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ON STEVIC-SHARMA OPERATORS FROM THE MINIMAL
MOBIUS INVARIANT SPACE INTO ZYGMUND-TYPE SPACES

ZHITAO GUO, LINLIN L1U AND XIANFENG ZHAO*

(Communicated by L. Mihokovic)

Abstract. The boundedness, essential norm and compactness of Stevi¢-Sharma operators from
the minimal M&bius invariant space into Zygmund-type spaces are investigated in this paper.

1. Introduction

Let H(DD) be the space of all analytic functions on D, where D is the open unit
disk in the complex plane C, and S(D) the family of all analytic self-maps of D.
Denote by N the set of positive integers.

An f € H(D) is said to belong to the Zygmund-type space, which is denoted by
%, = 2,(D). if

1f]l = supp(2)[f"(z)] < oo,
zeD

where U is a weight, namely a strictly positive continuous function on . We also as-
sume that y is radial: u(z) = u(|z|) for any z € D. Under the norm || f]| #, = |£(0)|+

|£/(0)| + |||, 2. becomes a Banach space. When w(z) = 1 —|z|?, the induced space
2, reduce to the classical Zygmund space. The little Zygmund-type space Z, o con-
sists of those functions f in 2, satisfying lim,_; u(z)|f” (z)| = 0, and it is easily seen
that 2, o is a closed subspace of ;. For some results on the Zygmund-type spaces
and operators on them see for instance [2, 6, 9, 10, 12, 13, 14, 15, 17, 19, 26, 36, 40].
For w € D, let 0y, be the automorphism of ID exchanging points w and 0, that is,

w—z
GW(Z) = 1——WZ7 zeD.
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The analytic Besov space % consists of all f € H(ID) which can be written as
f2) =3 a0, (2)
n=1

for some sequences {a, },eny C 1! and {A,},eny € D. For f € %, the norm is defined
by

I/

2 :inf{ S | £(2) = ’gan%(z)}.

n=1

The space %) was extensively studied in [3], where it was shown that if one defines
appropriately the notion of a “MGdbius invariant space”, then %, is the smallest one.
For this reason, % is also called the minimal Mobius invariant space. It is evident that
P C H”. In fact, functions in % can extend continuously to the boundary, hence
2 is also a “boundary regular” space (see [5]). Furthermore, there exists a positive
constant C such that for each f € %, (see [3, 38]),

¢! [ 1" @WAR) < I1f = 1(0) = £(0)z]n,
<c [ 11 @lda)

where dA denotes the normalized area measure, i.e., A(D) = 1. See [4, 12, 18, 23, 39]
for some more related results about %, space.
Let ¢ € S(D), the composition operator Cy, is defined by

Cof(2) = f(9(2), [feH(D).

For y € H(DD) the multiplication operator My, is defined by

Myf(z) = w(2)f(z), [feHD).

The product Wy, o := My Cy of these two operators is known as the weighted com-
position operator, which has been extensively studied. For more research about the
(weighted) composition operators acting on several spaces of analytic functions, we re-
fer to [5]. The differentiation operator D, which is defined by Df(z) = f’(z), where
f € H(D), plays an important role in operator theory and dynamical system.

In [32, 33], Stevi€ et al. introduced the following so-called Stevi¢-Sharma opera-
tor:

Ty f(2) = v1(2)f(9(2) +v2(2) ' (9(2), f € H(D),

where v, y, € H(D) and ¢ € S(D). Meanwhile, the boundedness, compactness and
essential norm of Ty, y,,¢ on the weighted Bergman space were characterized. By
taking some specific choices of the involving symbols, we can easily get the general
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product-type operators:

MyCy =Ty, CoMy =Tyopo.p, MyD =Toyia; DMy =Ty yiai,
CoD=To1,9p, DCo=Tog e, MyCoD=Toy,p, MyDCop =Ty e
C(pMWD = TO,u/oq),q); DMWC<P = TWCWP’JP’

CoDMy = Tyropyop9s  DCoMy = Ty (y/op) ¢! (wop).o-

Recently, the research of Stevi¢-Sharma operator between analytic function spaces
has aroused the interest of experts. For instance, Zhu in [41] characterized the bound-
edness and compactness of Ty, y, o from the Besov space %, into Bloch space. Wang
et al. in [35] considered the difference of two Stevi¢-Sharma operators and investi-
gated its boundedness, compactness and order boundedness between Banach spaces of
analytic functions. Abbasi et al. in [1] generalized the Stevi¢-Sharma operator and
studied its boundedness, compactness and essential norm from Hardy space into the
nth weighted-type space. Some more related results can be found (see, e.g., [2, 4, 6,
8,9,10, 11, 12, 16, 19, 21, 24, 27, 28, 29, 30, 31, 34, 36, 39, 40] and the references
therein). Motivated by these, in this paper, we investigate the boundedness, compact-
ness and essential norm of Stevi¢-Sharma operator from the minimal Md6bius invariant
space into Zygmund-type space.

Recall that the essential norm of a bounded linear operator 7 : X — Y is the dis-
tance from 7T to the compact operators K : X — Y, namely

|T|lex—y =inf{||T — K||x—y : K is compact}.

Here X and Y are Banach spaces. Notice that ||T'||,x—y =0 ifandonlyif T: X — Y
is compact.

Throughout this paper, for nonnegative quantities X and Y, we use the abbrevia-
tion X <Y or Y 2 X if there exists a positive constant C independent of X and Y such
that X < CY. Moreover, we write X =Y if X SY < X.

2. Preliminaries

In this section, we state several lemmas which will be used in the proofs of the
main results. The first one is folklore (see, for instance, [37]).

LEMMA 1. Let k € N, then
1fllee S1f 2, and (=110 @) S 1f 2,
forany f € A.
Forany we D and j € N, set

(1w

T zeD. (1)

fiw(2) =

It is known that f;,, € %, and for each j € N, | fj [/, < 1. Moreover, fj, con-
verges to zero uniformly on compact subsets of I as |w| — 1.
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LEMMA 2. Forany 0#w €D and i,k € {0,1,2,3}, there exists a function g; , €
B\ such that

—k
Kooy Wb
) = e

where 6y is Kronecker delta.

Proof. For any 0 # w € D and constants cy,cp,c¢3,c4, We set
4

gw(@) =Y ¢jfiw(2),

Jj=1

where f;,, is defined in (1). For each i € {0,1,2,3}, the system of linear equations

gww)=ci+cr+c+cs=6

gl(w) = (c1+2c2+3c3+4cq) 1_V|_V n = w1

w2 7'26,'
gn(w) = (2¢1+6¢2 + 12¢3+20c4) TIwP? = (1‘1\w\22>2

W 53

=3
gl (w) = (6¢1 +24c¢2+ 60c3 + 120c4) (1—v\vw\2)3 = iy

has a unique solution cj-, j€{1,2,3,4} thatis independent of w, since the determinant
of coefficient matrix is not equal to zero. For such chosen numbers ci,», je{1,2,3,4}
the function

4

giw(2) 1= D, i fj(2)

j=1
satisfies the desired conditions. [J

By a standard arguments in [5, Proposition 3.11], we can get the following lemma
and we omit the details.

LEMMA 3. Let yi,y» € H(D) and ¢ € S(D). Then the operator Ty, y,.¢ : #1 —
Zy is compact if and only if for each bounded sequence { f },cn in %1 and converges
to zero uniformly on compact subsets of D as n — oo, we have || Ty, y,.¢fn 2, —0as

n — oo,

LEMMA 4. [39] Every sequence in %, bounded in norm has a subsequence
which converges uniformly in D to a function in 4.

LEMMA 5. [22] A closed set Q in 2, is compact if and only if it is bounded
and satisfies

lim sup u(z)|f"(z)| = 0.
lz—=1 reQ
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3. Boundedness

In this section, we give some necessary and sufficient conditions for Stevi¢-Sharma
operator Ty, y,.¢ : 1 — Zu(Z0) to be bounded. To simplify notation of this paper,
we set

Ao(2) = ¥ (2),

Ai(2) =291(2)9'(2) + w1 (2)9" (2) + v (),
A2(2) = vi(2)9' () +2¥5(2) ¢ () + v2(2) 9" (2),
A3(2) = vu(2)¢'(2).

THEOREM 1. Let yi,y, € HD), ¢ € S(D) and U be a radial weight. Then the
following statements are equivalent.

(i) The operator Ty, v, ¢ : $1 — 2y is bounded.

(ii) For each i € {0,1,2,3},

o <eo and sup(z)]Ai(z)] < oo,
zeD

where fiy1, is defined in (1).
(iii) For each i € {0,1,2,3},

A.
b (1=19(2)[*)
Proof. (i)=>(ii). Suppose that Ty, y,.¢ : 1 — 2 is bounded. For any w € D
and i € {0,1,2,3}, we have sup,,p || fir1,wll, < 1. Therefore,

~

sup | Ty, o0 fivtwll 2, < 1 Tyrvnollz— 2, B < o0
web w

Taking fo(z) =1 € % (see [37], where it was proved that each polynomial belongs to
1), by the boundedness of Ty, v, ¢ : B1 — 2y we get

supu( )1A0(2)] < [Ty, yn.0 foll 2, < oo 3)

Applying the operator Ty, y,.¢ to fi(z) =z € %, we obtain
> || Ty yn.pf1ll 2 = SUHI;#(Z)I(Twl,w.,qofl)”(Z)l
ze

= sg]gy(z) |Ao(2)@(z) +A1(2)]

> sup U (z2)|A1 (2)] — sup(z)[Ao(2) @(2)],
zeD z€D

which along with (3) and the fact that |@(z)| < 1 implies

Supu( )AL (2)] < oo O]
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Taking f»(z) = 22 € %, then we have
oo > HTWIJI/ZJszHiYh 2 Sug.“(z)|(TW1714/27<Pf2)N(Z)|
zZ€

= sup (2)|Ao(2)@(2)? + 241 () 9(z) + 242(2)],

zeD

which along with (3), (4), the triangle inequality and the fact that |@(z)| < 1 we get

sup i (z)|Az(z)] < oe. (5)
zeD

By using the function f3(z) = z° € %, we obtain
= sup L (2)[(Tyq ya.0.f3)" (2)]
z€D

= sup (2)|A0(2) 0 (2)* +341(2) @ (2)* + 642(2) 9 (z) + 643(z)],

zeD

o > [Ty, y,

which along with (3), (4), (5), the triangle inequality and the fact that |@(z)| < 1 yields

supu( )[A3(2)] < oo

(if)=-(iii). Note that we only need to show that for i € {1,2 3} (2) holds. By
Lemma 2, for each i € {1,2,3} and ¢@(w) # 0, there exist constants ¢}, ch,c}, ¢}y such
that

4
8ip(w)(2) = Z ifjpmw (2) € P, (6)

Jj=1

and

(k) _ Wk Oik
81000 = [T o () P

where k € {0,1,2,3}. Then we have

4
2 ‘Clj| sup HTWhWZv(Pf,NP(W) HQ’H Sup ”Tll/l v2,08i,0(w H Zu
j=1 weD

uw )}(TWI"I/Z’(Pgl o(w ))N(W)|

L(w)|Ai(w)[@(w )l’
= 7
(= lp(w)P) ?
From (7) and (ii), for each i € {1,2,3}, we have
Ai(w
sup M EsupllTwwwfm 2y <o,

|¢(W)|>% (1_‘(/)( )| j=1we
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and
uw)lAi(w)|
su 7Nsu Aj(w)] < oo.
ooy 1= TGPy < s
Therefore,
ap LOAC)

b (1=[9@@)?)
(iii)=(i). Assume that (iii) holds. For any f € %), by Lemma | we have
3 .
1) (Tyy yn0f)" (D) < X (E)AE) 1D (9(2))]
i=0
3
<1l S HE@IAG)] 8
N”fHLZli:zé(l_kp(Z)P), )
Moreover,

[Ty y2.0.£) O) | + [Ty 0)' (0)]

<(w1(0)[+ w1 (ODIf(@(0))] + ([w2(0)] + [w2(0)| + w1 (0) |9 (O))If ((0))]
+w2(0)[19'(0)]1" (¢(0))]

50% )+ v (0) L O+ v O]+ [viO)lle(0)] | v2(0 )||<PT )|>||f/21

= [p0)" T2

Thus Ty, y,.p : $1 — 2y is bounded. The proof is completed. [
THEOREM 2. Let w1,y € H(D), ¢ € S(D) and p be a radial weight. Then

the operator Ty, v, ¢ - B1 — Zu0 is bounded if and only if Ty, v, : $1 — Zyu is
bounded and for each i € {0,1,2,3},

lim 1(2)|A;(z)| = 0. 9)

|z —1

Proof. Assume that Ty, y, ¢ : $1 — 2y 0 is bounded. Itis immediate that Ty, y, ¢ :
P — Z, is bounded, and for every f € %, we have Ty, y, of € Zy0. Taking
foz) =1€ By, we get

lim 1(z)|Ao(2)| = Il‘igllu(Z)I(TWl7W27‘PfO)U(Z)| =0. (10)

l2j—1
Taking fi(z) =z € %, we obtain

lim u(z)|Ao(z)@(z) +A1(z)| =0,

lz]—1
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which along with (10), the triangle inequality, and the fact that |¢(z)| < 1 implies that

lim 1 (3)}A1 (2] =0.
Z—)

By using the functions f>(z) = z> and f3(z) = 2° € %, we conclude similarly that (9)
holds for i =2,3.

On the contrary, if Ty, y,.p : $1 — 2y is bounded and (9) holds, then for any
polynomial p, we have

3

1()|(Tyy ya.0p)" ()] S %H(Z)|Ai(z)|||l7(i)||oo~

Letting |z| — 1 in the last inequality yields Ty, y, op € Zu0. Since the set of all
polynomials is dense in %, (see [3]), and consequently for each f € %, there exists
a sequence of polynomials {py },en such that limy, . || f — pal|z, = 0. It follows that

1Ty yo0f — Tlell/Zv‘Paniyil < Tywa0ll - If = Pullz, — 0

as n — eo. Thus Ty, yyof € Zpo and Ty, y, 0(#1) © Zuo. As a consequence,
Tyy,va,0 : 1 — 240 is bounded. [

4. Essential norm

In this section, we mainly estimate the essential norm of Stevi¢-Sharma operator
acting from the minimal Mobius invariant space to Zygmund-type space. For some
results on essential norm of operators, see, e.g., [0, 7, 20, 25, 30, 31, 32, 39, 40].

THEOREM 3. Let y1,y2 € H(D), ¢ € S(D) and u be a radial weight such that
Ty, va.9 - %1 — 2y is bounded. Then

||Tll/1’1ll2~,§0||e,=@1—>fu ~ max{pi 1‘3:0 ~ maX{Tl}IB:Iv

where

. . 1 (2)|A(z)]
pi = limsup|| Ty, yo.0 fir1wllz,, T =limsup —————.
ol vy, i+ 1wl 2y 0(2)—1 (1 _ \(p(z)|2)l

Proof. First we prove that

1 Tyy,yn.0 ‘e,%—»flp 2 maX{Pi}?:o

It is obvious that for each i € {0,1,2,3}, sup,,cp || fi+1,wl|z, S 1 and fir1,, converges
to zero uniformly on compact subsets of D as |w| — 1. For any compact operator K
from %, into Z, analysis similar to [20, Theorem 3.6] (see also [7, 25]) shows that

lim K fis 1]l 2, = 0.
[w|—1
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Hence, for each i € {0,1,2,3},

| Ty v0.0 — Kll 2y~ 2, 2 hlfﬁilip 1Ty yn.0 — K) fi 1wl 2,
> limsup (| Ty, ys,¢ fi+ 1wl 2, — limsup |K fir1]l 2, = pi-
[w|—1 |w|—1
Therefore
1Ty vn.0lle.—2, = i%ﬂ‘T‘I/leZv(P — K| z,—2, Zmax{p;};_o (11
Next, we show that
1Ty ys-0lle 2, Z max{m}i. (12)

Let {z;} be a sequence in ID such that [@(z;)| — 1 as j — 0. Since Ty, y»,o : B1 —
Zu is bounded, using Lemma 3 and (7) for any compact operator K : %; — %, and
1 €{1,2,3}, we obtain

1Ty1.v2.0 — Kl 8, 25, 2 1imsup | Ty, .y 081,0(2)) || 2 —limsup [[Kg; oz ) [l 2,
‘]—}00 ‘]—?00
MNA (z; DIG
Zlimsup.u(ZJM z(f,z)|\(P2(Zl,z)| ’
joe (I =10(z))?)

where 81.0(z;) is defined in (8). Thus we have

- w(z)Ai(z)|e(z)]!
1Ty, v,0lle.2— 2, Z limsup—
V1,y2,0lle, 7 u jg}w (1 — ‘(p(zj)|2)l

. w(2)|A(2)]
= limsup ———=— =1,
o I —lo@) Py~ ™

and consequently (12) holds.
It will thus be sufficient to prove that

1 Ty1,v5.0 ||e,!'/21—>f,1 < min { max{pi}?:mmax{rl}?:l }

Define

K.f(z) = f(2) = f(rz), 0<r<l.

Then K, : $), — %, is a compact operator with ||K,|| < 1. Moreover, it is easily
seen that f, — f uniformly on compact subsets of D as r — 1. Let {r;} C (0,1) bea
sequence such that r; — 1 as j — co. Consequently, forany j € N, Ty, y, oKr, : 1 —
Z,, is compact, and so

Ty va.0lle.2— 2, <limsup [Ty, yo.0 — Ty ys.0Kr; [l 2,— 2, -

j—
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Hence, we only need to show that

limsup 1Ty1.v2.0 = Ty 0Kr; |, 2, < min { max{p,-}?:o,max{fz}?zl } (13)

]

For any f € %, such that ||f]|z, <1, we have

H (TWMVMP - TWthJPKrj)fH?f';,
=[(Tyr.0f = Torn0fr) (O +(Tyrun0f — Ty uno fr;) (0)]
+ Sug”(z)‘(Tvthz@f - T‘I/Ml/z@frj)”(zﬂ
K4S

SIS = £ @O)]+1(f = 1) (9(0) [ +[(f = f)" (9(0))]

Ey
3
+supp(2)|(f = fr;)(9(x))A0(z)| + sup pu(z Z (f = 1)V (@) (2)]
zeD lp(z)|<rv I=1
Ey Ey
3
+ sup 1) X1~ fr) (DA, (14)
lo()[>ry I=1
E3
where N 6 N such that r; > for all j > N. Moreover, for any nonnegative integer s,

(f =1 )(®) — 0 uniformly on compact subsets of I as j — oo. Theorem 1 now implies

limsup Ey = limsupE> = 0. (15)
J—eo Jj—eo
From Lemma 4,
Jim Ey S limsup|(f — £,,)(2)] =0, (16)
j—>oo Z€D

where we used the condition (2). Finally, we estimate E3.

3

3
Es< Y, sup p@I(0@)A@)|+Y, sup u@lifY o)A A7)

I=1lp()|[>ry I=11¢(@)|>ry

£ G

For each [ € {1,2,3}, from Lemma 1, (7) and (8) it follows that
(1=le@ D)1 (@) u@)|AG)eE)
[

F = sup

lp(2)[>ry @l (1=1lo@)P)
Sz sup 1Ty 0,081,001l
lp(2)[>rn
3
S sup Ty sofiviwll 2, (18)

Jj= O‘W‘>FN
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On the other hand,
1(2)|A ()]
F= sup (1-]p@P) [f"(0@)l s
o) >y (1-lo()P)
1 (2)|Ai(2)]
SIflle, sup —————5 (19)
Nosny (L= 0@
Taking the limits as N — eo in (18) and (19), we obtain
limsupF; S thsupHT%WL 2, <max{p;}3,, (20)
Jee j=0 [wl—
and
limsup F; < max{n}?:l. 21
j—>o<)
Similarly, we have
limsupG; < max{p;};_, and limsupG; < max{7}7_,. (22)

J—oo J—oo

Therefore, by (14)—(17) and (20)-(22), we get

hmsupHT‘I/h‘I/z"P Ty, s, rj = hmsupufﬁup H(Tllllﬂllz’fp - TWI’WZ’(PKVj)fofu
e et VPRSI

< min { max{p;};_o, max{7};_, }.
That is, (13) holds. The proof is completed. [

From Theorem 3, we immediately obtain the following corollary, which charac-
terizes the compactness of Ty, y,.¢ : B1 — Z4.

COROLLARY 1. Let yq,yn € H(D), ¢ € S(D) and u be a radial weight such
that Ty, yy,e : B1 — 2, is bounded. Then the following statements are equivalent.

(i) The operator Ty, y, ¢ : $B1 — Zy is compact.

(ii) For each i € {0,1,2,3},

limsup (| Ty, yy ¢ fit 1,0l 2, = 0.

Pwl—1

(iil) For each 1 € {1,2,3},

 p@AE|
s T Y~

THEOREM 4. Let w1,y € HD), ¢ € S(D) and U be a radial weight. Then the
operator Ty, v, ¢ : B1 — Zy0 is compact if and only if for each i € {0,1,2,3},

@A)
1 ——— =0 23
P T lo@Py =
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Proof. Suppose that Ty, v, ¢ : B1 — 20 is compact, then Ty, y, o : B1 — 2 is
compactand Ty, y, ¢ : &1 — Z0 is bounded, which yields that limy,_; (z)|Ao(z)| =
0 by Theorem 2, that is, (23) holds for i = 0. Moreover, for any € > 0, there exists
n € (0,1) such that

,U(Z)|AZ(Z)| <§g, l€{1a2a3}a (24)

for n < |z| < 1. From Corollary 1, for any & > 0, there exists 6 € (0,1) such that

for 6 < |@(z)| < 1. Therefore, when & < |p(z)] < 1 and 1 < |z| < 1, we have (25)
holds. When |¢(z)| < 6 and 1 < |z] < 1, by using (24) we obtain

1 (z)|A(2)] €
< <e, 1€{1,2,3}. (26)
(= lo@Py = T-37 23
Along with (25) and (26), by the arbitrariness of €, we can see that (23) holds.
Conversely, assume that (23) holds. It is evident that Ty, y,.¢ : 1 — Zy0 is
bounded by Theorem 1. Taking the supremum in (8) overall f € %, suchthat || f|| 5, <
1 and letting |z| — 1, we get

lim sup 1 (2)[(Tyypn.0f)" (2)| = 0.

=1 £, <1

From Lemma 5 it follows that Ty, y,.¢ : #1 — Zy0 is compact. [
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