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Lp–CONVERGENCE FOR WEIGHTED SUMS OF ARRAYS OF ROWWISE

EXTENDED NEGATIVELY DEPENDENT RANDOM VARIABLES

JI GAO YAN AND JIN YU ZHOU

(Communicated by L. Mihoković)

Abstract. In this paper, Lp -convergence for weighted sums of arrays of rowwise extended neg-
atively dependent (rowwise END) random variables are investigated and some sufficient con-
ditions for convergence are established. Additionally, the relationships among the convergence
rates, weights of the sums and the dominating sequence of the rowwise END arrays are in a sense
revealed. The results obtained in this paper generalise some corresponding ones for independent
and some dependent random variables.

1. Introduction

In this paper, we consider an array of real-valued random variables {Xni, i∈ In,n �
1} defined on some probability space (Ω,F ,P) , where In⊂Z is an arbitrary subset and
no matter how many (finite or infinite) elements are in it.

The concept of rowwise END array was introduced by Lita da Silva (2016) [7] as
follows.

DEFINITION 1.1. An array {Xni, i ∈ In,n � 1} of random variables is said to be
rowwise upper extended negatively dependent (rowwise UEND) if for each n � 1, there
exists an Mn > 0 such that

P

(⋂
i∈J

{Xni > xi}
)

� Mn ∏
i∈J

P{Xni > xi}

holds for any finite subset J ⊂ In and all xi ∈ R(i ∈ J) . An array {Xni, i ∈ In,n � 1} of
random variables is said to be rowwise lower extended negatively dependent (rowwise
LEND) if for each n � 1, there exists an Mn > 0 such that

P

(⋂
i∈J

{Xni � xi}
)

� Mn ∏
i∈J

P{Xni � xi}

holds for any finite subset J ⊂ In and all xi ∈ R(i ∈ J) . An array {Xni, i ∈ In,n � 1} of
random variables is said to be rowwise extended negatively dependent (rowwise END)
if it is both rowwise UEND and rowwise LEND.
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We point out that the above concept covers the concept of widely orthant depen-
dent (WOD) sequence (see [11]) and END sequence (see [12]). Of course the concept
of rowwise END arrays covers all negative dependence structures and more interest-
ingly, it covers certain positive dependence structures and some others. To make it
clear, one can refer to the following examples.

EXAMPLE 1.1. Let {Xni,1 � i � n,n � 1} be a lower triangular array and the
joint density of n -th row {Xn1, · · · ,Xnn} be

P{Xn1 = · · · = Xnn = j} =
1
n
, j = −m+1, · · · ,m−1

for n = 2m−1 and

P{Xn1 = · · · = Xnn = j} =
1
n
, j = −m, · · · ,−1,1, · · · ,m

for n = 2m , where m ∈ N+ . Then for any given n � 1, one can easily verify that
Corr(Xi,Xj) = 1 for 1 � i, j � n and i �= j . However, {Xni,1 � i � n,n � 1} is a
rowwise END array with every dominating sequence {Mn,n � 1} satisfying Mn �
nn−1 .

EXAMPLE 1.2. Let {Xni,1 � i � n,n � 1} be a lower triangular array and the
joint density of n -th row {Xn1, · · · ,Xnn} be

P{Xn1 = · · · = Xnn = j} =
1
2
, j = −1,1.

Then for any given n � 1, one can easily verify that Corr(Xi,Xj) = 1 for 1 � i, j �
n and i �= j . However, {Xni,1 � i � n,n � 1} is a rowwise END array with every
dominating sequence {Mn,n � 1} and Mn � 2n−1 .

After the introduction of the definition for a rowwise END array, several works
have been done. Lita da Sliva (2016) [7] studied the limiting behaviour for rowwise
UEND arrays, which extended the corresponding results obtained in Lita da Silva
(2015) [8]. Lita da Sliva (2016) [6] established Lp -convergence for rowwise END
arrays. Lita da Silva (2020) [9] obtained strong laws of large numbers for rowwise
END arrays, and so on.

Xu et al. (2016) [1] established the following results on Lp -convergence.

THEOREM 1.1. Let p ∈ (1,2) and {Xi, i ∈ Z} be a sequence of END random
variables with E[Xi] = 0, i ∈ Z . Let {ani, i ∈ Z,n � 1} be an array of constants such
that for any τ � 1, ∑

i∈Z

|ani|τ = O(n) . Denote Tn = ∑
i∈Z

aniXi .

(1) If xp sup
i∈Z

P{|Xi| > x}→ 0 as x → ∞ , then n−
1
p Tn

P−→ 0 .
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(2) If xp sup
i∈Z

P{|Xi| > x} → 0 as x → ∞ and sup
i∈Z

E[|Xi|p] < ∞ , then for any p′ ∈

(0, p),n−
1
p Tn

Lp′−→ 0 .

(3) If sup
i∈Z

E[|Xi|pI(|Xi| > x)] → 0 as x → ∞ , then n−
1
p Tn

Lp−→ 0 .

Lita da Silva (2020) [10] pointed out that the assertion (1) of Theorem 1.1 does
not in general work for an array of random variables by the following counterexample.

EXAMPLE 1.3. For each n � 1 and suppose {Xni, i ∈ Z} given by Xni = 0, a.s.
for all i �= n , and Xnn having probability density

fn(t) =

{
n2

|t|3 , |t| � n,

0, elsewhere.

Then {Xni, i ∈ Z} is END with E[Xni] = 0 for all i . And for any p ∈ (1,2) and x > n ,

xp sup
i∈Z

P{|Xni| > x} = xpP{|Xnn| > x} = n2xp−2 → 0, x → ∞.

Taking ani =
{

1, i = n
0, i �= n

. Then for any ε > 0, there exists some N = Nε,p > 0 such

that for all n > N ,

P

{∣∣∣∣∣∑i∈Z

aniXni

∣∣∣∣∣> εn
1
p

}
= P{|Xnn| > εn

1
p } = 1.

A proper reformulation of Theorem 1.1 (1) for a rowwise END array with domi-
nating sequence satisfying Mn = O(1)(n → ∞) was then made by Lita da Silva (2020)
[10] as follows.

THEOREM 1.2. Let p ∈ (1,2) and {Xni, i ∈ Z,n � 1} be an array of rowwise
END random variables with means zero and dominating sequence satisfying Mn =
O(1)(n → ∞) . Let {ani, i ∈ Z,n � 1} be an array of constants such that for any τ �
1, ∑

i∈Z

|ani|τ = O(n) . Denote Tn = ∑
i∈Z

aniXni . If

(a) xp supsup
i∈Z

P{|Xni| > x}→ 0 as x → ∞ for every n � 1 ,

(b)
∫ 1
0 ynsup

i∈Z

P{|Xni| > yn
1
p }dy→ 0 as n → ∞ ,

(c)
∫ ∞
1 nsup

i∈Z

P{|Xni| > yn
1
p }dy → 0 as n → ∞ ,

then n−
1
p Tn

P−→ 0 .
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Inspired by the above works, we will further study Lp -convergence and the pur-
pose of this article is threefold:

1. generalise the above results to a rowwise END array {Xni,1 � i � kn,n � 1} with
dominating sequence {Mn,n � 1} ;

2. weaken the conditions in a sense;

3. reveal the relationships between the rate of convergence, weights of the sums and
the dominating sequence in a sense.

Before presenting the main result, we introduce some notations. The letter C
denotes a positive constant, whose value is not important and may change in each ap-
pearance. Denote by Lp(p > 0) the collection of all random variables X satisfying

E[|X |p] < ∞ . Xn
P−→ X means a sequence of random variables Xn converges to a ran-

dom variable X in probability, that is for all ε > 0,P{|Xn −X | > ε} → 0 as n → ∞ .

Xn
Lp−→ X means E[|Xn − X |p] → 0 as n → ∞ . Set two sequences of real numbers

{an} and {bn} , then an = O(bn) stands for an � Cbn for all n and an
�
� bn means

0 < lim
n→∞

an
bn

� lim
n→∞

an
bn

< ∞ . I(A) is the indicator function on the measurable set A∈F .

Denote x+ = x∨ 0 and x− = x+ − x . For the sake of convenience, we write ‘
�
= ’ to

define the corresponding expressions.

2. Main results and Lemmas

THEOREM 2.1. Let {Xni, i ∈ In,n � 1} be an array of zero-mean rowwise END

random variables with dominating sequence {Mn,n � 1} . Let {β (1)
n ,n � 1} , {β (2)

n ,n �
1} and {bn,n � 1} be three sequences of positive constants, and {ani, i ∈ In,n � 1} be
an array of constants satisfying

∑
i∈In

|ani| = O(β (1)
n ) and ∑

i∈In

|ani|2 = O(β (2)
n ). (1)

Denote Tn = ∑
i∈In

aniXni . If the following two conditions hold:

(C1)

⎧⎪⎨
⎪⎩

β (1)
n sup

i∈In

P{|Xni| > bn}→ 0,

Mnβ (2)
n sup

i∈In

P{|Xni| > bn}→ 0,
n → ∞,

(C2)

⎧⎪⎨
⎪⎩

Mnβ (2)
n
∫ 1
0 ysup

i∈In

P{|Xni| > bny}dy→ 0,

β (1)
n
∫ ∞
1 sup

i∈In

P{|Xni| > bny}dy → 0,
n → ∞,

then Tn
bn

P−→ 0 as n → ∞ .
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THEOREM 2.2. Let p ∈ (1,2) and {Xni, i ∈ In,n � 1} be an array of zero-mean

rowwise END random variables with dominating sequence {Mn,n � 1} . Let {β (1)
n ,n �

1} , {β (2)
n ,n � 1} and {bn,n � 1} be three sequences of positive constants, and {ani, i∈

In,n � 1} be an array of constants satisfying (1). Denote Tn = ∑
i∈In

aniXni . If the condi-

tions
(C1’) For any ε > 0 ,⎧⎪⎨

⎪⎩
β (1)

n sup
i∈In

P{|Xni| > bnε}→ 0,

Mnβ (2)
n sup

i∈In

P{|Xni| > bnε}→ 0,
n → ∞,

and

(C3)

⎧⎪⎨
⎪⎩

sup
n�1

β (1)
n b−p

n sup
i∈In

E[|Xni|p] < ∞,

sup
n�1

Mnβ (2)
n b−p

n sup
i∈In

E[|Xni|p] < ∞,

hold, then sup
n�1

E[| Tn
bn
|p] < ∞ .

REMARK 2.1. On the one hand, it is easy to see that (C1’) is equivalent to the
following weaker condition

(C1”) For any ε ∈ (0,1) ,⎧⎪⎨
⎪⎩

β (1)
n sup

i∈In

P{|Xni| > bnε}→ 0,

Mnβ (2)
n sup

i∈In

P{|Xni| > bnε}→ 0,
n → ∞.

Either (C1’) or (C1”) implies (C1).
On the other hand, we can find that (C1’) and (C3) together imply (C2). In fact,

note that
g(1)

n (y)=Mnβ (2)
n ysup

i∈In

P{|Xni| > bny}, y ∈ (0,1)

and
g(2)

n (y)=β (1)
n sup

i∈In

P{|Xni| > bny}, y ∈ (1,∞)

both approach 0 pointwisely as n→ ∞ by (C1’). And, by Markov’s inequality, we have

g(1)
n (y) � y1−p sup

n
Mnβ (2)

n b−p
n sup

i∈In

E[|Xni|p]=g(1)(y)

and
g(2)

n (y) � y−p sup
n

β (1)
n b−p

n sup
i∈In

E[|Xni|p]=g(2)(y)

for all n . Since g(1)(y) and g(2)(y) are integrable in (0,1) and (1,∞) respectively due
to (C3), applying Lebesgue’s dominated convergence theorem, we conclude that (C1’)
and (C3) together imply (C2).
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REMARK 2.2. Let r > 0 and {ξn,n � 1} be a sequence of random variables with
sup

n
E[|ξn|r] < ∞ and ξn converges to some random variable ξ in probability, then for

every r′ ∈ (0,r),ξn
Lr′−→ ξ as n → ∞ . Therefore, taking into account the results of

Theorems 2.1 and 2.2 as well as the fact mentioned above, we have Tn
bn

Lp′−→ 0 as n→ ∞
for all p′ ∈ (0, p) under the conditions of Theorem 2.2.

THEOREM 2.3. Let p ∈ (1,2) and {Xni, i ∈ In,n � 1} be an array of zero-mean

rowwise END random variables with dominating sequence {Mn,n � 1} . Let {β (1)
n ,n �

1} , {β (2)
n ,n � 1} and {bn,n � 1} be three sequences of positive constants, and {ani, i∈

In,n � 1} be an array of constants satisfying (1). Denote Tn = ∑
i∈In

aniXni . If (C3) and

(C4) for each ε > 0 ,⎧⎪⎨
⎪⎩

β (1)
n b−p

n sup
i∈In

E[|Xni|pI(|Xni| > bnε)] → 0

Mnβ (2)
n b−p

n sup
i∈In

E[|Xni|pI(|Xni| > bnε)] → 0,
n → ∞,

hold, then Tn
bn

Lp−→ 0 as n → ∞ .

REMARK 2.3. Clearly, (C4) implies (C1’) and together with (C3) yields (C2).

Taking In = {1, · · · ,n} and βn = n , we obtain the following Corollary 2.1 for
weighted sums of (lower triangular) rowwise END arrays.

COROLLARY 2.1. Let {Xni,1 � i � n,n � 1} be a zero-mean rowwise END array
with dominating sequence {Mn,n � 1} . Let {bn,n � 1} be a sequence of positive

constants, and {ani,1 � i � n,n � 1} be an array of constants satisfying
n
∑
i=1

|ani|2 =

O(n) . Set p ∈ (1,2) and denote Tn =
n
∑
i=1

aniXni .

(i) If nMn max
1�i�n

P{|Xni| > bn}→ 0,nMn max
1�i�n

∫ 1
0 yP{|Xni| > bny}dy → 0 and

n max
1�i�n

∫ ∞
1 P{|Xni| > bny}dy→ 0 as n → ∞ , then Tn

bn

P−→ 0 .

(ii) If for any ε > 0,nMn max
1�i�n

P{|Xni| > bnε} → 0 as n → ∞ and

sup
n�1

nMnb
−p
n max

1�i�n
E[|Xni|p] < ∞ , then Tn

bn

Lp′−→ 0 for all p′ ∈ (0, p) .

(iii) If sup
n�1

nMnb
−p
n max

1�i�n
E[|Xni|p] < ∞ , and for any ε > 0 ,

nMnb
−p
n max

1�i�n
E[|Xni|pI(|Xni| > bnε)] → 0 as n → ∞ , then Tn

bn

Lp−→ 0 .
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REMARK 2.4. Since 1
n

n
∑
i=1

|ani| �
(

1
n

n
∑
i=1

|ani|2
) 1

2

, one can see that
n
∑
i=1

|ani|2 =

O(n) implies
n
∑
i=1

|ani| = O(n) . So the condition
n
∑
i=1

|ani|2 = O(n) in Corollary 2.1 is

weaker than the corresponding ones in Theorem 1.1 and 1.2. Particularly, taking ani =
1, 1 � i � n , n � 1 in Corollary 2.1 leads to the corresponding modes of convergence
for partial sums of (lower triangular) rowwise END arrays.

We have the following corollary for END sequence.

COROLLARY 2.2. Let {Xi, i∈Z} be a zero-mean END sequence {bn,n � 1} and
{βn,n � 1} be two sequences of positive constants. Suppose {ani, i ∈ Z,n � 1} be an
array of constants satisfying ∑

i∈Z

|ani|τ = O(βn) for τ = 1 and 2 . Set p ∈ (1,2) and

denote Tn = ∑
i∈Z

aniXi .

(i) If βn sup
i

P{|Xi|> bn}→ 0,βn
∫ 1
0 ysup

i
P{|Xi|> bny}dy→ 0 and βn

∫ ∞
1 sup

i
P{|Xi|

> bny}dy→ 0 as n → ∞ , then Tn
bn

P−→ 0 .

(ii) If for any ε > 0,βn sup
i

P{|Xi| > bnε}→ 0 as n → ∞ and sup
n�1

βnb
−p
n sup

i
E[|Xi|p]

< ∞ , then Tn
bn

Lp′−→ 0 for all p′ ∈ (0, p) .

(iii) If sup
n�1

βnb
−p
n sup

i
E[|Xi|p] < ∞ , and for any ε > 0,βnb

−p
n sup

i
E[|Xi|pI(|Xi| > bnε)]

→ 0 as n → ∞ , then Tn
bn

Lp−→ 0 .

REMARK 2.5. Taking βn
�
� bp

n in Corollary 2.2, since for any given δ > 0, there
is an N > 0 such that

sup
i

E[|Xi|p] � sup
i

E[|Xi|pI(|Xi| � bN)]+ sup
i

E[|Xi|pI(|Xi| > bN)] � bp
N + δ < ∞,

we conclude that Corollary 2.2 can serve as a generalisation of Theorem 1.1. Addition-
ally setting that {Xi, i ∈ Z} is stochastically dominated by (or identically distributed
with) some random variable X and bn → ∞ with n → ∞ , we conclude that three state-
ments (a) sup

i
E[|Xi|pI(|Xi| > bnε)] → 0 for all ε > 0, (b) sup

i
E[|Xi|p] < ∞ and (c)

X ∈ Lp are equivalent.

The following lemmas are of significance in the proofs of our main results. The
first lemma is about a basic property for rowwise END arrays due to Lita da Silva
(2016) [7].

LEMMA 2.1. Let {Xni, i∈ In,n � 1} be an array of random variables and { fni, i∈
In,n � 1} be an array of real-valued functions.
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(1) If {Xni, i ∈ In,n � 1} is rowwise UEND, LEND, or END with dominating se-
quence {Mn,n � 1} and fni, i∈ In,n � 1 are all nondecreasing, then { fni(Xni), i∈
In,n � 1} is still rowwise UEND, LEND, or END respectively.

(2) If {Xni, i ∈ In,n � 1} is rowwise UEND, LEND, or END with dominating se-
quence {Mn,n � 1} and fni, i∈ In,n � 1 are all nonincreasing, then { fni(Xni), i∈
In,n � 1} is rowwise LEND, UEND, or still END respectively.

For each case, the dominating sequence {Mn,n � 1} remains unchanged.

The second lemma is a Rosenthal type inequality for rowwise END arrays with
dominating sequence {Mn,n � 1} , which was established by Lita da Silva (2016) [6].

LEMMA 2.2. Let θ � 2 and {Xni, i ∈ In,n � 1} ⊂ Lθ be an array of zero-mean
rowwise END random variables with dominating sequence {Mn,n � 1} . Then there
exists a constant C > 0 depending only on θ such that

E

⎡
⎣
∣∣∣∣∣∑i∈In

Xni

∣∣∣∣∣
θ
⎤
⎦� C

⎛
⎝∑

i∈In

E[|Xni|θ ]+Mn

(
∑
i∈In

E[X2
ni]

) θ
2
⎞
⎠ .

The next three lemmas play significant roles in the proofs of the main results.

LEMMA 2.3. Assume the conditions from Theorem 2.1 hold. Set X ′
ni=T (Xni,bn)

and X ′′
ni=Xni −X ′

ni ,

J1=P

{∣∣∣∣∣∑i∈In

ani(X ′
ni−E[X ′

ni])

∣∣∣∣∣> εbn

2

}
, J2=P

{∣∣∣∣∣∑i∈In

ani(X ′′
ni −E[X ′′

ni])

∣∣∣∣∣> εbn

2

}
,

where T (x, t) is defined as

T (x, t)=− tI(x < −t)+ xI(|x|� t)+ tI(x > t), −∞ < x < ∞, t > 0.

Then for all ε > 0 , when n → ∞ , J1 → 0 , J2 → 0 .

LEMMA 2.4. Assume the conditions from Theorem 2.2 hold. Set

Y ′
ni(s) = T (Xni,s

1
p ) and Y ′′

ni(s) =Xni−Y ′
ni(s) for all s > 0,

J3=sup
n�1

b−p
n

∫ ∞

bp
n

P

{∣∣∣∣∣∑i∈In

ani(Y ′
ni(s)−E[Y ′

ni(s)])

∣∣∣∣∣> s
1
p

2

}
ds,

J4=sup
n�1

b−p
n

∫ ∞

bp
n

P

{∣∣∣∣∣∑i∈In

ani(Y ′′
ni(s)−E[Y ′′

ni(s)])

∣∣∣∣∣> s
1
p

2

}
ds,

where T (x, t)(−∞ < x < ∞,t > 0) is defined as the same as Lemma 2.3. Then J3 < ∞,
J4 < ∞.
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LEMMA 2.5. Assume the conditions from Theorem 2.3 hold. Let Y ′
ni(s) and Y ′′

ni(s)
be defined as the same as Lemma 2.4, and

J5=b−p
n

∫ ∞

bp
nε

P

{∣∣∣∣∣∑i∈In

ani(Y ′
ni(s)−E[Y ′

ni(s)])

∣∣∣∣∣> s
1
p

2

}
ds,

J6=b−p
n

∫ ∞

bp
nε

P

{∣∣∣∣∣∑i∈In

ani(Y ′′
ni(s)−E[Y ′′

ni(s)])

∣∣∣∣∣> s
1
p

2

}
ds.

Then for all ε ∈ (0,1) , when n → ∞ , J5 → 0 , J6 → 0 .

3. Proofs of the Lemmas and the main results

Without loss of generality, we suppose in this section that ani � 0 for each i ∈
In,n � 1 and ∑

i∈In

aτ
ni � βn for τ = 1,2 with respect to (1).

Proof of Lemma 2.3. By Markov’s inequality, Lemma 2.2 and the definition of
X ′

ni , we have

J1 �Cb−2
n E

⎡
⎣
∣∣∣∣∣∑i∈In

ani(X ′
ni −E[X ′

ni])

∣∣∣∣∣
2
⎤
⎦� CMnb

−2
n ∑

i∈In

a2
niE[|X ′

ni|2]

�CMn ∑
i∈In

a2
niP{|Xni| > bn}+CMnb

−2
n ∑

i∈In

a2
ni[E|Xni|2I(|Xni| � bn)]

�
=C(J11 + J12).

It follows directly from (1) and (C1) that

J11 � CMnβ (2)
n sup

i∈In

P{|Xni| > bn}→ 0, n → ∞.

By (1) and (C2), we have

J12 �CMnb
−2
n ∑

i∈In

a2
ni

∫ bn

0
xP{|Xni| > x}dx

=CMn ∑
i∈In

a2
ni

∫ 1

0
yP{|Xni| > ybn}dy

�CMnβ (2)
n sup

i∈In

∫ 1

0
yP{|Xni| > ybn}dy → 0, n → ∞.

It can be checked that

|X ′′
ni| � |Xni|I(|Xni| > bn) = (|Xni|−bn)+ +bnI(|Xni| > bn).
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Applying Markov’s inequality, (C1) and (C2) leads to

J2 � Cb−1
n E

[∣∣∣∣∣∑i∈In

ani(X ′′
ni−EX ′′

ni)

∣∣∣∣∣
]

� Cb−1
n ∑

i∈In

aniE[|X ′′
ni|]

� Cb−1
n ∑

i∈In

ani

∫ ∞

bn

P{|Xni| > x}dx+C ∑
i∈In

aniP{|Xni| > bn}

= C ∑
i∈In

ani

∫ ∞

1
P{|Xni| > bny}dy+C ∑

i∈In

aniP{|Xni| > bn}

� Cβ (1)
n sup

i∈In

∫ ∞

1
P{|Xni| > bny}dy+Cβ (1)

n sup
i∈In

P{|Xni| > bn}→ 0, n → ∞.

The proof is completed. �

Proof of Lemma 2.4. By Remark 2.1, conditions (C1) and (C2) can be used in this
proof. By Markov’s inequality, Lemma 2.2 and the definition of Y ′

ni(s) , we have

J3 �C sup
n�1

b−p
n

∫ ∞

bp
n

s−
2
p E

⎡
⎣
∣∣∣∣∣∑i∈In

ani(Y ′
ni(s)−E[Y ′

ni(s)])

∣∣∣∣∣
2
⎤
⎦ds

�C sup
n�1

Mnb
−p
n

∫ ∞

bp
n

s−
2
p ∑

i∈In

a2
niE[|Y ′

ni(s)|2]ds

�C sup
n�1

Mnb
−p
n

∫ ∞

bp
n

∑
i∈In

a2
niP{|Xni| > s

1
p }ds

+C sup
n�1

Mnb
−p
n

∫ ∞

bp
n

s−
2
p ∑

i∈In

a2
niE[|Xni|2I(|Xni| � s

1
p )]ds

�
=C(J31 + J32).

It follows directly from (1) and (C3) that

J31 � CMnβ (2)
n b−p

n sup
i∈In

E[|Xni|p] < ∞.

Note that |Xni|2I(|Xni| � s
1
p ) � |Xni|2 ∧ s

2
p , we have∫ ∞

bp
n

s−
2
p E[|Xni|2I(|Xni| � s

1
p )]ds

�C
∫ ∞

bp
n

s−
2
p

⎛
⎝∫ s

1
p

0
tP{|Xni| > t}dt

⎞
⎠ds

=C
∫ ∞

0
tP{|Xni| > t}

(∫ ∞

bp
n∨t p

s−
2
p ds

)
dt

=C
∫ bn

0
bp−2

n tP{|Xni| > t}dt +C
∫ ∞

bn

t p−1P{|Xni| > t}dt
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for each i ∈ In,n � 1, thus applying (1), (C2) and (C3) yields

J32 �C sup
n�1

Mnβ (2)
n b−2

n sup
i∈In

∫ bn

0
tP{|Xni| > t}dt

+C sup
n�1

Mnβ (2)
n b−p

n sup
i∈In

∫ ∞

bn

t p−1P{|Xni| > t}dt

�C sup
n�1

Mnβ (2)
n sup

i∈In

∫ 1

0
yP{|Xni| > bny}dy

+C sup
n�1

Mnβ (2)
n b−p

n sup
i∈In

E[|Xni|p] < ∞.

It can be checked that

|Y ′′
ni(s)| � |Xni|I(|Xni| > s

1
p ) = (|Xni|− s

1
p )+ + s

1
p I(|Xni| > s

1
p ).

Applying Markov’s inequality,

J4 �C sup
n�1

b−p
n

∫ ∞

bp
n

s−
1
p E

[∣∣∣∣∣∑i∈In

ani(Y ′′
ni(s)−E[Y ′′

ni(s)])

∣∣∣∣∣
]

ds

�C sup
n�1

b−p
n

∫ ∞

bp
n

s−
1
p ∑

i∈In

aniE[|Y ′′
ni(s)|]ds

�C sup
n�1

b−p
n

∫ ∞

bp
n

s−
1
p ∑

i∈In

ani

(∫ ∞

s
1
p
P{|Xni| > t}dt

)
ds

+C sup
n�1

b−p
n

∫ ∞

bp
n

∑
i∈In

aniP{|Xni| > s
1
p }ds

�
=C(J41 + J42).

Note that
∫ ∞

bp
n

s−
1
p

(∫ ∞

s
1
p
P{|Xni| > t}dt

)
ds =

∫ ∞

bn

P{|Xni| > t}
(∫ t p

bp
n

s−
1
p ds

)
dt

�
∫ ∞

bn

t p−1P{|Xni| > t}dt

for each i ∈ In , n � 1, taking into account (1) and (C3), we obtain

J41 �C sup
n�1

β (1)
n b−p

n sup
i∈In

∫ ∞

bp
n

s−
1
p

(∫ ∞

s
1
p
P{|Xni| > t}dt

)
ds

�C sup
n�1

β (1)
n b−p

n sup
i∈In

∫ ∞

bn

t p−1P{|Xni| > t}dt

�C sup
n�1

β (1)
n b−p

n sup
i∈In

E[|Xni|p] < ∞,
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and

J42 � C sup
n�1

β (1)
n b−p

n sup
i∈In

∫ ∞

bp
n

P{|Xni| > s
1
p }ds

� C sup
n�1

β (1)
n b−p

n sup
i∈In

E[|Xni|p] < ∞.

The proof is completed. �

Proof of Lemma 2.5. By remark 2.3, conditions (C1), (C1’) and (C2) can be used
in this proof. By Markov’s inequality, Lemma 2.2 and the definition of Y ′

ni(s) , we get

J5 �Cb−p
n

∫ ∞

bp
n ε

s−
2
p E

⎡
⎣
∣∣∣∣∣∑i∈In

ani(Y ′
ni(s)−E[Y ′

ni(s)])

∣∣∣∣∣
2
⎤
⎦ds

�CMnb
−p
n

∫ ∞

bp
n ε

s−
2
p ∑

i∈In

a2
niE[|Y ′

ni(s)|2]ds

�CMnb
−p
n

∫ ∞

bp
n ε

∑
i∈In

a2
niP{|Xni| > s

1
p }ds

+CMnb
−p
n

∫ ∞

bp
nε

s−
2
p ∑

i∈In

a2
niE[|Xni|2I(|Xni| � s

1
p )]ds

�
=C(J51 + J52).

It follows from (1) and (C4) that

J51 �CMnβ (2)
n b−p

n sup
i∈In

∫ ∞

bp
nε

P{|Xni| > s
1
p }ds

�CMnβ (2)
n b−p

n sup
i∈In

E[|Xni|pI(|Xni| > bnε
1
p )] → 0, n → ∞.

Since
∫ ∞

bp
n ε

s−
2
p E[|Xni|2I(|Xni| � s

1
p )]ds

�C
∫ ∞

bp
n ε

s−
2
p

⎛
⎝∫ s

1
p

0
tP{|Xni| > t}dt

⎞
⎠ds

=C
∫ ∞

0
tP{|Xni| > t}

(∫ ∞

(bp
n ε)∨t p

s−
2
p ds

)
dt

=C
∫ bnε

1
p

0
bp−2

n tP{|Xni| > t}dt +C
∫ ∞

bnε
1
p
t p−1P{|Xni| > t}dt



Lp -CONVERGENCE FOR WEIGHTED SUMS OF ARRAYS OF ROWWISE END 1553

for each i ∈ In,n � 1, taking into account (1), (C2) and (C4), we obtain

J52 �CMnβ (2)
n b−p

n sup
i∈In

∫ ∞

bp
nε

s−
2
p E[|Xni|2I(|Xni| � s

1
p )]ds

�CMnβ (2)
n b−2

n sup
i∈In

∫ bnε
1
p

0
tP{|Xni| > t}dt

+CMnβ (2)
n b−p

n sup
i∈In

∫ ∞

bnε
1
p
t p−1P{|Xni| > t}dt

�CMnβ (2)
n sup

i∈In

∫ ε
1
p

0
yP{|Xni| > bny}dy

+CMnβ (2)
n b−p

n sup
i∈In

E[|Xni|pI(|Xni| > bnε
1
p )]

�CMnβ (2)
n sup

i∈In

∫ 1

0
yP{|Xni| > bny}dy

+CMnβ (2)
n b−p

n sup
i∈In

E[|Xni|pI(|Xni| > bnε
1
p )] → 0, n → ∞.

Similarly, by Markov’s inequality, the definition of Y ′′
ni(s) , (1) and (C4), we have

J6 �Cb−p
n

∫ ∞

bp
nε

s−
1
p E

[∣∣∣∣∣∑i∈In

ani(Y ′′
ni(s)−E[Y ′′

ni(s)])

∣∣∣∣∣
]

ds

�Cb−p
n

∫ ∞

bp
nε

s−
1
p ∑

i∈In

aniE[|Y ′′
ni(s)|]ds

�Cb−p
n

∫ ∞

bp
nε

s−
1
p ∑

i∈In

aniE[|Xni|I(|Xni| > s
1
p )]ds

�Cb−p
n

∫ ∞

bp
nε

s−
1
p ∑

i∈In

ani[E[(|Xni|− s
1
p )+]+ s

1
p P{|Xni| > s

1
p }]ds

�Cβ (1)
n b−p

n sup
i∈In

∫ ∞

bp
nε

s−
1
p

(∫ ∞

s
1
p
P{|Xni| > t}dt

)
ds

+Cβ (1)
n b−p

n sup
i∈In

∫ ∞

bp
n ε

P{|Xni| > s
1
p }ds

=Cβ (1)
n b−p

n sup
i∈In

∫ ∞

bnε
1
p
P{|Xni| > t}

(∫ t p

bp
n

s−
1
p ds

)
dt

+Cβ (1)
n b−p

n sup
i∈In

E[(|Xni|p−bp
nε)+]

�Cβ (1)
n b−p

n sup
i∈In

∫ ∞

bnε
1
p
t p−1P{|Xni| > t}dt +Cβ (1)

n b−p
n sup

i∈In

E[(|Xni|p−bp
nε)+]

�Cβ (1)
n b−p

n sup
i∈In

E[|Xni|pI(|Xni| > bnε
1
p )] → 0, n → ∞.
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The proof is completed. �

Proof of Theorem 2.1. Let X ′
ni and X ′′

ni be defined as the same as Lemma 2.3. Note
that E[Xni = 0] , taking into account Lemma 2.3, we have for any ε > 0,

P{|Tn| > εbn} = P

{∣∣∣∣∣∑i∈In

ani(X ′
ni−E[X ′

ni])+ ∑
i∈In

ani(X ′′
ni −E[X ′′

ni])

∣∣∣∣∣> εbn

}

� J1 + J2 → 0

as n → ∞ , which completes the proof. �

Proof of Theorem 2.2. Let Y ′
ni(s) and Y ′′

ni(s) be defined as the same as Lemma 2.4.
Note that E[Xni] = 0, taking into account Lemma 2.4, we have

sup
n

b−p
n E[|Tn|p] = sup

n
b−p

n

(∫ bp
n

0
+
∫ ∞

bp
n

)
P{|Tn| > s

1
p }ds

�1+ sup
n

b−p
n

∫ ∞

bp
n

P

{∣∣∣∣∣∑i∈In

ani(Y ′
ni(s)−E[Y ′

ni(s)])

+ ∑
i∈In

ani(Y ′′
ni(s)−E[Y ′′

ni(s)])

∣∣∣∣∣> s
1
p

}
ds

�1+ J3 + J4 < ∞.

Then the proof is completed. �

Proof of Theorem 2.3. Let Y ′
ni(s) and Y ′′

ni(s) be defined as the same as Lemma 2.5.
We know by Lemma 2.5 that for any ε ∈ (0,1) , there exists an N = Nε > 0 such that
when n � N , then J5 < ε and J6 < ε .

Note that E[Xni] = 0, taking into account Lemma 2.5, we have for any given ε ∈
(0,1) and N mentioned above, when n � N , then

b−p
n E[|Tn|p] =b−p

n

(∫ bp
nε

0
+
∫ ∞

bp
nε

)
P{|Tn| > s

1
p }ds

�ε +b−p
n

∫ ∞

bp
nε

P

{∣∣∣∣∣∑i∈In

ani(Y ′
ni(s)−E[Y ′

ni(s)])

+ ∑
i∈In

ani(Y ′′
ni(s)−E[Y ′′

ni(s)])

∣∣∣∣∣> s
1
p

}
ds

�ε + J5 + J6 < 3ε,

and the proof is hence completed due to the arbitrariness of ε . �
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