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EQUIVALENT CONDITIONS OF OPTIMAL HALF DISCRETE
HILBERT TYPE MULTIPLE INTEGRAL INEQUALITIES WITH
QUASI HOMOGENEOUS KERNEL AND APPLICATIONS

YONG HONG, BING HE AND MINGJUN FENG*

(Communicated by Q.-H. Ma)

Abstract. Let G(u,v) be a A -order homogeneous function. In this paper, by discussing optimal
matching parameters of the half discrete Hilbert type multiple integral inequality with quasi-

homogeneous kernel K (1, ||x||p.n) = G(n1,||x] \/}J‘zm) , several equivalent conditions of the opti-
mal matching parameters are obtained, and a basic theoretical problem of the half discrete Hilbert
type inequality is solved. Finally, their applications to operator boundedness and operator norm
are discussed.

1. Introduction

Let m € N, I%—i—}}zl (p>1),p>0,0a, BER, x=(x1, -+, xn) € R?,
||x[|pm = (& 4+ +x0) /P . Defined spaces L and [ respectively:

5 1/q
5= [, IMlBalropar) < et
R

- I/p
ll‘j‘: a={a,}:lal||pa= Zln"‘|an\1’ < oo

Lg(RT)={f(x):|f|

For K(n,||x|[pm) >0, d={a,} €12, f(x) € LE(R?), we call

L 3 KO llpn)anf 3)s < Mlfal 1

+n=1

B ey

the half discrete Hilbert type multiple integral inequality. Define series operator 77 and
integral operator 7 respectively:

=

T(@0) = 3, Ko [l lpman To(F)a = [ K]l

n=1

p.m).f(x)dx. 2
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By the basic theories of Hilbert type inequality, it can be easily proved that (1) is
equivalent to

T (@)l1pp1—p) < Mllal]p,a, || T2(f)]

q,0(1—q) < M‘ |f| ‘q,ﬁ'

Therefore, the discussion of (1) is of great significance to study the boundedness and
norms of operators 77 and 75.

One of the most important topics of Hilbert type inequality is to select appropriate
matching parameters to construct various exquisite inequalities with the best constant
factors. The idea of weight functions proposed by Xu in [1] is the main method to solve
this problem. Its core is: by introducing two matching parameters a and b, and using
Holder’s inequality, we can obtain the following forms of inequality

(ab) 3)

fer 3 Ko sl e () < M)l o

where the constant factor M(a,b) is related to the matching parameters. Generally
speaking, M(a,b) is not the best constant factor of (3). Only by selecting some specific
a and b, can M(a,b) be optimal. By using this method, numerous papers [2-15] have
been published at home and abroad, and many Hilbert type inequalities with optimal
constant factors are obtained. However, there are few literatures on the law of optimal
matching parameters. In this paper, we discuss the law of optimal matching parame-
ters for half discrete Hilbert type multiple integral inequality with quasi-homogeneous
kernel, and obtain some equivalent conditions.

Let AjA2 > 0, G(u,v) be a A-order homogeneous function, we say K(u,v) =
G(u*, v!) is a quasi-homogeneous kernel with parameters {A,2;,4,}. For t > 0,
there are some properties of K (u,v) as follows:

K(tu,v) = "MK (u, 71 %20) K (u,tv) = 2K (%2 ).

2. Preliminary Lemmas
The following lemmas are used in this paper.

LEMMA 1. ([16]) Assume that t; >0, 0;>0, i=1,2,--- . m, @(u) is continuous.
Then

1 _
/r+ —+1, <1(p(t1+ +tm) al ! t;gm 1dtl"'dtm
1 mx

_F(al)"'r(am) ! o+ Oy —
_—F(a1+---am) /0 o(u)u Ydu.

By using lemma 1, it is not difficult to prove that: if p >0, r >0, x= (x1,- -+, Xx,) €

R, then
(1
AH <O Ukllom) &= e ) ) /"’ unda,
Xlp,m<T

m— 11" m/P
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Im(l/p) m—1
o (|x|lpm)dx = ———— o(w)u" du.
/Hpr.m>r (H Hp ) pm711 (‘l/p) r ( )

In particular,

e _ase) g

m—1
/RT<P(HX| —m 0 @ (u)u™ du.

LEMMA 2. Let y(t) be measurable, y(t) > 0 a.e. in (0,4o0), [o" "ty (t)dt <
+oo, and

oo oo
/ 1Ty (r)dr :/ 12y(t)dr.
0 0
Then ¢ = c».

Proof. Suppose that c; =c¢;+c¢, 141 =1 (0<r<1, s <0). According to the

>r s
inverse Holder’s inequality, one has
/ t"u/(t)dt:/ t‘zy/(t)dt:/ tr Ty (r)dr
0 0 0

Foo oo 1/r Yoo 1/s
= / 1ty (e)e'de > (/ 1’1;/(t)t"'dt> (/ t"“'l;/(t)t"'dt) .
0 0 0

Due to () > 0 a.e. in (0,+o0), we get 0 < [, 11 y(t)dt < +oo, therefore

oo +oo
/ Uy (r)dr > / 1Sy (e)ide.
0 0

If ¢ > 0, then ¢s < 0 and

oo 1 cs 1
/ Yy (r)dr > /Et“u/(t)tcldt > <1> /z y(1)r'de > 0.
0 0 2 0

Let s — —eo, then [~ #1y/(t)ds = 4o, which contradicts the conditions. Hence ¢ >0
is invalid.
If ¢ <0, then ¢s > 0 and

/ My (r)de 2/ tCy()rdr > 2"‘/ My (r)dr > 0.
0 2 2

Note that [, 7“1 y/(r)dr = 4o as s — —eo, which also contradicts the conditions.
Thus ¢ < 0 is invalid too.
To sum up, it is proved that ¢ =0, thatis ¢y =¢,. U

LEMMA 3. Assume that me N, p >0, 1%+$ =1(p>1),a beR, 112, >0,
G(u,v) is a homogeneous non-negative measurable function of A -order, x = (X1, ,Xm)
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eR?, K(n,||x||pm) = G(nM, HxHﬁfm), K(t,1)t=% is monotonically decreasing in
(0,4c0). Then
/ K(n

lﬂm(l/P) AL hp*m)/”’ —bp+m—1
=17 4 2 K(1,0)r=bPm=1qs,
T (m/p) (1)

bpdx

oo

= LK

o) oo
Ty tea 1)/+ K(t,1)%dr.
0

Proof. Tt follows from Lemma 1 that

m Y
r (l/p) K(n,u)uiblﬂrm*ldu

O = ST/
(1/p) Ml/ /- bpame]
= K(1 VA2 )PP du
p"'T(m/p)
"(1/p)  an—3p-m) /+°° bptm—1
= B N K(1,1)t~bprm=1q;.
P TT(m/p) )

According to the monotone decreasing property of K(z,1)r7%? in (0,+e0), we
have

12
we —
n(x) = /33 S
A= ?q 12 f% -
= il 3 KNl 1) sl
Lo\~
A= x aq
<lillom [ K|x|pmu1><||x|pmu> du
M- (ag—1) [+ee
=[xl i / K(t, 1) “dr. O
0

3. Equivalent conditions of optimal matching parameters

The main theorems and their proofs are given below.

THEOREM 1. Suppose that if m € N, p > 0, %—i—é =1 (p>1), a, beR,
MAr >0, }%laq—f— }%sz — (l + }%1 + %) =c¢, K(u,v) is a quasi-homogeneous non-
negative measurable function with parameters {1,A1, A2}, K(t,1) >0 a.e. in (0,+o0),
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Aic
K(t,1)t7% and K(t, l)t_“qu% are monotonically decreasing in (0,+o0), x = (x1, -,
xm) € RY, and
e b 1 e
Wi(b,p,m)= | K(Lt) """ ldt, Wa(a,q) = [ K(r,1)r“Ids
0 0

are both convergent. Then
(i) denote that

o xl[u +p (/{‘1 /%)] B = JLQ[?H— +q<fz %)}

one has
L. Sk (x)d
+n=1
(/p) "7 Wil W9 )l
S (p’“_lr(m/p)) (b, p,m)W, (a7Q)HaH177O!Hqu~,I3’ 4)

where @ = {a,} € 1%, f(x) € Lg (R%).
(ii) The following three conditions are equivalent:
(a) The constant factor of (4) is the best;
1 1 _ 1, m.
(b) zraq+bp=A+ -+ 1=
(€) 7;Wi(b.p.m) = 1-Wa(a, q).

(iii) For Tlaq+ szp =1+ 7%1 + % (4) becomes
[ K lllpm)anf ()
RY =1

™ (1 1/p A 1/’1
<<%) (f) Wi (b, p,m)l|al| p.apg—1]1f]

"I (m/p abra
(1 1/p ) 1/p
~ (G2l ) () el i

Proof. (i) It follows from mixed type Holder’s inequality, Lemma 3 and the intro-
duction of matching parameters a, b that

/RT;K(n (x)dx

< L2 (o) (0

f(X)|> K(n, ||xl[p,m)dx
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(LE

e
- 1/p
_ (nzlnwmwl(n)) ( L 14185

™(/p) N\ e, b mwa
< (i) W 0pmW g

> A= e
(Bt ) ([
n:l m

1/q
bathha— 2 (ag 1>f(x)|qu>
:< r(1/p)
p

i)W "W b, s
m—lr(m/p) " !

Hence (4) holds.
(i1) First, we will prove (b)<(c):
Suppose that aq+ bp A + -+ 7, - then

1/p
| n|"K(n |x|p7m)dx>

1/q
—|f(x qK(n,IXIp,m)dX>

1/q
f(X)I”wz(X)dX>

Wi(b,p,m) = / K2/ 1) A ha—brtm=1g,
0

_M
Mo
_ M ~agg, _ M
) K(u,1)u dl/l—AZWQ(CLC]).

oo M- IO
K 1)u B Wd—bptm—1)=7h—1

Therefore, ALIWI (b,p,m) = %Wg(mq).
Conversely, assume that )%IWl (b,p,m) = )%ZWQ (a,q), then

oo u 2{2
K(tal)t dt :W2(aaq) = 2 Wl(b7p7m)
1

_ / k(g = 22 / k(i
7L1 0 A1 0

+oo0 A A +o0 1 m

= [ Kk, R MRt e [ ke M (-dore )14,
0

Since K(¢,1) >0 a.e. in (0,4o0) and [,"" K(z,1)r~*dr < oo, it follows from Lemma
2 that —aqg = —A; <7L — %pr—i- %

— 1. Thus )Lilaq—f—ibp:/l_k%l_,_%.
Second, we prove (a) < (b):

Suppose that A—llaq + %sz =i+ %1 + %, then it follows from (b) = (c) that

%IWI (b,p,m)= %ZWQ (a,q). By simple calculation, we obtain o« =apg—1, B =bpg—
m, thus, (4) becomes (5).
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If the constant factor in (5) is not optimal, then there exists a constant My > 0,

such that ) )
(1 Ve i\
My < (ﬁ%) (ﬁ) Wi (b, p,m), (6)
L 3 KOl )anf 0O < Moal 111 - )
+n=1

For sufficiently small € > 0 and 6 > 0, take

ay =nlmepa=le)/p (p =1 2 ..,

fx) = { |

By Lemma 1, one has

o 1/p 1/q
~ 11— A
HaHp.,apq—leHq,hqum = 2 n 1=lAle (/ H Hp m . ZIS )
n=1 X p.m=>6

) <%> : (/Owt‘l"kl'sdz) v (/6+°°u—1—xzedu) v

™(1/p) \Y4 &5 lRle/q q
(pmlnm/p)) EYREEYADC ®

bpq [A2l€)/q >5
0, 0 < |lx|[pm < 8.

[ 3 Ko sl e f(2)
RT n=1

— in(—apq—\lﬂﬁ)/l?/ K(n, )Hprth |7Lz|€)/¢1dx
n=1 HXHpm/5
Fm 1 hnd —bpg—|Agle |
= o 11_‘{’5/’) Z —apq—|Ai€) /P/ K(n,u)u pqq +m=1 4,
(1 > —apg-lyle [+ bpa-ligle
= 11“/nl1)/p 2 My = s K(1,n""/%2y)y M =1 g
- _U/e) i e / K1 gy
p"T(m/p) = snh/m
m/p) < |- A —bpg— \12\8+ 1
> S T m/p) - S n ‘1‘5/ K(1,0)t "l
=1
m +oo oo —bpg—|ayle
> 71“1(1/,)) / *‘*W‘Sdz/ KL, 7 iy
p"='T(m/p) )1 5
(1 1 oo —bpg—|Mr e _
_ 71( /p) K(Lt)liqu 25 tm ldl. (9)
p" 1 T(m/p) | M€ Js
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It follows from (7), (8) and (9) that

™(1/p) )1/” 1 e “bpa-ligle | Mos-1H2le/a
— - K(l,t)t™ 4 < ———.
(pmlf(m/m A1l Js (L.1) A1 [1/P| Ay |1

Let € — 0" and then § — 0T, we get

this is in contradiction with (6). Hence the constant factor of (5) is the best, and the
same as (4).
On the contrary, assume that the constant factor of (4) is the best. In view of

1 1y, 14y m) _ _Me 1o e g 1
llaq—l-lsz (7L+M+l2)—c,notethata pq—a,b pq—b,thenllaq—i-

ib’pzl—l—%—i—%, o=dpg—1, B =b'pg—m and

oo +o0
Wala,q) = | K(t, 1) *dr = /0 K(1,1~M1/%2) A —aaq

Ay [T
= = K(1l,u
7 KLw
oo
_ & K(l,t)tfprrmflJrlzcdt'
A Jo

— 22 0 —ag) -2
v (AL —aq) 7 ldu

So (4) is equivalent to
[, XK
R+ n=1

too 1/q
X < 0 K(lat)tthrmlJrAzcdt) ‘|C~l‘|p,a’pq71|‘f‘|q,h’pq7m~ (10)

p.m)anf (x)dx

It is assumed that the constant factor of (4) is the best, thus the best constant factor of
(10) is

I (l/p) p 312 ta 1/p T —bp+m—1+Ac Ve
<me(n’lm 2{—1 Wl (b,p,m) 0 K(l,t)t dt .

/ —agMe
Notice that %la’q+ %Zb’p =1+ /1—11 + 7 and K(r, 1)1~ 7 =K(1,0)t 9+ is mono-
tonically decreasing in (0,-+e), it follows from the proof of (b)=-(a) that the best

constant of (10) is
mi/p) NP\
(pm—lr‘(m/p) N wi(b',p,m).
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Therefore,

1/q

e b 1+0¢
K(1,¢)~brtm=1+ 2‘dt> =Wy (b, p,m).

w0, o) (

Consequently,

0

oo ) oo
K(1,0)r=bptm=lgr = K(1,0)bPtm= 1Jr_dt
0 0

oo Up /oo /g
— ( K(l,t)zhl’+m1dt> ( K(l,t)th”ml”z"dt) . 31D
0 0

It follows from the Holder’s inequality that

oo Me

Joc oo
K(l7t)t_bp+m_l+7dt — / 1 'ZTK(I,t)t_bp+’”_1dt
0 0

oo 1/p Hoo 1/q
< (/ 1pK(l7t)t_bp+m_ldt> (/ tlch(l,t)t—bp-&-m—ldt)
0 0

oo Up /oo /g
= ( K(l,t)z—bp+’"—1dt) ( K(l,t)z—bp+'“—1”20dt) . (12
0 0

From (11), (12) takes equal sign. According to the condition of equal sign in Holder’s
inequality, we can get 142 =constant, so ¢ = 0, that is %laq + %sz =1+ %1 +%

It has been proved that (b) < (c) and (a) < (b), hence (a), (b) and (c¢) are equiva-
lent to each other.

(iii) It can be obtained by the proof of (b)=>(a) in (ii)). [

4. Applications in operator theory

According to the relation between (1) and corresponding operators, the following
Theorem 2 equivalent to Theorem 1 can be obtained.

THEOREM 2. Supposethat me N, p >0, %—Fé =1 (p>1),a, beR, LA, >
0, }%laq + }%sz — (l + }%1 + %) =c¢, K(u,v) is a quasi-homogeneous non-negative
measurable function with parameters {A, A1, A2}, K(1,1)>0 a.e. in (0,4o0), K(r,1)t %

Ae
and K(t,1)t~ "7 are monotonically decreasing in (0,+0), x = (x1,-+,%,) € R",
Wi (b,p,m) and Wy(a,q) are defined as in Theorem 1 and they are both convergent.
Series operator T and integral operator T, are defined by (2). Then

(i) denote that

o xl[u +p (/{‘1 /%)] B = JLQ[?H— +q<fz %)}
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then operators Ty : 1 — Lg(lfp) (R?) and T» :Lg (R%) — l,;x(lfq) are bounded, and
™(1/p) )l/p 1p —
|| < ( _ b yP,m a,q),

m I/P
173l < (%) W2 (b, pm) W20, q).

(ii) The following three conditions are equivalent:

(a) Ty : 1 —>Lﬁ(1 p)(R’“) and Tr : Lﬁ(R’”) Iq *U=49) 4re bounded, and

m 1/17
|T1|=|Tz|=(p,f+%) W2 (b, p. )W (a,q):

(b) 7-aq+75bp = A+ 7=+ 1
(¢) 3;Wi(b,p,m) = 3-Wa(a, q).

(iii) If %aq—k Lbp =A+7 L + )Lﬂ, then oo = apg—1, B = bpq—m, the operator
al”i 1 L(bP‘I m)( )(Rm) and T2 hl”{ m(Rm) lt(lapq—l)(l—‘I) are

m 1/p 1/q
|T1|=|T2|=(p,f+%) (%) Wi (b, pom).

norms of Ty :

=1(p>1),az0,b>0
—m, x:(x17”'7-xlﬂ)€

COROLLARY 1. Assume that m € N, p >0, %
a#b, 0<A1 <1, >0, a=p(1-24)—1, B=¢q
R, Ty and T, are defined by respectively

2 2 2 27
2=t (w4 alll )+ (4 -+ bl 1)

) f(x) :
Y P SR

Then operators T : I} — Lg(lip) (RY) and T : Lg (R) — lg(liq) are bounded, and

" (1/p) )1/1’ 1 (n a+b>
T = ||| = — —arctan .
IT1]] = |72 <pm—lr‘(m/p) kll/p/lzl/q\a—b\ 2 |la—b|

Proof. (i) Let appq —1 =0 = p(1—A1)— 1, bopg—m = = g(m—212) —
then ap = é(l —ll) bo— (m 2,2) and

s
5

1 1 1 1 m
/l_laoq+7t_2b0p:k_l(l_kl)+k_2(m_kz):_2+7t_1+k_2' (13)
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Take again

1
2 2 ) 2 2\
(21 +all )+ (w4 -+ b2

K(”»HXHPM) =

then K(u,v) is a quasi-homogeneous non-negative function with parameters {—2, 1,
A2}. According to (13), ag and by are the best matching parameters.
It follows from a >0, b >0, a# b and A, > 0 that

te b 1
Wi(bo, p,m) = K(1,2)r= 20" dr
0

e th1 1 [+ du
:/ 2 2dt:_/ 2 2
0 (1+ah)”+ (14 bt*) M Jo (1+au)’ + (1+ bu)

—i/+m du ! ! i —arctan ——— atb <+
T o @+ t2atbut+2  Ala—bl la—b|

Since 0 < A; < 1, we know that

1
K(t, 1)t %4 = th-1
1) (1+at*)* + (14 b')?

is monotonically decreasing in (0,+e0). Therefore, the corollary holds according to
theorem 2. [

COROLLARY 2. Assume thatmEN p >0, l—l—é =1(p>1), 41>0, 4, >0,
m A mA+A A m
M1-2)-2 o p(1-2) B a0, o < MR o L [724—&1(;—1)4—0 ,

o= %z(mll —po), B= %l(lz —|—qG), x= (X, X m) € R, the operators Ty and T»
are respectively

oo ln< M

= nM/HxH

M /| |x
B(f)n = /]R wf(x)dx.

v /1l —

Then operators Ty : 1jf — Lﬁ (1- (]Rm) and Ty : Lﬁ (R™) — 1 9 4re bounded,
and the operator norms are

e (/) NP T_\?
1Tl = || 12| = <pmll"(m/p) All/p)bl/q (sinrcs) '

Ti(a)(x) =
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Proof. Let K(n, ||x|[pn) = In (nll / | ,&3,") / (nll / ¥]122,, _1) , then K (u,v)

is a quasi-homogeneous non-negative function with parameters {0, 1,4, }. Take again

apg—1=a = %z(m/ll —po), bpg—m =B = L (7L2+q6), it follows that a =
Mpq(m?tl p0)+$,b—l—pq(lﬁ—qaﬂ—ﬂ Notlce that
1 1 1 1 m 1 m
— b A A — =4
B P T PO i g e e = T

then a and b are the best matching parameters.
Since A, (1 — m) M <o<M(l- %) — % +MAy, we have 0 < s < 1. It follows

from o < m’llmz that — - (m;“ —0)— % < 0. Therefore,

+oo +o Int~2 _1(% m
Wb pm) = [ Koo = [ A (G )y,
0 0o tHR—1
oo 1 A m
:%/ lnulum[%"rll(ﬁ—l)-‘rﬁ}—ldu
2 J0 u—

1 /+°° Inu g 1 ( T )2<+
= u U= — oo,
2,2 0 u—1 2,2 sin7ws

Note that h(u) =1Inu /(u— 1) (u>0,let h(1) =lim,; 24 =1), g(u) =u—1—ulnu,
we obtain
u—1—ulnu  g(u)

uu—12 u(w—1)%

W (u) =

1
g'(u) = —Inu,g"(u) = -

Let g'(u) =0, then u = 1. It follows from g”(1) = —1 < 0 that u =1 is the maximum
point of g(u). Hence g(u) < g(1) =0 and /' (u) < 0. Therefore h(u) is monotonically

decreasing in (0, +c). What’s more, notice that A; > 0, ——(m—)Ll —0)— < 0, one
knows that .
InsM _L(ﬂ_(;)_i
—aqg — M 5% p
K(t, 1)t tll—lt 2

is monotonically decreasing in (0, o).
To sum up and in view of Theorem 2, 7 : [} — Lﬁ (1= (R’“) and 75 : Lﬁ (RT) —

l,‘f (1=9) are bounded operators, and their norms are

m 1/p 1/q
1T = |72l = (%) (%) Wi (b, p.m)

(/) T (=) o
- \pm'T(m/p)) 3 Vppla\sinms)
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