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GENERALIZATION AND REFINEMENTS OF THE
JENSEN-MERCER INEQUALITY WITH APPLICATIONS

ASIF R. KHAN, INAM ULLAH KHAN AND SHAHID SULTAN ALI RAMII

(Communicated by M. Niezgoda)

Abstract. We give a generalization followed by refinements of Jensen-Mercer inequality in va-
riety of ways. We also highlight its importance by stating plenty of applications. In this way
our main results generalize many established results including Ky Fan’s Inequality, Popoviciu’s
inequalities and Rado’s inequalities etc.

1. Introduction and preliminaries

The core of mathematics is to generalize the concepts and results. Therefore, we
would like to further generalize a variant of the Jensen’s inequality which was first in-
troduced by Mercer and then it was generalized by Niezgoda. The Jensen inequality for
convex functions is one of the most celebrated inequalities in mathematics and statis-
tics. It plays a paramount role in various branches of sciences. Many other renowned in-
equalities can be obtained from it. E. g., the important Arithmetic-Geometric inequal-
ity or some general inequalities between means of order p and ¢, such as Minkowski’s
inequality and Holder’s inequality, are all consequences of Jensen’s inequality for con-
vex functions. There are given numerous variants, generalizations and refinements of
Jensen’s inequalities for reference see [2, 3,6, 7, 8,9, 11, 12, 14, 15, 16, 17, 28, 35, 36,
37, 38]. We also refer [5] and [31] for detailed discussion on Jensen’s inequality and
for some remarks on literature and history of the topic.

Throughout the article we assume that J is an interval in R and for real weights
wi,...,w, we define the notation

i n
W,-:ij,ie{l,...,n} and clearly Wn:ij.
j=1 j=1
Here we state some results from [31] (see also [24, 25, 34]). Let us start with Jensen’s
inequality.
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PROPOSITION 1. Let X be a n-tuple such that x; € J, i € {1,...,n} and let w be
a nonnegative n-tuple with W,, > 0. If f is convex function on J, then the following
inequality is valid

n

1 & 1
f (Wn l_zziwixi> < Wn;wl'f(xz-) ()

Steffensenin 1919 [31, p. 57] presented a more general form of Jensen’s inequality
which we usually refer to as Jensen-Steffensen’s inequality, which may be stated as:

PROPOSITION 2. Let X be a real monotonic n-tuple suchthat x; € J, i € {1,...,n}
and let w be a real n-tuple such that
0KW;, <W,, Wy>0 for ic{l,...,n}. )

If f is convex function on J, then (1) is valid.

The following inequality is usually known in literature as reverse-Jensen’s inequal-
ity [31, p. 83].

PROPOSITION 3. Let x be a n-tuple such that x; € J, i € {1,...,n} and let w
be a real n-tuple with W%Zf‘zlw,-x,- €J, where w; >0, w; <0 forie€{2,...,n} and
W, > 0. If [ is convex function on J, then reverse inequality in (1) is valid.

In article [23], A. Mercer proved the following variant of Jensen’s inequality,
which we wouldrefer to as the Jensen-Mercer’s inequality (see also [22]).

PROPOSITION 4. Let the assumptions of Proposition 1 be valid. Then following
inequality is valid

f<L+M—iiwixi> <f(L)+f(M)_LiWif(xi)» 3)
W, Wn 3

n =1
where
L _= 1 i M - [ (-
irllgl{x,} and I;ilél}({x,}

In [1] we can find the following variant of Jensen-Mercer’s inequality.

PROPOSITION 5. Let x be a monotonic nondecreasing n-tuple such that x; € J,
i€{l,...,n} andlet w be a real n-tuple such that conditions on weights given in (2)
be valid. If f is convex function on J, then inequality (3) is valid.

In [22] the following result has been proved:

PROPOSITION 6. Under the assumptions of Proposition 3 the inequality (3) is
valid.

Now, let us state definition of majorization from [21] as follows. Let x = (xy,...,Xy)
and y = (y1,...,ym) denote two m-tuples and X[ Z 0 Z Xl Y] 20 2 Yim) e
their ordered components.
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DEFINITION 1. For x,y € R,
Zm Zyw ke{l,...om—1},
Yo=Y
i=1 i=1

when x <y, X is said to be majorized by y or 'y majorizes X.

x=<y if

This notion and notation of majorization was first introduced by Hardy et al. in
[10]. We can find the well-known majorization theorem in the same book [10].

Now we are ready to state the following extension of (3) that was given by M.
Niezgoda in [27] which we would refer to as Niezgoda’s inequality (see [19, 20, 29, 30]
for recent extensions of (3)).

PROPOSITION 7. Suppose that a be an m-tuple such that a; € J and X = (x;) =
(xij) is a n x m matrix such that x;j € J Vi € {1,...,n} and j€ {1,...,m}. Let f be
continuous convex function on J.

If a majorizes each row of X, that is,

Xi. = (Xi1y- .o, Xim) < (ap,...,am) =ajforeachic {1,...,n},

then we have the inequality

where Y w; =1 with w; > 0.

xlj “4)

HM:

The main theme of this work is to generalize the Jensen-Mercer inequality. Vari-
ous refinements of generalized result is also discussed. The article is organized in the
following manner. The first section is devoted to preliminaries and introduction. In
second section we generalize the Jensen-Mercer inequality by considering real weights
satisfying the assumptions of the Jensen-steffensen’s inequality as stated in (2). In third
section we use index set functions to give various refinements of result proved in the
second section. The forth section is completely based on applications of our generalized
results and some of its refinements.

Our article generalizes various results stated in [1, 13, 18, 22, 23, 25, 26, 27, 31,
32, 33].

2. Generalization of Jensen-Mercer inequality

THEOREM 1. Suppose that a be an m-tuple such that a; € J for j € {1,...,m}
and X = (Xj) = (xi;) is a nx m matrix such that x;; € J Vi€ {1,...,n}, je{l,...,m}
and each sequence X;1,Xp,...,Xiy IS nondecreasing. Let w be a n-tuple such that
conditions on weights given in (2) are valid. Let f be continuous convex function on

JIf
2 @vmﬂww} (5)

H Ms
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and L
WEWlf(xlj)gf(aj) v]E{lvvm}v (6)
ni=1

then we have the inequality

f(é1 j g Wikij — 7 2 szxu>

IIMm

nj=k+1i
m k—1 n
Efal —_ZEWlfxl/ — o z Zwlfxlj @)
j=1 noj=li= n j=k+1i=1
where k€ {1,...,m}.
Proof. Fix k € {1,...,m}, using first Jensen-Steffensen’s inequality and then us-

ing (6) we get,

T
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Jj=k+1i=1

j=k+1
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1 m n
= flaj)— W 3y wif(xij) — W > dowiflxy). O
1 n ; — n j=
Here we give a couple of remarks related to our first main result.

REMARK 1. (a) It worth mentioning that Theorem 1 is stated for real weights
w;’s satisfying conditions of Jensen-Steffensen (2) and we relaxed the condition
of majorization (as given in the statement of Proposition 7) at the expense of
conditions (5) and (6).

(b) Our main inequality (7) has close connection with the inequality (3) of [18] (see
Theorem 4 there) which was proved for positive weights and we assumed weights
to be real and not necessarily all positive.

(b) If W, =1 and k = m in the inequality (7), then the sum Z;f':k 41 becomes zero;
in this case the inequality coincides with the inequality (4) for real weights. Here
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we do not claim that this is true generalization of Neizgoda’s inequality (4) but it
captures the inequality with slightly different assumptions involving real weights
instead of nonnegative weights.

(c) If in the inequality (7) we set k =m =2, ay =L, ap = M and x;; = x; for
i € {1,...,n}, then this inequality reduces to the inequality (3) for real weights
as stated in Proposition 5 and hence the part of results of Theorem 2 of [1] is a
special case of Theorem 1. Further by imposing different conditions on weights
we easily obtain Propositions 4 and 6.

(d) For further remarks see [18].

3. Index set functions and refinements of generalized Niezgoda’s inequality

In start of this section we give some construction which we would use throughout
this section: Let  be a finite nonempty set of positive integers. Let w = (w;), i € [ be
a real sequence and let (x;) = (x;;) be a sequence of vectors such that x;; € J Vie I,
j€{1,...,m}. Moreover we define A;(x;,w) = WL, Yicrwixij where Wy =Y, w;. For
the generalized Jensen-Mercer inequality (7), we define the index set function F as

=8 s S St 3 St

/ liel / k+1i€l

-7 (z Y S 3 Zwtxu)] ®)

J Liel j k+1iel
where a is an m-tuple such that a; € J for j € {1,...,m} and k€ {1,...,m}.
Now, by using techniques of article [22] we proof some results here. Throughout
this section 1, = {1,...,n}.

THEOREM 2. Let a be an m-tuple such that aj € J for j€{1,....m}, [ and I
be nonempty sets such that I\JI' =1, and INI' = 0. Let (X;) = (x;;) be a sequence
of vectors such that x;j € J Yiel, je{l,...,m} and w= (w;), i € IUI' such that
Wiur > 0. Let Ag(xj,w) € J (Se{l,I',1UI'}). If W; > 0 and Wy > 0, then under the
assumptions of Theorem 1

F(IUI'Y>F(I)+F(I). )
If Wi - Wy <0, then the inequality (9) is reversed.

Proof. Fix k€ {1...m}. Since f is continuous convex and composition with an
affine function, we get convex function g Which we may define as:

_f<,i1aj z, j%l ,)>

where ty, = (tfa)7 o ,t,Sf") € J™ . Using the definition of convex function, for all t;, t, €

J™ and A1,A; >0, we have
(Mtl +7th2> - Aig(ty) +Aag(tr)

10
PR I P (10)
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which gives

mn k-1 Alt(-l)—F)th(-z) mn Alt(-l)—kz,zt(?)
M+ A Ny T i At A
(M +A2)f Z,laz j:zl R Dy e
PRSIV R CRMES ¢ N0 3.0
</11f(2aj—2t, -4 )—i—?tzf(Zaj—th - >4 ) (11)
J=1 J=1 j=k+1 j=1 j=1 j=k+1

Now, by putting A, =W, A, = Wy, tj(.l) =A;(xj,w) and tj(-2) =Ap(x;,w) we have

mn k71W]AI(Xj,W)+WI/AI/(Xj7W) mn W]AI(Xj,W)+WI/AI/(Xj7W)
Wior -

a4
2.4
=1 = Wiur i Wi

m k—1 m
<W1f<zaj—2A1(Xj7W)— 2 AI("/’»“’))

j=1 j=1 j=k+1

m k—1 m
+W1'f<2 aj— Y Ap(xjw)— Y AI’(X,faW)>-
=1 =1

Jj=k+1
Now,
m k—1 m
Wiorf | D aj— X A (X, w) — Y App(xj,w)
j=1 j=1 j:k+1
m m
gWIf(ZQ/ ZAI Xj, W 2 AI(X,hW))
j=1 Jj=k+1
k—1 m
+W1/f(2aj—2A1/(xj7w)— 2 Ap(Xj,W)).
j=1 =1 j=k+1

Multiplying both sides of the last inequality by (—1), putting values of Ag and adding
the following term on the both sides

1 k—1
Wi [Efaj 2 z lf xl/ WIuI’ 2 2 wi f xl']‘|

WIUI j=liemur Jj=k+licIur
we get
m 1 k—1 1 m
Wi Ef(aj> W z z lf(xl/) W 2 Wif(xij)
j=1 101" j—1jequr 101" j—k+1ietur
m 1 m
DT R
j=1 101" j—1jequr 101" j—k+1ierur
m
=W Zf __Zzwlfxlj ~ T Z szfxzj
j=1 I j=1iel I j=k+1iel
m 1 k—1
=\ i gy X 2w - Z 2 wiij
j=1 j liel J k+1iel
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m
Wi | X, fla ZZwlf xS Sowif(x)
j=1 " j=lieJ I Jj=k+1ieJ
m
—f(za., S Sk § zw,xu)]
J=1 Wi j=lieJ I j—k+1ie]

In index set function notation we finally get
F(IUI'Y>F()+F(I').
In case when W;.Wyp < 0, for instance W; > 0 and Wy < 0, we againlet A} =W, A, =

Wy, tj(. ) = Aq(x;,w) and tj(- ) = Ap(x;,w) and reversed inequality in (9) follows by
using reverse Jensen’s inequality for two variable case. [

COROLLARY 1. Let a be an m-tuple such that aj € J for j € {1,...,m}. Let
I, t €{1,...,1} be finite nonempty sets of positive integers such that I;N I, = @ for all
s#te{l,...,1}. We further suppose that (X;) = (xi;) be a real sequence of vectors
such that x;j € J Yie U _ L, j€{1,...,m} and let w= (w;), i € U'_, I, such that
Wiell_1, > 0 and As(xj,w)eJ (Se{l,....I;,U_L}) (re{2,...,1}). Then under
the assumptions of Theorem 1 we have

(a) If W, >0 fort €{1,...,1},
nee

(b) If Wi, >0 and Wy, <0 fort €{2,...,1}, then the inequality (12) is reversed.

12)

£M~

Proof. Proof follows from Theorem 2 by using induction. [

Following results give us refinements of Niezgoda’s Inequality. For the rest of this
section we assume x;; € [a,b] CJ Vi and j.

COROLLARY 2. Let a be an m-tuple such that aj € J for j € {1,....,m}. Let
Le=A{1,...,k}, ke {l,...,n}. We further suppose that (X;) = (x;;) be a real sequence
of vectors such that xjj € J Vi€ l,, j€{l,...,m} and if wi >0 and w; >0 for

i €{2,...,n}, then under the assumptions of Theorem 1 we have

F(L) 2 F(l 1) > > F(I) > F(I}) > 0. (13)
If wi <O forie{2,...,n}, W, >0 and A}, (xj,w) € [a,b] C J, then

0< F(l) SF(l1) < - < F(b) < F(Iy). (14)

Proof. Fix k€ {1,...,m}. Suppose that w; > 0 for i € {2,...,n}. From general-
ized Niezgoda’s inequality (7) it follows that

m m k—1 m
F({t}) = w Zlf(a/ Zf Xij) — Z fxu (21“1".21%/" > xU-)]
Jj= j= j=

j=k+1
=0
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for t € I,. Now, by Theorem 2 we have

F(l) = F(lU{t}) > F(h-1) + F({t}) = F(l-1)
forall r € {2,...,n}.
For second part, we suppose that w; < 0 for i € {2,....n} with W;, > 0 and
A, (x;,w) € [a,b]. Now we show that A; | (x;, W) € [a,b] as follows.
Given that
a<Ap(x;,w)<b
multiplying both sides by W;, > 0 and adding —w;x,,; we obtain

Wi, a —wpxyj < Zw,x, = WnXnj < Wi,b —wpxyj
i€l

or we may write

Wi,a —wpxyj < 2 wixij < Wi, b — wyxyj
icl,

Now multiplying both sides by ﬁ >0 we get
n—1
1 1
W (Wr,a —wuxyj) <Ap,  (Xj,W) < W (Wi, b —wuxy),
n—1 n—1

or we may write

w w
“—(a—2xnj) <Ap,_, (X, W) <b+ ——

a-+
Wlnfl L1

(b—2xn)),

clearly

Wy Wn
a—x,;) >0 and b—x,;) <0,
(@) (b=

and hence we conclude that
a <Ay, (x;,w) <b.

By iteration we obtain Ay, (x;,w) € [a,b] forall r € {2,...,n}. Similarly as before we
have F({r}) <0 forall r € {2,...,n}. Now, by reversed (9) we have

F(l) = F(l1U{1}) < F(h) + F({1}) < F (1)
forall r € {2,...,n} and finally by Theorem 1 F(1,) > 0. O

COROLLARY 3. Let all the assumptions of Corollary 2 be valid. If w; > 0 for
i€{l,...,n}, then

if( )_i wif () +wi f ()

F(l,) > '
( n) = 1<nsl§zxgn (WS +Wl) L aj ~ Wy + Wy
j=1 j=1
B i st(xsj) +Wlf(xlj)
j=kH1 Ws Wi

(Zaz wax,—i-w,x,, i wsx_yj—i-w,x,j)H (15)

Wy + Wy ok 1 Wy + Wy
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and
m k—1
F(I,) > max |w; | Y, fla;) = f(xj)— z flx))
1<t<n
Jj=1 Jj=1 j=k+1
-f Eaj thj Y wi| || a6
j=k+1
Ifwi <O fori€{2,....n} with WI,,>OClndA1,,(X,, ) [a,b],then
. - )Cl +WTF(XTJ)
Pl < gin oo | § s -5
- i wif(x7) +wif(xi)
Jj=k+1 Wi+ W
m k—1 . . m ) )
—f Zaj_zwlxlj‘i‘wtxt]_ Z W1X1j + WXt L an
=S it w S witw

Proof. Suppose that w; >0 for i € I,. As F(I,) > F (L) in (13), we may conclude
that
F(L,) = F({s,1}) (18)
for all s #¢ € I,, so the inequality (15) immediately follows. From (18) we have that
F(I,) = F({r}) forall ¢ € I,, so the inequality (16) is also proved. Inequality (17) can
be proved in the similar way. [J

REMARK 2. Ifin Theorem 2 weset k=m =2, a; =L, ap = M and x;; = x; for
i€ {l,...,n} and in its corollaries, then we obtain Theorem 2.1 and Corollaries 2.4,
2.5 and 2.6 of [22] as special case of our results.

Throughout this section we assume that I C [, unless stated otherwise. Now we
give refinement of (7) as follows.

THEOREM 3. Let all the assumptions of Theorem 1 be valid. Then the following
refinement hold:

(Za,——ki By 3 S

j=li= nj=k+1i
1 k—1 n
D(w,X, f;I) < Zfaj W Zzwtf xlj T 2 szf xlj (19)
Jj=li= n j=k+1i=
where Wy =Y wi, Wy —Zw,, I=1,\I and kE {1,...,m}, and
i€l i€l
WI m 1 k—1
D(w,X, f:I) = W —f Z ] Zzwl-xl/ 2 Zwlxlj
n J=1 j liel J k+1iel
W~ m 1 k—1
+_If 2 __Zzwl-xlj W 2 szxzj
nooNj=l1 IJ Liel I j=k+1icT
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Proof. Fixing k € {1,...,m}, and supposing that w; = - where ¥ jw; = L.
Also W = w} By convexity of function f we have

i€l
m 1 k—1 n 1 m n
(B ZEm gy 3 S

Jj=1 nj=li=1 n j=k+1li=1

m k—1 n m n
:f(Zaj— Zwl*x,j Z Zw?x,,)

j=1 j=1li=1 Jj=k+1i=1

n m k—1 m
:f(Zwl* (Zaj Y xij— Y x,,))

i=1 j=1 j=1 Jj=k+1

1 k—1 m

wli3e(se 8- 5.0)

1 icl j=1 j=1 j=k+1
m 1 k—1
* *
< vVIf Eaj W* Ezwixij W* 2 EW Xij
j=1 I j=liel I j=k+1iel
m 1 k—1
i ($ar - S v $ S
j=1 j=liel 1 j=k+1liel
Wi u 1%
(S S S S S
n j=1 w, j=liel W, j=k+1i€l
Wr i 1K 1 &
| e Zwixij_WT 2 ZWixij>
n j=1 W, J=liel W, J=k+liel
VVI m 1 k—1 1 m
:_f Zaj__ Zwlxij__ 2 Zwlxlj
Wa j=1 W) j=liel Wi j=k+1iel
1 k—1
If Ea, 722w,xu 2 Zw,xu =D(w,X, f;I)
Ij:lie? 11 k+1icl

for any I, which proves the first inequality in (19).
By the inequality (7) we also have

oot~ s (S S S5 & S

I j=1iel j k+1iel

’f(Za/——ZZWu ZZWU)

j=liel IJ k+1ieT

W, 1 1 k—1 n 11 m n
(g St g £ St i 3 o)

I j=1i= n W j—j41i=1
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W- m k—1 n
+Wi (j; f(aj> 2 ZWI le WI Jj= 2 Wlf " )

Ij li= k+1i=
m 1 k—1 n
= S s X 3w - g 3 Fonso)
j=1 nj=li=1 nj=k+1i=1
for any I, which proves the second inequality in (19). [
REMARK 3.
k—1 n
Za,——ZZw,xw Z Zw,x,j <minD(w, X, f31)
nj=li= Nkt li= 4
m 1 k—1 n
mawaXfI Zf _WZ wlfx,J ——EEW, x,J
j=1 nj=1li=1 n j=k+1i=

REMARK 4. Similar remarks as given in Remark 1 hold for Theorem 3 as well.
Also some special cases of Theorem 3 can be found in [13].

For our next corollary we need the following definition.

DEFINITION 2. [21, p. 10] An m x m matrix A = (aj) is said to be doubly
stochastic, if ajx > 0 and X7 aj = XL ay =1 forall j k€ {1,...,m}.
Itis well known [21, p. 31] that if A is an m x m doubly stochastic matrix, then

aA < a for each real m-tuple a = (ay,...,ay). (20)

By applying Theorem 3 and (20), one obtains:

COROLLARY 4. Let f be continuous convex function on J. Suppose that a =
(ay...,am) €J" for je{l,...,m} and Ay,...,A, are m x m doubly stochastic ma-
trices. Set
aAl

X=(x;j)=|
aA,
Then the inequality (19) is valid.

REMARK 5. Special cases of Corollary 4 can be found in [6] and [14].

REMARK 6. Analagous assertion can be formulated for concave functions using
the fact that f is concave iff —f is convex.
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4. Applications

H: Let all the assumptions of Theorem 1 be valid. Further we let, for 0 £ 1 C I, =
{1,...,n}, xjj € [a,b] CJ for je {1,...,m} and i € I, where 0 < a < b, formed with
weights w;, i € I satisfies conditions stated in (2) we define the arithmetic, geometric,
harmonic means and power mean of order r € R as A;,G;,H; and MIM respectively.
While For I = I, we denote the arithmetic, geometric, harmonic and power means by
Apn, G, Hy, and M,[lr] respectively. For the various properties of these means and relations
among them we refer the reader to [5] and [15].

E. g.,itis well known that

An > G, > Hy, (2D

A\ A\ A
AT (Ant S>> > 1. 22)

Gy, G Gl
Wa(An—Gp) 2 W1 (Ap—1 — Gy1) = - 2 Wi (A1 — Gy) 2 0. (23)

Also we have renowned Ky Fan Inequality [4, p. 5] given by
Ap(x) - Gn(x)

> 0<ux v 24
Il—x)~ Grl—x) 0SSy Ve 24)
If we define
5 m 1 k—1
A= Eaj—W ZEW,)C” 2 Ew,x,,
j=1 I j=1iel j =k+1icl
m k—1
= Eaj— 2 x,, 2 Ay( XJ,
j=1 j=1 j=k+1
I aj
- j=
Gr:= T T
k—1 A" o\
I I} I I1x;;
j=liel Jj=k+1iel
) m | k=l -1
H;: = Eaﬂ, 1 ZEW,xl 2 Ew,
Jj=1 J liel j =k+1i€l
1
m r k—1 r m r\’
e (2,-:1 aj — g X501 Sierwixl; — 5 X1y Tier Wixij)
I r#£0,
G[ 7':0,

THEOREM 4. Under the assumptions given in H, the following inequalities hold:
An(x) = Gy(x) (25)

A G 1
- n(X) > = n(x) provided that 0 < x;; < = Vi, j. (26)
1-x)  G,(1-x

[\
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Proof. Applying (7) to convex function f(x) = —Inx, we obtain (25).
Applying (7) to convex function f(x) =In(1=2) for 0 < x < 1, we obtain re-
quired inequality (26). [

THEOREM 5. Under the assumptions given in H, the following inequalities hold:

A Wh 1 Wi—1 A Wi
AT (A Sos (A o (27)
Gn anl Gl

Wo(An—Gp) = Wy 1 (Ay1 — Gut) = -+ = Wi (A — Gy) > 0. (28)

Proof. Applying (13) to convex function f(x) = —Inx, we obtain

1 Wa A W1 A Wi
A, A A

ln<~—> >1n<~” 1) 2--->ln<71> > 0. (29)
G, G G

from which (27) follows. Applying (13) to convex function f(x) = expx and replacing
a; and x;; with In(a;) and In(x;;) respectively, we obtain

Wi(Ay—Gn) = Wy1(Ayo1 — Gur) = - 2 Wi(A = Gy) >0,
since in this case

[za,——zzwz, L% s,

j=liel j =k+1i€l

_exp<21n (a7) ——ZEWZWU w2 Ew’lnx”ﬂ

I j=tiel I, k+1iel

REMARK 7. If in Theorem 5 we simply put w; = 1 Vi € I,, then we get the fol-
lowing results which are of Popoviciu- [32] and Rado- [33] types, respectively, (see
also [26, p. 13] and [34, p. 194]).

COROLLARY 5. Under the assumptions of Theorem 5, we have

n = n—1
(é_n> 2 <1§n_1) 2.. > <A1> 2 1.
G, Gy G

n(A,—Gp)=n—1)(A,1—Gpo1) = 21-(A =G =0

COROLLARY 6. Under the assumptions of Theorem 5, we have

Wa Wu1 ~ 41
Gu) " (Go > (9 s
H, H, H,
1 1 1 1 1 1
Wn = T = >Wn_1 = - = Wl == T = 20
H, Gn Hn—l Gn—l Hl Gl

Proof. Follows from Theorem 5 by the substitutions a; — - and x;; — .
J i

WV
A
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THEOREM 6. For r < 1 and under the assumptions given in H, the following
series of inequalities hold:

WAy — M) > Wi (R — M ) = 2 WA - M) =0 (30)

For r > 1, inequalities in (30) are reversed.

Proof. For r < 1, use (13) for convex function f(x) = x7 and replacing a; and
xij with @’ and x;; respectively we obtain (30), since in this case

m 1 k—1 m
=W, lZaj ZZw,xl, W Z ZW,-xij
j=1 , Liel I j—k+1icl

1/r
SOTEES S REES e I B

j=liel / k+1iel

If r > 1, then function f(x) =x7 is concave, so inequalities in (30) are reversed. [l

By simply taking r = —1 we get the following corollary.

COROLLARY 7. Under the assumptions of Theorem 6, we have
W(Ay—Hy) > Wy (Ayoy —Hy—y) > > Wi(A — Hy) > 0.

REMARK 8. Itis easy to see that, (28) is also direct consequences of Theorem 6.

THEOREM 7. Under the assumptions given in H, let r,s € R, r <s. If s >0,
then

() = () ) > () - ()

If s <0, then inequalities in (31) are reversed.

Proof. For s > 0, use (13) for convex function f(x) = x7 and replacing a; and
xij with @ and xj; respectively we obtain (31), since in this case

oS- B Sy $ S

j=liel j=k+1icl

s/r
m . 1 k—1
—(;aj G EEw g 8 S
Jj=

j liel j =k+1i€l

({5~ (3))

If s <0, then function f(x) = X7 is concave, so inequalities in (31) are reversed. [
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THEOREM 8. Under the assumptions given in H, the following inequalities hold:

. L/ S
(i) Gy < AJ"AT" <A, (32)
~ Wi~ Wr « .
(if) G < 3G+ 3 Gr < A (33)
Proof. (i) Applying Theorem 3 to convex function f(x) = —Inx, we obtain

—In4, < —ﬁlnﬁl— &lnAT < —InG,.
Wi Wi
After some simplifications we obtain our required result.

(ii) Applying Theorem 3 to convex function f(x) = expx and replacing a; and x;;
with Ina; and Inx;; respectively we get what we wanted. L]

COROLLARY 8. Under the assumptions of Theorem 8, we have

B W oW w7
(i) G, < minA;" A" and A, maxAW"AW" (34)
T i
N Wr ~ Wz Wr ~ W ~
(ii) Gy < min [W’Gﬂr W’G;} and &, > max [W’ G+ WIGT] . (3%)

Proof. Inequalities (34) and (35) follow from (32) and (33) respectively by using
Remark 3. [

Following particular cases of Theorem 8 are of interest which follows from Theo-
rem 8 and Corollary 8 respectively by the substitutions a; — % and x;; —

Xij :
COROLLARY 9. Under the assumptions of Theorem 8, we have
1 - 1 - 1
(i) G, S W _wm SE-
Hy™ Hp ™
1 W W; 1
(ii) =— < | —= L | <~
Gn WnGI WnG]
COROLLARY 10. Under the assumptions of Theorem 8, we have
(i) = < min—y 0 and —= > max — W
! HIW_"HTWT' ! I:IIW i
1 W, W 1 W Wy
(ii) = < min L +—L and — > max I~+ L |,
G, I | W,Gy WnG7 H, 1 W, G WnGT

Here we have another important result with some corollaries.

THEOREM 9. Under the assumptions given in H and for r < 1, we have the fol-
lowing inequalities
i < Vil 4
ns W
For r > 1, inequalities in (36) are reversed.

Wr - ~
i <A (36)
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Proof. For r < 1, r #0, use Theorem 3 for convex function f(x) = x7 and re-
placing a; and x;; with a; and x;; respectively and for r = 0 use Theorem 3 for convex
function f(x) = expx, replacing a; and x;; with Ina; and Inx;; respectively, we obtain
(36).

If r > 1, then function f(x) = X7 is concave, so inequalities in (36) are re-
versed. O

By using previous result and Remark 3 we obtain the following result.

COROLLARY 11. Let all the assumptions of Theorem 9 be valid. Then for r < 1,
we have following inequalities

77 < min | Wl - Wil & Wi g WE gl
M, <mlln [WHMI +W,,M7 ]7 A, Zmlax [WHMI +W,,M7 . 37

For r > 1, inequalities in (37) are reversed.

Here we have some consequences of last two results.

COROLLARY 12. Under the assumptions of Theorem 9, we have

. Wi Wh .
Hy < Bt WiHT <A,

COROLLARY 13. Under the assumptions of Theorem 9, we have
Ay <min| i+ Vg | A s ma| Mg Vg
min | — —LH- max | — —H| .
e e A T ] R a7 A T
REMARK 9. Itis easy to see that, (33) is also direct consequence of Theorem 9.

THEOREM 10. Under the assumptions givenin H let r,s € R, r <s.
(i) If s =0, then
~m>s Wi ( ~m>f W ( ~[r1>5 ( ~[s]>s
My <— (M — - < (M . 38
( w, M) T, (M (38)
(i) If s <0, then inequalities in (38) are reversed.

Proof. Let s > 0. Using Theorem 3 to convex function f(x) = xr and replacing
aj and x;; with @’ and x;; respectively, we obtain (38).

If s <0, then function f(x) = X7 is concave so inequalities in (38) are reversed. [J
Following result follows from previous theorem and Remark 3.
COROLLARY 14. Let all the assumptions of Theorem 10 be valid and let r,s € R,

r<s.
(i) If s = 0, then

(o) < m 5 () 5 ()]
(30 mp ) 5 5]

(it) If s <0, then inequalities in (39) and (40) are reversed.
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Let ¢ be continuous and strictly monotonic function on J. Then for a given n-
tuple X = (x1,...,x,) € J" and real n-tuple w = (wy,...,w,) with W, # 0, the value

it

is well defined and is called quasi — arzthmetzc mean of x with weight w (see e. g. [5,
p- 215]). If we define, under the assumptions of Theorem 1,

k—1 n
Mq[)"] (Zq) (aj ——ZZW, O (xij) — — Z Zw, xu> 41
nj=li= n j=k+1i=
then we have the following results.

THEOREM 11. Let ¢ and y be two continuous and strictly monotonic functions
on J. If wo ¢~ is convex on J, then under the assumptions given in H, the following
series of inequalities hold:

e () - (5)) 5 () - )
v () v () 20 o

If wo ¢! is concave on J, then inequalities in (42) are reversed.

Proof. Applying (13) to convex function f = wo ¢! and replacing a; and x;;
with ¢(a;) and ¢ (x;;) respectively we obtain (42), since in this case

m 1 m
F(l) =W, | >, w( Z D wiy(xij) — o D> Y wiv(xi))
j=1 Wi, j=liek I j—k+1iel
m
[m o) 8 T wtts) g 5 St |
Wy, j=liel 1, j=k+1icl

) <

REMARK 10. Theorem 5, 6 and 7 follow from Theorem 1 1, by choosing adequate
functions ¢, y and appropriate substitutions.

COROLLARY 15. Under the assumptions of Theorem 11, we have

i (v (37) —v (7))

k=1
Ws W(ij ) +wi V/(xfj )
>
> (v ) Z‘M 2T
i wsY x\/ +Wll//(xfj)
et Ws + Wy

W + wy

—<wo¢1><i¢<aj>—]§”" st > W“"b(’“‘”’”w"b(’c”'))H
(43)
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and
k—1
(v (8 = () > s o £ vian=Zv = $: v
m k—1
1)<2¢(a,->—2 O () — 2 M,)H (44)
j=1 j=1 j=k+1

If wo ¢~ is concave on J, then inequalities in (43) and (44) with maximum replaced
with minimum, are reversed.

THEOREM 12. Let ¢ and y be two continuous and strictly monotonic functions
on J. If wo ¢~ is convex on J, then under the assumptions given in H, the following
series of inequalities hold:

A\ o Wi oem\ L Wi o v
o) o) e o), e
where Mg]:(b*l (i o(a;) EEW, O (xij) — 2 qu)x,, )
Jj=1 J liel j =k+1i€l

Proof. Applying Theorem 3 to convex function f = yo¢~! and replacing a ; and
x;j with ¢(a;) and ¢ (x;;) respectively, we obtain (45). [

Remark 3 gives us the following result as a special case of previous result.

COROLLARY 16. Under the assumptions of Theorem 12, we have

w (1) <min [y () + oy (7).
v (057) > mps [ Wy (1) Wy ().

REMARK 11. (a) Theorem 8, 9 and 10 follow from Theorem 12, by choosing
adequate functions ¢, ¥ and appropriate substitutions.

(b) In all theorems reverse inequalities hold for concave functions.

(c) By imposing different conditions on k and weights w;’s we can obtain many
special cases of our results of this section in articles [13, 18, 22].
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