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Abstract. Generalized trigonometric functions and generalized hyperbolic functions can be con-
verted to each other by the duality formulas previously discovered by the authors. In this paper,
we apply the duality formulas to prove dual pairs of Wilker-type inequalities, Huygens-type
inequalities, and (relaxed) Cusa-Huygens-type inequalities for the generalized functions. In ad-
dition, multiple- and double-angle formulas not previously obtained are also given.
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[5] RIKU KLÉN, MATTI VUORINEN, AND XIAOHUI ZHANG, Inequalities for the generalized trigono-
metric and hyperbolic functions, J. Math. Anal. Appl. 409 (2014), no. 1, 521–529.

[6] JAN LANG AND DAVID EDMUNDS, Eigenvalues, embeddings and generalised trigonometric func-
tions, Lecture Notes in Mathematics 2016, Springer, Heidelberg, 2011.

[7] XIAOYAN MA, XIANGBIN SI, GENHONG ZHONG, AND JIANHUI HE, Inequalities for the
generalized trigonometric and hyperbolic functions, Open Math. 18 (2020), no. 1, 1580–1589,
doi:10.1515/math-2020-0096 .

[8] HIROKI MIYAKAWA AND SHINGO TAKEUCHI, Applications of a duality between generalized
trigonometric and hyperbolic functions, J. Math. Anal. Appl. 502 (2021), no. 1, Paper No. 125241, 17,
doi:10.1016/j.jmaa.2021.125241 .

[9] EDWARD NEUMAN, Inequalities for the generalized trigonometric, hyperbolic and Jacobian elliptic
functions, J. Math. Inequal. 9 (2015), no. 3, 709–726, doi:10.7153/jmi-09-59 .

[10] SHOTA SATO AND SHINGO TAKEUCHI, Two double-angle formulas of generalized trigonometric
functions, J. Approx. Theory 250 (2020), 105322, 5, doi:10.1016/j.jat.2019.105322 .

[11] KAZUNORI SHINOHARA, Addition formulas of leaf functions according to integral root of polyno-
mial based on analogies of inverse trigonometric functions and inverse lemniscate functions, Applied
Mathematical Sciences 11 (2017), no. 52, 2561–2577.

[12] SHINGO TAKEUCHI, Multiple-angle formulas of generalized trigonometric functions with two param-
eters, J. Math. Anal. Appl. 444 (2016), no. 2, 1000–1014, doi:10.1016/j.jmaa.2016.06.074 .

[13] SHINGO TAKEUCHI, Some double-angle formulas related to a generalized lemniscate function, Ra-
manujan J. 56 (2021), no. 2, 753–761, doi:10.1007/s11139-021-00395-x .

c© � � , Zagreb
Paper JMI-16-102

http://dx.doi.org/10.7153/jmi-2022-16-102
doi:10.2307/30037571
doi:10.1016/j.jat.2011.09.004
doi:10.1515/math-2020-0096
doi:10.1016/j.jmaa.2021.125241
doi:10.7153/jmi-09-59
doi:10.1016/j.jat.2019.105322
doi:10.1016/j.jmaa.2016.06.074
doi:10.1007/s11139-021-00395-x


1572 H. MIYAKAWA AND S. TAKEUCHI

[14] LI YIN, LI GUO HUANG, AND FENG QI, Some inequalities for the generalized trigonometric and
hyperbolic functions, Thurkish Journal of Analysis and Number Theory 2 (2014), no. 3, 96–101,
doi:10.12691/tjant-2-3-8 .

[15] LI YIN, LI GUO HUANG, YONG LI WANG, AND XIU LI LIN, A survey for generalized trigonometric
and hyperbolic functions, Journal of Mathematical Inequalities 13 (2019), no. 3, 833–854.

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com

doi:10.12691/tjant-2-3-8

