all B € «/. Define the mappings F : (0,00) — (—eo,0) and D : Rj x RJ x R} x
]Ra' — RT by,

F(o)=In(a), fora >0, and D(1,1,13,14) = 1.

Now, for all {,n,0 € o7, with Q(S(£(£).f(n),g(0))) > 0, we have,

(
Hence, the maps f,¢,R,S: o/ — &/ form (F,Q)-contraction.

THEOREM 2. Let (%,S) be a complete symmetric S-metric space and f,g,R,S:
o — o be four self-mappings forming (F,Q)-contraction. Let Q(a+Db) > Q(a)+
Q(b), for each a,b € [0,0). Moreover, if

(i) f()CR(H), g() CS() and either R() or S()is a closed subset
of o ;

(ii) the pair (f,S) and (g,R) are weak compatible.
Then f,g,R and S admit a unique common fixed point in <7 .
Proof. Let §y € o/ be an arbitrary point. By (i), there exist &;,{, € & such that

f(%)=R(&1) =noand g(&1) =S(&) = MNo-

Repeating above steps, we construct a sequence {1,} in </ such that

Mon = f(&2n) = R(Cony1) and Mopy 1 = g (Cons1) = S(Cans2): n=0,1,2,....
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We show that {1,} is a $-Cauchy sequence. If Q (S(f (&n),f (&n) 18 (S2nt1))) > O,
then by contractive condition (1), we get,

F(QS(f (&) o f (&20) 18 (Gans1))))

F(E (Gu; M, 0n))
S(Mon—1,M2n—1,M2n+1),
S(n2n71»n2n717712n+1)7
*S:(n2n7n2n7n2n)a
S(M2n, M2ns Man)

F (Q(S(M2ns Mans Man1))) =

-D 2)

where,
(cn»nmgn)
(S CZn CZn) (CZn-‘rl)))a
S(~?(§2n) :S(8an) f (Gan))
~ max Q'3 +8(85(Can) S (Con) . f (Con))+ )
S(R(§2n+l)aR(C2n+l)7g(C2n+l))
10-1(1 2§(§(C2n)75(c2n)78(Czn+1))
3 (2 <+2S(R(§2n+l)7R(C2n+l)af(c2n)) ))
Q1 (S(Man—1,M2n—1.M20)) ,
=max{ Q! (1 (S(Man-1,M2n—1,M2n) S (M2n—1, M2n—1, M2n) S (M2, N2ns Mon1)) ) »
1Q7 1 (S(Man—1 M2n—1 M2ns1) + S(M2ns M2n, N2n) )
Q! (g(nzn—l,nzn—l,nzn)) )
= max{ Q' (3 (2S(Man—1,M2n—1,M20) + S(M2n, Mo, M2n+1)) ) »
2O (S(M2n—1,M2n-1,M2n+1))

Thus, by the definition of mapping D, inequality (2) turns into the following:

F (Q(S(20, Moy ons 1))
=F(Q(S(f (&), f (&2n) 8 (G2ns1))))
Y (S(M2n—1,Man—1,"M2n))

(2S N2n—1,M2n— l7n2n)+S(n2n7n2n7n2n+l))) —T. (3)

(
< F|maxg Q7 1(4
1( n2n 1, M2n— 17n2n+1))

L»I'—‘

As
/(nzn 1 M2n— 1, M2ns 1) < Q [Zg(nzn—l,nzn—l,nzn) +S(772n,772n,772n+1)] )
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S0,

[28(n2n 1, M2n— 17n2n)+S(n2nan2nan2n+l)]

LoJlr—t

1 P
5971 [S(n2n717n2n717n2n+1)j| S
‘We show that,
F (Q (S(n2na M2n, n2n+l))) <F (971 (S(n2n7171"2n71 , n2n))) 1.

By (F1), we have Q (S(N2s, M2n, M2n+1)) < Q71 (S(M2n—1,M2n—1,M24)) . that is,
S(n2nan2nan2n+l) < S(n2n717n2n717n2n)7 forall n e N. If

S(nzn,nzn,nzm) > S(nzn—l,nzn—l,nzn),

for some n € N, we have

1 . .
59_1 [S(Man—1,Mon—1,M2n+1)] < S(Man, Mon, Nans1). 4)

Hence by (4), we get

F( ( (n2n7n2n7n2n+l)))
F(Q ( (n2n7n2n7n2n+l)))_7:
F( (n2n7n2n7n2n+l))_17

F (S(nzn,nzmrhnﬂ))

NN N

which is a contradiction. Now for n + 1

(Q(S(M2nt2: Mns2:Mans1)))

F

F(Q(S(f (Gans2) f (Lant2) -8 (Lant1))))

F(E(§n+lann+170n+l))
S(Man+1, Mant1, Mant 1)
S(n2n+lan2n+l7n2n+l)7

—D| 5
S(nzn,nzn,nznn), )
S(M2ns N2n, Non+2)

F (Q (S(n2n+l s Mon+1, n2n+2)))

N

where,

E(Cn+1ann+la6n+l)

Q' (S(S(Gant2) S (Gant2) R (Gnt1))) »
S5 (Gnt2) 8 (Gns2) o f (§2nt2))

— max o % +’S:(S(C2n+2) ’S(C2n+2) 7f(€2n+2)) s
+S(R (C2n+1) aR(C2n+l) ,8 (C2n+l))

i1 25(§(Czn+2),S(§2n+2),g(52n+1))
¢ (2 <+2S(R(Czn+1)7R(Czn+1),f(Cszrz)) ))

L=
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Q' (S(Mans1: M2nr1,M2n)) »

- o-1(1 (S(n2n+lan2n+lan2n+2)+S(n2n+l7n2n+l7n2n+2) ))
= max 3 5 )
+8(M2n, M2ns M2ns 1)

Q1 (S(Mans 1, Mon1: M2nt1) + S(Many Mons Mans2))

(ST

Q! (S(n2n+1,772n+1a772n)) )

= max{ Q7! (% (Zg(nzn—l,nzn—l,nzn) +S(n2n,n2n,n2n+1))) ;

17 (S(Man-1,Man—1,Man11))

Thus, by the definition of mapping D, inequality (5) becomes
F (Q (S(n2n+l s M2n+1, n2n+2)))

=F (Q (S(f(c2n+2) ,f(c2n+2) »8(@2%1))))

! n2n+lan2n+l7n2n)) y

(S(
< F [ max< Q7 (

1
3
17 (S(M2n—1,M2n1,M2n 1))

From
S(Mans 2wy Manr2) < [28(1Mon, Mans M2ns1) + S(Maniets Mans 1, Mans2)]
we have,
1 1
59 S (nzn,nzn,n2n+2)] S3 [2S(n2n,7]2n,7]2n+1) +S(772n+1,712n+1,772n+2)]

Similarly, if
5(772n+1,772n+1,772n+2) > S(nﬁ(nzn,nzn,nzm),

for some n € N, we have

| SN .
59 (S0, Mons Mans2)] < SN2 1, Mone 1, Mans2).-

Hence, by (6), we get

F(S(n2n+lan2n+l7n2n+2)) < F( ( (n2n+lan2n+lan2n+2 ))
< F(Q7'S(Mans1, Monr1:Mang2)) —
<F

(S(Mant1s Mans 1, Mons2)) — 7,

(28(Man—1, M2n—1,M2n) + S(M2n, Mons Mans1)) ) » - T

949

(6)
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it is a contradiction. Therefore,

< F( ( (n2n7n2nan2n+l)))
<F( ( (n2n 1, M2n— l7n2n))) T
<F( (M2n—1,Mon— 17772n))_7~

F (S(nzn,nzn,n2n+1))

Thus, for each n € N, we have,

F (S M Mns1)) < F (S(Mp—1,M1.)) — 7,

which further implies,

F (S(nn—lynn—l, nn)) -7
F(S(My-2,Mn-2,M-1)) =27

F (S(nna nn; n2n+l)) <
<

<F (g(n07770»n1)) —nt.
Letting n — oo in the above inequality, we get
nhl>an (g(nnann;nn-&-l)) = —oo.

By (F2), we get
nli—II>l.,<,S(nn7nnann+l) =0, 7

Now, we will prove that the sequence {n,} is S-Cauchy. Assume the contrary, there

exist € > 0 and a subsequences {772;} } 1 and {1y, }_, of {n,} suchforall n €N,
n n—= -

27 > ZI:I,, >nand S (1‘]2;[”,7]2}1”, lejn> = €, ®)

then,
S (nzﬁn7 lei,n y n2_”7,1—1> < E. 9)

By contractive condition (1), we get,

F (2 (8002, m29,m31,1)) ) = F (@ (S0 @30/ (G3)8 (&1 ))))
SF (E (77212 1 hop, ’7723,1))

S(S(623,) 8 (G23,) -8 (S o1 ) »

D /( Cz]n C2 n) CthJr] ’ 7 (10)
SR Eajyi1 ) R Czh 1) (823.),
S( Czh,,+1 R C2Jn)
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where,
E (nzf,n, 712;;”,772&,,>

o <§(S(Czﬁn)75(§2jn) R (Czil"+1>)> 7

( (823,) 8 (&23,) - f (&23.))
Q' +8(5(823,) 8 (&23,) - f (£23,))

= max +S(R <C2h,,+1> R (Cziznﬂ) 8 (Cﬂn“))
ot (1 [2565).5) 2 (%5, ))
P\ 2SR (8,1 R (Siy1 ) o (@)

< M25,—1,M25,—15 Taj, )>

(ST

— max (L( n2g,,—17n2g,,—1a772]n) 5(7723,1—1,7723,1—1,772@,) ))
3\ HS( (M, > Mo, Mo, 41) ’
% 1 (772]n—1a772]n—1a772hn+1 +S(n2hnan2hn7n21n>

Thus, by the definition of mapping D, inequality (10) becomes,
F (2 (S5, 3, m33,1)) ) (1

0! (S(n25n7177725n717772;;n)) ;

< F max Q 1 (l ( (1’72371*1’n2.h7n*1’n2j)1)+g(n2371*1’nzjn*l’nzhh) )) —T.
3\ A8z, Mg Moy 1) ’

%Q ( n2j,1717n23,1717n2]}n+1 +S(n2;}n»n2;;n77725,,>

S(M23,0 M2z, Ms5,) < Q2 (25’(7723,171725”»7723"71) +§(n2ﬁn7”2ﬁn’n27'1*1)> (12
< Q(28(M23,, Mgy M2j—1) +€) -

Letting the upper limit as n — oo in (12), we get

& < lim sup (123, 123, Maj,)

<Q (2}_1};511135(7723”71725,,77725,,71) + 8)
< Qe).
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Since,

S5 1, M2, 1M, 1) = S 415 Moy 15 20 —1) (13)
Q( (712;,,#1,772;,"“,772;1,,) 5(7123,1—1,7123,1—1,712;,,1))

<@ (25(77211 10 Mg 1 Thj, )+ 8)’

taking the upper limit as n — oo in (13), we get

N

& < lim supS(125,-1,M23, -1, Majy, 41)

<Q <2}E}l SUPS’(nzﬁnH Mo, 410 Tai,) + 8)
Q(e).

N

Now, since,
S(M23,s M3, M3,) = (Mo > My, » M23) (14)
<Q <2S(n22n»nzﬁn» Mj+1) +S(123,, n2§n»nzﬁ,,+1)> .
taking the upper limit as n — oo in (14), we get
€ < lim sup (123, M23,: i, )
< Q (2 fim supS(S(y5, M, Moy 1))+ Jim supS(S(25,. M2z, i, 11
<Q (0 + lim supS(S(M23,5M23s Mo, 11 ))
=Q (,,152 SUPS(S(TD&":n2ﬁnan2;}n+1)> ,
which then implies,
e < lim supS(n2s,. Mg, My, ) < @ (lim supS(S(n2, M3 Moy 1)) - (19)
From (11), (15), and since F and € are continuous, we get,
F(e)<F (}i_lgsupé(nzjw1725,,»’72@))
<F (Q (nlg{}c Supg(n2ﬁnan2jnan22n+1)>>
Q! (limnﬁm Supg(nzjn—l,nzjn—l,nz;;n)> ;

(772],1—1,772],1—1,772],1)4-
Q! [ limy—osup | £ (772Jn 151291, 123,
8 (M, Moy s Moy 1

N
!

max

3 +1limy—e SUPS(nzh,17 lehn , n2],1

)
)
lQ ( hmn_"x’ SupS(nzjn I nz]n I n2h a1 )
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<F (max{Ql (Q(e)), Q7! (0),%9*1 (29(s))}> -1
<F (ég—l (29(3))) —1.
This implies,
Fe) < F (fimsopSinz, ) < F (27 2900)) -
<F (%Ql (2Q (s))) .
By (F1), we get,

e< %Q‘l (2Q(¢)).

Thus,
Q3e) <2Q(e).

As Q(a+b) > Q(a)+Q (D), so 3Q(e) < Q(3¢e) < 2Q(¢), this is a contradiction.
Hence, {n,} is an S-Cauchy sequence. Since </ is an S-complete, so {n,} S-
converges to a point n* € w, i.e., limn, =n%,

Nn—oo

lim 12, = }}iirgof@zn) = ,}ij{}oR(Can)
= }}E}(}onznﬂ = r}i_l}}og(ébnﬂ)

= Y}E}(}OS(C2n+2) =n.

Let R (/) be a closed subset of <7, then, there exists u € <7 such that R (1) =n*. we
show that g (u) = n*. Now,

7S(C2n) 7g(u))7
S (o) 8 (u)), 7 (16)

where,

971 (S(S(CZn) CZn ))
<<czn> S (Gon) o f (Gon))
E (8, Gnyu) =max{ Q7' +5(S(&n),S (Gon) o f (Gon)) | |
+S(R (u) R (u), g (1))
1O~ (1 (285(S (Gn) .S (Gon) 8 (1)) +28(R (u) ,R (), f (Gan))))
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Thus, by the definition of mapping D, inequality (16) turns into the following:

F(Q(S(f (Gon) o f (Gon) 18 (w)))) (17)
Q1 (S(S(&n) .S (L2n) ,R (),
( (&2n) 1S (o), f (Gan))
< F | max{ Q7! ( (82n) ;S (C2n) » f (o)) ) — 7.
+S(R (u) R (u), g (1))
1071 (L (28(S(Can) .S (Gon) 8 (1)) + 28(R () R (u) . £ (G2))) )

Since Q and F are continuous, so by taking upper limit as n — oo in (17), and applying
Lemma 1, we have,

F(S(*n"g()) =F (Q(Q (SM"n"2(w))))) (18)
< F (@ JimsupS(n*,n,g ())) )
O»
< F | max (%(0+O+Sn N8 (), -1
%sz (4 (2hmsups< (Gan) S (Gan) 8 () +0) )
Q-

<F<max{0’ <(n 113;, })
QS ,g
( {O S(n* n (1)) }) .
max ’ —

Sn* n *,g(u))
—F(l S " g u >>)—r.

Together with (F1), we have,
5 * * 1. * *
S(m*n",g () < 35", n",g (u)).

If S(n*,n*,g(u) > 0, then it is a contradiction. Hence, n* = g (u). As the pair (R,g)
is weak compatible, we have g(R(u)) = R(g(u)), then, g(n*) = R(n*). Now we

prove that g (n*) = n*, if g(n*) # n*, then,

n

F(Q(S(f (&n) . f (&2n),8(1"))))

F(E(Gn,Cnin"))
S(Man—1,M2n—1,M2nt 1),

_ S(n2n 1, M2n— l7n2n+l)

b S(n2n7n2n7n2n); (19
S(n2nan2nan2n)
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where,

Q' (S(S(Gan) S (Gan) R

(n

((c2n) (C2n)

Q{4 +S(5(G2) S (Gan

E (G §oom") = max +S(R(*) R (0

Q ! %( C2n C2n ( ))
+28(R(M%).R(7).f (&) )

)

f(&an))
) f (Gan)) | |
)&M)

2
f(

Thus, by the definition of mapping D, inequality (19) turns into the following:

F(Q (S(f(cZn)»f(cZn) ( *)))) (20)
“L(S(S (o) S (Gn) R (M)

(S(&n) . S(Can) o f (&2n))
Q! +S(S(Cz )>S(8an) s f (Can))
< F | max —l—S(R(n ).R(M*),g(n")) -1

1%( S(&n),S(&an),8(M7))
(2SR RO, f &)

Again, as, Q and F are continuous, so by taking upper limit as n — o in (20), and
applying Lemma 1, we have,

F(S(n*.n*.g(") 1)
1

< F | max Q(S(U*,n*,g(n*))) o
1ot | 1| RS g (7))
3 2| (S ,g(m).n")
+Q(S(g("),g(n*),n"))
)

a contradiction. Hence, n* =R

(n*) = g(n*), thatis, n* is a common fixed point
of R and g. Since, n* =g(n*) € ¢ S

(&), then there exists v € &/ such that
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. we show that f(v) =

oz

— ‘S:S v), 2n+1

P SR (&an+1) R (Gans) o f (V) (22)
SR (Gan+1) R (Gans1) £ ()

where,

Q1 (S(S(v),S(v).R(Gans1))) »

S(S(v),S5(v), f(v))
Q'3[ +S(5(v).S(v),f(v) :
+S(R(C2n+l) aR(C2n+l) ag(C2n+l))

10~ 28(8(v),8(v),8(Eant1))
2 ( <+25( R (Con+ )7R(§2n+1)7f(v))>)

Thus, by the definition of mapping D, inequality (22) turns into the following:

E (&, M,

V) = max

F(Q(S(f (v),
Q-

f(v)&(
)

Gont1))))

L(S(S(v),5(0),R(Canr1))

S(v),f(v))

max

( (S( (v),
Qfl
+S(R (Lant1) s

+5(8(v),5(v), f(v))

(C2n+1) ,8 (C2n+l))

))

(23)

Lot (1 (25(5(0).5(v) g
s ( <+zw R(Gons1) R

(Can+1)) ))

(C2nt1),f (V)

Similarly, as, Q and F are continuous, so by taking upper limit as n — oo in (23), and

applying Lemma 1, we have

F(S(f(v).f(v),n

0,
< F | max %(
107

S(n*

@

S HELONT

Hence, f(v) =
f(S(v)). Therefore, f(n*)

)

N5 f(
(S(n*
)*

8| )))~

b )
N f(v)))

n . If f(n

n*. By the weak compatibility of the pair (f,g), we have S(f(v))
=S5(n*). We prove that f(n*) =

) #nF, we



NONLINEAR INEQUALITIES 957

get,

("))
. | o

where,

) ) ;

1(1 (S@((n(*)f(n(*%)f n(*)))) ))

. QI +S65("), s, f(n* ;
E(Cﬂanlﬂn ):max ’ /R(n*),R 7g

Then,

F(S(f(n*),f(n*),n") (25)

( {Q‘l(S'(f(n*),f(n*)m*)% })

< F | max< O, -7
QL 2S(r (), f(n*),m"))

SF(S(F(*).f(m,n") -1,

which is a contradiction. Hence, f(n*) =S(n*) =n*, thatis, n* is a common fixed
point of f,S. Thus,

fm)=8SMm") =g )=R(MN")=n".

Therefore, n* is a common fixed point of f,g,R and S. Next, assume that v* is
another common fixed point of f,g,R and S. If S(n*,n*,v*) > 0, then,

F(S(",n"v7) = F(Q(S(f(n).£ (). (v")))
F(E (G M, v7))

<
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where,
Q' (S(S(*),S(n"),
o (Ssar
Q[ 3| +5(S(n
_ 3 >
E(C,n,a)—max +S(R(U*
1o-1(1 2§(§(’7*
3 2\ +28(R(v
Thus,

Q1 (S(S(n"),S(n"),R(v))),

Q! (l (g(s((n(*>,;9(n(*> f;"(*”)) ))

3 HSEsmH), s, f(n* ,
S F [ max : +S(R(v*),R(v*),g(v"))

11 (1 (25(8(n).S(n"),g(v))

3§2 <2<+2S(R(v*),R(v*), (n*) )

a contradiction. Therefore, n* = v* is a unique common fixed point of f,g,R and

S. O

COROLLARY 1. Let (&7, §) be a complete symmetric §,- metric space with b > 1
and f,g,R,S : &/ — o be four self-mappings with Q (x+y) = Q(x) +Q(y), for each

x,y € [0,00) . Moreover; if

(i) f()C
of A ;

(ii) for {,n,0 € o, there exist F € F

(f &) f
F(b*S(f

(n),g(0))
(¢

S(S
D( (R

n >0
).f(M),2(0)))
(£),8(8),g(0))
(0),R(0),f(8)

F
$(S(n),
):$(R(0)
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,b>1and D € Ap such that

(E(¢,n,0)

R(), g(o/) CS(&) and either R(/) or S(<)is a closed subset

)
s(n ), (), )
R(o),f() )’
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where,

E({,n,0)=max

(iii) the pair (f,S) and (g,R) are weak compatible.

Then f,g,R and S have a unique common fixed point in <7 .

Proof. Take, Q(t) =bt (b>1) in Theorem?2 O

COROLLARY 2. Let (%73‘) be a complete symmetric S-metric space and f,g :
o — o be two self-mappings with Q (x+y) = Q(x) + Q(y), for each x,y € [0,).
Moreover, if

(i) for {,n,0 € o, there exist F € % and D € Ap such that

where,
Q' (8¢ n,0)),

o (55 ),

R ( <+(s§<<§ S (n<g ) ))

Then f and g admit a unique common fixed point in <7 .

E({,n,0) = max

COROLLARY 3. Let (4&7 7§) be a complete symmetric S-metric space and g,R

of — o be two self-mappings with Q (x+y) = Q(x) +Q(y), for each x,y € [0,00).
Moreover, if

(i) g(«/) CR(&) and R(<7) is a closed subset of < ;
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(ii) for {,n,0 € &, there exist F € .% and D € Ap such that

where,

E(¢,n,0) = max

(iii) the pair(g,R) are weak compatible.

Then g and R admit a unique common fixed point in < .

COROLLARY 4. Let (d 7§) be a complete symmetric S-metric space and S :

o — of be a self-mapping with Q (x+y) = Q (x)+Q(y), for each x,y € [0,°0) . More-
over if

(i) for {,n,0 € o, there exist F € .% and D € Ap such that

!Mﬂs@)smxs<»>>o
F(Q(S(5(£),5(n),5(0)))) < F(E(L.n.0))

(£.2.5(0)).8(1.0.5(0)).
D(wGs@»<coum>)

where,

“H(8(¢.n.0)),

E({,n,0) = max ( <+§GC§S S-St ))’

(L (SE.6.5(0)) +S(n.1.5(0))
%Ql<%<+ﬂ0mnMC»+MGC%Wn»)>

W=

Then S admits a unique fixed point in < .
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COROLLARY 5. Let (;%S) be a complete symmetric S -metric space and f,g,R, S :
of — of be four self-mappings with Q (x+y) > Q(x) + Q(y), for each x,y € [0,00).
Moreover, if

(i) f()CR(H), g()CS() and either R() or S()is a closed subset
of o ;

(ii) for {,n,0 € o/, 3 A € (0,1) such that

< Amax

(iii) the pair (f,S) and (g,R) are weak compatible.

Then f,g,R and S admit a unique common fixed point in <7 .

EXAMPLE 7. Let 7 =17 (0,1), P> 1 and

1
P

kllp = (Zok <r>|‘”> fors € (0,0).

Define §: .o/ x o X of — [0, +e0) by S(k,q, D=lk=tlp+llg—1p, forall k,q,l € o
and Q(r) =t. Then, (% S) is a complete S-metric space and it is symmetric. Define
f:S,8,R: o — a by

116

sy = <27
S(k() = '@:87
swey =[]
R - [0

where, ||k (1)]p < 17 Clearly, f(«/) CR(</) and g (&) C S (7). We can easily, see
that, {f,S} is a weak compatible, if {k,} is a sequence in ./ such that,

lim f (k,) = lim S (k,) =¢, for some z € <7,

n—00
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then,
lim |f (k) —t| = lim |S (k,) —1| =0,
n—o0 n—o0

and equivalently,

16 8
[ @] @O |
,}52[2} f—,}ﬂ,[z '|=0
Thus,
[k, (1)]'6 — 2167 [k (1)) — th‘ —0.

l

By uniqueness of limit, we have ¢ 5 = (16 , hence, r =0, 1. Using continuity of f and

S, one get,

1

1 [/ (k) — 7 (k) [ = lim (iofsucn (1)) S (hn <t>>|P> ,

<Zf() ) <2|0 0] ) =0, fort=0¢ /.
Hence,
Tim (/S (kn) , /S (kn) , Sf (kn))
= lim [|fS (kn) = Sf (kn)[|p + lim [[£S (kn) = SF (kn)[|p = O-

Similarly, the pair {g,R} is weak compatible. Define the mapping F : (0,00) — (—oo, o)
by,

1
F(a)=In(a), for oo >0, and D (1,1,13,24) = In <;> ,0<r<1.

Now, from
—k(l‘) 16 l(t 8
176~ ®lp = |55~ _[T]
| x@ ], 1@ k)% [1n71*
g (BN , [T} - )
g .
- @ ’ [@} IS®=ROle
< rl[Sk) =R &)p,
where r—‘ [@]84_ {@]4 <1, (since ||k (1)||p < 15 and [|1(#)]|p < 1§). We can
P
get,

17 (k) =g Dl < (IS k) =R (D]
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and

1/ (q) =g D)llp<rlS(a) =RD)p,
so, for all k,q,l € <,

SU (k). f(@).8(1) = If k) =g Dllp+1f (@) =g Dl
rlIS&) =RDllp+rlS(@) =RDp
rllIS (k) = R(Dlp+ 1S (q) = R D)l p]

rS(S(k),S(q),R(1))

/AN Nl

S(S(k).S(q),R(1)),
;(5@%)Sw%g%D+56@%S@%f@D)
<rmaxq 3\ +S(R(I),R(1),g())
;lc@wswgmwﬂumswgm>>
32\ HS(R(1),R(1),f (k) +S(R(1),R(1).S(q))
This implies,
F(S(f(k).f(q),8(1))
S(S(k),S(q),R(1)),
;(5@@)S@%g@»+ﬂS@%Sw)fm»)
< F | maxd | VFSRORD) M)
S(S(k),S(k),8()
33 | +5(5(9).5(q).8(1)) +SR(1).R(1).f (k)
+S(R(1),R(1),S(q))

~(2)

Hence all the hypotheses of Theorem 2 are satisfied. Thus, f,S,g and R have a unique
common fixed point.

COROLLARY 6. Let (sz',S) be a complete symmetric S-metric spaceand f,g,R,S:
of — of be four self-mappings with Q(x+y) > Q(x) + Q(y), for each x,y € [0,00).
Moreover, if

(i) f()CR(A), g(&/) CS() and either R(/) or S(&)is a closed subset
of o ;

(ii) for {,n,0 € &, there exist F € . and t > 0 such that

Q(S(£(8),f(n).g(0)) >0
= T4 F(QS(F(8).f (0).(0))) < F (@ (S(5(8).5(m) R (0)))):
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(iii) the pair (f,S) and (g,R) are weak compatible.
Then f,g,R and S admit a unique common fixed point in < .
4. Application to the system of Volterra type integral equations

Let I = [0,K] C R be a closed and bounded interval and K > 0. We consider the
system of Volterra type integral equations:

1) = )+ [ Kies.y(5)ds 6)
o) = 40+ [ Ko,y (5))ds, @
1) = )+ [ Ka(t,s.y(5)ds, (8)
Y1) = a0+ [ Kty (5))ds, 29)

where, t € I, and K; : I x I xR — R, i € {1,2,3,4} and ¢: R — R are continuous
mappings. Let &7 = C(I,R) be the set of real continuous mappings defined on I and

Oiy(t)=q()+ /Ot Ki(t,s,y(s))ds,

forall r €1, ye C(I,R) and i € {1,2,3,4}. Obviously, y is a solution of system
(26)—(29) if and only if it is a common fixed point of Q; for i € {1,2,3,4}.

THEOREM 3. Assume that the following conditions hold:

(@) [K(t,s5,y(s)) —K(t,5,w(s))] < |Qa(y(s)) — Q3(w(s))], for all s € [0,K] and
yw e C(I,R);

(b) there exists a sequence {1n,} in &7 such that,

lim /(S (M) = lim S (f (1)) and limg (R(N,)) = lim R (g (1))

n—o0

whenever,

lim £ (1,) = limS (1) =1

and limg(n,) = imR(n,) =1,

for some t € &;
(c) forevery t € I and 7 > 1 is taken arbitrary,
r
sup [ ds<e "
tel JO

Then system (26)—(29) of integral equations has a solution y* € C(I,R).
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Proof. We note that § € &7 =C(I,R). Define ||| =sup{|{ (¢)|}. ||.||; is anorm
tel

equivalent to the superimum norm and (.7, ||.||) is a Banach space. The metric induced
by this norm is given by

d(&,n) =g —nll =Stl€1?{|5(f)—77(t)|}, forall ,n € <.

Define the S-metric on <7 by S(C n,0) = =8|+ |n—9], forall {,n,d € <.
Clearly, («, S) is a complete S-metric space. Now, let y(r),v(t) € <7 . Then, we have,

5130 =520)] = | [ Kil6.s.(6)ds - [ Kalr.s.v (9)ds

< /(: |Ky (2,5,y(s)) — Ka(t,s,v(s))|ds
< [Isw () —sw)las
</Otsup\S4y(s))—S3V(S))|dS

sel

= sup [Sqy(r) — S3v(t \/ ds

tel

= sup [S4y(t) — S3v(r)| e %%
tel

Hence,
max|[$1y(r) = Sav(¢)] < max|Say(r) = Szv(t)| e (30)

Similarly, we have,
malx|S1w( )—Sov(t)] < maX|S4w( ) —S3v(t)] e ". (31)
te
Therefore, from (30) and (31), we get,
max [S1y(r) — Sov(r)| +max|Siw(r) — Sov(r)|
rel rel
<e’ I?gx\sw(t)) =830 (1)) +I§1§IX|S4W(Z)) = S3v(1)]] -
This implies,

S(S1y(e),S1w(t),S2v(2))
< e TS(Syy(t), Saw(r),S3v(1)).

A slight modification gives

SEVO SO S0) | < o Tin (S(Say(r), Saw(?), Sav(t)) + 1)
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and
Q(S(Sly(t),Slw(t),Szv(t))) e TQ~ ( (Say(1), S4w(t),83v(t))).
Thus,

T—i—ln[ (S(S1y(0), S1w(2),$2v(1))) ]
In[Q" (S(Say(z), Saw(r), $3v(1)))]

Putting, S; = f, S» =g, S3 =R and S4 = S. Then, all the hypotheses of Corollary
6 are satisfied for F(r) =In(r), 7> 0 and Q(t) = ¢ —1 (so, Q7' (t) =In(t+1)).
Therefore, f, g, R and S have a common fixed point y* € C(I,R); thatis, y* € C(I,R)
is a solution of system (26-29). [

5. Conclusion

This paper suggests a solution for a new common fixed point problem addressing
generalized (F,Q)-contraction in S -complete metric spaces. This paper produces a
new fixed point method for the existence of a solution for a system of integral equations.
The new problem can lead to further investigations and applications.
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