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THE NONEXISTENCE OF EXTREMALS
FOR THE HARDY-TRUDINGER-MOSER
INEQUALITY IN THE HYPERBOLIC SPACE

QIANJIN LUO

(Communicated by M. Krni¢)

Abstract. Let B be the unit disc in R?, # be the completion of Cy (B) under the norm

1

2
u 2
ull e = Vuzdxf/id)o . VueCe(B).
e = ([ vuPae— [ s 7 (8)
We prove that the supremum in the following inequality
sp [ explam(1+ arful Buc Yar < 4o
ue F | |u|| o <1/B

can not be achieved by any functions in the function space # when o is sufficiently close to
A Lie, 0< A —a < 1, where

2

M(B)= inf ‘
1B) =, ol Jul 2

Evidently, this conclusion is complementary to that of [12, Theorem 1.1 (ii)].

1. Document preamble

In our paper, we let B C R? be the unit disc, let B(o) be the disc with radius ©
centered at origin, let ||-||, denote the usual L”-norm of the classic L”-Space, and
let Wol"z(Q) be the classic Sobolev space. It is well known that the famous Trudinger-
Moser inequality [16, 17, 18, 20, 30] is

sup / exp{yu*}dx < oo, Vy<4nm. (L.1)
ueW, ? (B),|[Val <1

When y > 4r the supremum is infinite, although the above integrals are still finite.
Owing to the importance of the Trudinger-Moser inequality and the well-known Hardy
inequality
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in analysis, Wang-Ye [2 1] improved the Trudinger-Moser inequality (1.1) into the Hardy-
Trudinger-Moser inequality

sup /exp{47‘cu2}dx< +oo.
ueH [[ul| o <17B

Moreover, the above supremum is also achieved by some extremals and the function
space ¢ is the completion of Cj’(B) under the norm

- Ry
v / S— 13
lulloe = ([ 1VuPas— [ G mar) (13)
In fact, (1.3) can be defined obviously by the inequality
/|Vu|2dx / C/u dx, VueWOI’Z(IB),

which is an improvement of (1.2) given by Brezis-Marcus [4]. Moreover, .77 is also a
Hilbert space with the inner product (-,-) s induced by the norm || - || ;» on it. Another
improvement of (1.1) was also proved by P. L. Lions [10]. That is, for any smooth
bounded domain Q C R?, if u, € WO 2(Q) satisfies ||Vuel|[, = 1 and ue — ug weakly

in W, 2(Q), ¢ < 1/(1—||Vugl[3), there holds

limsup | exp{4mqu2}dx < +oo
e—0 JQ

when uy # 0. For the case uy = 0, another modified Trudinger-Moser inequality of

(1.1) involving L?-norm was also verified by Adimurthi-Druet [1]. Namely, letting

Q C R? be the smooth bounded domain and

[[Vull3

M(Q) =
wew2@uzo ||ul3

>0

be the first eigenvalue of the Laplacian with Dirichlet boundary condition in €2, then,
forany 0 < a0 < A1(Q),

sup / explami®(1 + ot Jul 2) Y < +oo. (1.4)
ueWy > (Q),|Vul,=1

Moreover, for any o > A;(Q), the supremum in (1.4) is equal to positive infinity. Fur-
thermore, Lu-Yang [11] extended the results of Adimurthi-Druet [1] into L”-norm,
p > 1. Going a step further, Lu-Yang [11] also considered the existence of extremal
function for the modified Moser-Trudinger inequality involving L”-norm. That is to
say, with the facts that the first eigenvalue

[[Vul3

ueW,2(Q),uz0 [Juel[5

A’P(Q) =
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and the smooth bounded domain Q C R?, for any fixed p > 1 and sufficiently small
o > 0, there holds

| explan(1+ o )2 yax

_ sup / exp{4n(1 + arfu] |2)u}d,
ueWy ()| Vul =1

(1.5)

where uy € WO1 2(Q)NC(Q) satisfying |[Vug|l» = 1. Correspondingly, Mancini-
Thizy [15] researched the counterpart result of Lu-Yang [11] in the case p =2, and
verified that (1.5) did not hold water when « is sufficiently close to the eigenvalue
A (€2), where A4;(€) is the first eigenvalue of the Laplacian operator A = —dy — d)y
with zero Dirichlet boundary condition. Analogy to that of Lu-Yang [11], Luo [12]
studied the Adimurthi-Druet type inequality on the space .7, and found that, for suffi-
ciently small o > 0, the supremum

sup /Bexp{47ru2(1 + ] [2) b

ue A [lul| ¢ <1

can be obtained by some extremals satisfying uy € # NC*(B), ||ug||z = 1. Apart
from the papers on the Trudinger-Moser inequality mentioned above, Yang-Zhu [29]
extended the claim of (1.1) to the space ¢ as well, however, with an equivalent norm
to that of (1.3), which improved the conclusion of Wang-Ye [21] to the version involving
the first eigenvalue of the Hardy-Laplacian operator —A — 1/(1 — |x|?)?. Using the
method of energy estimate, Wang [23] extended the result of Mancini-Thizy [15] into
the case of LP norms, p > 1; In addition, Wang [22] reproved the results of Carleson-
Chang [5], Flucher [8], Li [9] and Su [19], which evidently includes the result of (1.1)
when the parameter ¢ in the paper is equal to zero; Yang [26] reproved the conclusion
of Carleson-Chang [5] in the case of the smooth bounded domain Q C R2; The results
of Wang-Ye [21] and Yang-Zhu [29] were reproved by [25]. Besides, other literatures
based on the method of energy estimate, I refer the readers to [28], [24]. Another
important technique we use in our paper is blow-up analysis which will help us to get
one of the expression of the energy identity. Pioneer works about blow-up analysis
can be found in [2], [6] and [5]. In this aspect, a lot of work have been well done. In
addition to Lu-Yang [1 1], Wang-Ye [21] and Yang-Zhu [29], etc, combining the result
of Carleson-Chang [5] with the blow-up analysis, Yang [27] improved the classic result
of (1.1) with the new norm ||u||q = [ |Vu|?dx — & [ u?dx, where 0 < & < A;(Q)
and A, (Q) is the first eigenvalue of the Laplacian operator with the Dirichlet boundary
condition. Later, Yang also considered the similar problem on the Riemannian surface.
In view of Trudinger-Moser inequalities can be considered on Riemannian manifolds
(Trudinger-Moser inequalities on Riemannian manifolds were due to T. Aubin [3]), it
is interesting to ask whether or not our problem discussed in this paper can be hold on
Riemannian manifolds. Inspired by Mancini-Thizy [15] and Luo [12], in our paper, we
aim to get an complementary conclusion to that of Luo [12, Theorem 1.1 (ii)] as below.
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THEOREM 1.1. Let B C R? be the unit disc. Then, the supremum of the Trudinger-
Moser inequality of Adimurthi-Druet type

sup /exp{4n(1+a\|u\|§)u2}dx< oo
ue A ||u|| <1 B

can not be achieved by any functions in the function space ¢ when o is sufficiently

2
closeto A ,i.e, 0 <A1 —a <1, where Ai(B) = infyc » u0 Hﬁ,‘ll\ff :
2

To prove Theorem 1.1, we mainly follow the train of thought of [15] and use the
method of energy estimate, which was developed by [13] and [14] et al. Besides, some
critical results derived from the technique of non-increasing symmetrization are just
simply applied to our paper, for more information about this aspect, I refer the readers
to [21, 29].

The remaining part of this paper is organized as below: we mainly decompose our
proof into three parts. In part 2.1 and part 2.2, we get two different expressions of the
extremal function respectively. In part 2.3, we point out, by simple computation, that
the two different expressions are actually contradictory, which finally gives an end to
our demonstration.

2. The proof of Theorem 1.1

We know from Wang-Ye [21] or [29] that our problem can be equivalently dis-
cussed in the space of non-increasing, radially symmetric functions due to the technique
of non-increasing symmetrization. Precisely, we let

Fo={ueCyB):ulx)=u(r),u(r)<0,r=|x|}

and let .7 be the completion of .# under the norm || - || defined by (1.3).
Besides, we let Cy,(B) be defined by

Cy(B) 2 sup / exp{4m(1+ o||ul|3)u’ }dx.
UE I ||u|| yp <1/B

From Luo [12, Theorem 1.1], we have known that Cy(B) can be obtained by some
extremal functions when o > 0 is sufficiently small. Therefore, by contradiction, we
can assume that there exists a positive real number o satisfying 0 < oy < A; such
that when 0 < 0 < 0; < A1, Cy,(B) can be achieved by some extremal function u,,
where uq; > 0 is an radially symmetric function. Besides, owing to C;, (B) = 40, we
know Cg;(B) — +oo when o; — A, . For simplicity, we use the indexes « in place of
o;. Then, by a direct computation, we have the following equation

u .
_Aua = Aaua +2ﬁalauaexp{[3aua} + m m B,
llua|loe =1, ug>0inB,
Bo = 47(1 + af|ug[3), (2.1)
1+ o |ue||3
PR (1+ allual) o
1+ 2auql3 <1+2a\|ua|\§> Jp uzexp{ Pou? tdx
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Furthermore, by Wang-Ye [21, Lemma 1 and Lemma 5] or Luo [12, Lemma 2.3], we
know that, up to a subsequence (in the sequel, for simplicity, we do not distinguish
between the sequence and its subsequence), uy — 0 weakly in . C J€; ug — 0
strongly in LP(IB),Vp > 1; ug — 0 a.e. in B as oo — A4, . Hence, it is easy to get

Bo — 4m 2.2)
and
Ag = Ap, (2.3)
as o0 — A, . Let vy = /PBaite, then we rewrite (2.1) as
—Avg =Agvg —|—Aavaexp{va} NI N 0 | 2 ) nB,
Ivallz = /Ba, va>0inDB,
o
Bo = 4n(1 +d3 Ivall3), 04)
Ag=—2
[+ 28 valB
AOC = 2[305%05 > 0

In the upcoming two subsections, we will be dedicated to reaching two different ex-
pressions of ||vg||%, respectively, which are contradictory to each other. Hence, we
know that our assumption established before can not be true and the proof of Theorem
1.1 is finished.

2.1. The first expression of |v||%,

Basing on the standard quadratic-root formula and the Taylor expansion, we get
the first expression of ||v||%, from the third line of (2.4)

Ival3e = Bo =271 +\/1+7“f15‘7:‘2"dx)
2
:4n(1+ o Jpvads oﬂ(va%xdx) +0<</]BV§dX>2>>'

41 1672

(2.5)

Besides, noticing that

/IB exp{v2 }dx = /B exp! B2, b = Coy(Q) — oo

and
2

Ao [ V2 2dx:/V2dx—/v7“dx—A/2dx
Ot/BvoceXp{Va} IB%| VOC‘ IB%(I—|X|2)2 o Bva
=4n+o(l),

as a — A, , we get, by the elementary inequality exp{r} < 1-+rexp{r}, t >0, that
Ag—0, aso— A (2.6)
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2.2. The second expression of ||[v¢|/2,
We will make the blow-up analysis on (2.4) to get the second expression of [|vy||%,

which is included in the following Proposition 2.1.

PROPOSITION 2.1. Let {vy}o C #(\C'(B) be a sequence of solutions of
Vo
(1= |x[?)>”

where Ay € [0,A1), Aq >0, Be >0 and 0. (0 < Aj — o0 < 1) are given by (2.4). Be-
sides, we assume that the blow-up of vy, occurs, i.e.,

— Avg = AgVe + Aavaexp{vy} + ve > 0in B, (2.7)

Yo 2 maxve = ve (0) — oo, (2.8)
and that (2.2), (2.3) and (2.6) hold true. Then, we have
1
Ao = 0(@) (2.9)
and ; ,
A v dx 2
2 _p a Vo 2
IvalZe = Bu = am(1+ 225 ([ 2ar) ). @10)
as o0 — Ay .

As in [7], we define uy as below and have
1 s Aath
ng 4

Moreover, there exists a positive number sequence {R, } satisfying Ry — 40, Ry Lo
< 1, such that

exp{7a} — +oo, as o — A 2.11)

1Yo (Yo = va(tax)) = Tollcop(ry)) — 0 as @ — A1, (2.12)
where Ty(x) = log(1 + |x|?) is the solution of the Liouville equation
ATy = 4exp{—2Tp} inR>. (2.13)
Observing (2.7), (2.8) and ||vy ||z = O(1), we get
Aaexp{1Z} — +oo, as a0 — A .
Besides, we let | )
~ X X
to(x) = log <1 + ”—3) =T (“—a>
Because of |z| = r around the origin and the radial symmetry of functions, in the fol-

lowing, we will rewrite sometimes vy (z),7¢(z) as vg(r),tq(r) respectively. For any
0 €(0,1), welet ry 5 > 0 be determined by

ta(re.s) = 87 (2.14)
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Then, we have
re.s = Maexp{87, +o(1)} > ug, (2.15)

as o — A; . In order to verify Proposition 2.1, we need to examine the asymptotic
behavior of vy in B(ry 5) and in B\ B(r, 5) respectively, as o — A, . For this objec-
tive, we will separate our proof into four steps as below. We first consider the case in
B(rq.5) . namely, the asymptotic behavior near the blow-up point 0.

STEP 1. We have
llogAa| =0(12), as o — A, . (2.16)

Proof. We make By = B\ B(uy) and let V,, be the unique harmonic function
defined in B, which satisfies Vi (x) = v (x) for x € dB, . Then, for all o, there holds

/]B\VVa|2dx</B |Vvg|?dx. (2.17)

For Ay >0, we define Wy £ Ay log|x| ! such that W, coincides with Y, — 4/ Ve
on dB(Uy). Then, by (2.11), we have

B -log2 _ yall+o(1))

A _=
“7 yylog uLa log “ia

(2.18)

Combining (2.12) with the elliptic estimates, for all oz(0 < A; — ot < 1), we get

1
WV — V¥, < 0<—x> in By . (2.19)

Then, by (2.18) and (2.19), we have

N 47W§(1+0(1)).

T (2.20)
log i

. 1
/ |VVe|*dx = A log — (1 +o(1))
Bo Hy

Since [|vq||%, = Ba — 47 and [5v2,/(1—|x[*)>dx=0(1) as & — A, , we have Hvog||12q1
0
< 4m+o(1). Then, combining (2.17) and (2.20) together, we find

1
log— > (1+0(1))7z
ug

which finishes the proof of (2.16) together with (2.6) and (2.11). O

Now, we fix § € (0,1) and let Sy be the radial symmetric function around 0 € R?,
which solves
— ASy— 8exp{—2Ty}So = dexp{—2Ty}(TZ — To) 2.21)

and satisfies So(0) = 0. Then, by [14], we have

So(r) = —To(r)

n 212 To(r)z_'_l—r2 /1“2 log?
1472 2 1+r2 i 1—1t
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and, in particular,

(logr)?

So(r) = log 2+B +0< ) as r — oo, (2.22)

where 47 = Ap = — 2 ASpdx and By = n? /6+ 2. For further arguments, we define
Sal2) 2 5o )
(z) = So e
where 0 < A1 —o < 1.

STEP 2. For all the point sequence {zq }o C B(rq 5), we have

ta(ze) | Sa(za) 1+t4(za)
(fa) = Ya = =25 +o( = ) (2.23)

where 0 < A1 —o < 1.

Proof. We make w o satisfy

t
Vo = Y — & e+ w;f‘ (2.24)
o
and define py o as
pra = sup{r€ (0,ry 5] [Sq—wial <1+1qin [0,r]}. (2.25)

First, we display the asymptotic expansions of —Aw , in a precise way in B(p; o),
as o — A; . We have, by (2.11), (2.14) and (2.16), that

t2
exp{ — 2t + 7‘;}

— exp{log Aa +o(72) exp{ (1 - ti>2}

ug Yo (2.26)
2
>exp{ (1- 872 +0(2) }
in B(ry 5). Evidently, vo < ¥y in B(p1,o). Then, (2.26) gives
exp{ — 2o+ %}
Agva < MYo =0 5 = (2.27)
Yokl

uniformly in B(p; ). Thatis to say Agve is well controlled in B(p; ) because of
Step 1. Moreover, observing that wy o = O(1+14) is given by (2.22) and (2.25) in
B(p1,«), we can get from (2.24) that

l+la>

Yo

va—ya———I—O( (2.28)
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and 5 )
t 2 141
V=P 2t “+2W17°‘+0< + “) (2.29)
% Ya

in B(pi «). Combining t, = O(Y2) in B(ry 5) with the inequality

)exp{x} 2 —‘ < exp{\x\}

for all x € R and integer k£ > 1, we have

§J|Q S

l2 2 1 t2 t2 2 (1 —+t )exp{
exp{7“+y2wl’°‘+0< ;"‘)}zw °‘+Y2w1’°‘+0< ”
o o o

o
in B(p1.o). Then, by (2.11), (2.28), (2.29) and (2.30), we have

}) (2.30)

S

(1 +t4)exp{
Yo

4 2t 1242w o —
AaVanp{V(zx}_ exp{ a}[ 1+ a+ Yo

U Yo Y2

}ﬂ 2.31)

“+0<

in B(p1.¢)- Besides, by (2.11) and t, = O(y3), we easily get

2 (1+14)ex {i}
vay’ . He = 0<a—p7§f> (2.32)
(1—|x[?)? dexp{—2t4} Ya '
in B(pha). Therefore, by (2.7), (2.13), (2.27),(2.31) and (2.32), we have
4 2
dexp{—2t4} 5 (1 +ta)exp{%}
—wig = 2W1,a+la—la+0<T>} (2.33)
in ]B(Pl,a) .

Second, we assess the growth of wy o —S¢ . In the following, we will confine our
discussions to B(rg_5), which gives that 2 — ’7‘1 >2—6> 1. Then,

t2 .
y%} < Cexp{—ktg}, inB(res), (2.34)

o

(1 +t§)exp{ — 20+
where 1 < Kk <2 and C > 0 are certain constants. Noticing that
/ A(Wi.g — Sa)dv = 27r(wi o — Sa)' (1) (2.35)
B(r) ’

and, by (2.21), (2.33), that

— AW1a— Sa) = W[(wl,a—&»w(%)] 236)
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for all 0 < r < py ¢, we have, by (2.34), that

2
8(1+t3)exp{ —2ta+t7”‘} 87
o _ o 2\1—-x
/E(r) - av= (1= 0/ F) 3
and, by [(w1,6 = Se)(r)| < [[(Wi,0 = Ser)'ll=([0,p; o) 7> that

Bexp{—214}
Loy e Salde < (/i) 091~ ) =0 239)

where h(s) = 877:<arctans —s/(1+ sz)) , 8 2 0. Then, by (2.35), (2.37) and (2.38), we
have

Awie=Sa) (Nl __ (r/1a)’ Holl (W1 = Sa)'ll=(0.p1 o)) 7/ Har)’
c T a1+ (r/1a)?) L+ (r/ta)?

for some constant ' > 1, a (0 <A —o < 1) andall 0 <r < pjq.
Third, we verify that

(2.39)

1
bl 061~ 5 le=(0,p) = O ) 240
o

Otherwise, we assume, by contradiction, that there exists a positive real number se-
quence {s¢}o C (0,p1,] such that

chliaH(Wl,a - SOC)/”L""([O,pLa]) = chliaKWI,a —So)'|(sa) = oo, (2.41)
as a — A, . Up to a subsequence, we assume that

P1o

o

— To,

as oo — A, , for some 1o € (0,4-co]. We know from (2.39) and (2.41) that s = O(le),
UWe = O(s¢), which implies 19 > 0. We define wq(s) as

Pals) N (WLa —So)(Has)
HallWra = Sa) llz=((0, py o)

Then, by (2.39) and (2.41), we have

7

< i [0.pa/tel (2.42)

forall o0 (0 < Ay — o < 1), where C” is some positive constant. Then, (2.36), (2.42)
and elliptic theory imply that

Wa — W in Coe(B(10)), as ot — A, (2.43)
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and
—Aw = 8exp{—2Tp}w inB(np),
w(0) =0,
W is radially symmetric around 0 € R?,

which indicates
w=01inB(no). (2.44)

Besides, combining (2.42), (2.43), (2.44) and the dominated convergence theorem, we
have

exp{—2t
[ R Selde = oltallOna S im0 i) 249
B(p1,0) Mo

Now, we repeat the way to get (2.39), by replacing (2.38) with (2.45), and using (2.41),
we get

(Wi —Sa) (r)] = o(tall (w10 = Sa) L= (0.1 o])) (2.46)
forall 0 <r < pjq,as o0 — JLf . Evidently, it is impossible for (2.46) at s, . Thus, we
have finished the proof of (2.40).

Finally, inserting (2.40) into (2.39), using the fundamental theorem of calculus and
the fact that wy ¢(0) = S (0) =0, we have

1414
%

[Wie = Sallz=(0,p1.4)) = 0( ), as o — A,

which, by(2.25), implies py o = ry s and finishes the proof of Step 2. [J
We let the functional sequence {f} be defined by

v .
fa(va) 2 Agvg +Aavaexp{va} = —Avy — m, Vg > 0in B.

Then, we get the asymptotic expansion of f, from Step 2 directly that
fo(ve) = O(Yo) + Agvoexp{vy },

which, together with (2.25) and (2.26), leads to the expansion, as in (2.26), (2.27),
(2.31), that

_ Aexp{—2to} [1 N 28 +12 —ty +0((1 +t3)exp{%}>}

fo(v
«le) =0, 7 7
in B(ry ). Because of § < 1, as the arguments in (2.34), we can find k > 1 such that
dexp{—2t4} 28 +12 —tg exp{—Ktq}
Fulve) = (1 + ) +0(7) (2.47)
alva) U Yo % uzve
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and

dexp{—2tq} 28q +12 — 214 exp{—Ktg}
1+ +0 (2.48)
= ( Ya ) ( MG Y )

in B(ry5). We second consider the case in B\ B(ry ), i.e., the asymptotic behav-
ior away from the blow-up point 0. For v is a non-increasing, radially symmetric
function, we can choose &’ satisfying 0 < 6’ < § < 1 and can define

Vafa("a

‘7 A Vo in B \B(ra,6)7
“ min{vy, (1 —6")%} inB(rys).

Then, by (2.23), we get
<(1-8)y, in IB(ry5)s

as 0 < A; —a < 1. By the arguments similar to that of [11] or to that of [12], we have
that

[Pl e < 4m(1—8"+0(1)),

which implies, by [12, Proposition 2.2], that there exists p’ > 0 such that (exp{¥2,})q
is bounded in L' (B). Using (2.23) again, we get ¥ = vy in B\ B(rqs5/2). Hence,
we know that

(exp{i%}) is bounded in L (B\ B(ry 5/2)). (2.49)

In addition, owing to [12, Lemma 2.3] and [21, Remark 1], we know that
ve — 0 strongly in LP (B). (2.50)

From now on, we let p > 2 and r > 1 be fixed such that

1 1 1
—+-—+-=1, (2.51)
14 p r
and let v be the unique function characterized by
=Mv+—-ry, v>0inB
T (2.52)
HVII%J =1

STEP 3. For all the point sequence {z¢ }o C B\ B(ry s), we have

valze) = Vel vea) +ovallr)+ -log = +0() - @59)

for all (0 <A} —o < 1), where p and v satisfy (2.51) and (2.52) respectively.
Besides, (2.9) holds true.
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Proof. Since the item 1/(1 — |x|?)? is singular on the boundary, which makes our
problem not trivial, we need to consider the Hardy operator

5
(1=]x?)>’
where . is the identity operator. We let G be the Green’s function of L in the

disc B € R?. Then, we know from [21, Proposition 2] that G € % + Wol"pu (B(1/2)),
"€ [1,2), is the unique function such that

L (G) = &,

and that G is a radial function satisfying

Ly =—-A—

for T € (0,1), as r — 0, where J is the Dirac distribution in the common sense and
C; € R is a constant. Furthermore, we have

logr
G(r)=———+4+0(1 2.54
(1 =-=E+0(1) 254)
for 0 < r < 1. Thus we know that there exists a constant C > 0 such that
C
Gx(y) = P log =] +0(1), (2.55)

for all x# y in B. Letting the point sequence (zo)o C B\ B(rq 5) for all o, by the
Green’s representation formula and (2.7), we have that

valza) = [ Gaa(Ofu(va(v)dx. (2.56)

Here, we proceed our arguments by splitting the integral in (2.56) into two parts ac-
cording to B =B(ry 5/2) UB(ry.5/2)¢, where B(rq 5/2) =B\ B(rys5/2). By (2.15)
and the dominated convergence theorem, we integrate (2.47) and have that

/]B(rw) (vex))dx = /D“3 4exz{y2ta}dx 0(7/13>_4_n+0<y3> (2.57)
2 oo o o

forall ot (0 < A} — a < 1). Independently, we know from (2.55) that

Clx
|Gz (%) — G, (0)] < s (2.58)
a,

for all x € B(r, 5/2) and some constant C > 0. Then, together with (2.47), (2.57) and
(2.58), we have

Aﬁgammmezf—,émmwmw

5>) T 5 JB(-%%)

+ (j/—z +0<i))GZa (0).

(2.59)
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Moreover, by (2.15) and (2.47), we have

o fulva() s =o0( [ , de)w(yia). (2.60)

ro.5 JB('%%) B('%%)  YaMras

Hence, combining (2.59) and (2.60), we have

s, Gea v = (3o yg)) L0o(). @y

As for the domain B(r, 5/2)¢, using Holder’s inequality, Minkovsky’s inequality, the
fact that % is embedded continuously in L' (B) for any 1 € [1,+o0), (2.6), (2.49),
(2.51) and (2.55), we know that

[ s, Gea ) alval))dr
(-5%)°

2

2.62
< UGzl Ivalloe (31 + Aallexp{v2H o s ) 202
= O([[vall»)
for all o. Combining (2.55), (2.56), (2.61) and (2.62), we get

log \zgl -
va(Za)<(1+o(1))T+CHvaH% as o — A, (2.63)
o

where C > 0 and C > 0 are certain constants. Evidently, we have

Ya|vallsw — +eo,  asa— 4. (2.64)
Now, we verify that
”‘)vﬁ —vinCL.(B), asa—A[. (2.65)
o

Combining (2.6), (2.7), (2.50), (2.63), (2.64) and elliptic theory, we have that vy /||ve || 2
— 7inCL, (B),as & — A, , and 7 solves

%

AV ——— =47 2.66

TR (200

in B. However, using (2.63), (2.64) again, we obtain that 0 < # < C in B, where C

is as in (2.63). Besides, ¥ solves (2.66) and satisfies ||7]|,» = 1 Hence, 7V = v and

(2.65) is proved. ry 5 — 0 and (2.65) indicate that there exists a positive real number
sequence (8¢ )o satisfying Oy > r¢ 5/2 and 6, — 0, as o — A, and that

H HVaij VHCO(IB\IB(SD,)) =o(l), asa—Ar. (2.67)

Now, we turn to prove (2.53). Owing to (2.64) and (2.67), we have O(1/vy) = o(||ve/| 2¢)
and vg = v||vel| 22 + o(||vall #) respectively.
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Besides, liminfa_%f |z| > 0 indicates that 1/yylog|ze |2 = O(1/7,). Hence,
if liminf, ;- |za| > 0, we have

1
Va(za) = [Vallv(za) +o([lvall#) + T log| e +0(y_a>,

Namely, (2.53) is proved. Thus, we only need to prove that if |zo4| — 0 as o — A4,
then (2.53) holds. In this case, we know from (2.11) and (2.15) that

log —— =(1-58+0(1)7. (2.68)
oc8

Because of zo € B(ry 5)¢, we obtain, by (2.55), (2.61) and (2.68), that

1
[ s Geal)falvalo)de = R, o(=-). (2.69)
B(%0) Yo Yo

Besides, since —Av —v/(1 —|x[?)?> = A;v and (2.3), we have, by (2.6), (2.50), (2.67)
and the Green’s representation formula, that

/]B(éa)er(x)fa(va( x))dx = ||vaH3gJ7LI/GZa ()dx+ o(||vel|#)

= [vall#v(za) +o(lvallz),

(2.70)

as o0 — A, . Now, we deal with the integral on the domain Qg £ B(8x) \ B(ry.5/2).
Combining (2.54), (2.63) and (2.64), we have

0[5 100 - LAY
[ GeulAava(x)dx = 0(8310¢ 5 el ) +0(ya) —o([valle), @71

as o — JLf . Besides, by (2.6), (2.56) and (2.63), we have
/Q G.., (%) Aave (x)exp{V2 b

=o Q, logﬁgialogﬁﬂw‘%) 2.72)
X exp{ ( ! +7/0(1) log# +0(1)>2}dx>

o

= o([[vell~),

as o0 — kf . Clearly, adding up (2.69), (2.70), (2.71) and (2.72) together leads to (2.53).
In addition, from (2.68), we obtain

1 . rO(,é c
= 10g| : \1—5+o(1)<11nB<7> 2.73)
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forall o, 0 < A} — o < 1. Further more, together (2.11) with (2.23), we get
(30) = (10 L log—t +0(1)) (2.74)
va(Ze) = — — —— .
o Yo & Za|? & YA

forall o, 0 <Ay —a < 1,andall Zy € dB(ry, ). Choosing zq = Zy in (2.53) and by
(2.64), (2.74), we obtain

S )
log —5— = Ya|[vall#v(0)(1 +0(1)) — +eo, asa— Ay,
Yale
which finishes the proof of (2.9) and, finally, that of Step 3. [

STEP 4. The proof of (2.10).

Multiplying (2.7) by vy and integrating on B, we have

2
= — [ vaAvgdx— /7dx
Ivale = = [ vevade— [ s
:Aa/Bvadx—kAa/Evaexp{va}dx,

as o — kf . Comparing with the formula (2.10), we know that, for the purpose of
proving (2.10), it only needs to prove

Aa/Evéexp{vé}dx:4n+0<</ﬁvadx>2>, asa— A . (2.75)

Thus, we first use (2.48) and get that

dexp{—2t,} 28 +12 — 2ty
A / v2,exp{v2 dx:/ 1+ & dx
“JBras) bak Blras) Mg ( 7% )

exp{ —Ktq}
+0/ = %k
<B<ra,5) HEYs )
280+ T? — 2Ty
:4/, exp{—2Tp} (1+ 220 =04y
B( aﬁ) Xp{ O}( ,ch )

Ho

(2.76)

+0(%&).

Noticing fB(ra 5/ lt) exp{—2To} (2o + T3 — 2Tp) ¥, >dx vanishes, by (2.21) and (2.22),

we have
4r =Ay= —/ AS()dx = / 46Xp{—2To}Todx.
R2 R?

Then, (2.15) and (2.76) give that

A/ dx=4 O — 2.77
aB(ra‘a)vaexp{va} T+ (ﬁ) 2.77)
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Independently as in (2.72), we have, combining (2.50), (2.53) with (2.73), that

/IB(ra‘,s)" Vaexp{Vg v = O(A(,a‘s)t- (,,1_3 (log%)z + HvaHif)

><exp{(l+y0(1)10gi+0(1))2}dx> (2.78)

o |x[?

= 0l + 2z ).

04

In addition, we get from (2.53) and (2.64) that

[ vadce=lvalle [ ar+o(lval3)- (2.79)
B B

Finally, (2.77), (2.78) and (2.79) together with (2.9) and (2.64) lead to the proof of
(2.75).

2.3. The final proof of Theorem 1.1

In the above two sections, we have given two different expressions of [[ve||2,
respectively. Now, we aim to show that the two different expressions are actually con-
tradictory, which finally indicates that our assumption that there exists a sequence of
real numbers o5, 0 < o < o; < Ay, such that Cy,(B) can be achieved by some ex-
tremal function uy, > 0, where uy, is an radially symmetric function, is not true. Thus,
the proof of Theorem 1.1 is finished at last. Noticing that expanding the forth line of
(2.4) gives

Aa:a—%—FO((/ﬁvédx)z), (2.80)

we get, by combining (2.10) and (2.80), that

Il = o = (14 LYt U a0))) s

Then, matching (2.5) and (2.81), we have

2
_%:0<</ﬁvédx>2>, as o — A . (2.82)

Evidently, (2.82) is a contradictory conclusion, which indicates that the proof of Theo-
rem 1.1 is finished at last.
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