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SHARP INEQUALITIES FOR THE TOADER MEAN OF

ORDER −1 IN TERMS OF OTHER BIVARIATE MEANS

WEI-MAO QIAN, HONG-HU CHU, MIAO-KUN WANG AND YU-MING CHU ∗

Abstract. In the article, we present the best possible parameters α1 , α2 , α3 , α4 , β1 , β2 , β3 ,
β4 ∈ R such that the double inequalities

α1

H(a,b)
+

1−α1

G(a,b)
<

1
T−1(a,b)

<
β1

H(a,b)
+

1−β1

G(a,b)
,

α2

H(a,b)
+

1−α2

A(a,b)
<

1
T−1(a,b)

<
β2

H(a,b)
+

1−β2

A(a,b)
,

α3

H(a,b)
+

1−α3

L(a,b)
<

1
T−1(a,b)

<
β3

H(a,b)
+

1−β3

L(a,b)
,

α4

H(a,b)
+

1−α4

P(a,b)
<

1
T−1(a,b)

<
β4

H(a,b)
+

1−β4

P(a,b)
hold for all a,b > 0 with a �= b , and provide several new bounds for the complete elliptic integral

of the second kind, where T−1(a,b) =
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is the Toader

mean of order −1 , and H(a,b) = 2ab/(a + b) , G(a,b) =
√

ab , L(a,b) = (a− b)/(loga−
logb) , P(a,b) = (a−b)/[2arcsin((a−b)/(a+b))] and A(a,b) = (a+b)/2 are the harmonic,
geometric, logarithmic, Seiffert and arithmetic means, respectively.
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[14] N. ELEZOVIĆ AND L. VUKŠIĆ, Neuman-Sándor mean, asymptotic expansions and related inequali-
ties, J. Math. Inequal., 2015, 9 (4), 1337–1348.

[15] Z.-Y. HE, M.-K. WANG, Y.-P. JIANG, AND Y.-M. CHU, Bounds for the perimeter of an ellipse in
terms of power means, J. Math. Inequal., 2020, 14 (3), 887–899.

[16] T.-R. HUANG, S.-Y. TAN, X.-Y. MA, AND Y.-M. CHU, Monotonicity properties and bounds for the
complete p-elliptic integrals, J. Inequal. Appl., 2018, 2018, Article 239, 11 pages.

[17] X.-F. HUANG, M.-K. WANG, H. SHAO, Y.-F. ZHAO, AND Y.-M. CHU, Monotonicity properties
and bounds for the complete p-elliptic integrals, AIMS Math., 2020, 5 (6), 7071–7086.

[18] W.-M. QIAN AND Y.-M. CHU, Sharp bounds for a special quasi-arithmetic mean in terms of arith-
metic and geometric means with two parameters, J. Inequal. Appl., 2017, 2017, Article 274, 10 pages.

[19] W.-M. QIAN, Z.-Y. HE, AND Y.-M. CHU, Approximation for the complete elliptic integral of the
first kind, Rev. R. Acad. Cienc. Exactas Fı́s. Nat. Ser. A Mat. RACSAM, 2020, 114 (2), Article 57, 12
pages.

[20] W.-M. QIAN, M.-K. WANG, H.-Z. XU, AND Y.-M. CHU, Approximations for the complete elliptic
integral of the second Kind, Rev. R. Acad. Cienc. Exactas Fı́s. Nat. Ser. A Mat. RACSAM, 2021, 115
(2), Article 88, 11 pages.

[21] S.-L. QIU, X.-Y. MA, AND Y.-M. CHU, Sharp Landen transformation inequalities for hypergeomet-
ric functions, with applications, J. Math. Anal. Appl., 2019, 474 (2), 1306–1337.

[22] S.-L. QIU, X.-Y. MA, AND Y.-M. CHU, Extensions of quadratic transformation identities for hyper-
geometric functions, Math. Inequal. Appl., 2020, 23 (4), 1391–1423.

[23] S.-L. QIU, X.-Y. MA, AND Y.-M. CHU, Transformation propertied of hypergeometric functions and
their applications, Comput. Methods Funct. Theory, 2021,
https://doi.org/10.1007/s40315-021-00390-9 .

[24] J.-M. SHEN, Z.-H. YANG, W.-M. QIAN, W. ZHANG, AND Y.-M. CHU, Sharp rational bounds for
the gamma function, Math. Inequal. Appl., 2020, 23 (3), 843–853.

[25] S.-Y. TAN, T.-R. HUANG, AND Y.-M. CHU, Functional inequalities for Gaussian hypergeometric
function and generalized elliptic integral of the first kind, Math. Slovaca, 2021, 71 (3), 667–682.

[26] GH. TOADER, Some mean values related to the arithmetic-geometric mean, J. Math. Anal. Appl.,
1998, 218 (2), 358–368.

[27] L. VUKŠIĆ, Seiffert means, asymptotic expansions and inequalities, Rad Hrvat. Akad. Znan. Umjet.
Mat. Znan, 2015, 19 (523), 129–142.

[28] M.-K. WANG AND Y.-M. CHU, Asymptotical bounds for complete elliptic integrals of the second
kind, J. Math. Anal. Appl., 2013, 402 (1), 119–126.

[29] M.-K. WANG AND Y.-M. CHU, Refinements of transformation inequalities for zero-balanced hyper-
geometric functions, Acta Math. Sci., 2017, 37B (3), 607–622.

[30] M.-K. WANG AND Y.-M. CHU, Landen inequalities for a class of hypergeometric functions with
applications, Math. Inequal. Appl., 2018, 21 (2), 521–537.

[31] M.-K. WANG, H.-H. CHU, AND Y.-M. CHU, Precise bounds for the weighted Hölder mean of the
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