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P-ADIC WEAK CENTRAL MORREY
SPACES ON DIFFERENTIAL FORMS

JIANWEI WANG, LINLIN WANG AND YUMING XING*

(Communicated by Y. Sawano)

Abstract. In this article, the theory of differential forms on R” was extended to the filed Q) of
p-adic numbers. The imbedding inequalities for differential forms were derived on Q7. Then,
we show the definitions of p-aidc weak central Morrey spaces and p-adic A -central BMO
spaces on differential forms. The boundedness of Hardy operator and its adjoint operator were
given in the new space. Finally, we give the characterization of the two operators in p-adic
A -central BMO spaces by using imbedding inequalities on differential forms.

1. Introduction

For a fixed prime p, a nonzero rational number x can be represented in the form
x=pYm/n, where p,m and n are coprime to each other and y = y(x) € Z. The norm
is defined as |x|, = p~7. For x =0 we have [0[, = 0. The p-adic valuation |-,
of Q satisfies all the conditions of real norm together with so called strong triangular
inequality,

x+ylp < max{|x|p, [y[p}. ey

Furthermore, if |x[, # [y|,, then (1) takes the form:

lx +y|p = max{|x[,, [y|p}.

We denote the field of p-adic numbers by Q,, and Q,, is the completion of the field of
rational number Q with respect to ultrametric p-adic norm |- |,. From the standard p-
adic analysis [6], we know that any p-adic number x € Q,,\ {0} can also be represented
in the canonical form as:

x=p' Yy app’, 2)
j=0

where aj,y e Z, ao #0 < a; < p. The series (2) converges in p-adic norm, because
\pYa;p’|p = p~7/ for a; #0.
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The space Q) = Q) x -+ X Q,, consists of points x = (x1,X2,...,X,), where x; €
Qp, k=1,2,...,n. The p-adic norm defined on higher dimensional space Q; as

= . 3
[xlp = max |xi, 3)

The symbols By(a) and Sy(a) represent, respectively, the ball and the sphere with
center at a € Q}, and radius p?, defined by

By(a)={x€Q,:|x—al, <p'}, Sy(a)={x€Q,:|x—a|,=p'} 4)
It is clear that Sy(a) = By(a)\ By_(a), and

By(a) = | Sk(a).
k<y
We set By(0) = By and Sy(0) = S,. Also, for each ag € Q}, ap + By = By(ao) and
The locally compact commutative group under addition of Q) makes sure the
existence of additive positive Haar measure dx on QY. It is unique up to a positive
constant factor and is translation invariant. We normalize the measure dx by the equal-
ity

/ dx = |Bo(0)|y = 1,
By(0)

where |B|y indicates the Haar measure of a subset B of Q”, which is measurable.
Also, an easy calculation shows |By(a)|g = p"7, [Sy(a)|y = p""(1 —p™"), for any
ac Q).

The p-adic analysis is a key tool to describe Kohlrausch-Williams-Watts law, the
power decay law and the logarithmic decay law, see [1]. It has also cemented its role in
p-aidc pseudo-differential equations and stochastic process, see [10].

2. Differential forms in Q7

In this section, the extension of differential forms in Qf, was introduced and the
imbedding inequalities for differential forms in Q, were derived.

The spaces of all /-forms in Q7 is denoted by Al (Q;), spanned by exterior prod-
ucts ey = e, Nej,--- Aej, for all ordered I-tuples I = (iy,ip,---,i), 1 <ip <--- <
i < n. In particular, A! (QZ) is the dual of Q),. The basis of dual space is denoted
by {e1,ea,++,es}. The direct sum A(Q}) = &), Al (Q}), where /\O(QZ) =Q},isa
graded algebra with respect to the exterior product.

If u is a differential /-form in Q; and it is differentiable, we see the derivative
mapping u'(x) : Q) — /\Z(Q;). Then «'(x)6; is an [-antisymmetric metric function on
Q) x---x € Q), where 6; € Q}, for i=1,2---,1+ 1. The exterior differential du(x)
is an (I + 1)-form which is defined by

du(x)(61,02,...,0,11) : = du(x;01,6,,...,641)

IS .
= 2 (=)W ®)6) (61, 0. O111), )
i=1
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where 6; denotes that 6; is absent from (617...,(§i,...,01+ 1)-
The coordinate functions Xi,Xp,...,X, in Q; are considered to be differential
forms of degree 0. The 1-forms dx;,dxy,...,dx, are constant functions from QZ into

/\Z(QZ). The constant value of dx; is simply e;, i = 1,2,...,n. Then [-form u from
Qj to Al (Q}) and exterior differential du can be written as

M(X) = Z Uiiy-iy (X)dXil VARERWA dXi,

1<ip<-<ij<n

and

u uj,...;
:2 2 MkaAdXilA---/\dXil,
k=1 an

<ip-<ii<n

respectively. Moreover, we denote by CM(AZ,QZ) the space of differential /-forms
on Q) for all /-tuples I = {i1ia---i1} whose coefficient functions u; are infinitely
differentiable functions.

We shall denote by L‘I(/\Z,Q}q,) the space of differential /-forms on Q; for all
[ -tuples I and with finite norm

Il agy = [, (Zha)F)

A differential /-form u is called a closed form if du = 0 in QZ. Similarly, a differ-
ential (I+ 1)-form v is called a coclosed form if d*v = 0. From the Poincaré lemma,
ddu = 0, we know that du is a closed form. The operator * : /\Z(Q;) — /\"_Z(Q?,)
is the Hodge-star operator which is an isometric isomorphism. The Hodge codif-
ferential operator d* : A"M(Q%) — A/(Q}), the formal adjoint of d, is defined by
d* = (—l)”“rl *dx, see [12] for more introduction. By A < B we mean that A < CB
with some positive constant C independent of appropriate quantities. If A < B and
B < A, we write A ~ B, then we say that A and B are equivalent. Now, we prove the
basic estimates for differential forms in Q;.

q
2

dy)é.

THEOREM 1. Let By be a ball of radius p? centered at 0 € QY. For each'y € By
there exists a linear operator Hy : C*(By, \') — C=(By, N'"1) defined by

() (530,001 = [l (1= px-+ e pyix =y, 00,0 (©)
0
and the following decomposition
— () + Hy(du), ™)
where 'y be any point in By C Q.

Proof. From (5), we have

111
du(x;61,62,...,611) = [/(x)60](61,...,6 +2 x)0](01,...,6;,...,0;)
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forall x € By and 6; € Q), where i =0,1,2,...,1.

Then
du((l - ‘t|17)x+ |t|py;x_ya 015027' . 'ael)
= [/ (1= |t]p)x+ |t ,y) (x =) (1., 6)
l
+ Z(—l)l_l[ul((l — ‘l|p)X+ |l|py)9i](X—y, 91,...,91'7...,91).
i=1
By using (6), we obtain

(%fydu)(x, 01,...,91)

+2(—1)H/B L[’ (1= [e]p)x + [¢]py) 0 (x =y, 61, 6;,...,0)dt. (8)
[ 0

[(Hyu) (x)6](61,...,6;,....61)
—/ 1 (1= [t] )X+ ¢, 3) B (X — ¥, 81, B, )t

+/ 5 (1 = [t]p)X + [¢],¥: 61, B0, B 61 ).

For J : C*(By, N') — C=(By, A1) and d : A(QF) — ATH(QY), we get d(Hqu) is
an [-form given by

(d,%/yu)(x;eh...,el):Z(—l)i_l[(%/yu)’(x)ei](el,...,éi7...,61).
Combining these two facts, we deduce
(d%u)(x@l,,el)
i
= 20 [ )+ )8 3,616 0
!
Z 11/ [ (1= Jt]p)x + 1],y 01,01 ., B, ... 6))dl. ©)

It is easy to see that the second part of (8) is counteracted by the first part of (9).
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Therefore,
(d%u—l—%du)(x;@l,ez,...,91)
= [ = ) (x =) (B . 0
+z/B 5N ((1 = [t )X+ ey 61, 81)
0
= [ a1~ )5+ 3., 8
- Bodt P P pys | BRI Y/)
:u(x;@l,...,el). (10)

The proof of Theorem 1 has been completed. [J

The following imbedding inequalities are derived as follow.

THEOREM 2. Let 7 : C*(By,N\') — C*(By, A1) is a homotopy operator for
1=3,4...,n, 1 < g <oo. For u be a differential | -form, we have

Tu= / @ (y)Ayudy,

By
where ¢ € Cy (By) satisfies |, B, o(y)dy = 1. Then u has the following decomposition:
=d(Tu)+ T (du). (11)

and the following inequality
1+1/n

1Tl 5y S B 0l Nl (12)

Proof. For 0y,...,6,-1 € Q}, we see

Tu(x;01,...,0,-1) / i 1/ o(Y)u((1—[t[,)x+ [t]|py;x—y,01,...,6-1)dydt.

Let a = (1 — [t[,)x+t[py and b =x —a. We consider a mapping I": Q}, x @, — R",

whose valuation is defined by
- 1—|t]p
il pla— (—2 )bt
/Bo P tlp

where the mapping f,: Q) — R" is given by f,(z) = |z|y, := (|z1|p,|22]p,- -+, [2nlp)
for any z € ;. By using Holder inequality, we estimate

[T(a,b)[ = [bly,

Tab)| < o)l [ 1l
0

\ MFVZ‘P(X y)|||§0H

1
< Byl |l
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and
Tu)| = | [ u@T(@b).6n.....0-1)dy] S B3 ol [ lu(y)ldy.
Y Y

Thus, we conclude that

1+1
17 ullagri s,y < 1Bl el o s, - (13)

The proof of Theorem 2 has been completed. [J

COROLLARY 1. LetueclL?

loc

1<g<oo, 1 =3,4,...,n. Then, we have the following result

(A, By) is a differential | -formand du € L], (A1 B,),

loc

1+1
14T s pimy <Nellis i)+ 1Bl @l ldull g (rt g,

for each By is a ball in Q, and ¢ € C;(By) satisfies fo(p(y)dy =1.

Similar to the integral average in function spaces, we denote the integral average
of u over By C QZ by ug, which satisfies

1w sy, 1=0
! d(Tu), I=1,2---.n
and
u=7d(u)+ug,. (14)

From (14), we can obtain the following result in QZ.

THEOREM 3. Let u € Lq(/\l,QZ) be a differential | -form and du Lq(/\”l,(@g).
Then u— uy satisfies the following inequality

1+1
T - i T 1 2 e

for @ € C7(By) satisfies fo(p(y)dy =1 and By is a ball in Q.

Next, we show the definitions of p-adic Morrey spaces and p-adic central Morrey
spaces on differential forms. The p-adic weak Lebesgue space WL7(A!, Qj}) for which
the set of all differential /-forms u is defined as:

1
llwragot gy = sup A | {x € Q) u(x)] > 2} < oo, (15)
A>0
More details of p-adic weak Lebesgue space were introduced in [14].

DEFINITION 1. Let u be a differential /-formon Q). For 1 <g <o and —1/g<
A < oo, we denote the p-adic Morrey space on differential forms by L% (AL, Q}) with
norm

1
lollzas gy = S0P = il ) < =
BN scgpgen By(a) )
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Itis easy to see that L9* (A!, Q") coincides with LI(A!, Q%) when A = —1/q.

DEFINITION 2. Let 1 < q <o and —1/g < A < . The p-adic central Morrey
space on differential forms B9* (Al Q7}) is defined as

. 1
BIM (A, Q1) = sup —————||ul| g 5. (16)
P v, |By| }{/qm L4(A,By)

where By = By(0) is a ball in Q), centered at 0 and radius of p”.

Itis clear that L7* (A, Q%) C B4* (A, Q). When A < —1/q, the space B4 (A, Q")
reduces to {0}.

DEFINITION 3. Let 1 < g <o and —1/g < A < . The p-adic weak central
Morrey space on dlfferentlal forms B (AL, Q7}) is defined as

. A . .
WBM (N Q) o= {u s |y o 0 gy < ==

where

1
HunBq,k(Au@g) = ?Ilelp /gt A ”u”WL‘I(/\’,By)’

Z Byl
and ||“||WLq(A’,B ) is the local p-adic L?-norm of u(x) respect to (15).

Also, B+ (AL Q”) C WBeH (A1, Q) for 1 < g <o and —1/q <A <0. The
definition of CMO%* (/\I,QZ) is as follows.

DEFINITION 4. For 1 < g <o, let u be adifferential /-formon Q},, [ =0,1,---,n
and A € (—oo,n). The space CMO?* (/\I,Q;’,) is defined by

1/q
1
”””CMOM(N,Q;I,) = su <|B|TM s, |u(x) — uBy|‘1dx> < oo, (17)
Y

REMARK 1. If [ =0, the space of CMO®* (A, Q") coincides with CMO?* (Q%)
which intoduced in [20]. The formulas (16) and (17) yield that B% is a Banach space
continuously included in CMO%*

Next, we show a important property for differential forms in CMOY A (A Q;) .

THEOREM 4. Assume that u € L‘f(/\l,(@g) be a differential 1-form and du €
LI(AHL QZ), 1 < g < oo. Then we have the following characterization:
AL Q) = 0, then u is a closed form.

ep

(i) Let A = A — 1 —1/n, then we have

lllenon . gg) S 19N Il gz g

where @ € Cy(By) satisfies fo(p(y)dy =1.
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Proof. From (i), it is clear to see that u = ug, . In fact, the definition of ug,
coincides with (14) and according to the Poincaré lemma

dug, = du—d(7du) = 7 (ddu) +d 7 (du) —d 7 (du) = 0.

Then, both u and ug, are closed form. Next, we show that
1 1/q
ull gt ) = SUP 7/ lu(x) — up, [9dx
MO (N @p) T T ‘Bﬂ};zq 8, v

| 1/q
= sup 7/ |.7 du(x)|9dx
ver (BV|}1+M By

1 1+1/
— 777 Brlu anuHLq(/\Hl,By)
H

S |||z sup
1€Z | By|

S L R P

The proof of Theorem 4 has been completed. []

3. Estimates of fractional p-adic Hardy operator

For a locally integrable function f on R™, the one-dimensional Hardy operator is
defined as:

Hf(x)z%/oxf(y)dy, x>0,

which satisfies the following integral inequality:
q
||HfHLq<ﬁ||fHLq7 1 <g<ee.

More details for Hardy operator were introduced in [21, 22]. For f € LIOC(Q;) and
0 < o < n, the p-adic fractional Hardy operator is defined as:

1
o =y dy, "\ {0},
Haf 0= (e [, Ay x€ QA {0)

If a =0, the fractional p-adic Hardy operator is reduced to p-adic Hardy operator, see
[13] for more detials. Now we give the fractional p-adic Hardy operator on differential
forms:

1
S =1 S [ wdn,  x<QAO), a8)

X[ * 4

and its adjoint operator on differential forms:

A =3 [ ) gyax,  xe @\ {0}, (19)
I

>l Y15

where u(x) € Liye(N ,Q7%) is a differential /-form and each u; is a locally integrable
function on R™. In this section, we give the boundedness of fractional p-adic Hardy
operator in p-adic weak central Morrey spaces on differential forms.
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THEOREM 5. Let0< o <n, 1 <g<eoand —1/qg< A <n. Iqule(/\l,Q?,),
then

—n 1/‘1
p*r(1—p™")
10 gz s S0P (m
and

H%u(x) HWBII‘A(/\I’Q?)) < ”uHBq‘A(AhQ’;’)'

Proof. By using Fubini’s theorem and the elementary inequality |Y! ,si|¢ <
nd=131 | |si|? for g,n > 0, we deduce that

1

A =
| O!u(x)‘ ‘X|Zia

Z/ ur(y)dydx;
T Z1ylp<Ixlp
ul dX[dy
\XI /y|p<|x|p2
1 N 1/2
< —— / ( ur(y) dy
X[ % Jiylp<ini, 2 | >

1
n 1 / 241/2
< = ui(y)|”) /" dy,
<l> ‘X|P * [ylp< |X|p(§ !

where n and [ are fixed integers. In fact, we know

dim(Al) = (’;)

and for [ =0,1,2,---,n, we get

dim(A Zdlm Z(?) =2"

=0

Hence, by using Holder’s inequality, we get

‘,%”au y)dydx;

\XI y|p\|x|p

1
S — ur(y)?)"/%d
S /0|x|p (ol dy

o1 / Z| oty 1/q ( ) 1/q
IR ul y / Y>
x5 % \ /B(0,/x],) B(0./x[,))

S xlp

nk HuHBq~l(/\l7QZ)a
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and
I |aq+nlqu_ —yn(1+Aq) kaq+kn)quX
|B |1+lq/ P k;w S
p(1—p™")
T 1= p—(n+aq+nlq)'
Hence
_ 1/q
p*(1—p™)
IO ) Wl p( ) -

Let M = [|ul| gy (st gy is a constant. We have
=p
-1
| a3 ) = supsupi Bl (I € By M| <131V
YEZ

_ 1
supsupt|B| Y9 {|x], < pT [x], < (¢/M)aE )|V,
YEZ t>0

If y< logp(t/M)Hﬁ ,for A <0,

| 1
squ sup 1 tB|y /q{|X|p<Pyi|X|p<(I/M)‘”"A}Wq
0 y<tog, 1/ M) T E

< sup sup p~V@tnd)

>0 I
yglogp (I/M) at+nd

= H”‘HBq>l(/\l7QZ)~

If }/>logp(t/M)a+ﬁ,

—2A—1 1
sup sup Bl TNy < 7 Nl < (/M) |
= y>log, (t/M) e+nk

< sup sup tp"’”(_l_l/q)(t/M)ﬁ
 yotog, o/3) @k

= H”‘HBq>l(/\l7QZ)~
Then, we obtain
H%”(X)HWB%A(/\I,QQ < ”””Bq‘l(/\l,(@flg)' (21)

The proof of Theorem 5 has been completed. []

Then, we show a property of fractional p-adic Hardy operator in CMO%* (AL, Q;’,) .
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THEOREM 6. Let 1 <q <o, A € (—o0,n) and ¢ € Cy(By) satisfies foqo(y)dy =
1. Letalso u EL;IOC(/\I,Q”) and du EL?OC(/\IH,QZ), 1=3,4,---,n—1. Then, we have

”%u”CMO‘M(/\’,QQ,) S ”(PHLN||d%u||3q‘l’(/\l+l7@7))y (22)
where A=A —1—1/n.

Proof. Clearly we know that .77, u be a differential /-form in QZ. Then, we have
Hou=dT (Hyu)+ Td(Hyu).

From (14) and Definition 4, we have

1/q
1
| Ao . ag) = 51 (TI”M / 1) - (%M)Byqu>

1/q
— sup (ﬁ/ |\ Td(Hyu(x ))|qu>

YEZ

ek | |1/m | 7 (Ao (3) s 3,

S 10l 4 Al a1 -
According to Theorem 2, we obtain
”%“”CMOM(/\I@n)

1+1/n

1
Ssup ———= Byl @l llull o
’)/GZ ‘ |1/q+l Y Lq(/\ 737)

= ”q)HLN||d%””3q~,l’(/\l+l7(@g)v
where 1’ =24 — 1 — 1/n. The proof of Theorem 6 has been completed. [J

Next, we show the boundedness of fractional p-adic adjoint Hardy operator in
p-adic weak central Morrey space.

THEOREM 7. Let 0 < oo <n, 1 < g<oo and —1/q <A <n. Let also u €
(AL, Q}). Then H5u(x) is bounded from BaA (AL Q}) to WB‘M(/\Z,Q?,).

l oc

Proof. By using Holder’s inequality, we have

Y / ) ayax
T lylp>Ixl, [¥]p

2\1/2
Wp>xp,  YIp

1/q 1/q
([ Swwprtay) ([ wlenday) e
I¥lp>Ixlp 7 ¥lp>[xp

Au(x)| =
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Then, we estimate

1/qd

/ 1/d > /
(/ |y|(oc—n)q dy) — z / pra (oc—n)dy
[ylp>Ixlp k=log, [x|p+1 Sk

/4
=(1 _p—n)l/q’ Z phd'(a=n)
k=log,, [x|p
1— p—n 1/‘1/ B
Combining with (23) and (24), we obtain

—n

1/qd
l—p
* o+ni
| ux)| S (l - pfl’(an>) el ™ Nl v -

-y \ /4
_(_p™(1-p .
Let M| = (W) ”“”B%MN,Q;@) is a constant. We get

—A—1
172 1(%) a2 1 ) = sugsugt\B|H /{|x|, € By My|x|%Th < p}y|ta
YEZ t>

-1 _1_
< supsupt|Bl" x|, < p7 x|, < (/My) T[4

YEZ t>0
Hence
sup sup tpYetnh)
. -0 Klogp(l/Ml)m
||%”(X)||WB‘%7L(/\’,Q§) < sup sup ,pfw(*lfl/q)(t/Ml)wﬁ '

>0 1
7>log, (1/My) @+

Finally, we obtain
) o gy < 302
The proof of Theorem 7 has been completed. []

COROLLARY 2. Let 1 < g <o and A € (—eo,n). Let also u € LZ}C(/\I7QZ) and
du e L?OC(/\ZH,QZ), 1=3,4,---,n—1. Then, we have

H%‘MHCI\/qul(/\l’Q?’) Sz ”(PHL‘””dﬁuHBql’(/\Hl.@;@)a
where A' =A —1—1/n and ¢ € C5(By) satisfies Jp, 0(y)dy =1.
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