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ON A HILBERT-TYPE INEQUALITY WITH THE
KERNEL INVOLVING EXTENDED HARDY OPERATOR

MINGHUI YOU* AND XIA SUN

(Communicated by Y.-H. Kim)

Abstract. In this paper by defining a extended Hardy operator, a new kernel function including
both the homogeneous and the non-homogeneous cases is constructed. Dealing with these cases
in a unified way, a Hilbert-type inequality involving the newly constructed kernel is established,
and the constant factor is proved to be the best possible. The equivalent Hardy-type inequal-
ity is also considered in parallel. Furthermore, by specifying the kernel function, some special
and meaningful Hilbert-type inequalities with the constant factors related to the higher deriva-
tive of trigonometric functions and special functions are presented at the end of the paper, and
these newly obtained inequalities are proved to be the extensions of some classical Hilbert-type
inequalities.

1. Introduction

Throughout this paper, it is assumed that p and ¢ satisfy p > 1, 11—74—% =1 except
where specifically noted.
Let f,g >0, feLP(Ry), g€ LY(R,), then we have [7]:

= [ f(x)g(y) n
f R < sl (L
o peo InZ  \2
Yy
/0 /() x—yf(x)g(y)dXdy< sin & Hf”pHqu; (1.2)

2
where the constant factors sir?l and <§il’fg> are the best possible.
TP TP

Inequality (1.1) is called Hardy-Hilbert inequality, and (1.2) is usually named as
Hilbert-type inequality. Although more than 100 years have passed since they were
stated at the beginning of the 20th century, numerous researchers are still interested
in the refinements, extensions, and analogies of inequalities (1.1) and (1.2). Through
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continuous innovation of kernel functions and parameterization of the new kernel func-
tions, a large number of new Hilbert-type inequalities were established in the past sev-
eral decades. Considering the discrete form, half-discrete form and high-dimensional
generalizations of these inequalities, such type of inequalities have grown into a vast
inequality system.

The inequality below is a classical extension of (1.1) that was established by Yang
[19] in 1998. That is

A / x+y TO8O) gray < B(2.2) I laulslloy. (13)

where p >0, p(x) = v(x) =x!"P, and

xu—l

B(u,v) := /ON de:B(\@u) (u,v>0).

In 2004, Yang [20] gave another extension of (1.1) as follows:

b4
// xP+yP )’<m||f“p7u“g

where p >0, p(x) =x?0=5)71 y(y) = ya(1=5)~1 11 1 — 1 and the constant factor
is the best possible.

Other extensions of inequality (1.1), as well as some discrete and half-discrete
forms, can be found in [9, 10, 11,12,21,22,23,24,25,26]. Furthermore, some Hilbert-
type inequalities with newly constructed kernel functions appeared sporadically in the
past several years. For example, in 2012, Yang [27] established the following inequality
with a homogeneous kernel involving exponent function:

4. (1.4)

| [ e % rnsiasay < a BT fllpal gl (15)

where a >0, B >0, u(x) =x"0"P)~1 and v(y) = y90+P)~1 1In addition, in 2013,
Liu [14] established an inequality with a non-homogeneous kernel involving hyperbolic
secant function as follows:

//sech 2)g(y)dxdy < 20/l f 12 1€ ]2, (1.6)

where u(x) =x72 and ¢o = 35, 2(k+i) =0.91596559", which is the Catalan con-

stant. Thereafter, Yang [28] gave a similar inequality involving hyperbolic cosecant
function:

oo poo 5 71'2
| [ esehte®y)rgtr)dsdy < 27 o ulgla (a7

where § € {1,—1}, u(x) =x'"%% and v(x) =x3.
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It should be noted that, by the introduction of parameters &, (1.7) gives a unified
treatment of Hilbert-type inequalities involving a homogeneous kernel of degree—0 and
a non-homogeneous kernel. This method of dealing with kernel functions can also be
found in [8, 16]. Furthermore, some other Hilbert-type inequalities with new kernels
can be found in [4,9, 16,25,26,24].

Besides the above-mentioned inequalities of Hilbert-type, another classical in-
equality of great significance in analysis should be presented. It was stated by Hardy in
1920, and is usually expressed as follows:

o /1 (X p p P
/0 (J_C/o f(t)dt> dx < (ﬁf”p> ) (1.8)

where p > 1, and f is a non-negative function such that f € L (R ). Just like Hilbert’s
inequality, in the past 100 years, researchers have never stopped studying Hardy’s in-
equality, and numerous results were established [1, 2, 3,5, 13,15, 17,29]. As is well
known, Hilbert’s inequality (1.1) has an equivalent form which is similar to Hardy’s
inequality (1.8), that is

= f@ N n P
) (o mm) W< (mg”“) : (19)

Inequality (1.9) is the so-called Hardy-type inequality. Generally, a Hilbert-type in-
equality has an equivalent inequality of Hardy-type. Therefore, they always appear in
pairs in the literature.

It is generally known that Hardy’s inequality implies the classical Hardy operator,
which reveals the arithmetic mean of a function in integral form. It can be written as
follows:

(Hf) () = %/Ouf(t)dt. (1.10)

For some extended forms of Hardy operator, we can refer to [1,3,6, 13, 15]. Inspired by
these literature, a new hardy-type operator is proposed as follows:

1 v(u)
(Th) = oo /W) h(r)de (1.11)
where ¢@(u) and y(u) are two real valued functions defined on R, ¢@(u) # y(u) for
arbitrary u € Ry, h(f) is a continuous function defined on R and h(7) > 0. Setting
u=xb yﬁZ, BiB2 # 0 in (1.11), a new kernel function can be constructed to include
both the homogeneous and the non-homogeneous cases in a unified manner, and a new
Hilbert-type inequality can be established with a best possible constant factor. Detailed
definitions and lemmas will be presented in the next section.

2. Definitions and lemmas

DEFINITION 2.1. Let u >0,

['(u) ::/ X lemdx
0
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is the T'-function. Specially, we have T'(u) = (u—1)! for u € N™.

LEMMA 2.2. Let B >0, Bif2 #0. Let ¢(u) and y(u) be two real valued func-
tions defined on Ry, and @(u) # w(u) for arbitrary u € Ry. Suppose that h(t) is a
continuous function defined on R, h(t) > 0, and (Th)(u) is defined by (1.11), such
that

Clhg.y.B)i= | ! (Th)(u)du < e

For arbitrary sufficiently small positive number €, define the functions fe(x) and g¢(x)
as follows:

p(BB—1)—Pe o (B 1)+ e o
P s - . 3 €

felx):=3" TER () =47 et oo

0 XER+\QI O, yER+\Qz

B By
whertez{x x>0, xIBl >1},and§22:{y:y>0,yﬁ2<1}.Then

e[| T L 0ge)ddy = —Z—Clho.y.B) +oll). @D

\ﬁﬁ\

Proof. Setting xPryP2r = ¢ we obtain
e [ ] TP L)y

=¢ yq(ﬁﬁrfilwzg (/ (Th)(xP ﬁz) e ﬁlsdx) dy
Q, Q

L /m(Th)(t)tﬁ_%_ldt dy
|ﬂ1| Q vh2
__¢ Bre—1 - B-5-1
_m Qy 1 (Th)(e)r” »~"dr ) dy
2
1 £
b E [ et / (Th)()P 5 dr ) dy
‘ﬁl‘ Q) yP2

! ) e ! _e_
= g e e [ et (o e o
2.2)

No matter 3, >0 or 3, < 0, it follows from Fubini’s theorem that

Pre-1 B-s-1 _ o B
0’ ) (/vz(Th)() dt) dy e MS/O (Th) (1)t dr. (2.3)
Applying (2.3) to (2.2), we can obtain
[ BB
8/0 /0 (Th)(x™'y™2) fe (x)ge (v)dxdy

- \&l—ﬁzl {[N(Th)(t)tﬁ_’s’_ld“r/()I(Th)(t)t[”g1dt}. 2.4)
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Let € — 0", we arrive at (2.1). Lemma 2.2 is proved. [J

LEMMA 2.3. Let p,3,y>0, 0< B <y—p and ¢(x) = cotx. Then

oo (Bl _yptB-1 n Br (p+B)m
——dr=-— — -0 —) 7. 2.5
e (F) e (B)) e
Proof. Write
oo (B=1 _ sp+p— 1 1 B=1 _sp+p— ldt
/0 117 _/ 1—17

B 2.6
—dr = . .
+/1 = + 1 (2.6)

Expanding ﬁ into power series and exchange the order of integral and summation,

then
>l & 1 1
L = / thJFﬁ*l_therJrﬁ*l = { — } 2.7
1 k:zo 0{ } go ky+B ky+p+pB

Similarly, by using variable substitution ¢ = -, we can get

1y y=p=B—1_ ,y=B-1 = 1 1
I =/ du = { - } 2.8)
o I—u? kgo ky+y—p—B ky+v—B

Applying (2.7) and (2.8) to (2.6), we can get

o B—1_ p+B—1
/ ;dr
0

-t
1 1 1
+ — . (2.9)
g{kHB ky+y=B ky+y—p-B ky+p+ﬁ}
O
Since ¢(x) = cotx has the form of rational fraction expansion [18] as follows:
J Q— 1 1
= - 2.10
?0x) x+kE‘l{x—|—kn+x—ch}7 (2.10)
letting x = ﬁ—;ﬂ and by careful computation, it follows that
& 1 1 Br
— = q) ( ) (2.11)
go{kwrﬁ kYH—ﬁ} Yo\Y
Similarly, letting x = W7 we have
& 1 1 T ((p+B)n
— =9¢ <7 . (2.12)
,Eo{kwpw kY+Y—p—ﬁ} Y Y

Combining (2.9), (2.11) and (2.12), we have (2.5).
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LEMMA 2.4. Let 0 < p <Y, and n € N. Let sinh(z) = et*{’, csch(r) = #,
and ®(x) = tanx. Then

oo 2n+1
2" sinh(pt) csch(yr)dr = (5) 2 (p—”). 2.13
| sinh(pr)eseh(mar = (7 b (2.13)

Proof. Since —— =¥ e~ D7 we can obtain
/ "sinh(pr) csch(yr)dr = 2 / ~@rkry=p)rg2n (27k+7+p>’t2”}dt. (2.14)
0 k=0

Setting (2yk+y— p)t = u, then

ey S O C) L 2.1
/O e = (2.15)

Similarly, we have

© —Qyk+y+p)t2n _ (2n)!
| e P = T (2.16)

Applying (2.15) and (2.16) to (2.14), we have

oo ) b 2n)' (21’1)'
*"sinh h(yr)dr = ( -
/0 t*"sinh(pt) csch(yt)dt kz(){ Qi+ 7—pP 1 Qyk+y+p)tl

}. (2.17)

Take the 2n'" derivative of (2.10), then

; 1 S 1 1
91 (x) = (2n)! {W + ; ((x+kn)2n+l + (x_kn-)2n+l) } (2.18)

k

Letting x = 227 in (2.18), in view of o2 (%) =) <p;f> we have

o ()G
27/ r2n+1 = (2yk+ y— p)2n+1 (2'yk +y+ p)2n+l .

(2.19)

Combining (2.18) and (2.19), we arrive at (2.13), and the proof of Lemma 2.4 is com-
pleted. O

LEMMA 2.5. Let Y >0, n €N, and ¢(x) = cotx. Then

oo 2n+2
2n+1 __ (™ @n+1) (T
/0 2+ esch(yr)dr ( 2)/) ¢ ( 2) . (2.20)
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Proof. Similar to the proof of Lemma 2.4, we can obtain

©° 22n+ 1) & 1
2n+1
t h(yr)dr = . 2.21
/0 CSC (Yt) Y2"+2 ]ZZ) (2k+ 1)2n+2 ( )
Take the derivative of (2.18). Then
o) (x) = —(2n+1)! ! + i ! + ! . (222)
2n+2 S\t km)2n+2 T (x — k)22
Let x = 7, then
oD <§> _ —(@n+ 1)122n+3 & 1 . (2.23)
2 T2n+2 faar (2k+ 1)2n+2

Combining (2.22) and (2.23), we can obtain (2.21), and Lemma 2.5 is proved. [

LEMMA 2.6. Let 0 < 3 <7y, n€N, and ¢(x) = cotx. Then

= tP=1(Ing)2+1 - AN (2n+1) Br
L= (G) e (T) e

Proof. Expanding ﬁ into power series and exchange the order of integral and
summation, then

o B—1 2n+1
/t (Inr) dr

v —1
18— 11 2n+1 00 ﬁfll 2n+1
_/ tP~!(Inr) dt+/ tP~!(Inr) dt
Y —1 1 1Y —1
tﬁ 1 lnt)2n+l ltyfﬁfl(lnt)2n+l
—/ 71 dl+/ le
=— Z {/ kreB=1( 1m)2"+1dt+/ krtr=p- 1(1m)2"+1dt} (2.25)
Setting Int = kerﬁ , then
1 —1 ° —2n+1)!
/ lky+l3_1(lnt)2n+ldl = 72"-&-2/ e_“u2"+1du = (n7+2nz-2 (226)
0 (ky+B) 0 (ky+B)
Similarly, we can obtain
1 —(2n+1)!
/ KT (1 )2l gy — (n—+)2+2 2.27)
0 (ky+v—B)
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Applying (2.26) and (2.27) to (2.25), we obtain

oo tﬁ—l(lnt)Zn-‘rl oo 1 1
_Z — |
/0 Py dt = (2n+ 1).26 + . (2.28)

(ky+B)"?  (ky+y—B)" "

Let x = M in (2.22), and apply the result to (2.28), then we can obtain (2.24). [J

LEMMA 2.7. Let 0 <a<b, and 0 < B <. Then

Ina—Inb ﬁ =1 ,

bu l—y
/ b2 / i = (2.29)

P PB(B.y—B). B#L

Proof. If B =1, then y > 1. By Fubini’s theorem, we can obtain

oo bu o L
/ ulH/ :/ 1 /aldudtzlna—lnb'
0 aw (1+1)Y o (I+0)7Js u 11—y

If B # 1, by Fubini’s theorem, we can have

oo bu oo L 1= _ g1=B e ;B-1
/ uﬁﬁ/ :/ ! / uP~2dudr = b a ! dr
0 au (1+t v 0 1+t L l_ﬁ 0 (1_|_[))/
pl=B _ 1-B
=T BB,

Lemma 2.7 is proved. [

3. Main results

THEOREM 3.1. Let B >0, B, #0. Let ¢(u) and y(u) be two real valued
Sunctions defined on R, and @(u) # y(u) for arbitrary u € R... Suppose that h(t) is

a continuous function defined on R, h(t) > 0, and (Th)(u) is defined by (1.11), such
that

Clhg.y.B) = [ WP (Th)(wdu <=

Let p(x) =xP=PPO=1y(y) = yaU=PRI= and f(x), g(x) = 0 with f(x) € L (R,),
and g(x) € LY (Ry). Then

AwAma%Xﬂ%w”f@M0%h®~dﬁw_ﬂﬁzF%CUu¢whﬁHUNan

q,V>
G.1)

1 1

where the constant factor | By | 4| Bo | 7 C(h,@,y,B) is the best possible.
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Proof. By Holder’s inequality, we have

/ N / (TP ) f(x)g () ddy

= [ ((rmo) 5 )
X ((Th)(xﬁlyﬁ2)> i R g(y)) s
<// TP ﬁﬁlf(x)dxdy>F
X ( /0 ! /0 " (T R) (xBr B BB T g ) dxdy) g
(/ o2 ) (/ ooy (y)dyf’ .

where ©(x) = f(')x’(Th)(xﬁlyﬁz)yﬁﬁz_ldy7 and @(y) = f;(Tk)(xﬁlyﬁz)xﬁﬁl_ldx.
Setting xP1yP2 = u, we have

Bi peo 1
oW =g [ WP = —Clho.y.Bx P (33)
| B21 Jo | B2 |
Similarly, we obtain
—BB2
o(y) =2 / WP (Th)(u Clho.w,B)y PP (34
| Bi | \13 \

Applying (3.3) and (3.4) to (3.2), then

q.v-

(3.5)
If (3.5) takes the form of equality, then there must exist two constants A; and A, that
are not both equal to zero, such that

I [ ermayb gty < B4 B 175 €O, wB) I ulle

ﬁﬁ) q(1-BBy)
A (Th)(PryPryyBPat == 12 () = Ay (Th) (PP )PP =1y 707 gt (y),

a.e. in ]Ri. That is
ApxPU=BB) £p () = Apy1U=BBga(y) e in R2+~
Therefore, there exists a constant A such that

Alxp(l—ﬁﬁl)fp(x) =A, a.e in Ry
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and
Ayt 1=BB gty = A, a.e. in Ry.

. . . . 17 71 _ A
Without loss of generality, assuming A; # 0, it follows that xP(1=BB) fP(x) = Ax
a.e. in Ry, and this contradicts the fact f(x) € Lj;(R ). Thus, (3.5) takes the form of
strict inequality, and (3.1) is obtained.

It remains to show that the constant factor in (3.1) is the best possible. Assume
1 1
that there is a positive constant C < | B1 | 7| B2 | 7 C(h,¢,w,[), such that (3.1) still
1 1
holds for | By | 74| B2 | "7 C(h,@,y,B) being replaced by C. That is

[ [ mes) @ity < il sl 36

Replacing f and g in (3.6) by f¢ and g defined in Lemma 2.2 respectively, and by
virtue of (2.1), it follows that

1
mc(h7(p’ll/’ﬂ)+0(l)

e [ Tmhy) s g ()andy

1 1
<eC (/ x‘ﬁlg‘ldx) ' ( xﬁZS_lM) "=c | B1 \_%\ B2 \_% .
o, o,

1 1
Let € — 0, then we can obtain | B | 4| B> | 7 C(h,@,y,B) < C, and this contradicts
the assumption. Thus, the constant factor in (3.1) is the best possible. Theorem 3.1 is
proved. [

THEOREM 3.2. Let B >0, B, #0. Let ¢(u) and y(u) be two real valued
Sunctions defined on R, and @(u) # y(u) for arbitrary u € R... Suppose that h(t) is
a continuous function defined on R, h(t) > 0, and (Th)(u) is defined by (1.11), such
that

Clh,o,w,B) = /Ooouﬁ_l(Th)(u)du <o,

Let pi(x) = xPU=PPU=1 0y (y) = ytU=BP)=1 and f(x) > 0 with f(x) € Lj(R..). Then

[ ([ metstasea) < (185 B OB )
(3.7

P
where the constant factor (\ Bi |7$| B |7% C(h,o, 14/7[3)> is the best possible, and
(3.7) is equivalent to (3.1) .
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Proof. Setting g(y) := yPBP~1 (f(')x’(Th)(xﬁlyﬁz)f(x)dx)p_l , by Theorem 3.1, we

can obtain
o j2
o) = (/0 yq(lﬁﬁz)lgq(y)dy)

([ ([t fwa) )
(/. (/o ) @)
([ amess et )

< (1B 1518 77 COg.w Bl alla) (338)

0<(llg

Thus

oo oo P
o< [Tt ([T an e ) @
) < (1B 017 C B ) (3.9)

= (llg

Since f(x) € L};(Ry.), it follows from (3.9) that g(x) € LY (R.). By using Theorem 3.1
once more, both (3.8) and (3.9) take the form of strict inequalities, and therefore (3.7)
is proved.

On the other hand, if (3.7) is valid, by Holder’s inequality, we obtain

/ N / T (TR)(PryB2) £(x)g(v)dxdy

_/ ( (1B /Om(Th)(xﬁlyﬁz)f(X)dX) (" PPi) v
< (/Owy”ﬁﬁ“ (/Om (Th)(xﬁlyﬁz)f(x)dx>pdy> % gl q.- (3.10)

Applying (3.7) to (3.10), we can get (3.1). Therefore, (3.1) is equivalent to (3.7). From
1 P
the equivalence of (3.1) and (3.7), the constant factor <| Bil | B |7% C(h,o, W,B))

in (3.7) is the best possible obviously, and therefore the proof of Theorem 3.2 is com-
pleted. O

4. Applications

In Theorem 3.1, let h(r) = t%_l, v(x)=1t", v>p >0, and ¢@(x) = 1. By using
Lemma 2.3, we obtain the following corollary.

COROLLARY 4.1. Let p,B,y>0, 0< B <y—p, and B1fr #0. ¢(x) = cotx,
p(x) = xPUO=BBO=1 ang v(y) = yaU=BBI=1 " Suppose that f(x), g(x) >0, such that
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fx) e Li(R,), and g(x) € LY (Ry). Then

/ / Xﬁlym)p_lf(x)g(y)dxdy

(xPryP2)y —1
<Ap i1 2 o (B5) o (PR il @
v 14
In corollary 4.1, let y=2p, B1 = B> =1, then 0 < B < p, and (4.1) reduces to
/ d"dy< L“f”pﬂ”gnqv» 4.2)
0 1+ (xy)P psm(ﬁ))

where p(x) = xP(1=B)=1 y(y) = ya(1-p)-1
In corollary 4.1, Let y=2p, B =1, By =—1, then 0 < § < p. By replacing
g(y)y? with g(y), (4.1) reduces to

// xp—|—yP <ﬁf”p7u”g“q,v7 (4.3)
p

p sin

where p(x) =xP(1P)=1 y(y) = yal+P=p)=1 Let f =L 14+ 1—1in(4.3), wecan
obtain (1.4).
In corollary 4.1, let y=3p, B =1, fo=—1,then 0 < 8 < 2p, and

[ art < - {o (52) —o (P52 Lt ulel,

(4.4)
where p(x) = xP(=B)=1 vy (y) = ya(14B=20)=1 Let B = p in (4.4), then
R A CVF{0)) 2V3n
—————=—"——dxd —_— . 4.5
L i sty < S5 I el @)

In Theorem 3.1, let A(z) = tgfl, yi)=e", pt)=e ", 0<p <y, and B =
2n+ 1. By using Lemma 2.4, we obtain corollary 4.2.

COROLLARY 4.2. Let 0 < p <7, n €N, sinh(t) = eft, csch(t) =2
q)(x) = tanx, .Ll(x) — xp(l_(2n+1)ﬁl)_l7 and v(y) — yq(l (2n+1)B2)— . Suppose that
f(x), g(x) >0, such that f(x) € Lﬁ (Ry), and g(x) € L}(R). Then

/Ow /w sinh <pxﬁ1yﬁ2> csch (yxﬁlyﬁ2>f(x)g(y)dxdy

0
2n+1
_1 i pr
AR () @ (57) Urlulllas

qv- (4.6)
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Let y=2p, B1 = B> =1 in (4.6), then

T

o oo 2n+1
I secttomnsoeoasay < s (5) 02 (5) Il @)
where p(x) = x~ Gt y(y) =y~ Qe+ Let p =1, n =0 in (4.7), we can get a
Hilbert-type inequality similar to (1.6) with the best constant factor
In Theorem 3.1, let h(t) =1, y(t) =", @(t)=e"", y>0, and p =2n+1.By
using Lemma 2.5, and replacing f(x)xP with f(x), g(v)y®2 with g(y), we can obtain
the following corollary.

COROLLARY 4.3. Let y>0, B2 #0, and n € N. Let p(x) = xP(1-(n+2)B1) -1
and v(y) = yi=Cnt2B)=1 " Suppose that f(x), g(x) =0, such that f(x) € Li(Ry),
and g(x) € LL(R.). Then

/O°° /Om csch (yxﬁlyﬁ2> f(x)g(y)dxdy

2n+2
_1 1 (z onit) (T
BB () 0 (5) Wl @)

Let By =90, 6 €{l,-1}, Bo=1, y=1, n=0, and p = g =2, then we can
obtain (1.7).

2n

In Theorem 3.1, let A(r) = (ln;) , neN, y(t) =17, and @(t) = 1. By using

Lemma 2.6, we obtain corollary 4.4.

COROLLARY 4.4. Let 0 < B <y, Bif2#0, n €N, pu(x) =x"U-BBI-1 " and
v(y) = y?1=BB)=1  Suppose that f(x), g(x) >0, such that f(x) € Li(Ry), and
g(x) € LI (R,). Then

] ﬁl l32
/ / n; ﬁy f(X)g(y)dxdy
x ly 2

L . 2n+2
T (%) o) (ﬁy”) T

av (4.9)

Let B; =1, B = —1 in (4.9), and replace g(y)y” with g(y), then

2n+1
q,v

1n 1\ 212 ’ B
s / g yy reasay <~ (2)7 02 (B2 ) il
(4.10)

where p(x) = xPU=B)=1 y(y) = ya(1+B= 7’) . Obviously, (4.10) is an extension of
(1.2). In fact, setting n = O y=1,and B =+ 1n (4.10), we can obtain (1.2).

In Theorem 3.1, let h(r) = \/m, y(t) = bt7 ¢(t)=at, and b >a > 0. By using
Lemma 2.7, then we can get the following corollary.
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COROLLARY 4.5. Let 0<a<b, 0< B <1, and Bif>#0. Let p(x)=xP1=PP)-1
and v(y) = y?"'=BBI=1 Suppose that f(x), g(x) >0, such that f(x) € LI (Ry), and
g(x) e LI (R,). Then

dxd _1 _1
[ e s <IB B b B el
(4.11)

where C(a,b,f) := % (B.,5—-B).

Let By =1, B, = —1 in (4.11), and replace ,/yg(y) by g(v), then

W =i

where 1 (x) = xP(=B)=1 pi(y) = yt(a+A)-1,
In Theorem 3.1, let h(z) = ﬁ7 y(t) =br, ¢(t) =at, and b >a > 0. Then we
can also get the corollary as follows.

dxdy < C(a,b,pB)

av (4.12)

COROLLARY 4.6. Let 0<a<b, 0< B <2, and ;B2 #0. Let pi(x) =xP(1-BB)-1
and v(y) = y1"1=PB)=1  Suppose that f(x), g(x) >0, such that f(x) € Li(Ry), and
g(x) e LL(R,). Then

q,V>

(4.13)

/ / 1+axﬁ'yﬁ2)(()1dj—dgxﬁ1yﬁ2) <IB |7$‘ B2 |7% C*(a,b,B)

where C*(a,b, B) = M B(B,2—B) for B #1; C*(a,b,B) = el for g — 1.

Let B; =1, B, = —1 in (4.13), and replace ,/yg(y) with g(y), then we can obtain

e el .
/o /0 mdx‘ly<c (a,;b,B) 1 f 1l p.ullgllgvs (4.14)

where 11(x) = x?(1B)=1 i (y) = ya(z+B)-1
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