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AN EXTENDED HARDY–HILBERT’S INEQUALITY

WITH PARAMETERS AND APPLICATIONS

ZHAOHUI GU AND BICHENG YANG ∗

(Communicated by G. Sinnamon)

Abstract. By using the weight coefficients, the Euler-Maclaurin summation formula and Abel’s
summation by parts formula, an extended Hardy-Hilbert’s inequality with the power function as
the interval variables and a new Hilbert-type inequality with the partial sums are given. As ap-
plications, the equivalent conditions of the best possible constant factor in a particular inequality
related to a few parameters and some particular cases are considered.

1. Introduction

Assuming that p > 1, 1
p + 1

q = 1,am,bn � 0,0 < ∑∞
m=1 ap

m < ∞ and 0 < ∑∞
n=1 bq

n <
∞ , we have the following well known Hardy-Hilbert’s inequality with the best possible
constant factor π

sin(π/p) (cf. [1], Theorem 315):

∞

∑
m=1

∞

∑
n=1

ambn

m+n
<

π
sin(π/p)

(
∞

∑
m=1

ap
m

) 1
p
(

∞

∑
n=1

bq
n

) 1
q

. (1)

By introducing parameters λi ∈ (0,2](i = 1,2),λ1 +λ2 = λ ∈ (0,4], an extension
of (1) was provided by [2] in 2006 as follows:

∞

∑
m=1

∞

∑
n=1

ambn

(m+n)λ < B(λ1,λ2)

[
∞

∑
m=1

mp(1−λ1)−1ap
m

] 1
p
[

∞

∑
n=1

nq(1−λ2)−1bq
n

] 1
q

, (2)

where, the constant factor B(λ1,λ2) is the best possible, and

B(u,v) :=
∫ ∞

0

tu−1

(1+ t)u+v dt (u,v > 0)

is the beta function. For λ = 1,λ1 = 1
q ,λ2 = 1

p , inequality (2) reduces to (1); for

p = q = 2,λ1 = λ2 = λ
2 , (2) reduces to Yang’s inequality in [3].
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Recently, applying (2), Adiyasuren et. al. [4] gave a new inequality with the kernel
as (2) involving partial sums.

If f (x),g(y) � 0,0 <
∫ ∞
0 f p(x)dx < ∞ and 0 <

∫ ∞
0 gq(y)dy < ∞ , then we still have

the following Hardy-Hilbert’s integral inequality (cf. [1], Theorem 316):∫ ∞

0

∫ ∞

0

f (x)g(y)
x+ y

dxdy <
π

sin(π
p )

(∫ ∞

0
f p(x)dx

) 1
p
(∫ ∞

0
gq(y)dy

) 1
q

, (3)

where, the constant factor π
sin(π/p) is the best possible. Inequalities (1) and (3) with their

extensions are playing an important role in analysis and its applications (cf. [5]–[15]).
In 1934, a half-discrete Hilbert-type inequality was given as follows (cf. [1], The-

orem 351): If K(t) (t > 0) is a decreasing function, p > 1, 1
p + 1

q = 1,0 < φ(s) =∫ ∞
0 K(t)ts−1dt < ∞ , an � 0, 0 < ∑∞

n=1 ap
n < ∞, then∫ ∞

0
xp−2

(
∞

∑
n=1

K(nx)an

)p

dx < φ p(
1
q
)

∞

∑
n=1

ap
n . (4)

Some new extensions of (4) were provided by [16]–[20].
In 2016, by means of the technique of real analysis, Hong et al. [21] considered

some equivalent statements of the extensions of (1) with the best possible constant
factor related to a few parameters. The other similar works about the extension of (3)
were given by [22]–[39].

In this paper, following the way of [2, 4, 21], by the use of the weight coefficients,
the idea of introduced parameters, the Euler-Maclaurin summation formula and Abel’s
summation by parts formula, an extended Hardy-Hilbert’s inequality with the power
function as the internal variables and a new Hilbert-type inequality with the partial
sums are given in Lemma 3 and Theorem 1. As application, the equivalent conditions
of the best possible constant factor in a particular inequality related to a few parameters
and some particular cases are considered in Theorem 2 and Remark 3. The lemmas and
theorems provide an extensive account of this type of inequalities.

2. Some Lemmas

In what follows, we suppose that p > 1, 1
p + 1

q = 1,λ ∈ (0,4],α,β ∈ (0,1],λ1 ∈
(0, 2

α −1]∩ (0,λ +1),λ2 ∈ (0, 2
β −1]∩ (0,λ +1),

kλ (λi) := B(λi,λ −λi) (i = 1,2).

For am,bn � 0, we define the partial sums Am := ∑m
i=1 ai and Bn := ∑n

k=1 bk (m,n ∈ N

={1,2, · · ·}) , such that Am = o(etmα
),Bn = o(etnβ

) (t > 0) , with

0 <
∞

∑
m=1

mp[1−α(1+ λ−λ2
p + λ1

q )]−1Ap
m < ∞, and

0 <
∞

∑
n=1

nq[1−β (1+ λ−λ1
q + λ2

p )]−1Bq
n < ∞ (5)
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LEMMA 1. (cf. [5], (2.2.3)) (i) If (−1)i di

dti
g(t) > 0,t ∈ [m,∞) (m ∈ N) with

g(i)(∞) = 0 (i = 0,1,2,3) , Pi(t),Bi (i∈N) are the Bernoulli function and the Bernoulli
number of i-order, then∫ ∞

m
P2q−1(t)g(t)dt = −εq

B2q

2q
g(m) (0 < εq < 1;q = 1,2, · · ·) (6)

In particular, for q = 1, in view of B2 = 1
6 , we have

− 1
12

g(m) <
∫ ∞

m
P1(t)g(t)dt < 0; (7)

for q = 2, in view of B4 = − 1
30 , we have

0 <

∫ ∞

m
P3(t)g(t)dt <

1
120

g(m). (8)

(ii) (cf. [5], (2.3.2)) If f (t)(> 0) ∈C3[m,∞) , f (i)(∞) = 0 (i = 0,1,2,3) , then we
have the following Euler-Maclaurin summation formula:

∞

∑
k=m

f (k) =
∫ ∞

m
f (t)dt +

1
2

f (m)+
∫ ∞

m
P1(t) f ′(t)dt, (9)∫ ∞

m
P1(t) f ′(t)dt = − 1

12
f ′(m)+

1
6

∫ ∞

m
P3(t) f ′′′(t)dt. (10)

LEMMA 2. For s ∈ (0,6] , s2 ∈ (0, 2
β ]∩ (0,s) , ks(s2) = B(s2,s− s2) , define the

following weight coefficient:

ϖα(s2,m) := mα(s−s2)
∞

∑
m=1

βnβ s2−1

(mα +nβ )s
(m ∈ N). (11)

We have the following inequalities:

0 < ks(s2)
(
1−O

( 1
mαs2

))
< ϖα(s2,m) < ks(s2) (m ∈ N), (12)

where, O( 1
mαs2 ) := 1

ks(s2)
∫ 1

mα
0

us2−1

(1+u)s du > 0.

Proof. For fixed m ∈ N , we define the function g(m, t) as follows:

g(m,t) :=
β tβ s2−1

(mα + tβ )s
(t > 0).

In view of (9), for

h(m) :=
∫ 1

0
g(m,t)− 1

2
g(m,1)−

∫ ∞

1
P1(t)g′(m,t)dt,
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we have

∞

∑
n=1

g(m,n) =
∫ ∞

1
g(m,t)dt +

1
2
g(m,1)+

∫ ∞

1
P1(t)g′(m,t)dt

=
∫ ∞

0
g(m,t)dt−h(m). (13)

In the following, we show that h(m) > 0.

We obtain − 1
2g(m,1) = − β

2(mα+1)s . Integration by parts, we find

∫ 1

0
g(m,t)dt = β

∫ 1

0

tβ s2−1

(mα + tβ )s
dt

u=tβ
=
∫ 1

0

us2−1

(mα +u)s du

=
1
s2

∫ 1

0

dus2

(mα +u)s =
us2

s2(mα +u)s |10 +
s
s2

∫ 1

0

us2

(mα +u)s+1 du

=
1
s2

1
(mα +1)s +

s
s2(s2 +1)

∫ 1

0

dus2+1

(mα +u)s+1

>
1

s2(mα +1)s +
s

s2(s2 +1)

[
us2+1

(mα +u)s+1

]1

0

+
s(s+1)

s2(s2 +1)(mα +1)s+2

∫ 1

0
us2+1du

=
1

s2(mα +1)s +
s

s2(s2 +1)(mα +1)s+1

+
s(s+1)

s2(s2 +1)(s2 +2)(mα +1)s+2 .

We obtain

−g′(m, t) = −β (β s2−1)tβ s2−2

(mα + tβ )s
+

β 2stβ+β s2−2

(mα + tβ )s+1

= −β (β s2−1)tβ s2−2

(mα + tβ )s
+

β 2s(mα + tβ −mα)tβ s2−2

(mα + tβ )s+1

=
β (β s−β s2 +1)tβ s2−2

(mα + tβ )s
− β 2mαstβ s2−2

(mα + tβ )s+1
,

and for 0 < s2 � 2
β ,0 < β � 1,s2 < s � 6, it follows that for i = 0,1,2,3,

(−1)i di

dti

[
tβ s2−1

(mα + tβ )s

]
> 0, (−1)i di

dti

[
tβ s2−1

(mα + tβ )s+1

]
> 0.

By (7), (8), (9) and (10), we obtain

β (β s−β s2 +1)
∫ ∞

1
P1(t)

tβ s2−2dt

(mα + tβ )s
> −β (β s−β s2 +1)

12(mα +1)s ,
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−β 2mαs
∫ ∞

1
P1(t)

tβ s2−2

(mα + tβ )s+1
dt

=
β 2mαs

12(mα +1)s+1 −
β 2mαs

6

∫ ∞

1
P3(t)

[
tβ s2−2

(mα + tβ )s+1

]′′
dt

>
β 2mαs

12(mα +1)s+1 −
β 2mαs
720

[
tβ s2−2

(mα + tβ )s+1

]′′
t=1

>
β 2(mα +1−1)s
12(mα +1)s+1 − β 2(mα +1)s

720

[
(s+1)(s+2)β 2

(mα +1)s+3

+
β (s+1)(5−β −2β s2)

(mα +1)s+2 +
(2−β s2)(3−β s2)

(mα +1)s+1

]
=

β 2s
12(mα +1)s −

β 2s
12(mα +1)s+1 −

β 2s
720

[
(s+1)(s+2)β 2

(mα +1)s+2

+
β (s+1)(5−β −2β s2)

(mα +1)s+1 +
(2−β s2)(3−β s2)

(mα +1)s

]
,

and then we have

h(m) >
h1

(mα +1)s +
h2

(mα +1)s+1 +
s(s+1)h3

(mα +1)s+2 ,

where,

h1 : =
1
s2

− β
2
− β −β 2s2

12
− β 2s(2−β s2)(3−β s2)

720
,

h2 : =
1

s2(s2 +1)
− β 2

12
− β 3(s+1)(5−β −2β s2)

720
,

and h3 := 1
s2(s2+1)(s2+2) − β 4(s+2)

720 .

Setting a function g(y)(y ∈ (0, 2
β ]) as follows:

g(y) := 720− (420β +6sβ 2)y+(60β 2 +5sβ 3)y2− sβ 4y3.

We obtain for β ∈ (0,1],s ∈ (0,6] that

g′(y) = −(420β +6sβ 2)+2(60β 2 +5sβ 3)y−3sβ 4y2

< −420β −6sβ 2 +(60β 2 +5sβ 3)
4
β

= 14sβ 2−180β < 0,

and then it follows that

h1 =
g(s2)
720s2

� g(2/β 2)
720s2

=
1

6s2
> 0.
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We also find that for s2 ∈ (0, 2
β ] (0 < β � 1,0 < s � 6),

h2 >
β 2

6
− β 2

12
− 5(s+1)β 2

720
=
( 1

12
− 7

140

)
β 2 > 0,

and h3 � [ 1
24 − β (s+2)

720 ]β 3 > 0.
Hence, we show that h(m) > 0 (m ∈ N).
On the other-hand, by (9), for

H(m) :=
1
2
g(m,1)+

∫ ∞

1
P1(t)g′(m,t)dt,

we have

∞

∑
n=1

g(m,n) =
∫ ∞

1
g(m,t)dt +

1
2
g(m,1)+

∫ ∞

1
P1(t)g′(m,t)dt

=
∫ ∞

1
g(m,t)dt +H(m). (14)

In the following we show that H(m) > 0 (m ∈ N).
In the same way, we obtain

g′(m,t) = −β (β s−β s2 +1)tβ s2−2

(mα + tβ )s
+

β 2mαstβ s2−2

(mα + tβ )s+1
,

−β (β s−β s2 +1)
∫ ∞

1
P1(t)

tβ s2−2

(mα + tβ )s
dt > 0,

β 2mαs
∫ ∞

1
P1(t)

tβ s2−2dt

(mα + tβ )s+1
>

−β 2mαs
12(mα +1)s+1 >

−β 2s
12(mα +1)s .

Hence, we have

H(m) >
β

2(mα +1)s −
β 2s

12(mα +1)s

� β
2(mα +1)s −

6β
12(mα +1)s = 0.

Base on h(m),H(m) > 0 (m ∈ N), by (11), (13) and (14), setting t = mα/β u1/β ,
we obtain

ϖα(s2,m) = mα(s−s2)
∞

∑
m=1

g(m,n) < mα(s−s2)
∫ ∞

0
g(m,t)dt

= βmα(s−s2)
∫ ∞

0

tβ s2−1

(mα + tβ )s
dt =

∫ ∞

0

us2−1

(1+u)s du

= B(s2,s− s2) = ks(s2),
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ϖα(s2,m) = mα(s−s2)
∞

∑
m=1

g(m,n) > mα(s−s2)
∫ ∞

1
g(m,t)dt

= mα(s−s2)
(∫ ∞

0
g(m,t)dt−

∫ 1

0
g(m,t)dt

)
= ks(s2)

(
1−O

( 1
mαs2

))
> 0,

where, O( 1
mαs2 ) = 1

ks(s2)
∫ 1

mα
0

us2−1

(1+u)s du > 0, satisfying

0 <

∫ 1
mα

0

us2−1

(1+u)s du <

∫ 1
mα

0
us2−1du =

1
s2mαs2

.

Therefore, inequalities (12) follow.
The lemma is proved. �

LEMMA 3. For s ∈ (0,6] , s1 ∈ (0, 2
α ]∩ (0,s) , s2 ∈ (0, 2

β ]∩ (0,s), we have the
following extended Hardy-Hilbert’s inequality with the internal variables:

I :=
∞

∑
n=1

∞

∑
m=1

ambn

(mα +nβ )s

�
( 1

β
ks(s2)

) 1
p
( 1

α
ks(s1)

) 1
q

×
{

∞

∑
m=1

mp[1−α( s−s2
p + s1

q )]−1ap
m

} 1
p
{

∞

∑
n=1

nq[1−β ( s−s1
q + s2

p )]−1bq
n

} 1
q

. (15)

Proof. In the same way, we obtain the following inequalities for the next weight
coefficient:

0 < ks(s1)
(
1−O

( 1

nβ s1

))
< ωβ (s1,n) := nβ (s−s1)

∞

∑
m=1

αmαs1−1

(mα +nβ)s
< ks(s1) (n ∈ N), (16)

where, O( 1
nβs1

) := 1
ks(s1)

∫ 1
nβ

0
us1−1

(1+u)s du > 0.

By Hōlder’s inequality (cf. [40]), we obtain

I =
∞

∑
n=1

∞

∑
m=1

1

(mα +nβ )s

[
mα(1−s1)/q(βnβ−1)1/pam

nβ (1−s2)/p(αmα−1)1/q

]

×
[

nβ (1−s2)/p(αmα−1)1/qbn

mα(1−s1)/q(βnβ−1)1/p

]
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�
[

∞

∑
m=1

∞

∑
n=1

β
(mα +nβ )s

mα(1−s1)(p−1)nβ−1

nβ (1−s2)(αmα−1)p−1
ap

m

] 1
p

×
[

∞

∑
n=1

∞

∑
m=1

α
(mα +nβ )s

nβ (1−s2)(q−1)mα−1

mα(1−s1)(βnβ−1)q−1
bq

n

] 1
q

=

{
1
β

∞

∑
m=1

ϖα(s2,m)mp[1−α( s−s2
p + s1

q )]−1ap
m

} 1
p

×
{

1
α

∞

∑
n=1

ωβ (s1,n)nq[1−β ( s−s1
q + s2

p )]−1bq
n

} 1
q

.

Then by (12) and (16), we have (15).
The lemma is proved. �

REMARK 1. In particular, for s = λ +2 ∈ (2,6],λ ∈ (0,4],

s1 = λ1 +1 ∈
(
0,

2
α

]
,λ1 ∈

(
0,

2
α
−1
]
∩ (0,λ +1),

s2 = λ2 +1 ∈
(
0,

2
β

]
,λ2 ∈

(
0,

2
β
−1
]
∩ (0,λ +1)

in (15), replacing am (resp. bn) by, Am (resp. Bn), in view of (5), we still have

I1 :=
∞

∑
n=1

∞

∑
m=1

AmBn

(mα +nβ )λ+2
<
( 1

β
kλ+2(λ2 +1)

) 1
p
( 1

α
kλ+2(λ1 +1)

) 1
q

×
{

∞

∑
m=1

mp[1−α(1+ λ−λ2
p + λ1

q )]−1Ap
m

} 1
p
{

∞

∑
n=1

nq[1−β (1+ λ−λ1
q + λ2

p )]−1Bq
n

} 1
q

. (17)

LEMMA 4. For t > 0 , we have the following inequalities:

∞

∑
m=1

e−tmα
am � t

∞

∑
m=1

e−tmα
Am, (18)

∞

∑
n=1

e−tnβ
bn � t

∞

∑
n=1

e−tnβ
Bn. (19)

Proof. In view of e−tmα
Am = o(1) (m → ∞) , by Abel’s summation by parts for-

mula, we find

∞

∑
m=1

e−tmα
am = lim

m→∞
e−tmα

Am +
∞

∑
m=1

[e−tmα − e−t(m+1)α
]Am

=
∞

∑
m=1

[e−tmα − e−t(m+1)α
]Am.
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Since 1− e−t < t and for α ∈ (0,1],

e−t(m+1)α � e−t(mα +1) ⇐⇒ et[(m+1)α−mα−1] � 1 ⇐⇒
(m+1)α −mα −1 = α(m+ θm)α−1−1 � 0 (θm ∈ (0,1)).

we have

∞

∑
m=1

e−tmα
am �

∞

∑
m=1

[e−tmα − e−t(mα+1)]Am

= (1− e−t)
∞

∑
m=1

e−tmα
Am � t

∞

∑
m=1

e−tmα
Am,

namely, (18) follows. In the same way, we obtain (19).
The lemma is proved. �

3. Main results and applications

THEOREM 1. We have the following inequality:

H :=
∞

∑
n=1

∞

∑
m=1

ambn

(mα +nβ )λ

<
Γ(λ +2)

Γ(λ )

( 1
β

kλ+2(λ2 +1)
) 1

p
( 1

α
kλ+2(λ1 +1)

) 1
q

×
{

∞

∑
m=1

mp[1−α(1+ λ−λ2
p + λ1

q )]−1Ap
m

} 1
p
{

∞

∑
n=1

nq[1−β (1+ λ−λ1
q + λ2

p )]−1Bq
n

} 1
q

. (20)

In particular, for λ1 + λ2 = λ , we have

0 <
∞

∑
m=1

mp[1−α(1+λ1)]−1Ap
m < ∞, and 0 <

∞

∑
n=1

nq[1−β (1+λ2)]−1Bq
n < ∞,

and the following inequality:

H =
∞

∑
n=1

∞

∑
m=1

ambn

(mα +nβ )λ <
λ1λ2

β 1/pα1/q
B(λ1,λ2)

×
{

∞

∑
m=1

mp[1−α(1+λ1)]−1Ap
m

} 1
p
{

∞

∑
n=1

nq[1−β (1+λ2)]−1Bq
n

} 1
q

. (21)

Proof. In view of the fact that

1

(mα +nβ )λ =
1

Γ(λ )

∫ ∞

0
tλ−1e−(mα+nβ )t dt,
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by (18) and (19), it follows that

H =
1

Γ(λ )

∞

∑
n=1

∞

∑
m=1

ambn

∫ ∞

0
tλ−1e−(mα +nβ )tdt

=
1

Γ(λ )

∫ ∞

0
tλ−1

∞

∑
m=1

e−mα t am

∞

∑
n=1

e−nβ tbndt

� 1
Γ(λ )

∫ ∞

0
tλ+1

∞

∑
m=1

e−mα tAm

∞

∑
n=1

e−nβ tBndt

=
1

Γ(λ )

∞

∑
n=1

∞

∑
m=1

AmBn

∫ ∞

0
tλ+1e−(mα+nβ )t dt =

Γ(λ +2)
Γ(λ )

I1.

Then by (17), we have (20).
The theorem is proved. �

REMARK 2. For α = β = 1, λi ∈ (0,1]∩ (0,λ +1) (i = 1,2) in (20), we have

∞

∑
n=1

∞

∑
m=1

ambn

(m+n)λ <
Γ(λ +2)

Γ(λ )
(kλ+2(λ2 +1))

1
p (kλ+2(λ1 +1))

1
q

×
[

∞

∑
m=1

m−p( λ−λ2
p + λ1

q )−1Ap
m

] 1
p
[

∞

∑
n=1

n−q( λ−λ1
q + λ2

p )−1Bq
n

] 1
q

.(22)

THEOREM 2. For λi ∈ (0,1]∩ (0,λ +1) (i = 1,2) , the constant factor

Γ(λ +2)
Γ(λ )

(kλ+2(λ2 +1))
1
p (kλ+2(λ1 +1))

1
q

in (20) is the best possible if and only if λ1 + λ2 = λ (∈ (0,2]).

Proof. “⇐” (cf. [4]). If λ1 + λ2 = λ (∈ (0,2]), then we find

kλ+2(λ2 +1) = kλ+2(λ1 +1) = B(λ1 +1,λ2 +1)

=
Γ(λ1 +1)Γ(λ2 +1)

Γ(λ +2)
=

λ1λ2Γ(λ1)Γ(λ2)
Γ(λ +2)

,

and then (22) reduces to

∞

∑
n=1

∞

∑
m=1

ambn

(m+n)λ < λ1λ2B(λ1,λ2)

(
∞

∑
m=1

Ap
m

mpλ1+1

) 1
p
(

∞

∑
n=1

Bq
n

nqλ2+1

) 1
q

. (23)

For any 0 < ε < min{pλ1,qλ2} , we set

ãm := mλ1− ε
p−1, b̃n := nλ2− ε

q−1 (m,n ∈ N).
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Then it follows that for m,n ∈ N,

Ãm : =
m

∑
i=1

ãi =
m

∑
i=1

iλ1− ε
p−1 <

∫ m

0
tλ1− ε

p−1dt =
mλ1− ε

p

λ1− ε
p

,

B̃n : =
n

∑
k=1

b̃k =
n

∑
k=1

kλ2− ε
q−1 <

∫ n

0
tλ2− ε

q−1dt =
nλ2− ε

q

λ2− ε
q

.

If there exists a positive constant M � λ1λ2B(λ1,λ2), such that (23) is valid when
replacing λ1λ2B(λ1,λ2) by M , then in particular, by substitution of am = ãm,bn =
b̃n,Am = Ãm and Bn = B̃n in (23), we have

Ĩ :=
∞

∑
n=1

∞

∑
m=1

ãmb̃n

(m+n)λ < M

(
∞

∑
m=1

m−pλ1−1Ãp
m

) 1
p
(

∞

∑
n=1

n−qλ2−1B̃q
n

) 1
q

. (24)

By (24) and the decreasingness property of series, we obtain

Ĩ <
M

(λ1 − ε
p)(λ2− ε

q )

(
∞

∑
m=1

m−pλ1−1mpλ1−ε

) 1
p
(

∞

∑
n=1

n−qλ2−1nqλ2−ε

) 1
q

=
M

(λ1 − ε
p)(λ2− ε

q )

(
1+

∞

∑
n=1

n−ε−1

)

<
M

(λ1 − ε
p)(λ2− ε

q )

(
1+

∫ ∞

0

dy
yε+1

)
=

M (ε +1)
ε(λ1 − ε

p)(λ2 − ε
q )

.

By (16) (for α = β = 1), setting λ̃1 := λ1 − ε
p ∈ (0,1)∩ (0,λ ) (λ̃2 := λ2 + ε

p ∈
(0,λ )), we find

Ĩ =
∞

∑
n=1

[
nλ̃2

∞

∑
m=1

mλ̃1−1

(m+n)λ

]
n−ε−1 =

∞

∑
n=1

ω1(λ̃1,n)n−ε−1

> B(λ̃1, λ̃2)
∞

∑
n=1

(1−O(
1

nλ̃1
))n−ε−1

= B(λ̃1, λ̃2)

(
∞

∑
n=1

n−ε−1−
∞

∑
n=1

O(
1

nλ1+ ε
q +1

)

)

> B(λ̃1, λ̃2)
(∫ ∞

1
y−ε−1dy−O(1)

)
=

1
ε
B
(

λ1− ε
p
,λ2 +

ε
p

)
(1− εO(1)).

In view of the above results, we have

B(λ1− ε
p
,λ2 +

ε
p
)(1− εO(1)) < ε Ĩ <

M (ε +1)
(λ1− ε

p )(λ2− ε
q )

.
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For ε → 0+ , in view of the continuity of beta function, we find λ1λ2B(λ1,λ2) � M.
Hence, M = λ1λ2B(λ1,λ2) is the best possible constant factor of (23).

“⇒”. We set λ̂1 := λ−λ2
p + λ1

q , λ̂2 := λ−λ1
q + λ2

p , and then reduce (22) to the
following:

∞

∑
n=1

∞

∑
m=1

ambn

(m+n)λ <
Γ(λ +2)

Γ(λ )
(kλ+2(λ2 +1))

1
p (kλ+2(λ1 +1))

1
q

×
(

∞

∑
m=1

m−pλ̂1−1Ap
m

) 1
p
(

∞

∑
n=1

n−qλ̂2−1Bq
n

) 1
q

. (25)

We find λ̂1 + λ̂2 = λ ,0 < λ̂1, λ̂2 < λ , and λ̂1λ̂2kλ (λ̂1) = λ̂1λ̂2B(λ̂1, λ̂2) ∈ R+ =
(0,∞). If the constant factor

Γ(λ +2)
Γ(λ )

(kλ+2(λ2 +1))
1
p (kλ+2(λ1 +1))

1
q

in (23) (or (25)) is the best possible, then by (23) (for λi = λ̂i (i = 1,2)) , we have

Γ(λ +2)
Γ(λ )

(kλ+2(λ2 +1))
1
p (kλ+2(λ1 +1))

1
q

� λ̂1λ̂2kλ (λ̂1) =
Γ(λ +2)

Γ(λ )
kλ+2(λ̂1 +1),

namely, kλ+2(λ̂1 +1) � (kλ+2(λ2 +1))
1
p (kλ+2(λ1 +1))

1
q .

By Hölder’s inequality, we obtain

kλ+2(λ̂1 +1) = kλ+2

(λ −λ2

p
+

λ1

q
+1
)

=
∫ ∞

0

1

(1+u)λ+2
u

λ−λ2
p u

λ1
q du

�
[∫ ∞

0

uλ−λ2

(1+u)λ+2
du

] 1
p
[∫ ∞

0

uλ1

(1+u)λ+2
du

] 1
q

= (kλ+2(λ2 +1))
1
p (kλ+2(λ1 +1))

1
q . (26)

Hence we have

kλ+2(λ̂1 +1) = (kλ+2(λ2 +1))
1
p (kλ+2(λ1 +1))

1
q .

We observe that (26) keeps the form of equality if and only if there exist constants
A and B , such that they are not both zero satisfying (cf. [40])

Auλ−λ2 = Buλ1 a.e. in R+.
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Assuming that A 	= 0, we have

uλ−λ1−λ2 = B/A a.e. in R+,

and then λ −λ1−λ2 = 0, namely, λ1 + λ2 = λ (∈ (0,2]).
The theorem is proved. �

REMARK 3. (i) For λ = 1, λ1 = 1
r , λ2 = 1

s (r > 1, 1
r + 1

s = 1, in (23), we have
the following inequality with the best possible constant factor π

rssin(π/r) :

∞

∑
n=1

∞

∑
m=1

ambn

m+n
<

π
rssin(π/r)

(
∞

∑
m=1

Ap
m

m
p
r +1

) 1
p
(

∞

∑
n=1

Bq
n

n
q
s +1

) 1
q

. (27)

In particular, for r = p,s = q , we have

∞

∑
n=1

∞

∑
m=1

ambn

m+n
<

π
pqsin(π/p)

(
∞

∑
m=1

Ap
m

m2

) 1
p
(

∞

∑
n=1

Bq
n

n2

) 1
q

; (28)

for r = q,s = p ,, we have the dual form of (28) as follows:

∞

∑
n=1

∞

∑
m=1

ambn

m+n
<

π
pqsin(π/p)

[
∞

∑
m=1

(
Am

m

)p
] 1

p
[

∞

∑
n=1

(
Bn

n

)q
] 1

q

; (29)

for p = q = 2, both (28) and (29) reduce to

∞

∑
n=1

∞

∑
m=1

ambn

m+n
<

π
4

[
∞

∑
m=1

(
Am

m

)2 ∞

∑
n=1

(
Bn

n

)2
] 1

2

. (30)

(ii) For λ = 2,λ1 = λ2 = 1 in (23), we have the following inequality with the best
possible constant factor 1:

∞

∑
n=1

∞

∑
m=1

ambn

(m+n)2 <

(
∞

∑
m=1

Ap
m

mp+1

) 1
p
(

∞

∑
n=1

Bq
n

nq+1

) 1
q

. (31)
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[7] I. PERIĆ AND P. VUKOVIĆ, Multiple Hilbert’s type inequalities with a homogeneous kernel, Banach

Journal of Mathematical Analysis, 5 (2), 33–43 (2011).
[8] Q. L. HUANG, A new extension of Hardy-Hilbert-type inequality, Journal of Inequalities and Appli-

cations (2015), 2015:397.
[9] B. HE, A multiple Hilbert-type discrete inequality with a new kernel and best possible constant factor,

Journal of Mathematical Analysis and Applications, 431, 990–902 (2015).
[10] J. S. XU, Hardy-Hilbert’s inequalities with two parameters, Advances in Mathematics, 36 (2), 63–76

(2007).
[11] Z. T. XIE, Z. ZENG AND Y. F. SUN, A new Hilbert-type inequality with the homogeneous kernel of

degree −2 , Advances and Applications in Mathematical Sciences, 12 (7), 391–401 (2013).
[12] Z. ZHEN, K. RAJA RAMA GANDHI AND Z. T. XIE, A new Hilbert-type inequality with the homoge-

neous kernel of degree −2 and with the integral, Bulletin of Mathematical Sciences and Applications,
3 (1), 11–20 (2014).

[13] D. M. XIN, A Hilbert-type integral inequality with the homogeneous kernel of zero degree, Mathemat-
ical Theory and Applications, 30 (2), 70–74 (2010).

[14] L. E. AZAR, The connection between Hilbert and Hardy inequalities, Journal of Inequalities and
Applications, 2013:452, 2013.
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Mathematics, 5 (2), 1550–1561 (2020).

[31] J. Q. LIAO, S. H. WU AND B. C. YANG, On a new half-discrete Hilbert-type inequality
involving the variable upper limit integral and the partial sum, Mathematics, 2020, 8, 229;
doi:10.3390/math8020229.

[32] B. C. YANG, M. F. HUANG AND Y. R. ZHONG, Equivalent statements of a more accurate extended
Mulholland’s inequality with a best possible constant factor, Mathematical Inequalities and Applica-
tions, 23 (1), 231–244 (2020).

[33] B. C. YANG, S. H. WU AND A. Z. WANG, A new Hilbert-type inequality with positive homogeneous
kernel and its equivalent form, Symmetric, 2020, 12, 342, doi:10.3390/sym12030342.

[34] Z. X. HUANG, Y. P. SHI AND B. C. YANG, On a reverse extended Hardy-Hilbert’s Inequality, Journal
of Inequalities and Applications (2020), 2020:68.

[35] M. TH. RASSIAS, B.C. YANG AND A. RAIGORODSKII, On Hardy-type integral inequality in the
whole plane related to the extended Hurwitz-zeta fanction, Journal of Inequalities and Applications
(2020), 2020:94.

[36] J. Q. LIAO, Y. HONG AND B. C. YANG, Equivalent conditions of a Hilbert-type multiple integral
inequality holding, Journal of Function Spaces, Volume 2020, Article ID 3050952, 6 pages.

[37] A. Z. WANG AND B. C. YANG, Equivalent property of a more accurate half-discrete Hilbert’s in-
equality, Journal of Applied Analysis and Computation, 10 (3), 920–934 (2020).

[38] Y. HONG, J. Q. LIAO, B. C. YANG AND Q. CHEN, A class of Hilbert-type multiple integral inequal-
ities with the kernel of generalized homogeneous function and its applications, Journal of Inequalities
and Applications (2020), 2020:140.

[39] B. C. YANG, S. H. WU AND Q. CHEN, A new extension of Hardy-Hilbert’s inequality containing
kernel of double power functions, Mathematics, 2020, 8, 339; doi:10.3390/math8060894.

[40] J. C. KUANG, Applied inequalities, Shangdong Science and Technology Press, Jinan, China, 2004.

(Received March 22, 2020) Zhaohui Gu
School of Economics and Trade

Guangdong University of & Foreign Studies
Guangzhou, Guangdong 510006, P.R. China

e-mail: guzhaohui2015@163.com

Bicheng Yang
Department of Mathematics

Guangdong University of & Education
Guangzhou, Guangdong 510303, P.R. China

e-mail: bcyang@gdei.edu.cn

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


