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HIGHER DIMENSIONS OPIAL DIAMOND-ALPHA
INEQUALITIES ON TIME SCALES

ZHONG-XUAN MAO, YA-RU ZHU AND JING-FENG TIAN

(Communicated by J. Pecari¢)

Abstract. In this paper, we generalize Opial inequality to higher dimensions on time scales. We
prove the Opial Delta-nabla inequality of n variables, and then give two diamond-alpha dynamic
inequalities of Opial type of n variables. As well, we introduce some special cases.

1. Introduction

To unify the representation of discrete and continuous inequalities, Hilger estab-
lished the theory of time scales in 1998 [1]. Since then, a number of interesting re-
sults on time scales have been presented such as Jensen’s equalities, Hardy’s equalities,
Holder’s inequality, et al [2, 3]. Among them, Bohner and Kaymakcalan gave inequal-
ity which cover continuous and discrete opial inequalities [4, 5].

THEOREM 1.1. (see [4]) Suppose 0,h € T and f : [0,h]r — R with f(0) =0 is
delta-differentiable, then

h
[0+ oo <n [ iPopa, (1)
with equality when f(x) =

THEOREM 1.2. (see [5]) Suppose 0,h € T and f : [0,h]r — R with f(0) =0 is
nabla-differentiable, then

h
[swponTomi<n [ 1 P, (12)

with equality when f(x) = ct.
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THEOREM 1.3. (see [4]) Suppose [ is A-differentiable defined on [0, h|r, then

[0+ rorons<a [ iforas [IfoN, )

where

o= t,h—t
te%lﬁ max{z, }

B = max{|£(0)|, |/ (R)[}-

THEOREM 1.4. (see [4]) Suppose f is V -differentiable defined on [0,h|r, then

/\ )+ fP () fY (1)|Vt < /|f 2Vt+2/3/ |V (0)|Ve, (1.4)
where
= h—
o= te%lﬁ max{t,h—1},
and

B = max{|£(0)|, |/ (R)[}-

And many generalized Opial inequalities involving more functions or higher order
derivatives on time scales were provided in [4, 14, 15, 16, 17, 18, 20].

THEOREM 1.5. (see [4]) Suppose p,q € C(|0,h]) are positive functions with
f(? %At < oo, g nonincreasing. If f is A-differentiable defined on [0,h]t with f(0) =
0, then

[ (oo eroon < (L) ([ soaoiror),

0

THEOREM 1.6. (see [4]) Suppose m.,n € N, if A"-differentiable function f :
[0,h]7 — R with £(0) = f2(0) =---= A" (0) =0, then

In [14], it was presented that

THEOREM 1.7. Suppose m,n € N and g,p : [0,h]T — R are positive A-differen-
tiable with g nonincreasing, and fo At < oo, If f:]0,h)T — R is A"-differentiable

with £(0) = f4(0) ==~ (0 >,zhen
/ \( Y >)fA"<t>|Ar
/0 plt /p An()‘mﬂm>' (1.5)
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Recently, researchers have provided ¢, as a weighting between A and V dynamic
derivatives. Many diamond-alpha inequalities as the generalization of delta inequalities
and nabla inequalities were provided, such as [6, 7, 8, 9, 10].

According to Theorems 1.1 and 1.2, Opial diamond-alpha inequality we need to

prove is
hogf2 h
/ ’m|<>av<h/ 120, (1.6)
0 SaV 0 QaV
However, it doesn’thold when h =1, o= %, T={-1,0,1,2}, f(0) = f(~1) =
0, f(1) = 2) = 1.

In [11], the following inequality was discovered in 2010. For convenience, we call
it Right-Opial Diamond-Alpha inequality of one variable.

THEOREM 1.8. (Right-Opial Diamond-Alpha inequality of one variable) Suppose

0,h €T and f: [0,hly — R with f(0) =0 is oq-differentiable, if f*f¥ is non-
negative, then

@ [+ (-0 160+ PO OF<n [ (@) out
(1.7)

In [15], a generalization about Theorem 1.8 was given that

THEOREM 1.9. Suppose p > 1, q—L h>0, heT, w:[0,h]T — (0,0) is

continuous function, f € Cs, ([0,h]1,R) with f(0) =0. If both f* and f¥ are non-
negative, then

@ [0l (1ot [T O

< (/0 Wl q(t)oat>;(/0 w(t)\f%‘(t)|p<>at>%. (1.8)

In this paper, we will firstly give the following inequality called Left-Opial Diamond-
Alpha inequality of one variable.

THEOREM 1.10. (Left-Opial Diamond-Alpha inequality of one variable) Suppose
0,heT, f:T — R with f(p(0)) = f(5(0)) = £(0) =0, and f*, fV are continuous

functions, then
[ 220 r < o [ 1220 ot o [ 210
LTy LT,

where o(t) =inf{s € T:s>1} and p(t) =sup{s € T:s <t}.

Secondly, the following inequality called Opial Delta-Nabla Inequality of n vari-
ables will be given.
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THEOREM 1.11. (Opial Delta-Nabla Inequality of n variables) Suppose 0,h; €
T; (i=1,2,---,n), diamond-co; (i=1,2,--- n) integrable and differential function f :
[0,hi1]m, X [0, 2], X -+ x [0, Ay, = RXR X --- xR satisfies that f(vi,va,---,vy) =0
when one of v; (i=1,2,---,n) =0, then
gn f2 V1,V2, ) 7vl’l))

/)1/ n—1 /hl
Cw V19w, V2" Ow, Vn

n n—1 hl 8 .
H / / / fvi,va,- | Sy VI Cay V2 Oy Vi, (1.10)

Cw V1 Cw, V2 Own Vn

Cwy V1Cw, V2 " Cw, Vn

where @;(i=1,2,---,n) =0 or 1.

Theorem 1.11 may be helpful when generalizing Theorems 1.3, 1.5, 1.6 and 1.7 to
higher dimension.
And then we will prove the following Theorem via Theorem 1.11.

THEOREM 1.12. (Right-Opial Diamond-Alpha inequality of n variables) Suppose
0,h €T; (i=1,---,n), diamond-o; (i=1,---,n) integrable and differential function
f110,ht]r, x [0,ho]T, X -+ % [0,h]T, = RXR X --- xR satisfies
(i)f(vl,vz, ~,vy) =0 whenone of vi (i=1,---,n)=0;
(ii) f; Owl’%z oo > 0 forall w; (i=1,---,n)=0o0r1;
then

an f2 vlv v ))

Co V1 Cw, Vn

Cwy V1 Cw, Vn

Iy hy
£ o]
Oorl

@15, O =]

hy, n—1 hl 8}’1 Vi, Vo, -
Hh/ / / [ | Gy V1S V2 0y iy (L11)

CayV1Cm V2 " Qo Vn

where w;(i=1,---,n) =0 or 1, functions y; : {0,1} — [0,1](i =1,---,n) are defined

as follows,
0 ifx=1,
vi(x) =< " o
1—o lfx =0.

In the end, we will obtain

THEOREM 1.13. (Left-Opial Diamond-Alpha inequality of n variables) Suppose
0,h €T; (i=1,---,n), diamond-o; (i=1,---,n) integral and differentiable function
[Ty xTyx -+ xT, - RxRx--- xR satisfies
(i) f(vi,va,--+,vy) =0 when one of v; (i=1,---,n)=0;
(it) f(vi,va,--+,vp) =0 when one of vi (i=1,---,n) =p(0);
(iii) f(vi,v2,-++,vy) =0 whenone of v; (i=1,---.n) =c(0);
(iv) fiA"(vl,vz,~~~,vi,~~~,vn) zﬁvi(vl,vz,~~~,6 V) forall i=1,2,--- n;

) fl.v"(vl,V2,-",Vi,"',Vn)=f,-A"(v1,V2,"',P( i)yoesvp) foralli=1,2,-- n;

—
=
~

<
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then

n n 1 hl anfz V17V2, .
| Coy V1Qop V2 Cay, Vi
<>oc1V1 Cop V2 <>oc,, Vn

w(wnw( ) Wn(on)

1,01, w,, Oorl

x 2 vi(0)y () (@)

U U /
@,0,,+,0,=0 or 1

Al L

where w;j(i=1,---,n) =0 or 1, functions y; : {0,1} — [0,1](i =1,---,n) are defined

as follows,
R fx=1,
Wt(x)_{l_ai ifx=0.

871]0 v17v27 : ) 2

< /V1<> /V2 Owr,,‘)n

Cwy V1Cw, V2 Cw, Vn,

(1.12)

The structure of this paper is: In section 2, some preliminaries will be mentioned.
And we will prove Theorem 1.10 in section 3. In section 4, we prove Theorems from
1.11 to 1.13 via some lemmas, and introduce some special cases.

2. Preliminaries

For more basic knowledge about time scales, readers can consult [13].
See [6], one-order partial Diamond-Alpha dynamic derivative is denoted by

= 1,2,---.n).
ot (i n)

Further,

3 3f(V1,V2,"',Vn)_82f(V1,V2,"',Vn)

oajvj S, Vi Co;Vi 005_,- Vj

(I<ij<n),

and higher order partial Diamond-Alpha dynamic derivatives can be defined in the same
way.

However in [15], the authors give an another denotations: one-order partial Delta
dynamic derivative is denoted by

fl‘Ai(vlav27"'7vn) (i:1727"'7n)7

similarly, one-order partial Diamond-Alpha dynamic derivatives can be denoted by

oa:

fi I(Vl,Vz,---,Vn) (1217277’1)



1060 Z.-X.MAO, Y.-R. ZHU AND J.-F. TIAN

Further, for all 1 <i,j <n,

0 o Sa; O
fia’(vhv27"'7vn):fi7;'x’ aj(vl7v27"'7vn)a

<>otj Vj

and higher order partial Diamond-Alpha dynamic derivatives also can be defined in the
same way.

It is worth noting that the above two denotations are equivalent. And both of them
are used in this paper.

If & =0 or 1, partial Diamond-Alpha dynamic derivatives change into the com-
binations of partial delta and nabla derivatives, such as

akf(v17v27---7v,,)

b
Ajyvjy Vipviy - Ajvi,

for convenience we call it partial Delta-Nabla derivatives.
According to the definition of diamond-alpha differential, the formula next point
out the link between partial Diamond-Alpha and Delta-Nabla dynamic derivatives.

8"¢(V1,V2,"',Vn)

Cay V1o V2 Coy Vi

= > (@) a(@2) - v () 22V ) g

@1,0;,,0,=0or 1 S V1w V2 Oy, Vi

where oy, ---,®, =0 or 1 means all non-repetitive possibilities in binary and functions
y; 1 {0,1} — [0,1](i=1,2,---,n) defined as follows,

() o ifx:l,
i\X) = .
v 1—o; ifx=0.

In the same way, [12] gave the following theorem.

THEOREM 2.1. (see [12]) Suppose ¢(vi,va,---,vy) is diamond-o; (i=1,---,n)
integrable on T x Ty X --- x T, then

bn hl
/ ¢(V1a"';"n)<>a1Vl"'oa,l"n
an ap

bn by
= Z Wl(wl)...%(wn)/ O(Vi, s Vn) Oay V1 Oy Vs
ap ay

wy,,0,=0o0r 1

where @1, -, 0, =0 or 1 means all non-repetitive possibilities in binary and functions
y; 1 {0,1} — [0,1](i = 1,2,---,n) defined as follows,

(24 fx=1,
Wl(x)_{l—ai ifx=0.
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3. Left-Opial Diamond-Alpha inequality of one variable

In this section, one of our aims is giving the proof of Theorem 1.10. Meantime we
will give a special case as well.

Proof of Theorem 1.10. Noting that

IfF (1) _ 9 () If3(1)
out A +(1-0) Vi
= af MO (@) + )+ (1= ) (@O (P (1) + £(1)).
Left hand side equal to

[V e
2 2
“a |14 IM o [ |5

— a/o”‘afA(f)(f"(t)Jrf(t))Jr(l—a)fV(t)(fP(;)+f(,))’At

=) [ e OUT 0 +50) + - (P 0+ )|V
/’f DU )+ f0)|A+ (1~ o /’f NP0+ £
va(l-a /‘f DU 0+ F(0)|Vi+ (1) /‘f NP (1) + £(0)|Vi.

Based on the Theorems 1.1 and 1.2, the following two inequalities have been
proved.

h h
| 1P oue o+ roa < [C1r 0P, 31
LY "y
LT 0w o+ reve<n [T opve (32
Since f2,fV are continuous functions, we have

A= ox),  ffa=rpk) VxeT

Hence we get

[ o= [958 = [

Noting that f(p(0)) = f(0) =0, then we use Theorem 1.1

I e A Y
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So we have

/Oh FY O () + £(0))|ar <h/j)@)2m. (33)

In the same manner, we can get

/If YO () + f() |Vt<h/ ’af ‘Vt (3.4)

According to (3.1), (3.2), (3.3) and (3.4), we can complete the proof

[ 17

= ["|POur O+ ro)faat-a) [ 00 o + o

ta(l-a /’f (@) +10)|Vr+(1- ) /’f (P 1)+ £(1))| Ve
<a2h/ ‘8f—‘At+al—ah/ ’L A
—an [ | 2L e - ”ﬁ@fv
2h/ ‘8f ‘AH—(X h/|

oc)h/o )5{7‘ Vt—i—(l—oc)zh/o )T)FVL O

We can find that if o« =0 or 1, Theorem 1.10 reduces to Theorems 1.1 and 1.2.
The right hand side of (1.9) equivalent to

h1af() 2 haf(r))?
azh/o ‘T‘ At+(x(1—(x)h/0 )T) At
Hasop 2, (11210
_ KON B hvoap
—ah/o A0 Pogr +(1 oc)h/o (O out
h
:h/ al A0+ 1 =) () oar. (3.5)
0
If taking & = 5, then we have the following corollary.

COROLLARY 3.1. Suppose 0,h € T and f: T — R with f(c(0)) = f(0) =
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F(p(0)) =0, and 2,V are continuous functions, then
2( h h
f 1 e (1260 o 1o
o 1R e 17 )
= [iPor IRy 6:6)

4. Opial inequalities of n variables on time scales

In [13, Theorem 6.80, 6.94], the authors give Delta and nabla dynamic derivatives
Leibniz Formula. They also point Delta-Nabla dynamic derivatives Leibniz Formula
can be defined in the same manner in the end of chapter 6, that’s means, they explore
the form of

O
(f(l/i17l/i27"',Mn)g(l/i17u2,"',btn))im'7 (41)

where w; =0 or 1.
And we will explore the following formula in the next,

Owil ’Owiz 7"'7<>a)in

(f(ulauza e 7u")g(u1au27 e ’u”))il,i27"'7in )

where w; =0 or 1 forall 1 <i<n andi;# i when j#k forall 1 < j,k<n.Inthis
paper, we only take

(f(bthbtz,‘"7Mn)g(l/i1,1/t2," s U ))1}6317 Of:,z o (42)

as an example.
To simplify statement, we introduce the notation

11T, T
17127..2.7,, n(u17u27"'7un)7 (43)

where 7; (i=1,2,---n) € {A,V,0,p,0}. And if 7; € {A,V}, then we differentiate
with respect to the u;, else if 7; € {o,p}, then replace u; with 7;(u;), and we do
nothing to u#; when 7; = O. For examples, we set

azf(u170'(u2)7 G(M3)7M4,I/L5)

A A0
f] 20—3(25 (””7”27”37”47”5) = A1M1A4M4 )
and
V.0..0. Af(p(ur),uz,uz,p(us),us, p(ue
{)7,27374,17, p(ul,u27u37u4,u57u6) = (P( )» ) 7P( )7 vp( ))

Vaouy

One thing we should emphasize is that every variable only correspond to one 7 in
this notation.
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LEMMA 4.1. If f(uy,uz, -, uy), gur,ua, - ,uy,) are A;-differential (i=1,2,---,
n) on Ty x Ty x -+ xT,, then

3"(]((141,142,- o aul’l)g(ul7u2a"'aun))
ArurAguy - - - Aty

= A5 Z 1‘[’127:’?.2.:;1.7‘[’1 (M] YUz, )g‘fnirlanJrZ oo (I/tl yU, - 7”")7 (44)

<Tl aTZ""772n>EL(()n)

where L deﬁned as follows,

L(()") ={{11,72, -+, Ton) : one of T; and T,y is A, anotheris O or ¢}. (4.5)

Proof. We will use induction. Clearly, we have

(f(9)g(s)® = f2s)g(s) + £ ()g*(s)

()87 () + f(5)g(s)

FA(9)g(s) + 19 (5)8%(s) + %fA ()87 (s) + f(5)8"(s)
1

= S(JOLE) + P06 +4)86) + P(0)8°)). 46)

=/
1
2

On the other hand, when n = 1, L{") = {(0,A),(5,A), (A, 0),(A,0)}. So (4.4)
holds when n=1.
Then we suppose it is true for n = k, that’s means

ak(f(ulauZa"'7uk)g(ulau2a"'7uk))
AjuiAguy - - - Ay
1 . .
= ? 2 11’12:[.2:]{7 (ulau27 U k)g‘fk;l TI]C{+27 7‘L-Zk(l'{17l’t27'"auk)' (47)

k
(T1’72,'~'~,T2k>€Lé )

When n=k+ 1, we have

8k+1(f(ula e 7uk7uk+l)g(ula e 7uk7uk+1))
Avuy - Agu Attt

a ((9k(f(ul,"'7Mk7uk+1)g(1/t1,'"7Mk7uk+1))>

Apy 1t Aquy - Agug
1 0 ( T .
_ 157 T 0( Tpt 157 T2k, O
= > Up, - Uk, Uky1)8 (ur,--- g, gy 1)
1,2, k+1 15 ) 1,2, k41
2K Ay rugs + +

k
<T17"'7‘L'2k>€L(()

_ Ty, T A Tt 1575 T2k, 0
- 2k+1 z ( 1,2, 7k-|-1(ul7 : ukauk+l)g12 k1 (ula"'7uk7uk+l)

(11 ~"'~Tzk>€Lék)

Tp T A Tt 1575 T2k>0
+f12 k+1(u1a' uk;”k+1)g12 k1 (up,- - Uk, U 1)
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T, 0 Top,A
+f 2’ 7]f_|.1(ula . uk7uk+1)g1k;l k+21k (u17"'aukauk+l)
JTk,O Top,A
+f1 2’ ’kk.,.l(ula : ukyukJrl)glk;l k+21k (u17"'aukauk+l)>
1 Tro s Tt 1 Th+25 "5 T2k+2
= 2k+1 2 17...7k+1Jr (ula"'7uk+1)g17f.7k+1 * (ula"'vuk+l)7 (48)

k1
<Tl7"'772k+2>€L(() )

where using (4.6). O

When w; (i=1,2,---,n) =0 or 1, then o4 =V or A. Noting that A and V have
the same algorithms, so if replace A; with ¢4, , we can get the following lemma. And
in order to simplify notation, we define

W(x) = {O'7 %fx: 1,

p, ifx=0,
and .
p=3 o2,
i=1
LEMMA 4.2. Iff(ul,ug7 . ) g(uy,ua, -+ uy) are A;-differential and V-diffe-
rential (i=1,2,---,n) on T} X T2 X - x T, then

3n(f(u17u2a"'aul’l)g(ul7u2a"'7u"))

Oy UL Can U2 -+ * Oy, Un

T1,72, T Tnt1,Tn42, T
= 5 2 1,12,~-2~,n n(u17u2a"'7un)g1’:£%..:,+2 z’l(ulauzf"aun)a (49)

?

<717727"'772n>€L£:')
where L deﬁned as follows,
Lg,n) ={(11,72, -, ) : one of T; and Ty is o, anotheris O or ¥(w;)}. (4.10)

REMARK 4.1. If p=0, thenevery ;= 1(i=1,2,---,n), lemma 4.2 reduces to
lemma 4.1.

REMARK 4.2. We give an example when n =2,p =1, then

Y = {(A,p.0.V),(AV,0.,p).(0.V,A,p).(0,p.AY),
(A,0,0,V),(A,V,0,0),(0,V,A,0),(0,0,A,V),
(A,p,0,V),(AV,0,0),(0,V,A,0),(c,0,A,V),
(A,0,0,V),(AV,0,p),(0,V,A,p),(0,p,A,V)}.

So we can get

92 (f(s1,52)8(s1,52))
A1S1V2S2

= (A2 61,5207 G1,2) + 75 (51,5208 8 (51.92) + 115 (51,2087 (51,52)

4;|~
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+f1 P (s1,52)

+f12 (s1,52)87

+/1, 2V

+f12 (51,52
(

+f12 S1,82

(51,52

_ —
oo

81

Noting that if g = f, then lemma 4.2 reduces to

COROLLARY 4.1. If f(uy,un,---,uy) is A;-differential and V;-differential (i =
1,2,---,n) on Ty x T, X --- x T, then

)&y
an(fz(u17u27---,u,,))
QUL Cwyp U2 Oy, Un
1 .
Z 111212’ K (u1’u27 ",Mn) ﬁrzl’zﬁz’ 77271(1417”2’“.’“”)7 (411)

o
(T1’12,'~'~,T2n>€Lgl)

where L deﬁned as follows,

Lg,n) ={(11,72, -, ) : one of T; and Ty is o, anotheris O or ¥(w;)}. (4.12)

In order to prove Theorem 1.12, we give the proof of following theorem first.

Proof of Theorem 1.11. Set

= [ [ [

Hence we get

anf V17v27 ' )

Cw V1 Cw, V2 Own Vi

@y V1Omy V2 O, V-

8nf(ulau27"'aun)

O UL Oay U2 -+ Oy, Un

3””"(“17”25"' 7un)

Ow UL Cay U2 -+ Oy, Un

And then we suppose set S = {ji,j2, -, Jjs} CN={1,2,---,n}, that’s means
J1,J2,- -+, Js are arbitrary s unequal numbers in the set N where s < n. We also set

N\S: {j5+17j5+27"'ajn}'

9 m(uy,u, -+ utp)

Owjl I/le waz sz e Ow’ ujv

Cwj Uji " Cwj, ”Jr/ /

J1

8”f Vl, . )

Cwy V1 <>wn Vn

Cw; V1 Cw, Vn

S

Caj Uj Cay, Ujy = Cay Uj
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/Mjl /uj2 /uj" 8nf(VI’.“’vn) Cw: Vi, © % Sw: V
o - (1) i w i o M w i
o Jo 0 [O@VirO@Va| Mt T o
85—1
Cwj, Ujr Qo Ujy - O Ujy
Uj a"f(vy,--
A A e . ©0jy Vin ©j,_ Vin-1 " O, Vi
v./l w/n vfn j _u.fl
_ /Mjs+1 /"-"’1 i It @, Vi e v
— o - ) w j A a) j 1
0 0 <>wjl le . .owjn an Vfi:uji(lzlvzv"'vs) o Tt o
/ujs+1 /uj" "f(viysvn) Sw: Vi o Vi
o i _ . [ Jn T j Js+1
0 0 0“’/1 le 00)]-" an Vji—uji(l—l,2,~'~,s) n s+1
*fluy,ur,-,u
= (g g, ) (4.13)
Cwj Uji Cwj, U O Ujs
In particular, if we let the set S = &, then
m(“l;”%"'a“n)?‘f(ulau%"';un”- (414)
Then using corollary 4.1, we have
hn o h an f2 V],Vz, ',Vn))
@y V1 Oay V2 O, Vi
Can V1w V2 Cw, Vn
1 n hl
B 2"/0 /0
T, T Tnt155 T2
2 f1 n (V17 'aVn)fljf..m ’1(V1,~~~,Vn) Cwy V1 Cw, Vn
Tl, <, Ton) GL;)
n hl
S 2"/ /
TLy T Tt T2
S ) [P va) [Oay Vi O, Y
< TQ,, EL(n)
T n
S 2"/ /
Ty Tnt+1 T2
17...7,, "(VI;"' Vn )mln n("l;"',Vn)Owl Vi Ow, Vn
- Ton)E L()
bl 4 8?1 V17V27"',Vn))
= 5 Oy V1 Owy V2 O, Vn
o V1Cwy V2 " Cw, Vn
= (m (h17h27"'7hn))_0
2
= (m*(hy,hp,- -~ hy))
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_ /hn/hnil-.'/hl 3"]“(\/1,\)2,--.";")
0o Jo 0 [Co V19w, V2 " Cw, Vn
hn hn 1 hl
< / / / S V19w, V2 O, V.
S V1 2° w, Vn
0 0 0 1 (0] n

2
Cwy V1w V2 Cw, Vn>

N L R
/ / | Swy V1 Owy V2 Oy Vi
0 Jo 0 <>w1 V19w, V2- Own Vn
n hn n—1 hl 8”]" v .
1,V2,"
hl/ / / | Ow V19w, V2 O, Vn. (4.15)
i=1 Cwo V1 Cwm V2" <>wn Vn

a
In particular, if we set @; (i =1,2,---,n) =1 in Theorem 1.11, hence
COROLLARY 4.2. Suppose forall i € N, 0,h; € T;, diamond- o; integral and dif-

ferentiable function f :[0,hi]T, % [0,ha]1, X --- % [0,h,]T, = R xR x--- xR satisfies
that f(vi,va,---,vn) =0 when one of v; (i=1,2,---,n) =0 and A-integrable, then

[ P e A’vn”
Al L

anf V17v27 . )
Taking @; (i=1,2,---,n) =0, hence we get

ApviAgvy - Apvy

A1V1A2V2 Anvn. (416)

AviArvy -+ A Vi

COROLLARY 4.3. Suppose 0,h; € T;, diamond-o; (i =1,2,---,n) integral and
differentiable function f:[0,hi], % [0,ha]r, X -+ % [0,hy]T, = R xR x--- xR sat-
isfies that f(vi,va,---,vy) =0 when one of vi (i=1,2,---,n) =0 and V -integrable,

then
(AT
il

Further, we can find that Theorem 1.1 and 1.2 is the cases of n = 1 in Corollary

4.2 and 4.3.
Based on Theorem 1.11, we can give the proof of Theorem 1.12.

8?1 f2 v17v27 5V ))
VinV Vv
V1V1V2V2 Y nVn rvare: Y

871]0 v17v27 : )
V1V1V2V2 V nVn

ViniVovy--- Vv, (4.17)

Proof of Theorem 1.12. Firstly, based on the condition (ii), we have

3%y 2
(va@)ua(@s) - yn(@n) f;5 50

Swy 5O - 2
vi(O)a(@) - (@) £ )

oy,,0,=0or 1

:< A" f(vi,va,-+,vn) )2' (4.18)

Sy V1O V2 Cay, Vi

N




HIGHER DIMENSIONS OPIAL DIAMOND-ALPHA INEQUALITIES 1069

And then using Theorem 1.11, we have

hn hy
> vi(e) v (o, / /
=0or1

O, 0=

hy hy an ,
Z Vi (601 ll/n Hh/ / f‘)li))zowl Vi Cw, Vn

y,-,0,=0or 1 V1 Cw, Vn

= Y wi(o) - ya(o)

wy,,0,=0or 1

d" s V2, " s Vn
o [ s L)

O V19w, V2" Cw, Vn
< Y wl(w1>---wn(wn>

wy,,0,=0or 1

hn n—1 hl F(vi.vy. .- 2
1,V2
||h/ / / fO1v2,,vn) ) Oay V1 %an V2 O, Vin

CayV1Cm V2 Oa,, Vn

n—1 hl gn .
_Hh/ / / fVI,V2a ) )20(11 VI o, V2 gy Vi (4.19)

CayV1Ca, V2 <>oc,, Vn
U

an f2 vlv 5V ))

S V1 Cw, Vn

Sy V1 Cw, Vn

N

We have the following Corollary when o = 5 in Theorem 1.12,

COROLLARY 4.4. Suppose 0,h; € T;(Vi € N), diamond-o; (i=1,2,---,n) inte-
grable and differentiable function f :[0,hy]r, X [0,h]T, X -+ x [0,hy]T, — R xR X
-+ X R satisfies
(i)f(vl,vz, . v,,) =0 whenone of vi (i=1,2,---,n)=0;
(ii) f; le’%z on >0 forall w;=0or1;

then
/ /n 1 /hl
], ,a),, =0orl

n—1 hy a Vo,
S"Hh/ / / Sn,v2y V) 2 opvioyvoy vy, (4.20)

<>1V1<>1V2 <>1vn

a" f2 v17v27 : ,Vn))

<>1V1<>1V2 olvn

C1LVIO1 V01V
FULTS N2 7 "

where @;(i=1,2,---,n) =0 or 1.

Theorem 1.12 reduces to Theorem 1.8 when n = 1, and if taking n = 2, we have
the following Corollary.

COROLLARY 4.5. Suppose 0,h; € T1,0,hy € Ty, diamond-o; (i = 1,2) inte-
grable and differentiable function f : [0,hi]r, x [0,ho]T, — R X R satisfies
(i) f(vi,v2) =0 when one of v; (i=1,2)=0;
(i) f,9° (vi,v) = 0 forall @ (i=1,2)=0or 1;
then
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% (f( *(f*(vi,2))

<>w1 V1 <>w2 1%

Z wl ‘Vz /hz/h1

o, a)2—00r1 S V1 Cwy V2
o L
(11— o) /h2 /hl 81{;%"2)) AviVan,
Hl-a)? 3/h2/h1 azvfzvlvAl;vvj)) ViviAgv
+(1—0y)*(1— /h2 /hl azvjjilgz’:j)) ViviVov,

hy  rhy 5
hlhz/ / 9 (vyv2) T 12 g v1 0y V2, 4.21)

Oalvl <>062 V2
where @; (i=1,2)=0 or 1.

Next we explore the Left-Opial Diamond-Alpha Inequality of »n variable. First of
all, suppose f(vi,va,---,v,) satisfies

A \v#
f;‘ I(VI,VQ,"',VI‘,"',V”):fi l(vlav2a"'7G(Vi)a"'7vn)7
and v A
f;‘ l(Vl,Vz,"',V[,"',Vn):fi '(VI;"Z;"'aP(Vi);"',Vn),
foralli=1,2,---,n

And we set
p ifx=-—1,
K=< 0 ifx=0, (4.22)
o ifx=1,
and
Kw —o Ka)/ .“7Kw,/1—
Frnv, ) = fiol 0 (1, va V). (4.23)

Under the conditions and notations above, the following lemma holds.

LEMMA 4.3. Suppose f:T; xXTy x---xT, > RXRx---xXR, and function f
satisfies

.f;'Ai(Vl,V2,"'7Vi7"',Vn):fiVi(V17V27"',G(Vi)7"',vn),
and
fiVi(VlavL"';Vi;"'aVn):fiAi(VI;VZ;""P(Vi);""Vn),
foralli=1,2,--- n, then
" f(viva,yve) 9T (vivas- e va)

)
ow;vl Oa)é VQ---Owr/l Vn CaoV1Cwm, V2 Cw, Vn

(4.24)



HIGHER DIMENSIONS OPIAL DIAMOND-ALPHA INEQUALITIES 1071
! .
where both ®; and @; equalto 0 or 1 forall i=1,2,---,n

Hence we can give the proof of Theorem 1.13.

Proof of Theorem 1.13. Noting that

8nf2(v17v27' o 7vn)

Cay V1o V2 Oy Vi

n 2 oo
= > w1 (o) ya(@2) - Y(@,) O f (Vi V2 vn) . (425)

@1,0;,,0,=0or 1 S V1w V2 Oy, Vi

then, the left hand side of (1.12) can be rewritten as follows,

I
= D vi(o)ya(m)-- ya(w,)

O,an, 0y =0o0r 1
n n—1 hy
L
= 2 l”1(“’1>‘l’2(wz)---ll/n(w;ﬂ/ohn/ohml.../ohl

@1,0,+,0,=0 or 1
aan(v17v27 o ,Vn)

< /V1<> /V2 ow/vn
n

" f2(vi,vay ey vn)

Cay V1o V2 Coy Vi

Coy V1Qop V2 Cay, Vi

8nf2 VI,V2, : 7vn)

Cay V1o V2 Coy, Vi

Sy V19w V2 Oy Vi

@y V1Oay V2 O, Vi

Y wi(o)ya(w) - y(w,)

U U /
0,05, ,0,=0or 1

< 2 l”1(“’1>‘l’2(wz)---ll/n(w;ﬂ/ohn/o}H.../ohl

w1,@,+,0,=0 or 1

anfz(vlav27 "7vn)

& /V1<> /V2 Ow’/'\/n

S vi(o)ya(w) - yu(w,)

! U U
@),0,,,0,=0 or 1

= 3 vile)w@) o) Y vie)y() v,

v =l ! !
O,an, 0y =0o0r 1 wl,w27~'~,a),',=00r1

/)1/ n—1 /hl 3”]‘2 Vlav2a : 7v”)

< /V1<> /V2 ow’/lvn
= 3 vile)w@) wo) Y vie)y() -y,

= U U /
©p,0),,0,=0 or 1 w),0,,,w,=0or 1

/hn / n—1 /hl
O Vi Owy V2 O, Vn

= Y wile)w@) o) Y, vie)y() v,

v =l ! !
O,an, 0y =0o0r 1 wl,w27~'~,a),',=00r1

@y V1w V2 O, Vn

Cy V1w V2 " Cw, Vn

2

K K
—y wéfwz w,,,fwn
(V17V27"',Vn) ‘

12n

@y V1 Cay V2 Oy, Vn
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n n—1 hl V17V27 :
[ oor 0372 O
<>w1v1 Cwy V2w, Vn
! ! !
< Y wi(o) () ya(wn) > v (@) () yu(®,)
1,an, 0, =0or 1 o, w;7~'~7a)/=0 orl
nel ’“ " (vi,va, e, vn)
R
H CoV1%wy V2 Ownvn oo 12 ontr
= Y vi(o)ya(o) - yu(wn) > Vi (o) y2(@,) - Y (®,)
O,,+,0,=0 or 1 w{ w;7~'~,a)'=0 orl
hn phy—y hy on . 2
Hh/ / / Fi,va, ) o, V1 Sy V2 e, Vn (4.26)
o /V1<> /V2 Ow,’lv”
O

The right hand side of formula (1.12) also has an equivalent form

w1 (o) ya (@) yu(wn) > yi(o)y2 (@) yu(@,)
O,,+,0,=0 or 1 a); w;,'~',w,'1=00r1
n n—1 hl &"f \)1")2’ . ) 2
H / / / Oay V1 Oy V2" O, Vn
& /V1 <> / V- Ow;/z Vn
= > Wl(wl)lm(wz)"'ll/n(wn) > yi (@) () y(on)
wi7a)£7~'~,a)'=00r1 O1,01,,0,=0or 1
n n—1 hl &" . 2
Hh / / / AUREEEA Cwp V1Cwy V2" Cw, Vn
& /V1 <> / V- Ow;/z Vn
= Hh E yi (o) Y2 (@) yu(@,)
w wz w =0orl
fin =l hl anf vl7v27 ) 2
[ 1ot
& /V1<> /V2 Ow,’lV"
Iy n—1 hl / ! /
IO [ CATACIRRAES
wl wz w =0orl
o ) 2
) FO1v2vn) 120 o v 4.27)

O VIO 1V O 1V
on , ,

In particular, if seting o = % in Theorem 1.13 and using (4.27), then we have the

following corollary.

COROLLARY 4.6. Suppose 0,h; € T;, diamond-0; (i =1,2,--
and differentiable function f: Ty x Ty x ---

(l) f(VI’VZ""yvn):

0 when one of v; (i=1,2,---

-,n) integrable
XT, = RxRx--- xR satisfies

) =0;
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(ii) f(vi,v2,--+,vn) =0 when one of v; (i=1,2,---,n) =p(0);
(iii) f(vi,v2,-++,vy) =0 when one of vi (i=1,2,---,n) =0c(0);
(lV) fiAi(vhv27"'7vi7"'7vn) :fivi(VhV27"'7G(Vi)7"',Vn)fOVall i= 1727"'7’1’
(V) fiVi(VlaV27"'aVi7"'aVn) :fiAi(vlaVZa"'7p(vi)a"'7vn) forall i= 1727""”;

then
/‘n/‘ n—1 /‘hl 3"]‘2 V17V27 . }01 v1<>1 by v
<>1V1<>1V2 <>1Vn 3"
H " 5nf(v17"'avn) 2
2"

Cw V1 Ow, Vn
It can be found that Theorem 1.13 reduces to Theorem 1.10 when n = 1, and using
(4.27) we have following corollary when n = 2.

w,; 0orl

COROLLARY 4.7. Suppose 0,h; € T; (i=1,2), diamond-o; (i =1,2) integrable
and differentiable function f: Ty x Ty — R x R satisfies
(i) f(vi,v2) =0 when one of v; (i=1,2)=0;
(ii) f(v1,v2) =0 when one of v; (i=1,2)=p(0);
(iii) f(v1,v2) =0 when one of v; (i=1,2) = (0)
(i9) [ (102) = " (0(0):v2). f37 (192) = £ (1, 0(02)
() [ 1v2) = R (P 01)v2), £ (v1,v2) = £32 (1, (v2);

then
2 2
ha i 9 7 [ (vi,2)
| Coy V1 Qo V2
Oalvl <>062 V2

\h1h2 Y wvi(o)ya(a)
w1,0=0o0r1

hy rhy
x 2 C01 w2 (@, / /

U U
@,0,=0o0r 1

h h 2 2
—hlhz/z/ 1061 8 fvlyv2 ‘ +a(1_(x2) 8 f(vlav2)|

32f V1 V2

< /V1<> /V2

‘ Cw; V1 Cw, V2

AviAovy AV,
0?2 f Vi,V2 82f(V1 V2) 2
-« a’i’ ‘ l—o)(l—0p)| === ‘ . (4.29
+ ! ViviAyvy * ) ) Voo Vav, | Vi v2: (4:29)
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