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TWO NEW LOWER BOUNDS FOR THE SMALLEST SINGULAR VALUE

XU SHUN

(Communicated by M. Krni¢)

Abstract. In this paper, we obtain two new lower bounds for the smallest singular value of non-
singular matrices which is better than the bound presented by Zou [1], Lin and Xie [2] under
certain circumstances.

1. Introduction

Let M, (n > 2) be the space of n x n complex matrices. Let o; (i=1,---,n) be
the singular values of A € M,, which is nonsingular and suppose that o1 > 0, > --- >
Oy—1 = 0, > 0. For A = [a;] € M, the Frobenius norm of A is defined by

D=

; 1/2
IA|lF = (Z |ai,|2> =tr (A"A)

i,j=1

where A is the conjugate transpose of A. The relationship between the Frobenius
norm and singular values is

IA[]7 = of + 05 + -+ 0.

It is well known that lower bounds for the smallest singular value o, of a nonsingular
matrix A € M,, have many potential theoretical and practical applications [3, 4]. Yu and
Gu [5] obtained a lower bound for o,, as follows:

w1\ (D2
6,,>|detA|-<—2) =1>0.

1A]l7
The above inequality is also shown in [6]. In [1], Zou improved the above inequality
by showing that

1 \(@-D/2

0, > |detA| <72 2) =lp.
1Al —1

In [2], Lin, Minghua and Xie, Mengyan improve a lower bound for smallest singular
value of matrices by showing that « is the smallest positive solution to the equation

2 (JAllf — )" = [deta P (n—1)"!
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and o > a> .

In this paper, we obtain two new lower bounds for the smallest singular value
of nonsingular matrices. We give some numerical examples which will show that our

result is better than [y and a under certain circumstances.

2. Main results

1 (n—1)/2
= |detA] <7>
IA|7

LEMMA 1. Let

then o, > ly.

Proof. In[1], we have

n_1 \(0-D2
> et ()
IAlI7— o

1 (n—1)/2
G > |detd| (”272)
||AHF— i
> faeut| (s )
IA[I7 —
> detA|< )
|AH2

THEOREM 1. Let A € M, be nonsingular. Then

a1\ 1/2
2 2 H n—1
F 0

then o, > 1|, where

since o, = [y > [, thus

so o, >1y. U

S\ n—1
— |detA] b= |detal (L
HAHF A2 —

Proof. Let 0 < A < 62, then

n—1

)"

(= 0?) (h—02) - (- 02 ))| < (
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Since

(2 —0?)(A—03) (-0 )| = (A —ot) (lg—gfi%zt”'(l—c,?ﬂ

_|det(AL, — ATA)|
B o2 -1

then

n—1
|det(AL, —A"A)| _ <612+---+G,f_1—(n—1)/l>

02— A n—1

n—1
2 H n—1
o, = A+ |det(Al, —A"A
g |det( )<cl2+~~~+031—(n—1)x>

1/2

n—1
1
6, > | A +|det(AL, —AFA "
| dey( )|<012+--~+621—(n—1)l>

By Lemma I, [j < o, lg < G,f, let A = lg, then

n—1 ne1\ /2
o, > | B+ |det(i31, — AT A _ .
" (“e(“ A\ =T

Therefore

_ 1/2
n—1 n—1
F 0

THEOREM 2. Let A € M, be nonsingular. Let

n_1 1/2
— (2 2 H n—1 —

n—l n—l
withl:\dem\("*é) ’ ,lo=|detA\<”+12> ;
Z Az

[[A]l
n—1 1/2
by = | 2+ |det(i21, — APA)| (2";1»
”AHF_(n_l)lO

then 0 < by < by <0y, k=1,2,---, limy_.. by exists.

Proof. We show by induction on & that

Oy = by > by > 0.
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By (1), we have

N 12
n—1 n—1
" <13+ et~ '8 (=g =g )
F n 0

n—1\ 1/2
2 2 H n—1 _
> (Eviain = () ) -

so O, > by, then

12

n—1 n—1
" (l‘%+det(15’"‘AHA>' (o) )
F n 0
n—1 1\ 12
><l§+det(l§In—AHA)|<A”2_(n_l)l2_b2) ) =b,
F 0 1

N L2
n—1 n—1
> [ 24| det(i21, — A" A)| (—) =b; > 0.
( Al = (n = 1)ig

When k =1, we have

o, = by >b; >0.

Assume that our claim is true for k = m, thatis o, > b,,+1 > b,, > 0. Now we consider
the case when k =m+ 1. By (1), we have

1/2

n—1 n—1
" (lgﬂdet(l%lFAW (Fr=aro—m) )
F n 0

1/2
> | 15+ |det(I31, — AHA)| (

n—1
n—1 b
= +2
Al =82 —(n—1)2 "

m+1 "
1/2

~1 n—1
> | 2+ |det(121, — AT A " — b, > 0.
<°+' B T “

Hence o, > b2 > by > 0. This proves 6, 2> byy1 > by >0, k=1,2,---. By the
well known monotone convergence theorem, limy_.. by exists. [

THEOREM 3. Let b = limy_... by,

_ 2 2 H n—1 "
= (’“'det“(””“‘ =) )

then b is the smallest positive solution to the equation x = f(x), and ©, > b.

1/2
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Proof. Let xq is the smallest positive solution to the equation x = f(x), we show
by induction on k that xo > by, k=1,2,---. When k=1

n—1 1/2
2 2 H n—1
xo = | I+ |det(l5l, — A A)( )
( ' A7 x5~ (n = D33

N 12
n—1 n—1
> <l§+|det(lgln—AHA) (m> ) =b.
F 0

Assume that our claim is true for kK = m, that is o, > b,,. Now we consider the case
when k=m+1.

n—1
2 2 H n—1
X0 — lO + ‘det(loln —A A)| ( )
( A3~ 1)8

TN 12
1 n—1
> [ 2 4 |det(21, — A" A " S
<0+ e(On )| HA”I%_b%n_(n_l)l(z) +1

Hence x¢ > b,,+1. This proves xo > by, k=1,2,---. Since b is a positive solution
to the equation x = f(x) and xp > by, k =1,2,---, then b = x. Therefore b is the
smallest positive solution to the equation x = f(x) and 6, >b. O

1/2

Therefore we obtain two new lower bounds /; and b for the smallest singular
value of nonsingular matrices.

3. Numerical examples

We use Examples 1 and Example 2 to compare the values of /,/y,/; .

EXAMPLE 1. Let

—4 -3
A= 4 2
1 0

A~ W A

Then Opin =0.0231, and
[ =0.0229885

lo = 0.0229886.

Our result:
Iy =0.0230691.

EXAMPLE 2. Let
4 00

A=|-150
054
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Then
[=1.92771
lp =2.01806.

Our result:
I =2.31515.

Next we use the following example to compare the values of a,b,/; .

EXAMPLE 3. Let

320
A=|195
057
Then
a=1.0367.
Our result:
I =1.3434
b =1.3455.

Acknowledgements. 1 would like to express my sincere gratitude to professor Xiao-
Wu Chen from University of Science and Technology of China.

REFERENCES

[11 L. Zou, A lower bound for the smallest singular value, J. Math. Inequal 6 (4) (2012) 625-629.

[2] M. LIN, M. XIE, On some lower bounds for smallest singular value of matrices, Applied Mathematics
Letters 121 (2021) 107411.

[3] R. A. HORN, C. R. JOHNSON, Matrix analysis, New York.

[4] R. A. HORN, R. A. HORN, C. R. JOHNSON, Topics in matrix analysis, Cambridge University Press,
1994.

[5] Y. YISHENG, G. DUNHE, A note on a lower bound for the smallest singular value, Linear algebra and
its Applications 253 (1-3) (1997) 25-38.

[6] G.P1azzA, T. POLITL, An upper bound for the condition number of a matrix in spectral norm, Journal
of Computational and Applied Mathematics 143 (1) (2002) 141-144.

(Received August 4, 2021) Xu Shun
School of Mathematical Sciences

University of Science and Technology of China

Hefei, Anhui, 230026, P. R. China

e-mail: xushun@mail .ustc.edu.cn

Journal of Mathematical Inequalities
www.ele-math.com

jmi@ele-math.com



