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AN EXTENDED HARDY-HILBERT’S INEQUALITY
WITH PARAMETERS AND APPLICATIONS

ZHAOHUI GU AND BICHENG YANG*

(Communicated by G. Sinnamon)

Abstract. By using the weight coefficients, the Euler-Maclaurin summation formula and Abel’s
summation by parts formula, an extended Hardy-Hilbert’s inequality with the power function as
the interval variables and a new Hilbert-type inequality with the partial sums are given. As ap-
plications, the equivalent conditions of the best possible constant factor in a particular inequality
related to a few parameters and some particular cases are considered.

1. Introduction

Assuming that p > 1, % +§ = 1,ap,b, >0,0< Y2 ah <o and 0 < Y7 by <
oo, we have the following well known Hardy-Hilbert’s inequality with the best possible
constant factor Sn(n /p (cf. [1], Theorem 315):

oo oo q

- ’nbn
Yy h o Y 20 (1)

m+n sin(m/p) \ /=

By introducing parameters A; € (0,2](i = 1,2),A4; + A, = A € (0,4], an extension
of (1) was provided by [2] in 2006 as follows:

1

P = q
Z Z B(A1,22) Zm!’l A= 3 =R =pa o (2)
n=1

mln1m+n

where, the constant factor B(A;,A;) is the best possible, and

oo tufl
B(M,V) ::/O W(jt (u,v > 0)

is the beta function. For A = 1,4 = %1,12 = }—), inequality (2) reduces to (1); for
p=q=2,M=A= %, (2) reduces to Yang’s inequality in [3].

Mathematics subject classification (2020): 26D15.

Keywords and phrases: Weight coefficient, Euler-Maclaurin summation formula, Hardy-Hilbert’s in-

equality, internal variable, parameter, partial sum.
* Corresponding author.

© deav., Zagreb 1375

Paper JMI-15-93


http://dx.doi.org/10.7153/jmi-2021-15-93

1376 Z.GU AND B. YANG

Recently, applying (2), Adiyasuren et. al. [4] gave a new inequality with the kernel
as (2) involving partial sums.

If f(x),g(y) 20,0 < [y° fP(x)dx <eoand 0 < [;°g?(y)dy < oo, then we still have
the following Hardy-Hilbert’s integral inequality (cf. [1], Theorem 316):

I %giy)dx‘ly - ﬁ ( I "(x)dx> % ( /Omg‘f(wdy) e

where, the constant factor m( 77p) is the best possible. Inequalities (1) and (3) with their
extensions are playing an important role in analysis and its applications (cf. [5]-[15]).

In 1934, a half-discrete Hilbert-type inequality was given as follows (cf. [1], The-
orem 351): If K(t) (r > 0) is a decreasing function, p > 1,% +é =1,0<¢(s) =
Jo K@) dt < oo, ay >0, 0< Y7 al < oo, then

oo oo P oo
/ xP2 (Z K(nx)an> dx < ¢P( 1 Z “)
0

n=1 q =

Some new extensions of (4) were provided by [16]-[20].

In 2016, by means of the technique of real analysis, Hong et al. [21] considered
some equivalent statements of the extensions of (1) with the best possible constant
factor related to a few parameters. The other similar works about the extension of (3)
were given by [22]-[39].

In this paper, following the way of [2, 4, 21], by the use of the weight coefficients,
the idea of introduced parameters, the Euler-Maclaurin summation formula and Abel’s
summation by parts formula, an extended Hardy-Hilbert’s inequality with the power
function as the internal variables and a new Hilbert-type inequality with the partial
sums are given in Lemma 3 and Theorem 1. As application, the equivalent conditions
of the best possible constant factor in a particular inequality related to a few parameters
and some particular cases are considered in Theorem 2 and Remark 3. The lemmas and
theorems provide an extensive account of this type of inequalities.

2. Some Lemmas

In what follows, we suppose that p > 1,%4—5 =1, €(0,4],0,B € (0,1],A €
0,5 -1NOA+1),A€ (0,5 -1]N(0,A+1),
k(&) =B A — 40) (i =1,2).
For a,,,b, > 0, we define the partial sums A, ==Y a; and B, : =Y} by (m,n €N
={1,2,---}), such that A,, = o(¢"™"),B, —o(e’”ﬁ) (t > 0), with

0 < i Pli—o
m=1

+7l)]_1A§1 < oo, and

°° 7L A
0< 3 il =PU+F R 1p0 o, )

n=1
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LEMMA 1. (cf. [5], (2.2.3)) (i) If (1) d;,g( ) > 0,1 € [m,) (m € N) with
g (e0) =0 (i=0,1,2,3), P(t),B; (i €N) are the Bernoulli function and the Bernoulli
number of i-order; then

” By
/ P2q—1(t)g(t)dt:_£q2 g(m )(0<8q<1;q:1,27...) (6)

In particular, for g =1, in view of B, = %, we have

——g / Pi(t)g(t)dt <0; 7
for g =2, inview of By = — 3O,we have
0</ Ps3(t)g(r)dt < ! (m). (8)
5 1208

(ii) (cf. [5], (2.3.2)) If f(t)(> 0) € C3[m, ), f)(e0) =0 (i=0,1,2,3), then we
have the following Euler-Maclaurin summation formula:

. i} 1 }
k) = dt+ —f(m P "(t)dt, 9

35w = [ s g on+ [ RO O ©)

| s i = —srm+g [“p@saar (10)

LEMMA 2. For s € (0,6], s, € (0, %] N(0,s), ks(s2) = B(sz,s — s2), define the
following weight coefficient:

oo Bsy—1
L (s—s2) ﬁn

O (52,m) :=m* ™2 mgfli(mo‘—f—nﬁ)s (m eN). (11)

We have the following inequalities:

1
0 < ky(s2) (1 - o(mwz)) < @y(s2,m) < ky(s2) (m € N), (12)

% us -1

where, O( Mz) = @fom ﬁdu >0.

Proof. For fixed m € N, we define the function g(m,t) as follows:

Btﬁsz—l

glmyt) =

In view of (9), for

= /Olg(mJ) — %g(m 1) —/lmPl(t)g'(m t)dt



1378 Z.GU AND B. YANG

we have

oo

Y g(m,n) = /;og(mj)dt—l— %g(m 1)+ /1°°P1 (t)g' (m,t)dt

n=1
- /wg(m,t)dt—h(m).
0

In the following, we show that (m) > 0.

We obtain — 5 g(m )= % Integration by parts, we find
tﬁsz 1 M tﬁ 1 usz—l
t)dt = = ——d
/gm ﬁ/ O‘—i—tﬁ 0o (m*+4u)s "
L du» us?

52 o (m*4u)s  sy(m®*+u)s

1 1 s L gyst!
- g(ma+1)s+sz(sz+1)/o CCETE

1 s sy+1 1
+
so(m®*41)5  sp(sp+1) [(m"‘—i—u)-"“]o

s(s+1) b
52(52 + 1) (m@ + 1)s+2/0 W du
_ 1 s
 s(me 1) * s2(s2+1)(m* + 1)5+1
s(s+1)
$2(s2+ 1) (s2+2)(m* 4 1)5+2°
We obtain
—g'(m,t) = — PiPs:~ l)tﬁs‘z_z ﬁzﬂmﬁsz‘_ :
(m® +1B)s (m® +B)s+1
B(Bsy— l)tﬁ“'z’2 B2s(m® +1P — mo‘)tﬁ“?’2
o (m® +tB)s (m® 4 (B)s+1
_ B(Bs—Bs2+ l)tﬁ“‘z’2 BZm%stPs2—2
- (m® +1B)s - (m® 4 (B)s+1”

and for 0 < 55 < ﬁ,O < B < 1,5, <5< 6, it follows that for i = 0,1,2,3,

tﬁszfl
(m* +1P)s

dt

d
0 —1)—
>0, ( )dt’

(-1

(mOC + tﬁ )S+1
By (7), (8), (9) and (10), we obtain

> P24y B(Bs—Bs2+1)
ﬁ(ﬁs_ﬁsz+l>/1 P By~ e s 1y

1 52
LS u
+—/ ——du
"5 Jo (m% + u)s+1

Bsy—1
! 1 > 0.

(13)
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—ﬁzmas/wPl(t)Ldt
1 (mOC —|—[ﬁ)s+1
_ BZm%s B2m%s /°°P (t) tBs2-2 ! &t
- lZ(mo‘—l—l)S'H 6 1 3 (moc +t/3)5+1
- ﬂzmas ﬁzmas tﬁ.\vrz "
lZ(mo‘ + l)5+1 720 (mo‘ —l—tﬁ)s"'1 i

BP(m*+1-1)s B>(m*+1)s [(s+1)(s+2)p
12(m*+ 1)1 720 [ (m® +1)5+3
LB DE=B-2Bs)  (2-Ps2)(3—Bs)]

(m(x_|_1)s+2 (ma+1).v+l |

B B B2s B [(S—F 1)(s+2)p?

T R2m+1)F R2me+1)pt 720 | (m@+1)572
+ﬁ(5+1)(5—ﬁ—2ﬂ52)+(2—ﬂ52)(3—ﬂ52)_

(ma_|_1)s+1 (ma+1).v | ’

and then we have

h n hy n s(s+1)hs
(m*+1)5  (m*+ 1)1 (m*+1)5+2°

h(m) >

where,

ho_ L B BB B’s(2-Bs)(3—Ps)
s 2 12 720 )

b1 B BGr)GE-B-2Bs)
2

Tos(s+1) 12 720 ’

- 1 ﬂ4 s+2
and h3 1= STy 7(20 :

Setting a function g(y)(y € (0, %]) as follows:

g(y) := 720 — (4208 + 65B2)y + (608> + 55B3)y* — sB*°.
We obtain for f§ € (0,1],s € (0,6] that
g (v) = —(420B +65B?) +2(60B% + 5587 )y — 3584

< —420B — 6sB> + (6OB2+5sB3)% = 1458 — 1808 < 0,

and then it follows that

(2) _ 8(2/B%) 1

oo

hy

= > = >0
720S2 720S2 6S2
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We also find that for s, € (0,2] (0< B <1,0<5<6),

B> B 5(s+1)B? 1 7\ o2
Lo S G Y 0
>0 720 (12 140>B -9

and hy > [ — E5r21p3 > 0.
Hence, we show that h(m) > 0 (m € N).
On the other-hand, by (9), for

Him) = 3elm 1)+ [ Pi0)g (ma)ar,

we have

oo

Y g(m,n) = /;og(mj)dt—l— %g(m 1)+ /1°°P1 (t)g' (m,t)dt
n=1

= /:cg(m,t)dH—H(m). (14)

In the following we show that H(m) > 0 (m € N).
In the same way, we obtain

B(Bs—Bsy+1)ths2=2  BZp®gPs22
(m® 4 ¢B)s (m® 4-¢B)s+1”

g/(m7t) =

tBs2—2

—ﬂ(ﬂs—ﬁsz+1)/l A gy > O

I ﬁs2—2dt _ﬁZmas _ﬁ2s
2 o 4

t .

prm S/1 P G By~ e+ 171~ 2(me £ 1)

Hence, we have

B s
2(mo+1)5  12(m*+ 1)
< B 6P
T 2(me 1) 12(mo+1)

H(m) >

- =0.

Base on h(m),H(m) >0 (m € N), by (11), (13) and (14), setting t = m®/Bu'/B
we obtain

@ (52,m) = m*=2) Y, g(m,n) < mo‘(s_”)/ g(m,t)dt
m=1 0
tﬁ.\'zfl sr—1

_ a(s—sz)/midt:/wuid
pm 0 (m*+1tP)s o (T+uy™"
= B(sy,5 — 52) = ky(52),
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@ (52,m) = m*—92) ngn > m* ssz/ g(m,t)dt

= 552</gmtdt /gmtdt)
- ks(s2)<1—0(mi52)) >0,

U
where, O(—4 ) = kx(sz)me" ("li—u)lxdu > 0, satisfying

w2t e 1
0< / u< / Sy = _
1+u 0 Spm%s2

Therefore, inequalities (12) follow.
The lemma is proved. [

LEMMA 3. For s € (0,6], 51 € (0,2]N(0,s), 5 € (0, %] N (0,s), we have the
following extended Hardy-Hilbert’s inequality with the internal variables:

1

1 1
0 5—5 s P hd — s K
y { 2 1= r’2+7l)]_la§1} {Z 1B '+,—?)]—1bz} ) (15)
n=1

Proof. In the same way, we obtain the following inequalities for the next weight

coefficient:
1
0<kn(1-0(5))
s b ama\lfl
< wg(s1,n) — pBG=sD) Zl T < ks(s1) (n €N), (16)
o 1 nﬁ u'l—
where, O( ﬁn) oo Jo e 2y > 0.

By Holder’s inequality (cf. [40]), we obtain

oo

. ma(l_sl)/q(ﬁnﬁ_l)l/pam
—m Z ma -}-nﬁ nﬁ(lf-VZ)/P((Xma*I)l/q

l BU=s)/p(um@~1)1/ap, 1

| S

o(l-sy) /q (BnP- 1)1/17
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1

o o a(l=s)(p-1),B-1 |7
<yy P wT T
(mot +nﬁ)\ nﬁ(lf.\'z)(ama—l)p—l m

o i i o nﬁ(l_SZ)(q_l)ma_l bq
(mOc —l—l’lﬁ)\ ma(lf‘vl)(ﬁnﬁ_l)q_l n

1

B
1
«JL iw (s n)nq[l_ﬁ(s?ur%)]_lbq '
o /3 1, n .

Then by (12) and (16), we have (15).
The lemma is proved. [

REMARK 1. In particular, for s = A +2 € (2,6],A € (0,4],
2
Al+1e< } A e (0,——1}0(0,)L+1),
2
/12+1e< /3} /lze( 3 1]m(o,x+1)

in (15), replacing a,, (resp. b,) by, Ay, (resp. B,), in view of (5), we still have

1

o o | I L
- 2 2 ma—i—nﬁ A+2 <Ek7t+2(l2+1)>p <_kl+2(ll+1)>q
1

{Zmp[l a1+t L)- 1Ap} {2” MMQ] Ip }6. 17)

LEMMA 4. For t > 0, we have the following inequalities:

i e t i e A, (18)
m=1 m=1
Y ¢y e B, (19)

Il
—_

n

Proof. In view of ¢ ™“A,, = 0(1) (m — o), by Abel’s summation by parts for-
mula, we find

oo oo

D e g = lim e ™A, + D [ — 7t m+%4,,

m—o0
m=1 m=1

i —m* _—t(m+1)%* }Am~
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Since 1 — e~ <t and for o € (0,1],

) 5 gt ) ey OS] ey

=

(m+1)%*—m*—1=a(m+6,)* ' —1<0(6, < (0,1)).

we have

i i o a+l)}Am
m=1 m=1
(1—e! Z e MA <t Z ~tm® A,

m=1 m=1

namely, (18) follows. In the same way, we obtain (19).
The lemma is proved. [

3. Main results and applications
THEOREM 1. We have the following inequality:
i amby,
H = —_—
z mz:‘ﬁ (m® +nP)*

< %(%km(xﬁ1))%<ikm(x1+1))

<=

1

} { i mp[l—auﬂj, My 1Ap} {an[l LA )LH_);_’Z)}_IBZ}‘I. 0
m=1

In particular, for Ay + A, = A, we have

0< Y mPlI-aa1Ap e and 0 < Enq[l (22171 Be < o,

m=1 n=1
and the following inequality:

ad amby, Aids
2 (me+ )L~ ﬂl/Pal/qB(/ll’/lz)

1m=1

H =

n

1 1
y { 3 mp[la(lmnlAzr;}' {i nq[lﬁ(lmz)]lgz} . 21

m=1 n=1

=

Proof. In view of the fact that

1 _ 1 = -1 —(m®4nP)
(et nP)E F(l)/o " e dt,
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by (18) and (19), it follows that
1 C 7L l —(m® P
T X S [ o
1 < —m%t —nPs
= T/ Z Ay Z e bndl
7l
'(4)
| =
P

//\

pras z —m ’A Zef”B’B dt

m=1 n=1

X oAl =Py g F(A+2)
g B/ dt = T L.

Then by (17), we have (20).
The theorem is proved. [

REMARK 2. Fora = =1, 4; € (0,1]N(0,A+1) (i=1,2) in (20), we have

Q=

>y < DD e+ 1) ol +1)

nlmlm+n

A—dy

P +%)71AP e AQ

1
lZn q PIBZ] (22)

% i m P
m=1

THEOREM 2. For A; € (0,1]N(0,A+1) (i =1,2), the constant factor

T(A+2)

“E Kl D)7 (kal + 1)

in (20) is the best possible if and only if Aj +2A, = A (€ (0,2]).
Proof. “<=" (cf. [4]). If A1+ A=A (€ (0,2]), then we find
k)H_z()Lz +1)= kz+2(11 +1)=BM+1,+1)

_ T+ DI +1) — AARl(A)T(42)
(A +2) - T(A+2)

and then (22) reduces to

=

3

o Aﬁ'z % oo BZ q
)<AIAQB(M,7LQ) %W ,;W . (23)

For any 0 < € < min{pA;,qAz}, we set

_E_ 1 7 J
am ::mll P labn ::n)LZ 9 l(m7n6N)
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Then it follows that for m,n € N,

-

~ m~ m e m e mM
Am::Zai:Zi’ll Z 1</ M ldt:)L -
i=1 i=1 0 1= 5
;L_g

n n n 2
~ l 17 q

B, := 275 /t2 L =

,Z g‘ 0 h-tg

If there exists a positive constant M < A;A;B(A1,A;), such that (23) is valid when
replacing M?LQB()Ll,?Lz) by M, then in particular, by substitution of a,, = @y, b, =
b,,,Am _A and B, = B in (23), we have

1 1

oo Zi b oo - V4 oo - q
[:= M —rhi-lap ~qh=lpa | 24
,Z‘lmg‘l (m+n)* (2’” m 2n n 24)

m=1 n=1

By (24) and the decreasingness property of series, we obtain

1 1
I < M <z m— Py ph— 5) ! (inqlzlonS) ’
€
- 5h -5 | &

n=1
M o el
_(ll—ﬁ)(lz—g) <1+2n )

q
v M(e+1)
< (Al_%)(AZ__ ( +/ £+1> Al——)(lz—g)'
By (16) (for ¢ = 3 = 1), setting A=A — f; € (0,1)N(0,1) (712 — 7L2+1§, c
(0,1)), we find
7— 3 7L2 S mzl_l —&e—1 _ " 'i e
=2 L G |1 T R etnn
AR 1
>B(M, ) Y (1—0(—=))n !
n=1 n1
S < 1
_B(Al,h) (2”81— 20( )L+£+1)>
n=1 n=1 n
> B(2, k) (/wy‘”dy— 0(1))
1
1
= EB()Ll—E,QLQ—i-%)(l_gO(I))

In view of the above results, we have

_E - fo M+l
B(M p’b—’_p)(l 80(1))<81<(7L1—18—,)(12—§).
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For € — 07, in view of the continuity of beta function, we find 2;A,B(A1,4,) < M.

Hence, M = 7L17L2B(?Ll,7tg) is the best p0551ble constant factor of (23).
“=" We set 7Ll Ao M + l‘ 7L =4- M + /12, and then reduce (22) to the

following:

U=

(A+2)
,72‘1,"2‘1 (m+n)t I'(4)

1 1
oo e P oo —~ q
X (2 ml’lllAI;,> (2 n‘leBZ> . (25)

m=1 =

(kps2 (o +1))7 (k2 (A +1))

We find 11 +/iz =1,0< 11,12 < A, and Zlizkl(/il) = 11123(11712) eR; =
(0,00). If the constant factor

T(A+2)

“E Kt D)F (il +1)7

in (23) (or (25)) is the best possible, then by (23) (for A; = /7[,- (i=1,2)), we have

TALD) 1)) tpal + 1)

(1)
T(A+2)

< Tadaky (A1) = W"Hz@l +1),

~ 1 1
namely, &z .2(A1 + 1) 2 (ki 2 (A2 + )7 (ki 4o (A + 1))7.
By Holder’s inequality, we obtain

7L—7Lg+7n

kpia(M+1) = kz+2<
[ 1 A=y
_/0 (1+M)A+2u hou

1

1
o AT P [ oo A a
u u
< ———d / ———d
[/0 (11 u)h+2 ”] lo (1t u)h+2 "]

(kpaa(Ag + 1))7. (26)

==

= (kis2(A2+1))

Hence we have

Q\'—

K120 +1) = (kg 12 (o + 1)7 (k2 (A +1)) 5.

We observe that (26) keeps the form of equality if and only if there exist constants
A and B, such that they are not both zero satisfying (cf. [40])

At =BuM a.e.in R..
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Assuming that A # 0, we have
u* M=% —B/Aa.e.in Ry,

and then A — A} — A2 =0, namely, A; + 4, = A (€ (0,2]).
The theorem is proved. [

REMARK 3. ()For A =1, A=+, A, = E (r>1, - + ~ =1, in (23), we have
the following inequality with the best p0s51ble constant factor = m( ok
1 1
r o oAb\ (& B

. 27

nz’lmz’lm—f—n rssin(r/r) <Zlmf+1> <nzl nitl 7

In particular, for r = p,s = g, we have

ziambn< K (iA_f’,;>

n—im=1 M0 PQSHK”/P) m=1 M

1 1

/4 oo BZ q
(2—2> ; (28)
n=1"1

for r = ¢q,s = p,, we have the dual form of (28) as follows:

iiambn< .n: i<@>p—
n=lm=1nr+n pqmn(n/p) m=1 \ M

for p = g =2, both (28) and (29) reduce to

BEan<sE ) E0)

m=1

1
2

(30)

(ii) For A =2, = A, = 1 in (23), we have the following inequality with the best

possible constant factor 1:
1
oo B(] q
(2 ) ~ Gy

==

n=lm=1 m=1 n=1

23 = (2 )
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