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Abstract. The purpose of this paper is to define and study, by the virtue of the q -Hardy-Littlewood
maximal function Mq( f ) the so called Lp -boundedness of the q -Littlewood-Paley g -function
when p ∈ (1,2] .

1. Introduction

The theory of Littlewood-Paley was developed by Stein in his book [19], which
remains the best reference in the study of this topic and has been an important impact
in harmonic analysis. It plays an important role in the study of many functional spaces
like the Hardy space, Lipshitz space, and BMO spaces. We point out that many authors
have studied the Littlewood-Paley g -function, for instance one can cite [1, 2, 18, 20].

The usual Littlewood-Paley g -function is defined in the n -dimensional Euclidean
space Rn according to [19] by:

g( f )(x) :=
(∫ ∞

0

∣∣∣∇Pt f (x)
∣∣∣2tdt

) 1
2
,

where (Pt)t>0 is the usual Poisson semigroup defined by:

Pt f (x) :=
Γ( n+1

2 )

π
n+1
2

∫
Rn

t f (y)

(t2+ | x− y |2) n+1
2

dy

and ∇ :=
( ∂

∂x1
, . . . ,

∂
∂xn

,
∂
∂ t

)
is the gradient.

The well-known results is that the mapping f �−→ g( f ) is bounded from the
Lebesgue space Lp(Rn,dx) , p ∈ (1,∞) into itself.

The aim of this work is to define and study the g -function using many intermediary
results in “Quantum calculus” or q -analogs, where the parameter q is supposed to be a
number from the interval (0,1) . Our interest in this paper is to prove one of well-known
results:
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MAIN THEOREM. For p ∈ (1,2] , there exit two constants Ap,q > 0 and Bp,q > 0
such that for f ∈ Lp(Rq,+)

Bp,q ‖ f ‖Lp(Rq,+)�‖ g( f )(x;q2) ‖Lp(Rq,+)� Ap,q ‖ f ‖Lp(Rq,+) .

This theorem will be proved in the last section of this paper. The techniques used are
inspired in major part of the very interesting book of Stein [19].

This work is organized as follows. In the second section, we recall some q -
harmonic analysis results related to q -calculus. In the third section we will define
and study the Poisson kernel and Poisson integral and we present some technical lem-
mas that will be useful for the proof of the main result of this manuscript. The last
section will be devoted, by the virtue of the q -Hardy-Littlewood maximal function
Mq( f ) to study the so called Lp -boundedness of the q -Littlewood-Paley g -function
when p ∈ (1,2] .

2. Preliminaries

The aim of this section is to introduce some notions of functions theory in the q -
calculus. For a ∈ C , the q -shifted factorial (a;q)k is defined as a product of k factors

(a;q)0 = 1, (a;q)k = (1−a)(1−aq) . . .(1−aqk−1), k = 1,2, . . .

This definition remains meaningful for k = ∞ as a convergent infinite product

(a;q)∞ =
∞

∏
k=0

(1−aqk).

We also write (a1, . . . ,ar;q)k for the product of r q -shifted factorials

(a1, · · · ,ar;q)k = (a1;q)k . . . (ar;q)k, k = 1,2, . . . ,∞.

A q -hypergeometric series is a power series (for the moment still formal) in one com-
plex variable z with power series coefficients which depend, apart from q , on r com-
plex upper parameters a1, . . . ,ar and s complex lower parameters b1, . . . ,bs as

rφs(a1, · · · ,ar;b1, · · · ,bs;q,x) :=
∞

∑
k=0

(a1, · · · ,ar;q)k

(b1, · · · ,bs;q)k(q;q)k
[(−1)kq

k(k−1)
2 ]1+s−rxk,

where r,s = 1,2, . . . .
The q -derivative of a function f given on a subset of R or C is defined by

Dq,x f (x) :=
f (x)− f (qx)

(1−q)x
, x,q �= 0,

where x and qx should be in the domain of f . By continuity we set (Dq f )(0) = f ′(0)
provided f ′(0) exists. For k = 0,1,2, . . .

Dk
q,x f (x) =

(−1)k

xk(1−q)k

k

∑
i=0

(−1)i (q;q)k

(q;q)i(q;q)k−i
q−(k−i)(k−i−1)/2 f (qk−ix). (1)
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Moreover, for all n ∈ N ,

Dq,x( f n(x)) =
f n(x)− f n(qx)
f (x)− f (qx)

Dq,x f (x) =
[n−1

∑
k=0

f k(x) f−k(qx)
]
f n−1(qx)Dq,x f (x). (2)

D2
q,x( f n(x)) = q

[n−1

∑
k=0

k−1

∑
i=0

f i(x) f−i(qx).
(
Dq,x f (qx)

)(
Dq,x f (x)

)

+q
n−1

∑
k=0

n−k−2

∑
i=0

f i(q2x) f−i(qx)

×
(
Dq,x f (qx)

)2]
f n−2(qx)+

[n−1

∑
k=0

f k(x) f−k(qx)
]
D2

q,x f (x) f n−1(qx). (3)

Note that when q ↑ 1− , the equation (2) tends to n f n−1(x) f ′(x) and the equation (3) to
n f n−1(x) f ′′(x)+n(n−1) f n−2(x) f ′(x) .

We begin by putting

Rq = {±qk,k ∈ Z}, Rq,+ = {qk,k ∈ Z}, R̃q,+ = {qk,k ∈ Z}∪{0},

and Δq,x := Λ−1
q,xD

2
q,x , where the q -shift operators is (Λ−1

q,x f )(x) := f (q−1x) and

Δq := Δq,x + Δq,t ,(x,t) ∈ Rq ×Rq,+. (4)

For a > 0 and a function f given on (0,a] we define the q -integral by

∫ a

0
f (x)dqx := (1−q)a

∞

∑
n=0

f (aqn)qn.

The improper integral is defined in the following way

∫ ∞

0
f (x)dqx := (1−q)

+∞

∑
k=−∞

f
(
qk

)
qk. (5)

Note that for n ∈ Z , we have

∫ ∞

0
f (qnx)dqx =

1
qn

∫ ∞

0
f (x)dqx,

∫ a

0
f (qnx)dqx =

1
qn

∫ aqn

0
f (x)dqx,

and if f and g are two suitable functions, the q -integration by parts is given by

∫ b

a
Dq,x f (x)g(x)dqx =

[
f (x)g(x)

]b

a
−

∫ b

a
f (qx)Dq,xg(x)dqx. (6)

We denote by μ the measure on Rq,+ given by

dqμ(y) =
(1+q

1−q

)−1/2
Γ−1

q2 (1/2)dqy = cqdqy (7)
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where the q -gamma function Γq2 (see [10, 11], Section 1.3.) is defined by

Γq(z) :=
(q;q)∞

(qz;q)∞
(1−q)1−z, q ∈ (0,1), z �= 0,−1,−2, . . .

Let us now introduce some q -functional spaces which one will need in this work.

� D∗,q(Rq) the space of even functions infinitely q -differentiable on Rq with com-
pact support in Rq. We equip this space with the topology of the uniform con-
vergence of the functions and their q -derivatives.

� C∗,q,0(Rq) the space of even functions f defined on Rq continuous at 0, and
satisfying

lim
x→∞

f (x) = 0 and ‖ f ‖C∗,q,0:= sup
x∈Rq

| f (x)| < +∞.

� Lp(Rq,+) , p ∈ [1,+∞], the space of functions f such that ‖ f ‖Lp(Rq,+)< +∞ ,
where

‖ f ‖Lp(Rq,+):=
[∫ ∞

0
| f (x)|pdqμ(x)

] 1
p

, for p < ∞,

where dqμ(x) is given by (7) and for p = ∞

‖ f ‖L∞(Rq,+):= sup
x∈Rq,+

| f (x) | .

Noting that

‖ f ‖Lp(Rq,+)= sup
{h∈D∗,q(Rq);‖h‖Lm(Rq,+)=1}

∣∣∣∫ ∞

0
f (x)h(x)dqμ(x)

∣∣∣, 1/p+1/m = 1.

(8)

2.1. One-parameter family of q -exponential functions

The one-parameter family of q -exponential functions with α ∈ R has been con-
sidered in [9]

E(α)
q (x) :=

∞

∑
n=0

qαn2/4 (1−q)n

(q;q)n
xn, x ∈ R. (9)

Two particular cases of this family with α = 0 and α = 1 are well known: they are the
q -exponential

eq(x) = E(0)
q (x) :=

1
((1−q)x;q)∞

=
∞

∑
n=0

(1−q)n

(q;q)n
xn,

and its reciprocal

Eq(x) = e−1
q (x) = E(1)

q (−q−1/2x) := (−(1−q)x;q)∞ =
∞

∑
n=0

qn(n−1)/2 (1−q)n

(q;q)n
xn,
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respectively. Another particular example of (9) corresponds to the value α = 1
2 and is

Eq(x) = E(1/2)
q (x) :=

∞

∑
n=0

qn2/2 (1−q)n

(q;q)n
xn. (10)

Note that
Dq,xE

(α)
q (x) = qα/2Eα(qαx), (11)

and
lim
n→∞

Eq(q−n) = ∞, lim
n→∞

Eq(−q−n) = lim
n→∞

Eq(qn) = 0. (12)

2.2. q -even translation and q -cosine Fourier transform

Let f be a function in L1(Rq,+) , the q -even translation operators Tq,x [7] are
defined by

Tq,x f (y) :=
∫ ∞

0
f (z)Dq(x,y,z)dqμ(z),

where Dq(x,y,z) is defined for x and y in Rq,+ by

Dq(x,y,z) :=
∫ ∞

0
cos(xt;q2)cos(yt;q2)cos(zt;q2)dqμ(t),

and the q -cosine function is given in [12] as a series of functions

cos(x;q2) := 1φ1(0;q;q2,q2x2) =
∞

∑
n=0

(−1)n qn(n+1)

(q;q)2n
x2n =

∞

∑
n=0

(−1)nbn(x;q2),

and we have lim
x→∞

cos(x;q2) = 0, for x = q1−n, n → ∞.

On Rq , these functions are bounded and there they satisfy
∣∣∣cos(x;q2)

∣∣∣ � 1
(q;q2)2∞

.

In [4], for f be an even function defined on Rq such that x �→ Dk
q,x f (x) is contin-

uous at 0 for all k = 1,2, . . . , the authors proved that the q -even translation Tq,x can be
written in the following form

Tq,y f (x) =
∞

∑
n=0

bn(y;q2)(1−q)2nq−2nΔn
q,x f (x). (13)

where

Δn
q,x f (x) =

q(2−n)n(q;q)2n

(1−q)2n

n

∑
k=−n

(−1)n−k q(n−k)(n−k−1)/2

(q;q)n−k(q;q)n+k
f (qkx). (14)

The q -cosine Fourier transform Fq and the q -convolution product are defined for
suitable functions f ,g as follows

Fq( f )(λ ) =
∫ ∞

0
f (t)cos(λ t;q2)dqμ(t), (15)
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f ∗q g(x) =
∫ ∞

0
Tq,x f (y)g(y)dqμ(y).

Note that, the q -translation operators and q -cosine Fourier transform satisfy the fol-
lowing properties

(P1 ) L1 − L∞ -boundedness ([5], Proposition 5.1). For all f ∈ L1(Rq,+) , Fq( f ) ∈
L∞(Rq,+) and

‖Fq( f )‖L∞(Rq,+) � 1
(q;q2)2

∞
‖ f‖L1(Rq,+).

(P2 ) Inversion theorem ([12]). Let f ∈ L1(Rq,+) , such that Fq( f ) ∈ L1(Rq,+) . Then

f (x) = Fq(Fq( f ))(x), x ∈ Rq,+.

(P3 ) Plancherel theorem ([8], Theorem 7.7.). The q -cosine Fourier transform Fq ex-
tends uniquely to an isometric isomorphism of L2(Rq,+) onto itself. In particular,

‖Fq( f )‖L2(Rq,+) = ‖ f‖L2(Rq,+).

(P4 ) q-Gaussian function ([6], Proposition 6.2). The function G(x,t;q2) given by

G(x,t;q2) :=
1

A(t,q2)
e
− x2

q(1+q)t

q2

where A(t,q2) = q−
1
2 (1−q)

1
2

(− 1−q
1+q

1
t ,− 1+q

1−qq2t;q2)∞

(− 1−q
1+q

1
qt ,− 1+q

1−qq3t;q2)∞
, t > 0, satisfies

Fq(G(.,t;q2))(λ ) = eq2(−tλ 2).

(P5 ) q-Young condition [4]. Let p,q,r ∈ [1,∞] satisfy 1/p+1/q−1/r= 1. Then the
map ( f ,g) �→ f ∗q g extends to a continuous map from Lp(Rq,+)×Lq(Rq,+) to
Lr(Rq,+) and we have

‖ f ∗q g‖Lr(Rq,+) � ‖ f‖Lp(Rq,+)‖g‖Lq(Rq,+)

Specially, we need the positivity of the q -even translation operator [7] for proving the
following inequality for f ∈ L1(Rq,+) ,

‖Tq,x f‖L1(Rq,+) � ‖ f‖L1(Rq,+).

This positivity property holds if q ∈ (0,q0] , where q0 is the first zero of the function
q �→ 1ϕ1(0;q;q,q) .
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3. q -Poisson kernel and q -Poisson integral

DEFINITION 1. [16] Consider the functions Pt(x;q2) called Poisson kernel given
for t ∈ Rq,+ by

Pt(x;q2) := P(t,x;q2) = dq
t

t2 + x2 , where dq =
1

Γq2( 1
2 )A( 1

q(1+q)2 ;q2)
. (16)

PROPOSITION 1. [16] For x,t ∈ Rq,+ , we have

(i) Pt(x;q2) =
∫ +∞

0

E−q2u
q2√

u
G(x,

t2

q(1+q)2u
;q2)dq2 μ(u).

(ii) ‖ G(.,t;q2) ‖L1(Rq,+)= 1.

Furthermore, from (1), the Poisson kernel satisfies the following.

LEMMA 1.

(i) Dq,tPt(x;q2) = dq
x2−qt2

(t2 + x2)(q2t2 + x2)
and Dq,xPt(x;q2) = −dq

(1+q)tx
(t2+x2)(t2+q2x2) .

(ii)

Δq,tPt(x;q2) = dq
q2t

1−q
(q3 +q2−q−1−1)x2 +(1−q2)t2

(t2 + x2)(t2 +q2x2)(q2t2 + x2)
,

and

Δq,xPt(x;q2) = −dq
(1+q)q2t

1−q
(1−q)t2 +(q2−q−1)x2

(t2 + x2)(t2 +q2x2)(q2t2 + x2)
.

(iii) For all k ∈ N , ‖Dk
q,tPt(.;q2)‖L∞(Rq,+) � Cqt

−(k+1)

Proof. (i) and (ii) are obvious. (iii) follows from (1). �

DEFINITION 2. Let f ∈ Lp(Rq,+) , p ∈ [1,+∞], the q -Poisson integral of f de-
noted u( f )(x, t;q2) is defined by

u( f )(x, t;q2) = (Pt(.;q2)∗q f )(x) =
∫ ∞

0
f (y)Tq,xPt(y;q2)dqμ(y). (17)

Note that from Proposition 1(i), u( f )(x,t;q2) can be written as

u( f )(x,t;q2) =
∫ +∞

0

E−q2u
q2√

u
T

t2
u f (x)dq2 μ(u),

where
Tt f (x) = (G(.,t/q(1+q)2;q2)∗q f )(x) (18)

satisfying from property (P5 ) and Proposition 1(ii)

‖ Tt f (x) ‖Lp(Rq,+)�‖ f ‖Lp(Rq,+) . (19)
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LEMMA 2. The q-cosine Fourier transform of the q-Poisson kernel Pt(x;q2) is
given by

Fq(Pt(.;q2))(λ ) = dqθ0Eq2(−q−1λ t),

where Eq2(x) is given by (10) and θ0 = Q(1,q) defined in [14] by

Q(x,q) =
∞

∑
m=−∞

1
xqm + x−1q−m .

Proof. Note that from (5), θ0 = Q(1,q) =
∫ ∞

0

1
1+ x2 dqx . To prove the lemma,

we need to prove first that the function x �→ θ0Eq2(−q−1x) is the unique solution of the
problem (P) given by

(P)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Δq,xu = u

lim
n→∞

u(qnx) = θ0

lim
n→−∞

u(qnx) = 0.

We proceed in the same way as in [13, 15]. For f1(x) = Eq2(−q−1x) and f2(x) =
Eq2(q−1x) , we can easily verified from (11) that they are solutions of the problem (P).
Thus, any solution can be written in the form u(x) = p1(x) f1(x)+ p2(x) f2(x) , where p1

and p2 are two periodic functions. Moreover, by (12) and the second initial condition,
we obtain that u(x) = p1(x)Eq2(−q−1x) . So, by the first initial condition, we deduce
that p1(x) = θ0. Now, applying (15) and replacing Pt(x;q2) by its expansion (16), we
have by the substitution x = yt

Fq(Pt(.;q2))(λ ) = dq

∫ ∞

0

t
t2 + x2 cos(λx;q2)dqμ(x) = dq

∫ ∞

0

1
1+ x2 cos(λ ty;q2)dqμ(y).

The result follows from the fact that λ t �→
∫ ∞

0

1
1+ x2 cos(λ ty;q2)dqμ(y) verifies the

problem (P). �

PROPOSITION 2. For all f ∈ Lp(Rq,+) and p ∈ [1,∞] , we have

u( f )(x, t;q2) = θ0

∫ ∞

0
Eq2(−qλ t)cos(λx;q2)Fq( f )(λ )dqμ(λ )

= dqθ0Fq

(
Eq2(−q.t)Fq( f )(.)

)
(x)

Proof. Applying the q -cosine Fourier transform to both sides of the formula (17),
we get

Fq(u( f )(.,t;q2))(λ ) = Fq(Pt(.;q2))(λ )Fq( f )(λ ).

So the result follows from property (P2 ) and Lemma 2. �

In the following, we give some technical lemmas concerning some properties of
the Poisson integral u( f )(x,t;q2) and its q -derivatives.
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LEMMA 3. Let f ∈ D∗,q(Rq) be a positive function and p ∈ (1,∞) . Then

(i) u( f )(x, t;q2) � 0 .

(ii) Δqu( f )(x, t;q2) = Δq,xu( f )(x,t;q2)+ Δq,tu( f )(x,t;q2) = 0

(iii) For all k ∈ N , there exists Cq > 0 such that
∣∣∣Dk

q,t u( f )(x,t;q2)
∣∣∣ � Cqt

−(k+1).

Proof. The lemma follows directly from Lemma 1. �

LEMMA 4. Let f ∈ D∗,q(Rq) be a positive function and p ∈ (1,∞) . Then, for x
large, there exist respectively C1,q,C2,q > 0 such that

(i) u( f )(x, t;q2) � C1,q(t2 + x2)−1/2.

(ii)
∣∣∣Dq,xu( f )(x, t;q2)

∣∣∣ � C2,q(t2 + x2)−1.

Proof. (i) Since f ∈ D∗,q(Rq) , there exists a ∈ Rq,+ , such that supp( f ) ⊂ [0,a] .
Then from (13) and (14), we can write

Tq,yPt(x;q2) =
∞

∑
n=0

bn(y;q2)
n

∑
k=−n

q(2−n)n (q;q)2n

(1−q)2n

(−1)n−kq(n−k)(n−k−1)/2

(q;q)n−k(q;q)n+k
Pt(qkx;q2)

=
∞

∑
n=0

qny2n
n

∑
k=−n

(−1)n−kq(n−k)(n−k−1)/2

(q;q)n−k(q;q)n+k

t
t2 +q2kx2

=
∞

∑
n=0

qny2n
[ n

∑
k=1

(−1)n+kq(n+k)(n+k−1)/2

(q;q)n+k(q;q)n−k

t
t2 +q−2kx2

+
n

∑
k=0

(−1)n−kq(n−k)(n−k−1)/2

(q;q)n−k(q;q)n+k

t
t2 +q2kx2

]
.

Thus

Tq,yPt(x;q2) �
∞

∑
n=0

qny2n
n

∑
k=1

t
(q;q)n−k(q;q)n+k

[
1

t2 +q−2kx2 +
1

t2 +q2kx2

]

� t
∞

∑
n=0

qny2n
n

∑
k=1

1
(q;q)n−k(q;q)n+k

2q−4k

t2 +q−2kx2

� 2t
t2 + x2

∞

∑
n=0

qny2n
n

∑
k=1

q−4k

� 2
| q4−1 || 1−qy2 |

t
t2 + x2 .
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Therefore by using the fact that t � (t2 + x2)1/2 , we obtain

u( f )(x, t;q2) = (Pt(.;q2)∗q f )(x) =
∫ a

0
f (y)Tq,xPt(y;q2)dqμ(y)

� 2a
| q4−1 | sup

y∈[0,a]

| f (y) |
| 1−qy2 | (t

2 + x2)−1/2

� C1,q(t2 + x2)−1/2.

Thus the first inequality is proven.
Now, we will prove the second inequality. By derivation under the q -integral sign

Dq,xu( f )(x, t;q2) = Dq,x(Pt(.;q2)∗q f )(x) =
∫ a

0
f (y)Dq,xTq,xPt(y;q2)dqμ(y).

But from Lemma 1(i)

Dq,xTq,xPt(y;q2)

=
∞

∑
n=0

bn(y;q2)Dq,xΔn
q,x(Pt(y;q2))

=
∞

∑
n=0

bn(y;q2)
n

∑
k=−n

q(2−n)n (q;q)2n

(1−q)2n

(−1)n−kq(n−k)(n−k−1)/2

(q;q)n−k(q;q)n+k
Dq,xPt(qkx;q2)

=
∞

∑
n=0

qny2n
n

∑
k=−n

(−1)n−kq(n−k)(n−k−1)/2

(q;q)n−k(q;q)n+k

tx
(t2 +q2k+2x2)(t2 +q2kx2)

,

then, ∣∣∣Dq,xTq,xPt(y;q2)
∣∣∣

� t | x |
∞

∑
n=0

qny2n
n

∑
k=1

q2k

(q;q)n−k(q;q)n+k

[
1

t2 +q−2k−2x2 +
1

t2 +q2k+2x2

]

� 2t | x |
∞

∑
n=0

qny2n
n

∑
k=1

q2kq−8k−8

(t2 +q−2k−2x2)2

� 2t | x |
(t2 + x2)2

∞

∑
n=0

qny2n
n

∑
k=1

q−6k−8

� 2q−1

| 1−q−6 || 1−qy2 |
t | x |

(t2 + x2)2 .

In the same manner, by the fact that: t | x |� t2 + x2

Dq,xu( f )(x,t;q2) � 2a
| q4−1 | sup

y∈[0,a]

| f (y) |
| 1−qy2 | (t

2 + x2)−1

� C2,q(t2 + x2)−1,

which gives (ii). �
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LEMMA 5. Let f ∈ D∗,q(Rq) be a positive function and p ∈ (1,∞) . Then

(i) lim
R→∞

∫ R

0

∫ R

0
Δq,t(up( f )(x,t))tdqtdqμ(x) =

∫ ∞

0
f p(x)dqμ(x) .

(ii) lim
R→∞

∫ R

0

∫ R

0
Δq,x(up( f )(x,t))tdqμ(x)dqt = 0 .

(iii)
∫ ∞

0

∫ ∞

0
Δq(up( f )(x,t))tdqtdqμ(x) =‖ f ‖Lp(Rq,+) .

Proof. Let f ∈ D∗,q(Rq) be an even positive function and p ∈ (1,∞) . To prove
(i), from (2) and q -integration by part formula (6), we get

∫ R

0
Δq,t(up( f )(x, t))tdqt =

∫ R

0
D2

q,t(u
p( f )(x,q−1t))tdqt

=
[
tDq,t(up( f )(x,q−1t))

]R
0 −

∫ R

0
Dq,t(up( f )(x,q−1t))dqt

= R
( p−1

∑
k=0

uk( f )(x,q−1R)up−k−1( f )(x,R)
)
Dq,t u( f )(x,q−1R)

−up( f )(x,q−1R)+ f p(x).

Thus ∫ R

0

∫ R

0
Δq,t(up( f )(x,t))tdqtdqμ(x)

= R
∫ R

0

( p−1

∑
k=0

uk( f )(x,q−1R)up−k−1( f )(x,R)
)
Dq,tu( f )(x,q−1R)dqμ(x)

−
∫ R

0
up( f )(x,q−1R)dqμ(x)+

∫ R

0
f p(x)dqμ(x).

From Lemma 3(iii), we get easily respectively

∣∣∣∫ R

0
up( f )(x,q−1R)dqμ(x)

∣∣∣ � C1,qR
−pR = C1,qR

−(p−1) −→ 0
R→∞

,

and

∣∣∣R∫ R

0

( p−1

∑
k=0

uk( f )(x,q−1R)up−k−1( f )(x,R)
)
Dq,tu( f )(x,q−1R)dqμ(x)

∣∣∣
� C2,qR

2
( p−1

∑
k=0

R−kR−(p−k−1)
)
R−2

= pC2,qR
−(p−1) −→ 0

R→∞
,

which leads to the result.
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(ii) From the fact that

∫ R

0
Δq,x(up( f )(x,t))dqμ(x)

=
∫ R

0
D2

q,x(u
p( f )(q−1x,t))dqμ(x) =

[
Dq,x(up( f )(q−1x,t))

]R
0

=
( p−1

∑
k=0

uk( f )(q−1R,t)up−k−1( f )(q−1R,t)
)
Dq,xu( f )(q−1R, t)

−
( p−1

∑
k=0

uk( f )(0,t)up−k−1( f )(q−1R,t)
)
Dq,xu( f )(0,t).

Thus, from Lemma 4 we get

∣∣∣∫ R

0

∫ R

0
Δq,x(up( f )(x,t))tdqμ(x)dqt

∣∣∣
�

∫ R

0

∣∣∣( p−1

∑
k=0

uk( f )(q−1R,t)up−k−1( f )(q−1R,t)
)
Dq,xu( f )(q−1R,t)

−
( p−1

∑
k=0

uk( f )(0,t)up−k−1( f )(q−1R,t)
)
Dq,xu( f )(0,t)

∣∣∣tdqt

� 2pC2,qR
−p−1

∫ R

0
tdqt

= CqR
−(p−1) −→ 0

R→∞
.

This completes the proof of (ii). �

4. The q -Littlewood-Paley g -function

In this section, we define and study the so called Lp -boundedness of the q -Lit-
tlewood-Paley g -function when p ∈ (1,2] . For this, we need first use the q -Hardy-
Littlewood maximal Mq( f ) function.

DEFINITION 3. Let f ∈ D∗,q(Rq) . The q -Hardy-Littlewood maximal Mq( f )
function is defined by

Mq( f )(x) := sup
t∈Rq,+

| u( f )(x,t) |, x ∈ Rq.

PROPOSITION 3. Let f ∈ D∗,q(Rq) and p ∈ (1,∞) . Then there exists Cp,q > 0
such that

‖ Mq( f )(x) ‖Lp(Rq,+)� Cp,q ‖ f ‖Lp(Rq,+)
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Proof. By changing variable y = t2/u in Proposition 1(i), we obtain

Pt(x;q2) = t−2
∫ +∞

0
φ(y/t2)Ty f (x)dq2 μ(y). (20)

where φ(y) = y−3/2E−q2y−1

q2 and Ty f (x) is given by (18).

We verify easily that φ(y) and yDq,yφ(y) belong to L1(Rq,+) . Then by q -inte-
gration by part in (20) and relation (19) shows that

| Pt(x;q2) | =
∣∣∣−∫ ∞

0

(∫ y

0
Tt f (x)dqt

)
Dq,yφ(qy/t2)dqμ(y)

∣∣∣
=

∣∣∣∫ ∞

0

(
1/y

∫ y

0
Tt f (x)dqt

)
.
(
yDq,yφ(qy/t2)

)
dqμ(y)

∣∣∣
� sup

y∈Rq,+

∣∣∣1/y
∫ y

0
Tt f (x)dqt

∣∣∣(t−2
∫ ∞

0

∣∣∣yDq,yφ(qy/t2)
∣∣∣)dqμ(y) |

� Cq sup
y∈Rq,+

∣∣∣1/y
∫ y

0
Tt f (x)dqt

∣∣∣
� CqM

T
q ( f )(x),

where M T
q ( f )(x) = sup

y∈Rq,+

∣∣∣1/y
∫ y

0
Tt f (x)dqt

∣∣∣.
So that Mq( f )(x) � M T

q ( f )(x).
The result follows by the Hopf-Dunford-Schwartz ergodic theorem [7, Theorem

7, p. 693]. �

DEFINITION 4. The q -Littlewood-Paley g -function for f ∈D∗,q(Rq) is given by

g( f )(x;q2) :=
(∫ ∞

0

∣∣∣∇qu( f )(x,t;q2)
∣∣∣2tdqt

) 1
2
,

where u( f )(x, t) is the q -Poisson integral and ∇q is the q -gradient, defined by

∇2
qu( f )(x,t;q2) := (Dq,xu( f )(x,t;q2))2 +(Dq,tu( f )(x,t;q2))2

THEOREM 1. For p ∈ (1,2] , there exist two constants Ap,q > 0 and Bp,q > 0 ,
such that for f ∈ Lp(Rq,+) ,

Bp,q ‖ f ‖Lp(Rq,+)�‖ g( f )(x;q2) ‖Lp(Rq,+)� Ap,q ‖ f ‖Lp(Rq,+) .

We will go to prove the theorem. For this purpose, we will use the function g1( f )
given in [17] by

g1 f (x;q2) :=
(∫ ∞

0
t
∣∣∣Dq,t u( f )(x,t;q2)

∣∣∣2dqt

)1/2

, f ∈ Lp(Rq,+).

Obviously, we have
g1( f )(x;q2) � g( f )(x;q2). (21)

To prove the theorem, we need the following lemma
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LEMMA 6. For f1, f2 ∈ D∗,q(Rq) , there exist Aq > 0 , such that∫ ∞

0

∫ ∞

0
tDq,tu( f1)(x,t;q2)Dq,t u( f2)(x,t;q2)dqtdqμ(x) = Aq

∫ ∞

0
f1(x) f2(x)dqμ(x).

Proof. Let f1, f2 ∈ D∗,q(Rq) , we have by applying twice Hölder’s inequality∫ ∞

0

∫ ∞

0
t

∣∣∣Dq,tu( f1)(x,t;q2)
∣∣∣∣∣∣Dq,tu( f2)(x,t;q2)

∣∣∣dqtdqμ(x)

�
∫ ∞

0
g( f1)(x;q2)g( f2)(x;q2)dqμ(x)

� ‖ g( f1) ‖L2(Rq,+)‖ g( f2) ‖L2(Rq,+) .

Then using Fubini, property (P3 ) and Proposition 2, we obtain∫ ∞

0

∫ ∞

0
tDq,tu( f1)(x,t;q2)Dq,t u( f2)(x,t;q2)dqtdqμ(x)

=
∫ ∞

0

∫ ∞

0
tFq

(
Dq,t u( f1)(.,t;q2)

)
(λ )Fq

(
Dq,t u( f2)(.,t;q2)

)
(λ )dqμ(λ )dqt

=
∫ ∞

0

∫ ∞

0
tq4λ 2E 2

q (−q2λ t)Fq( f1)(λ )Fq( f2)(λ )dqtdqμ(λ )

= Aq

∫ ∞

0
Fq( f1)(λ )Fq( f2)(λ )dqμ(λ ), Aq =

∫ ∞

0
u E 2

q (−u)dqu

= Aq

∫ ∞

0
f1(x) f2(x)dqμ(x). �

Proof of the Theorem 1. Let p∈ (1,2] , it is clear that from the density of D∗,q(Rq)
in Lp(Rq,+) ([8], Theorem 4.28), taken f ∈ D∗,q(Rq) . Note that from (3), we have

Δq,x( f n(x)) = q
[n−1

∑
k=0

k−1

∑
i=0

f i(q−1x) f−i(x).
(
Dq,x f (x)

)(
Dq,x f (q−1x)

))

+q
n−1

∑
k=0

n−k−2

∑
i=0

f i(qx) f−i(x)

×
(
Dq,x f (x)

)2]
f n−2(x)+

[n−1

∑
k=0

f k(q−1x) f−k(x)
]
f n−1(x)Δq,x f (x).

Thus, using Lemma 3(ii) we obtain

Δq(u( f )p(x, t;q2))

= q
[ p−1

∑
k=0

k−1

∑
i=0

u( f )i(q−1x,t;q2) f−i(x,t;q2).
(
Dq,xu( f )(x,t;q2).Dq,xu( f )(q−1x,t;q2)

+Dq,tu( f )(x, t;q2)×Dq,tu( f )(x,q−1t;q2)
)

+q
p−1

∑
k=0

p−k−2

∑
i=0

u( f )i(qx,t;q2)u( f )−i(x,t;q2).
(

∇qu( f )(x,t;q2)
)2]

u( f )p−2(x, t;q2).
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So that from Lemma 3(i)

Δq(u( f )p(x,t;q2)) � q2
[ p−1

∑
k=0

p−k−2

∑
i=0

u( f )i(qx,t;q2)u( f )−i(x, t;q2)
]

×u( f )p−2(x,t;q2)
(

∇q,xu( f )(x,t;q2)
)2

,

we deduce that

(
∇qu( f )(x, t;q2)

)2
� q−2

[ p−1

∑
k=0

p−k−2

∑
i=0

u( f )i(qx,t;q2)u( f )−i(x,t;q2)
]−1

×u( f )2−p(x,t;q2)Δq(u( f )p(x,t;q2)).

Now, from Lemma 4 (i) and the fact that f is positive, and the function x �→ u( f )(x,t;q2)
is decreasing we deduce that

[ p−1

∑
k=0

p−k−2

∑
i=0

u( f )i(qx,t;q2)u( f )−i(x,t;q2)
]−1

�
[ p−1

∑
k=0

p−k−2

∑
i=0

u( f )i(qx,t;q2)u( f )−i(x,t;q2)
]−1

�
[ p−1

∑
k=0

p−k−2

∑
i=0

1
]−1

=
2

p(p−1)
.

we deduce that

∣∣∣∇q,xu( f )(x,t;q2)
∣∣∣2 � 2q−2

p(p−1)
u( f )2−p(x,t;q2)Δq(u( f )p(x,t;q2)). (22)

Using (22), we obtain

[
g( f )(x;q2)

]2
� 2q−2

p(p−1)

∫ ∞

0
u( f )2−p(x,t;q2)Δq(u( f )p(x,t;q2))tdqt

� 2q−2

p(p−1)
M 2−p

q ( f )(x)
∫ ∞

0
Δq(u( f )p(x,t;q2))tdqt

Thus observe that (2− p)/2+ p/2= 1 and by Hölder’s inequality, we get

‖ g( f )(x;q2) ‖p
Lp(Rq,+)

�
[ 2q−2

p(p−1)

]p/2 ∫ ∞

0
M

(2−p)(p/2)
q ( f )(x)

[∫ ∞

0
Δq(u( f )p(x,t;q2))tdqt

]p/2
dqμ(x)

�
[ 2q−2

p(p−1)

]p/2 ‖ Mq( f ) ‖(2−p)(p/2)
Lp(Rq,+)

[∫ ∞

0
Δq(u( f )p(x,t;q2))tdqtdqμ(x)

]p/2
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Due to Lemma 4(iii), we obtain

‖ g( f )(x;q2) ‖p
Lp(Rq,+) �

[ 2q−2

p(p−1)

]p/2 ‖ Mq( f ) ‖(2−p)(p/2)
Lp(Rq,+) ‖ f ‖p2/2

Lp(Rq,+)

� C1,q

[ 2q−2

p(p−1)

]p/2 ‖ f ‖(2−p)(p/2)
Lp(Rq,+) ‖ f ‖p2/2

Lp(Rq,+)

� Ap,q ‖ f ‖p
Lp(Rq,+) .

Proving now the left inequality. Computing relations (8), (21), Lemma 6 and Hölder
inequality, we have

1
Aq

∣∣∣∫ ∞

0
f (x)h(x)dqμ(x)

∣∣∣ �
∫ ∞

0
g1( f )(x;q2)g1(h)(x;q2)dqμ(x)

� ‖ g1( f ) ‖Lp(Rq,+)‖ g1(h) ‖Lm(Rq,+), 1/p+1/m = 1

� Cq,m ‖ g1( f ) ‖Lp(Rq,+)

� Cq,m ‖ g( f ) ‖Lp(Rq,+) .

Which completes the proof of the theorem by taking the supremum. �
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